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ABSTRACT. We introduce and study a cone which consists of a class of generalized polynomial
functions and which provides a common framework for recent non-negativity certificates of
polynomials in sparse settings. Specifically, this S-cone generalizes and unifies sums of arithmetic-
geometric mean exponentials (SAGE) and sums of non-negative circuit polynomials (SONC).
We provide a comprehensive characterization of the dual cone of the S-cone, which even for
its specializations provides novel and projection-free descriptions. As applications of this
result, we give an exact characterization of the extreme rays of the S-cone and thus also of its
specializations, and we provide a subclass of functions for which non-negativity coincides with
membership in the S-cone.

Moreover, we derive from the duality theory an approximation result of non-negative univariate
polynomials and show that a SONC analogue of Putinar’s Positivstellensatz does not exist even
in the univariate case.

1. INTRODUCTION

In recent years, several interrelated approaches for non-negative polynomials and for non-
negative exponential sums have been proposed, which are aimed at sparse settings. In [4],
Chandrasekaran and Shah proposed (in the language of exponential sums/signomials) to consider
sums of polynomial functions f : R} — R of the form }° ¢ 4 cox® for a given set A C R" such that
at most one term has a negative coefficient. Non-negativity of signomials can be characterized
in terms of the arithmetic-geometric mean inequality, and deciding membership in the resulting
cone (SAGE cone) can be formulated as a relative entropy program. In [13], Iliman and de
Wolff proposed to consider sums of non-negative circuit polynomials on R” (SONC polynomials).
For a certain subclass of polynomials called ST-polynomials, deciding membership in the cone
of SONC polynomials can be formulated in terms of the optimization subclass of geometric
programs [7]. Murray, Chandrasekaran and Wierman [21] have shown that an adaption of the
SAGE setting to R™ gives exactly the same cone of polynomials as the SONC cone. This yields a
computationally tractable method to decide membership of arbitrary polynomials in the SONC
cone using a relative entropy program.

While many aspects of these classes of polynomials are connected with open questions and
research efforts, they clearly exhibit some fundamental structural phenomena adapted to sparse
settings. For example, it was shown by Murray et al. [21] for the SAGE cone and by Wang [26]
for the SONC cone that every polynomial in those cones has a cancellation-free representation.
Generally, SAGE and SONC approaches can be combined with semidefinite approaches to

Date: September 21, 2020.



2 LUKAS KATTHAN, HELEN NAUMANN, AND THORSTEN THEOBALD

polynomial optimization, see Karaca, Darivianakis et al. [15] or Averkov [3]. Moreover, by [3,
Theorem 2.16] and its proof, the SONC cone is second-order-cone representable (but the size of
the second-order formulation from that work depends on the actual values of the support vectors).
For a practical algorithm to compute SONC bounds via second-order cone representations, see
Magron and Wang [27].

The goal of the present paper is to provide a uniform framework which covers all these
classes as well as some more general settings. Since non-negativity of a polynomial function
f(x1,...,2,) on RY is equivalent to non-negativity of f(|z1],...,|x,|) on R”, we consider the
more general functions f : R" — R U {oo} of the form

(1) fx) =3 calx|® + Y dpx”,
acA BeB

with sets of exponents A C R", B C N"\ (2N)" which also capture the signomial functions.
Based on a subset of these functions, we define the S-cone Cs(.A, B) which provides the common
generalization of the cones mentioned above, see Definition 2.3. Its atomic functions are called
AG functions, which are functions of the form (1) with strong support conditions. The AG
functions can be seen as a (non-polynomial) generalization of polynomials coming from the
arithmetic-geometric inequality. Building upon the earlier work of the second and the third
author [9] on the dual SONC cone, a particular focus is the structure and the use of the dual
viewpoint.

Non-negative polynomials and polynomial optimization are ubiquitous in applications, and
sparsity is one of the central structural properties that provides potential for efficient computation.
Besides classical application in control theory and robotics (see, e.g., [2, 12] and the references
therein), let us list the more recent applications of non-negative polynomials and polynomial
optimization in the optimal power flow problem [14], collision avoidance [1] or shape-constrained
regression [10].

Contributions. 1. We show that fundamental properties of the SAGE and/or the SONC cone
also hold in the more general context of the S-cone. In particular, every f € Cs(A, B) can
be decomposed into a sum of non-negative AG functions whose supports are contained in the
support of f. See Proposition 2.7, which unifies and generalizes the results of [21] for the SAGE
cone and of [26] for the SONC cone.

2. We provide a comprehensive characterization of the dual cone of the S-cone, see Theorem 3.5.
In particular, we provide projection-free characterizations in terms of AG functions supported
on the particular class of reduced circuits. The characterizations of the dual cone go far beyond
the characterizations of the dual SAGE cone from [4] and the dual SONC cone from [9], where
the dual cones are described in terms of projections. Our proofs provide a uniform tool set for
handling the various types of cones.

3. Based on the characterizations of the dual of the S-cone, we provide several applications
of the duality theory.

(a) We show that every sum f of non-negative AG functions can be written as a sum of
non-negative circuit functions whose supports are contained in the support of f. This unifies
and generalizes the results from [21] for the SAGE cone and of [26] for the SONC cone.
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(b) We give an exact characterization of the extreme rays of the S-cone. Even for the
particular case of the SAGE cone, this characterization substantially sharpens the necessary
conditions in [21].

(c) We show that not even in the univariate case, SONC polynomials do allow Putinar-type
representations. This counterexample strengthens and simplifies the result of Dressler, Kurpisz
and de Wolff [8], who have provided a multivariate counterexample.

(d) We give a characterization of a wide class of non-negative AG functions with simplex
Newton polytopes. Using the dual S-cone, this result unifies and generalizes the results from
[13] and [21] and provides a simpler proof.

(e) As a final application of the dual S-cone, we show that non-negative univariate polynomials
can be approximated by SONC polynomials.

As further related work, let us mention the exploitation of sparsity and symmetries to derive
specific SDP relaxations for polynomial optimization [16, 20, 24, 28, 29, 30].

2. THE S-CONE

In this section, we introduce AG functions and the S-cone. We show that every non-negative
function in the S-cone has a cancellation-free representation (see Proposition 2.7) and characterize
non-negativity of an AG function in terms of the relative entropy function (see Theorem 2.8).

Notation. Throughout the article we use the notations N={0,1,2,3,...} and R, = {zx € R:
x > 0}. Moreover, for a finite subset A C R", denote by R* the set of |A|-dimensional vectors
whose components are indexed by the set A.

Our main object of study are functions f : R" — RU {oo} of the form
(2) f(x) = Z ColXx|* + Z dgxﬁ,
acA peB

where A C R", B C N\ (2N)" are finite sets of exponents, {c, : « € A}, {ds : f € B} CR.
Here we use the notations

n n
x| = ] |a;]% and x’ =T] :ij,
j=1 j=1

and if one component of x is zero and the corresponding exponent is negative, then we set
|x|* = o0.

For two finite sets ) # A C R", B C N"\ (2N)", let
R[A, B] := spang ({|x|* |a € Ay U{x" |3 € B})

denote the space of all functions of the form (2) with given sets of exponents. This is a vector
space of dimension dimR[A, B] = |A| + |B|.

Remark 2.1. (1) If A C (2N)", then R[A, B] is exactly the space of polynomials with exponent
vectors in A U B. For this reason, we sometimes refer to elements of A as even exponents and
to elements of B as odd exponents.
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(2) If B =), then R[A, B] can be identified with the space of signomials, i.e., functions of
the form

y = Y coexplaly)
acA

via the identification |z;| = exp(y;).

(3) It is no restriction to exclude sets in (2N)™ from B, since for exponents 5 € (2N)", we
have |x|? = x5.

(4) A and B are not necessarily disjoint (cf. Example 2.9 below).

We study the non-negativity of functions in R[A, B] using the following building blocks:

Definition 2.2. Let f = Y c4 ¢alX|* + X sep dsx”. We say that f is
(1) an even AG function if at most one of the ¢, is negative and all the dg are zero; and

(2) an odd AG function if all the ¢, are non-negative and at most one of the ds is nonzero.

f is called an AG function (arithmetic-geometric mean function) if f is an even AG function or
an odd AG function.

Note that non-negative even AG functions correspond exactly to the AGE functions (arithmetic-
geometric exponentials) studied in [4] and [21].
We arrive at the central definition of this section.

Definition 2.3 (S-cone). Let ) £ A C R™, B C N\ (2N)" be finite sets. The S-cone Cs(A, B)
is defined as

Cs(A, B) := cone(f € R[A, B]| f is a non-negative AG function),
where cone denotes the conic hull.

Remark 2.4.
(1) If B =0, then the S-cone can be identified with the SAGE cone using the substitution in
Remark 2.1(2). Formally, for finite A CR™", A" C Aand f € A\ A, we set

Csace(A) = Y Cacr(A\ {8}, 8),

BeA
where for A" := A\ {5}

Cacr(A', B) = {c eERY:c,>0forac A, Y coexpla’s) + csexp(8x) >0 on R”}.
acA

(2) If A C (2N)", then Cs(A,B) is the cone of SONC polynomials supported on AU B
from [13, 3]. In those papers, the SONC cone is defined in terms of circuit polynomials (see
Remark 3.3). The equivalence of the definitions was established in [21] and also follows from
our more general result in Proposition 4.1.

(3) An example where the cone Cs(A, B) is different from both the SAGE cone and the
SONC cone is given by A = {1,4} and B = {3}.



For a non—empty finite set A CR"™ and € N™\ (2N)" let

Pis = f Ca\X\aerXﬁ,f(X)ZOVxeR”,ceRj_‘,deR}
acA
be the cone of non-negative odd AG functions supported on (A, §), and similarly for 5§ € R™\ A

let

Py = {f = calx|® +dx|?, f(x) >0 Vx eR" cc Rf,d € R}
acA
be the cone of non-negative even AG functions supported on (A4, ). Note that, by definition,
(3) Cs(A B) = 3 Piifaya+ 2 Pis-
acA BeEB

As pointed out by a referee, (3) implies the following alternative representation of the S-cone.

Proposition 2.5. Let ) # A CR", BC N"\ (2N)" be finite and e, denote the unit vector in
RAYE indexed with o € AU B. Then,

OS(A,B):{ZCOAJZ‘ —i—Zdﬁx GR.AB an €, — Z|d5|-GBGCSAGE(AUB)}

acA BeEB acA BeB

= { ST calz|®+ > dga® € RIA, B :

acA peB
3t € R5, Z Co * €o + Z tg-eq € Csacu(AUDB), tzg < —|dg| for all € B} .
acA peB
In the case ANB = (), we can shortly write Y. c,-€a— > |ds|-€s = (¢, —|d|), where |d| denotes
acA BeB

the component-wise absolute value. If there exists some § € AN B, then the corresponding
coefficient in the SAGE cone ¢z — |dg| appears only once in the set RAY5. However, by slight

abuse of notation, we also write Y. ¢, -e, — > |ds| - es shortly as (¢, —|d|).
acA BeB

Proof. If f = %:A Calz|® + ﬁ%:B dgx® € Cs(A, B), then (3) gives a decomposition
f Z feven + Z Odd
acA BeB
with fo' € P{%, ., for all a € A and fg'd = a%:Ac((f)\xP + dgz’ € Pl for every 3 € B.
Defining the functions
feven — feven forall € A

and feven = cP|z|* = |dg||2]° = fgdd — dga® — |dg||z|® for all B € B,
acA
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symmetry implies feven € P35 and hence, f= > foe 4 E feve“ € Cs(AUB, D). Remark
€A

(e}

2.4(1) then shows that the coefficient vector of f is contalned in Csage(A U B).

The converse direction of the first equation follows immediately with the substitution in
Remark 2.1(2).

The second equation, which exhibits the convexity of the S-cone, is an immediate consequence
of the first one. O

In our definition of the S-cone, we exclude sums of non-negative AG functions with support
AU B for A CR", B CN"\ (2N)", where the corresponding AG functions have bigger support
than AU B. This could happen, for example, if two summands cancel in the sum. For a better
understanding of the problem, we have a look at the following example.

Example 2.6. Let A := {3, 1}, B := {1}. Consider the two non-negative AG functions
= |x|§ +x + 22,
fo = a3 —a® + Ja]3,
whose support is not contained in A U B. But the sum
fo=fit fo=2al + ot Jafd
is itself a non-negative AG function, whose support is contained in A U B.

In fact, this restriction is not really a restriction. The following proposition states that every
sum f of non-negative AG functions whose support is bigger than the support of the sum can
be decomposed into a sum of non-negative AG functions whose supports are contained in the
support of f.

For the SAGE case, this was already proven in [21, Theorem 2] and for the SONC case this
follows from the more detailed result of [26].

Proposition 2.7. Let ) # A C R",B C N*\ (2N)" be finite sets and f € R[A,B]. If
feCs(A,B) for some A’ O A, N"\ (2N)* D B’ D B, then f € Cs(A, B) as well. Equivalently,
it holds that

Cs (.A, B) = CS(.A/, B/) N R[.A, B]
Proof. By Proposition 2.5,

CS(.A,B): {an|$|a Zdﬁiﬂ ER.A B an €, — Z|d5|'65€CSAGE(AUB)},
acA BeEB acA BeB

with e, denoting the unit vector with respect to « for aw € A, resp. B. Let f € Cs(A',B") N
R[A, B] with coefficient vector (c,d) and hence (¢, —|d|) € Csagr(A’ U B') N RAY5 where the

absolute value is component-wise. The already mentioned statement for the SAGE-case ([21],
Theorem 2) states that Csagr(AUB) = Csagr(A'UB)NRAYE. Hence, (¢, —|d|) € Csacr(AUB)



as well as

f E{Z Ca|:13|a + Zdﬁxﬂ c R[.A,B] : Z Ca*€q — Z |d5| e € OSAGE(.AUB)}

acA BeB acA BeB
= CS(A7 6)7
again by Proposition 2.5. The other inclusion is obvious. U

Our next result characterizes non-negative AG functions. It is a slight generalization of [5,
Lemma 2.2| to the setting of AG functions. The following notation is useful to state the theorem:

Notation. For a non-empty finite set A C R™ and 8 € R", let A(A, 3) be the polytope

™ hear = 4, Z)\azl}.

acA acA

(4) AA, B) = {)\ e RY

Note that A(A, 3) # 0 if and only if § is contained in the convex hull of A. In the special case
that A is affinely independent, A(A, §) consists of a single element, which we denote by A(A, /3).

Let A C R™ be a non-empty finite set. We denote by D : R4, x R4, — R,
D(V77) = Zyocln<ya>a va)/ERéO
acA T

the relative entropy function. It can be extended to R4 x RY — R U {oo} using the usual
conventions O~lng =0fory>0and y-In§ = oo for y > 0.

Theorem 2.8. Let A CR" be a non-empty finite set and f be an AG function of the form

[ = Z CalX|™ +

acA

djx|? with B € R*\ A if f is even,
dx? with f € N*\ 2N)* if f is odd,

where co, > 0 for all « € A and d € R. Then the following statements are equivalent:

(1) f(x) >0 for all x € R".
(2) There exists a v € R such that Ype s Vo = (Xaea Va)B and

d if [ even,

Dlve-) < {—|dy if f odd.

(3) There exists a A € A(A, B) such that
Aa _ .
H (ca> > d z.ff even,
e Ma d] if | odd.

A vector A € A(A, ) as in this theorem is called an AG witness.
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Proof of Theorem 2.8. Before we prove this theorem, observe that for the AGE cone Cagg(A, ),
defined in Remark 2.4, we have (c,d) € Cagr(A, B) if and only if there exists v € R such that

Yaed Vol = (Laeca Vo) and

D(v,e-c) <d
(compare [4], Section 2.1). If f is an even AG-function, this is exactly the equivalence (1) < (2)
due to Remark 2.4. If f is an odd AG-function, the equivalence follows from Proposition 2.5
and the mentioned observation.

For the implication (2) = (3), set A\ := (X e Va) ‘v. It is clear from the properties of v
that A € A(A, B). The discussion in [4, p. 1151] shows that

Ca \ e
II <>\> > —D(v,e-c)
acA @

and thus this A has the desired properties. The implication (3) = (1) is a direct consequence
of the weighted arithmetic-geometric mean inequality:

AM/GM-inequality c Ao c Ao
ek =TI () = IR
o e

acA acA acA
Using (3), we obtain

d|x|? —d+d
> calz|* + |$6| > ||’ * > 0.
oA dz |d| — sgn(z) - d
As we already know that (1) < (2), we obtain the desired statement. O

Example 2.9. Let A =B = {1} C N. A typical AG function with this support is
g(x) = c1|z] + com.

Since the equality condition in statement (2) of Theorem 2.8 is trivially satisfied, we have
g(x) > 0 for all z € R if and only if there exists a v € R, with

(5) vin (V) < —|eal.

€ecy

If v > 0, the latter condition can be simplified to |cy| < ¢;. For the case v = 0, this is clear from
our setting 0-In0 = 0, and to see it for v > 0, rewrite (5) as

v v
c () In () < —leal.
C1 eCq
Since the function zIn (f) attains its minimum at x = 1 (which means xIn (f) > —1), we
obtain the claimed result. It is in particular the one of statement (3) in Theorem 2.8.

For later use, we note that our cones of interest are closed:

Proposition 2.10. The cones ijig, PYE" and Cs(A, B) are closed pointed convex cones.
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Proof. 1t is clear that all three cones are pointed, since the only non-negative function f where

—f is non-negative as well is the zero function. The cones P and P{§" are defined as (infinite)

intersections of closed halfspaces, and thus they are closed. Finally, since finite sums of closed
pointed convex cones are again closed, the cone Cs(A, B) is closed as well. O

3. CIRCUITS AND THE DUAL OF THE S-CONE

In this section, we introduce circuit functions and provide several characterizations of the
dual S-cone (see Theorem 3.5).

We can identify the dual space of R[A, B] with RAB) := RA x RB. For f € R[A, B] with
coefficients (ca)aca, (ds)ses and an element (v, w) € RAB) we consider the natural pairing
(6) (v, w)(f) = D vaCa+ Y wpsds.

acA peB
Using this notation, the dual cone Cs(.A, B)* is defined as
Cs(A,B)* = {(v,w) € RAP | (v,w)(f) >0 for all f € Cs(A,B)}.
Now we consider the representation of AG functions in terms of circuit functions. Here, relint

and conv denote the relative interior and the convex hull of a set.

Definition 3.1. A circuit is a pair (A, ), where A C R" is affinely independent and § €
relint conv(A). For finite sets A, B C R™, let
I(A,B) :={(A, ) circuit | A C A, 3 € B}

denote the set of all circuits on A, B. In particular, for A C R™ B C N™\ (2N)" we call I(A, A)
the set of all even circuits and I(A, B) the set of all odd circuits.

Definition 3.2. Let (A, 5) be a circuit.
(1) An even circuit function supported on (A, 3) is an AG function of the form

f=>" calx|* +d|x|*

acA
with ¢, >0 for all @« € A and d € R.

(2) For g € N*\ (2N)", an odd circuit function supported on (A, ) is an AG function of
the form

f=3 colx|*+dx’
aEA
with ¢, > 0 for all « € A and d € R.

We call 3 the inner exponent of f and the other exponents are the outer exponents.

Remark 3.3. (1) In case of a circuit, the vector A € A(A, 5) in Theorem 2.8 is unique, and
thus the non-negativity of f can be expressed in terms of the circuit number

g o= 11 (52)".

which was introduced in [13].
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(2) Himan and de Wolff also introduced the notion of circuit polynomials in [13]. Every circuit
polynomial is an even circuit function if the inner exponent is even and an odd circuit function if
the inner exponent is odd. With this, circuit polynomials form a special case of circuit functions.

Next, we introduce reduced circuits, which will be used in Section 4.2 to determine the extreme
rays of the S-cone.

Definition 3.4. For a circuit (A, §) let
re(A, B) = | (conv(A)\ (AU {5})) N A] and
To(A, ) := | (conv(A) \ A) N A|.

An even circuit (A, 8) is called reduced if r(A, 3) = 0 and an odd circuit (A, §) is called reduced
if (A, B) = 0.

In other words, reduced circuits contain no elements of A in their convex hull except those
which are trivially there. Note that for § € A N B, it is possible that a circuit is reduced as an
even circuit, but not reduced as an odd circuit. See Example 4.5 below.

We can now provide the following characterization of the dual S-cone Cs(.A, B)*. Here, recall
the definition of A(A, 5) from (4) and that A(A, 5) denotes the single element of A(A, 3) in the

case of a circuit. We use the convention that 01In(0) = 0 and In(0) = —oc.

Theorem 3.5. Let ) # A C R" and B C N*\ (2N)" be finite sets and let (v, w) € RAB),
(1) If (v,w) € Cs(A, B)*, then v, > 0 for all « € A.
(2) If the condition of part (1) is satisfied, then the following are equivalent:

(a) (v,w) lies in the dual cone Cs(A, B)*.

(b) For all € A (respectively B € B) and all X € A(A, ), it holds that

Infvg] < D AaIn(ve) (respectively In|wg| < Y Ao In(v,)).
acA acA
(c) For every even circuit (A, B) € I(A, A) (respectively odd circuit (A, ) € I(A,B)) and
A= A4, B), it holds that

Infvg| <> Aaln(ve) (respectively Infwg| < > Ao In(vy)).
a€cA acA
(d) For every reduced even circuit (A, ) € I(A, A) (respectively reduced odd circuit (A, 3) €
I(A,B)) and A = \(A, B), it holds that

Infvg| < > Aaln(ve) (respectively Infwg| < > Ao In(vy)).

a€cA acA

Before we prove Theorem 3.5 we consider the duals of the sub-cones Pj‘fg and P33 of

Cs(A,B).

Lemma 3.6. Let A C R"™ be a non-empty finite set.

(1) For 3 € N"\ (2N)", the dual cone of PS%§ consists of those (v,w) € RAABY where
(a) vy >0 for all « € A, and
(b) In|wg| <3 pea Ao ln(vy) for all X € A(A, B).
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(2) For B € R"\ A, the dual cone of P{'§* consists of those (v, w) € R satisfying (a), (b)
and in addition
(¢) wg > 0.
Proof. We prove the even and odd case simultaneously. Let (v, w) € (P3)* or (v,w) € (PYg")*.
First we show that it satisfies the claimed conditions.
(a) and (c): For every a € A, it holds that |x|* € Py resp. [|x|* € P{g" and thus
0 < (v,w)(]x|*) = vq, as claimed. In the even case, we also have that |x|° € Pefen and thus by

the same argument (¢) holds.
(b): Fix a A € A(A, B). First assume that v, # 0 for all a € A. Then

_y ( 1 ) x| {]x[ﬁ in the even case,
v | 22 .

aea \wea sgn(wg)x”  in the odd case

is an (even or odd) AG function and a straightforward computation shows that f satisfies the
condition (3) of Theorem 2.8 (with the given \), hence f is non-negative. Thus,

0 < (v, w)(f) = {HQGA v(’i\a — wg %n the even case,
[Tacavy® —sgn(wg)ws  in the odd case,

which is equivalent to property (b). Since the mapping (6) is continuous in (v, w), the statements
also hold if v, = 0 for some o € A.

For the converse implication, assume that v satisfies conditions (a), (b), and in the even case
also (¢).

We need to show that every non-negative AG function f = 3 ,c 4 ca|X|® + dx® resp. f =
S CalX|* + d|x|? satisfies (v,w)(f) > 0. Let A € A(A,3) be an AG witness for f as in
Theorem 2.8. Observe that

Vo Co VaCq Ca

Lo 0 (52)2 () I I (2) 2 L ()
a€ a€ a € @ ae

which implies

0 00)0) = X wuto s > sl (T (52) + sentun)a).

acA acA
In the even case, we have sgn(wg) = +1 by (c¢), and the right expression in (8) is non-negative,
because f is a non-negative AG function. In the odd case, observe that then the non-negativity
of f yields non-negativity of the right expression in (8) as well. U

Remark 3.7. In the beginning of this section, we identified the dual space of R[A, B] with
RAB) Using the reverse identification and associating for every v € R8) a function of form
(1), we can identify the dual cones (P{'§")* resp. (P3%')* with the cones of all functions of the
form (1) with coefficients in (P{§")* resp. (P3%)*. If 8 € conv(A), then by Theorem 2.8 and
Lemma 3.6, it is easy to see that (P{'s")* € P{s" and (Pg%)* € P’

In particular, this means that every function of the form ( ) with coeﬂicients in (P§g")" resp.
(P3%)* is non-negative. Hence, Cs(A, B)* C Cs(A, B).
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The reverse inclusion does not hold in general. With A = {0,2}, 5 =1, v9 = v, = 1 and
v1 = —2, we obtain (P§§")* C P{E" as well as (P3%)* C P Setting B = {1} it follows that
CS(Aa B>* g CS(Av B)

In addition, we need the following lemma for the proof of Theorem 3.5. Here, for \ € Rﬁ,
denote by supp(A) = {a € A| A\, # 0} its support.

Lemma 3.8 (Essentially Lemma 8 of [21]). Let A C R" be a non-empty finite set and 5 €
conv(A). Then every A € A(A, B) can be written as a sum

k
A= Zﬂj)\m
j=1

with k> 1, p € RE, % py =1 and N9 € A(A, B) for all j, such that the support of each A
is affinely independent.

Proof. Since the polytope A(A, 3) is the convex hull of its vertices, it suffices to show that the
support of every vertex of A(A, 3) is an affinely independent set.

Let A be a vertex of A(A,3) and A" := {a| A, > 0} be its support. Assume to the contrary
that A’ is affinely dependent. Then there exists g € R4\ {0} with Y ocar fta = 0, Saear o =0
and p, =0 for o ¢ A’. Since A\, > 0 for all a € A’, for sufficiently small € > 0 both A + eu and
A — e are contained in A(A, 3). But this implies that A = (A + eu) + 3 (A — €x) is not a vertex
of A(A, ), a contradiction. O

Proof of Theorem 5.5.  (1): Since |x|* € Cs(A, B) for every a € A, every v € Cs( A, B)*
satisfies
0 < (v, w)(|x[*) = va-

(2): The implications (b) = (¢) = (d) are trivial. For the equivalence of (a) and (b)
note that
= N (PR 0 ) (PR
acA BeB

because Minkowski sum and intersection are dual operations (see, e.g., [25], Theorem 1.6.3).

Hence, the claim follows with Lemma 3.6. It remains to show (¢) = (b) and (d) = (c).
(¢) = (b): Let € Aand X € A(A, ). By Lemma 3.8, we can decompose A as A\ =

Z;?:l A9 with k > 1, p € RY Z;?:l p; =1and AV ... X® € A(A, ), such that the support

of each \U) is afﬁnely independent. Now the claim follows from

k
In |vg| = Z,u]ln|vg| <Z'“JZ)‘ Inv, = ZlnvaZuj)\g):Z)\alnva.
a o Jj=1 «

For 5 € B, the proof is analogous by considering wg instead of vg.

(d) = (c): We start with the even case and proceed by induction on r = r.(A4, 3). Since
the base case r = 0 captures exactly the reduced circuits, there is nothing to prove in this case.
Now consider an even circuit (A4, 3) € I(A,.A) with r.(A,3) > 0. Then there exists a ' €
conv(A)N A with 8" ¢ A and 8" # 8. Set X\ := (A, ) and X := \(A4, 3).
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Let 7 > 0 be the maximal real number with X := A — 7\ € ]Rj?. This number exists clearly, and
we have 7 < 1 because the coordinate sums of A\ and )\ are equal. Further, it holds that 7 > 0
because all components of A are positive. B

Similarly, let 7/ be the maximal real number with A := X — 7/A € R, As above, it holds that
0 < 7’ < 1. Moreover, note that 8 # ' implies 7,7 < 1. The construction gives

6223\0(@4—7'6,, Zj\a"i_T:L
a€A acA

ﬁ’:ZX;oH—T/B and ZX&%—T/:L
a€A acA

Note that at least one of the entries of \is zero, and moreover, 7' or at least one of the entries
of X is zero. Define two new even circuits (Ay, 8) and (A, ') with A; := supp(A) U {8’} and

A supp(N) U {8} if 7/ >0,
2 supp(\) if 7' =0.

We observe conv(A;) € conv(A), and since (' is not counted towards r.(Aj, 5), it follows
that ro(A1, B) < 1e(A, 3). Similarly, since conv(As) C conv(A) and 4 is not counted towards
re(Asg, '), we obtain re(As, /) < 1.(A, 3). Hence, by induction,

9) In(|ug|) < ZAS\Q In(vy) + 7In(vg) and
(10) In(|vg]) < ZAX; In(vy) 4 7' In(vg).

Note that vy > 0 and vg > 0. Adding 7 times (10) to (9) gives, due to X + 7N = (1 — 77/) A,
the uniform inequality

0<(1—77) (ZA Inv, — 111’1}5’).

acA

Since 1 — 77/ > 0, this proves the claim.
For the odd case, we proceed by induction on r,(A4, ), and the base case consists again of the
reduced circuits. Fix an odd circuit (A, B) € I(A, B) with r,(A, 8) > 0. Again, there exists a
p' € conv(A) N A with ' ¢ A, but this time 3’ = [ is possible.
We define A, \', 7 and X = A— 7\ as above. This time, 7 = 1 is possible. Further, we set 7/ := 0
and (thus) N := ). We define the new circuits (A, 3) and (Ag, ') as above, where this time
(A1, B) is odd and (As, ') is even. Since ro(A1, f) < 1o(A, B) as above, we obtain

(11) In(jwgl) < Y AoIn(ve) +7ln(vg)  and
acA

(12) ‘Uﬁ/ Z )\ hl Ua
acA

where the second inequality follows since we have already shown (d) == (c) for even circuits.
As above, we add 7 times (12) to (11) to obtain the desired inequality. O
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A description of the dual of the SONC cone was obtained in [9, Theorem 3.1], and a description
of the dual of the SAGE cone in [4, Proposition 2.4]. Both descriptions are based on projections
and differ from the one in Theorem 3.5. For completeness, we show here that they are in fact
equivalent.

Proposition 3.9. Let ) # A CR" be a finite set and 3 € conv(A). For v € RY and wg € R,
the following are equivalent:

(1) VA € A(A, B): In|ws| < XpeaAaIn(vy).

(2) Ir € R, Ya € A: Jwg|In (%) <(B—a)lT.

(3) Fv* > |wg|,IT € R",Va € A: v*In (z—a) < (B—a)TT.

In this proposition, statement (1) is the one we used earlier, statement (2) is the description
of the dual SAGE cone used in [4], and statement (3) in conjunction with Theorem 3.5(c) is the
description of the dual SONC cone used in [9].

Proof. 1f ws = 0 then all three conditions hold. Moreover, if v, = 0 for some o € A, then it
is easy to see that all three conditions hold if and only if wg = 0. Thus we may assume that
wg # 0 and v, # 0 for all @ € A. We will show the equivalence via the following variant of
statement (2),

(2)) 37 € R", Va € A: ln(|w5|) < (a-pB)'r

(1) <= (2’): Consider (2’) as the feasibility of a linear system of inequalities in 7. (2) is
satisfied if and only if its Farkas alternative system (in the version of Proposition 1.7 of [31])

NERY: S A(—a+8) =0 and Y A, (—m('“’ﬁ‘|>><o

acA acA Vo

does not have a solution.
We can normalize A so that all its components sum to 1. Hence, the alternative system

simplifies to
Z Ao It Jwg| > Z Aala >0,
acA acA
ie., to In|wg| > > ,ca Aala-. Since this is the opposite of (1), the equivalence of (1) and (2)
follows.
(2’) = (2): We obtain (2) from (2’) by multiplying with |wg| and replacing |wg|T by —7.
(2) = (3): This is trivial.
(3) = (2’): We have that v* > |wg| > 0 and thus we may divide the inequality in (3) by
v* to obtain i}
I e R",Va € A: In (z) <(B-a)7,

where 7" = 7/v*. Note that the left-hand side of the inequality is monotonous in v*, and hence,

o)z () s0mor

We further replace 7/ by —7’ to obtain (2). O
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4. APPLICATIONS OF THE DUAL CONE

4.1. Non-negative AG functions are sums of non-negative circuit functions. As a first
application of our description of the dual cone, we prove the following generalization of [21,
Theorem 4].

Proposition 4.1. Let ) # A CR™ and B C N™\ (2N)" be finite sets. For every f € Cs(A, B),
the following statements hold.
(1) f can be written as a sum of non-negative circuit functions whose supports are contained

in supp f.
(2) [ can be written as a sum of non-negative circuit functions supported on reduced circuits

m Cg (.A, B)

Note that in statement (2), the support of the reduced circuits does not need to be contained
in the support of f. The following example shows a situation, in which this phenomenon
happens.

Example 4.2. Let A := {0,2,4} and B := {1}. Consider the non-negative circuit function
f=1z]°—4-332 + |z|* = 1 — 43734 4 2*. Its support ({0,4},1) is not reduced with
respect to A, B, and indeed, we can write f as sum

2 2 1 2
f= (3 — 4373 4 3\/§x2> + (3 — g\/§x2 +:1c4>
2 0 —3/4 2 2 Lo oo 2 2 4
:(3|:1:| —4.3 x+3\/§|x|>+(3|x| — VAl +|x|>

of non-negative circuit functions, whose supports ({0,2},1) and ({0, 4}, 2) are reduced. Note
that the coefficient of |z|?* cancels in the sum.

Proof of Proposition 4.1. By Lemma 3.6 and part (c) of Theorem 3.5, the dual of the S-cone is

(13) Cs(A,B)= (N (P n [ (P3E)"

(A,B)EI(A,A) (A,B)EI(A,B)
Let f € Cs(A,B) and assume that the support of f is given by A" C A and B’ C B. By
Proposition 2.7, f € Cs(A’, B"). Apply (13) on the sub-cone Cs(A’, B') and dualize that identity.
Using that Cs(A’, B')*™ = Cs(A’, B) (because the cone is closed, Proposition 2.10) then yields

fe X Pafyet X PR
(A,B)€I(A,A) (A,B)EI(A,B)
This shows part (1).
Part (2) then follows from part (d) of Theorem 3.5. Note that in this case we cannot restrict
the sets of exponents to A" and B’ as it depends on the choice of A and B whether a circuit is
reduced or not. 0

Remark 4.3. If we demand supp(f) = AU B, we obtain the same statement about the support
in (2) as in (1).
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4.2. Extreme rays of the S-cone. Our next application of our description of the dual cone
is a precise characterization of the extreme rays of Cs(.A, B). Even for the specific case of the
SAGE cone, this sharpens the result in [21, Theorem 4], where the necessary condition is that
every extreme ray of the SAGE cone is supported on a single coordinate or on a circuit. The
essential concept for this characterization is provided by the reduced circuits.

Let ) # A C R" and B C N"\ (2N)" be finite sets and write shortly A = \(A, 8). For
(A,B) € I(A,A) let

Ao
B 0) = { T aalxl® =TT (52) 7 e e Ry .
acA acA >\a
for (A,B) € 1(A, B) let
Ao
E.(A,p) = {Z colx|* = I <Ca> x?|ce R’;‘O} :
acA acA )\O‘
and for § € A let
R, - |x|? if e A\ B,

E\(B) = {R+ ) (|X|B j:xﬂ) if e ANB.

E.(A,5) and E,(A, ) are the (even and odd) non-negative circuit functions, for which the
inequality (7) on the circuit number holds with equality. E;(3) provides the special case for
circuits supported on a single element.

Proposition 4.4. For finite sets ) # A CR" and B C N\ (2N)", the set E(A, B) of extreme
rays of Cs(A, B) is

E(A,B) = U E.(A,B8)| U U E,(A,B) | U (U EM)) :
(A,B)eI(AA), (A,B)EI(A,B), BeA
re(A,B)=0,]A|>1 ro(A,5)=0,]A|>1

Here, recall from Definition 3.4 that an even (respectively odd) circuit is reduced if and only if
ro(A, B) = 0 (respectively r,(A, 3) = 0). The following example shows that the case distinctions
are indeed necessary.

Example 4.5. For A := {0,1,2} and B := {1}, the sets of (even resp. odd) circuits are

I(A, A) = {({0,2},1), ({0}, 0), ({1}, 1), ({2},2)} and
I(A,B) = {({1},1),({0,2}, 1)}.
We have a closer look at those elements which are both even and odd circuits.

(1) The circuit ({0,2},1) is reduced as an even circuit and non-reduced as an odd circuit. In
the context of extreme rays this is necessary. The even circuit function a? — 2ab|x| + b*x?
is an element of an extreme ray, but for the odd circuit function a? £ 2abx + b*2? we
have

a® £ 2abx + b*x* = (a® — 2ab|z| + b*2?) 4 2ab(|x| £ 2)
and hence this is not an extreme ray of Cs(A, B).
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(2) Further, it holds that
1 1
ol = 3 (] + )+ o (] — ),

so ({1},1) does not support an even extreme ray but in fact it does support an odd
extreme ray.

Again, we obtain corollaries for the special cases of SONC polynomials and of the SAGE
cone.

Corollary 4.6. Let ) # A C N" be a finite set and write shortly A = XA, B). The set E(A) of
extreme rays of the cone of SONC-polynomials with support in A is

Aa
E(A) = U {an:z:a— 11 (?) ” CERQO}
(A,B)eI(AN(2N)",A), LacA acA o
re(A,8)=0, |A|>1

U U {
(A,B)el(AN(2N)™,A),
ro(A,B8)=0,|A|>1, Be A\ (2N)™

BEAN(2N)™

Corollary 4.7. Let ) # A CR" be a finite set, B =0 and write A = \(A, 3). The set E(A, B)
of extreme rays of the cone of SAGE functions with support in A is

E(AB) = U EJ(AB) U U E®
(A,B)EI(AA), BeA
re(A,8)=0, |A|>1

A

Cq @

- U {zcaexp@%)—H(A) exp(y” 5)
(AB)el(AA), LlacA acA N
Te(A7ﬁ):07‘AI>1

u Y {cexp(yTB) ‘ c€E R+} .

BeA

Co \
> e+ ] (;) e

aEA acA «

CER‘;‘O}

ce Rfo}

Example 4.8. As an example corresponding to the SAGE setting, let A ={0,1,2,4}, B=10
and f := |z]° — 4 -37342! + |z|* be a non-negative circuit function. With the substitution
z — exp(y) we obtain the arithmetic-geometric exponential f =1 — 4 - 3734 exp(y) + exp(4y),
and its support is again not reduced. We write f as a sum

2
f= (1 -2 31/4]1:| + \/§x2) + (331/4]x| — V32 + x4>

of circuit functions, whose supports {0, 1,2} and {1,2,4} are reduced.

This is different from Example 4.2 in that the exponent 1 is contained in A rather than B
and thus is treated like an even number in the SAGE setting.

In [21], after Theorem 4, the authors remark that every circuit “supports a family of extreme
rays in the SAGE cone.” This is not quite correct, as shown by the current example.
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For the proof of Proposition 4.4, we will use a variant of Holder’s inequality.

Theorem 4.9 (Theorem 11, p. 22, [11]). Let n,m € N. Let (a;;) € R™™ be a matriz and let
AL,y A € R with 320 1 N\ = 1. Then

and equality holds if and only if either (1) for some i, aj = -+ = ajm = 0, or (2) the matriz
(a;j) has rank one.

Note that in case (1) both sides of the inequality are zero.

Proof of Proposition 4./. By Proposition 4.1, every non-negative function f € Cs(.A, B) can be
written as a sum of non-negative circuit functions supported on reduced circuits. Hence, it
suffices to show the following two statements:

(a) Every non-negative circuit function supported on a circuit can be written as a sum of
non-negative circuit functions with the same support whose circuit condition is satisfied
with equality.

(b) Every function in £(A, B) is indeed an extreme ray, i.e., it cannot be written as a sum of
other non-negative AG functions.

(a) Let f be a non-negative circuit function supported on the circuit (A, 3), whose coefficients
are denoted by (¢a)aca and cg.

If f is supported on an odd circuit (A4, 3) € I(A, B), then the circuit number ©; from (7)
satisfies ¢s € [-Oy, ©¢]. Hence, f is a convex combination of f; and f5, where fi, fo have the
same support and coefficients as f, except for cfgl) =0y =06, and c(;) = -0y, = —06y.

If f is supported on an even circuit (A, 5) € I(A, A), then f can be written as the sum of a
non-negative circuit function with the same support whose inner coefficient equals the negative
of the circuit number and of some function d|x|? for d > 0. If 3 ¢ B, then the latter is contained
in E1(8). Otherwise, if 5 € B, then d|x|? = ¢(|x|? + x?) + 4(|x|* — x”), whose two summands
are elements of Ey(f).

(b) Let f € E(A, B) with coefficients (¢, )aca and (dg)ges. Assume that f can be decomposed
into f = X8 | f; with non—negatlve AG functions fi,..., fr € R[A, B]. Denote the coefficients
of f; by (C( ))aeA and (dﬁ )pes-

For the duration of this proof, we use the notation supp,(f ) ={a € A|c, # 0}. Moreover,
set A := ;supp.(f;) = {a € A|Fi: ¢® #0}. We claim that A C conv supp,(f).

To show this, we consider a vertex & of conv A. Since @ must be an outer exponent of each f;
with ¢ £ 0, we have ¢ > 0 for all i. It follows that Sk ¢ > 0 and thus & € supp,(f). As
this holds for every vertex of conv A, we obtain that A C conv supp,(f).

Next, we distinguish three cases depending on whether f € Ei(8), f € E.(A,B) or f €
Eo(4,5),

Case [ € E1(f), 5 € A: In this case, supp,(f;) = {8} for each i. Thus, if 8 ¢ B then each f;
is a multiple of |x|? and thus a multiple of f.
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On the other hand, if 3 € AN B, then w.l.o.g. we can assume that f = c(|x|® + x”) for some
¢ > 0. Moreover, each f; is of the form f; = ¢;|x|’ + d;x”® with |d;] < ¢;. Then

Yodi=c=) =) |d| >

and thus d; = ¢; for each ¢. Hence, all f; are multiples of f.

Case f € E.(A,B) for (A,B) € I(A, A) with re(A, ) =0 and |A] > 1: In this case, our ini-
tial considerations imply that U; supp.(f;) € conv(A). Since (A, B) is reduced we can also
conclude that U; supp,(f;) € AU {S}. Hence, each f; is of the form

(14) fi= 3 O+ P Ix)? + 3 dlix.

acA p'eB

It follows that ¢ > 0 for all i and « € A, because otherwise the f; cannot be non-negative.
Next, we claim that

(15) ) < 11 ( )>Aa

a€cA

for all ¢, where again we write A = A\(A, 8). To prove the claim, we distinguish two cases:
(i) If ¢} > 0, then it trivially holds that —c <0 < Taea(c®/Aa) .
(ii) Consider the case that c(ﬁl) < 0. Since f; is a non-negative AG function, it holds that the
last sum in (14) vanishes and the claim follows from Theorem 2.8(3).

In the next step, we derive
A N\ Aa
“ (b) k@) () Co \ e
) SH(Z;) CI(5) =
i=1 ‘o acA «

a€cA

0 @

(16)  —cg=— Zk:C ZH(

i=1 a€A

where in (a) we use (15), (b) follows from Hélder’s Inequality 4.9 and (c) uses that %, ¢ = ¢,.
Moreover, by Theorem 4.9 equality in (b) implies that either (1) there exists an « € A such that
%% vanishes for all i, or (2) the |A| x k matrix with entries ¢! /\, has rank one. However, (1)
would imply that ¢g = 0 which is impossible, thus we are in case (2). Hence, there exist scalars
€1,...,€ > 0such that ¢ = ¢;c, for all i and all & € A. Further, equality in (a) implies that

(7) C(()zi) o Ca Ao
—CB = H <>\a> = H <€Z)\a> = —EiCB.
By (14), it follows that every f; is of the form

(17) fi = eif + terms in B.

Now, if ¢, = 0 for some 7, then f; has only terms with exponents in B and thus it is the zero
function or it cannot be non-negative. It follows that ¢; > 0 for all . But this implies that
cg) = ¢;cg < 0. Hence, since the f; are AG functions, they cannot have any other terms in B,
and thus they are all multiples of f.
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Case [ € Ey(A,B) for (A,B) € I(A, B) with ro(A, ) =0 and |A| > 1: In this case, the ar-
gument is similar, except that (16) becomes

S S5 ey () = (B <) -

i=1 i=1 acA a€cA a€A

(18)  [ds| =

Since we have equality in (e), it follows that all terms on the left-hand side of that triangle

inequality have the same sign. Since dg = Zk d( ) , this implies that each d has the same sign
as dg. Now we also obtain (17). Note that for the vanishing of the terms with exponents in
B\ {S}, we can argue as above, or alternatively obtain this directly from the oddness of the f;.
Altogether, this yields again that all the f; are multiples of f. U

4.3. Univariate SONC polynomials do not satisfy Putinar’s Positivstellensatz. In
[8, Section 5|, a multivariate example was given to show that the analogue of Putinar’s
Positivstellensatz does not hold for SONC polynomials. Using Theorem 3.5, we provide a
simpler example of this phenomenon, which in addition shows that the analogue of Putinar’s
result does not even hold for univariate SONC polynomials.

Recall Putinar’s Theorem from the theory of sums of squares polynomials ([23], see also, e.g.,
[17, Theorem 2.14]).

Theorem 4.10. Let f,g1,...,9m € R[X] and assume that the quadratic module

Q(g1,-- -, gm) == {po + ijgj with sums of squares polynomials py, . . . ,pm}
j=1

is Archimedean. If f € R[x] is strictly positive on the set K = {x € R" : g;(x) >0, 1 < j <m},
then f can be written in the form f = po+ 37", pjg; with sum of squares polynommls D0y P

Here, the Archimedean condition can be defined by the existence of some N > 1 with
N-3" 22 € Q(g1,---,9m), and it is well known that Q(gi, . . ., g,) is Archimedean if gy, . . ., g
are affine (see e.g., [17]).

Theorem 4.11. The univariate polynomial
1\4 1
/= (x_ 2> 1000
satisfies f(x) > 0 for x € [0,1], but it cannot be written in the form
(19) po+apr + (1 —x)ps + (1 — z)p3
with SONC' polynomials pg, p1, pe and ps.

Note that a SONC analogue of Putinar’s Positivstellensatz would even assert a representation
of f using only pg, p; and ps.

Proof. As a notation, for r € N we set Cs(r) := Cs({0,1,...,r} N2N,{0,1,...,7} \ 2N). This
is the cone of SONC polynomials of degree up to r.
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The polynomial f is clearly positive on [0, 1] (in fact, on R), so we only need to show that it
does not have a representation as in the claim.

Assume to the contrary that there exist SONC polynomials pg, p1, p2, p3 such that (19) holds.
Let d be the maximum of the degrees of the p;. Then f is contained in Cg(d 4 2) + xCs(d +
1)+ (1 —2)Cs(d+ 1)+ 2(1 —2)Cs(d). On the other hand, consider the vector

25 5 1 1 1
N b s {0,...,d+2}
v <18’9’22’23""’2d+2) =K ‘

A direct computation shows that

o(f) = -

Hence, once we show that v lies in

1 25 1 1

28 T 181000 = a0 <

(cg<d +2) + 2Cs(d+1) + (1 — 2)Cs(d+1) + (1 — a:)Cg(d)>*
— Cs(d+2)" N (@Cs(d+ 1)* A (1 — 2)Cs(d + 1) N (2(1 — 2)Cs(d))",

we obtain a contradiction.

For this, note that we only need to consider inequalities involving the first two components of v,
because apart from those v equals the vector ((3)*)o<a<dt2, Which is clearly contained in the cone.
Further, note that v € (zCs(d+1))* if and only if the shifted vector (vi,vs, . .., Vo) € RI%d+1}

where we omitted the 0-th coordinate lies in Cs(d + 1)*. Similarly, v lies in ((1 — 2)Cs(d + 1))*

if and only if (vg — v1,v1 — Vg, ..., Vgs1 — Vgu2) lies in Cs(d + 1)*, and an analogous description
holds for (z(1 — z)Cs(d))*. Using these observations, it is a straightforward computation to
verify that v lies in the cone. 0

4.4. Functions with simplex Newton polytopes. We provide a subclass of functions for
which non-negativity coincides with containment in the S-cone Cs(.A, B).

Proposition 4.12. Let ) # A C R™, B C N*\ (2N)" be finite sets and f = > ,ca CalX|* +
Y sendpx” € R[A, B]. Assume that

(1) conv(A) is a simplex and B C conv(A),

(2) co <0 for every o € A which is not a vertex of conv(A), and

(3) dg <0 for every p € B.

Then f is non-negative if and only if f € Cs(A,B). In this case, [ can be written as a sum of
circuit functions using only vertices of conv(.A) as outer exponents.

This has been shown for SONC polynomials under a slightly stronger hypothesis in [13,
Theorem 5.5]. Moreover, the analogous statement in the SAGE setting has been obtained in
[21, Theorem 10]. We provide a simple proof using Theorem 3.5 as well as the following lemma.

Lemma 4.13. Let ) # A C R" be affinely independent and let v € RY,. Then there exists a
point p € RY, and a scalar 7 € Ry such that v, = 7p® for all o € A.
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Proof. Since A is affinely independent, there exists an affine map ¢ : R® — R such that
{(a) = In(v,) for all a € A. Explicitly, there exists a w € R” and ¢ € R with wla + ¢ = In(v,)
for all « € A. We set 7 := exp(c) and p; := exp(w;) for 1 < i < n. A straightforward
computation shows that p := (p1,...,p,) and 7 satisfy our claim:

Ve = exp(f(a)) = exp (Z oWy + c) = exp(c) Hexp(wi)ai =T pr‘ = 7p“~. O

Proof of Proposition 4.12. For the nontrivial direction, let f be non-negative and denote by
V' C A the set of vertices of conv(A). We show that f is contained in the sub-cone

C = Z Pyt + Z P&dﬁd C Cs(A, B).
acA\V BeB
Let (v,w) be an arbitrary element of C* = Ny v (P")* N Npes(Ppg)*. First, consider the
case that v, > 0 for all & € V. Since V is affinely independent, Lemma 4.13 gives a p € R,

and a 7 € Ryg with v, = 7p® for alla € V. For 8 € (AUB)\ 'V set A .= \(V, 3) and observe
that by Lemma 3.6,

(8 @)
os| < [T w2 = Tpeaey N = 7pf,
aceV

respectively |wg| < 7p?. Hence,

(Ua ’LU)(f) = Z VaCo + Z VaCaq + Z ngg

aeV acA\V peB

>N vt — > |vacal = Y lwsds]
acV acA\V pes

> > Tpca— Y, Pl = D [P dgl.
acV acA\V BeB

Therefore, the hypotheses (2) and (3) imply that
(v, w)(f) = 7f(p) = 0.

In the case v, = 0 for some « € V, continuity of the mapping in (6) implies (v, w)(f) > 0 as
well. Altogether, f € C*™* = C C Cs(A, B). O

4.5. Approximating non-negative polynomials by SONC polynomials. Unlike the sit-
uation with sum of squares polynomials, not every non-negative univariate polynomial is a
SONC polynomial. However, in this section we show that non-negative univariate polynomials
can at least be approximated by SONC polynomials.
For a univariate polynomial f = Z?:o c;x' we set
A d_l .
fi=co— Z |eilz’ + cqx?.
i=1

This is very similar to the SAGE-representative of a polynomial considered in [21, Section 5.
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Theorem 4.14. Let f = Y% cia’ € Rlz] be a univariate polynomial of even degree d with
positive constant coefficient. Let o := inf{z € R, | f(z) < 0}.

(1) If zg = +o0 (i.e., if f(z) >0 for all z € R), then f is a SONC polynomial.
(2) Otherwise, there exists a sequence (py)n C R[z] of SONC polynomials which converges
to f uniformly on every compact subset of the open interval (—xo, xo).

Note that the py have the property that degpy — 0o for N — oo. Part (1) is essentially a
special case of Proposition 4.12, which itself has been obtained before by de Wolff and Iliman
[13, Theorem 5.5], see also [21, Theorem 10]. Hence, only part (2) is new. It can be seen as a
univariate SONC analogon of the (even multivariate) approximation result in terms of sum of
squares polynomials by Lasserre and Netzer (see [18, 19]), where our result also has a restriction
to (—xo, o).

Proof. For part (1), note that f is non-negative on R if and only if it is non-negative on R.
Moreover, it satisfies the hypothesis of Proposition 4.12, and thus zy = oo implies that f is
a SONC polynomial. Moreover, Proposition 4.12 implies that f can be written as a sum of
circuit polynomials using only the constant term and the highest term as outer exponents. Since
a non-negative circuit polynomial with negative inner coefficient remains non-negative under
flipping the sign of the inner coefficient, f is a SONC polynomial as well.

It remains to show part (2). As in the proof of Theorem 4.11, we use the shorthand notation
Cs(r) for Cs({0,1,...,7} N2N,{0,1,...,r} \ 2N) for » € N. Since the two parameters of Cs
are disjoint sets, we shortly write elements in the dual cone as v rather than (v, w), by slight
abuse of notation. For N > d define

{f + ;—;xN for N > d even,
PN = 0
PN-1 for N > d odd
for some constant ¢* > 0. It is immediately clear that if |z| < x¢, then f(z)—py(x) = c*(x/x0)V
converges to zero for N — oo, and we even have uniform convergence on every compact subset
of (—x, o). It remains to find a suitable value of ¢* such that py is a SONC polynomial.

We claim that v(f) > m(vy + xg %) for every v € Cs(d)*, where m is the minimum of the

function v — v(f) on the set

K = {Ud
U0+330 Vd

To prove the claim, consider a fixed v € K and observe that vy > 0 because d is even. The
definitions of K and xq imply vy < 1 and vy < 2. For 1 < i < d, Theorem 3.5(c) applied on
the circuit with outer exponents 0, d and inner exponent ¢ then gives

o] < wp” " < 1 () <

v e Cs(d)* \ {0}} = {v e Cs(d)" | vo + 29"0a = 1} .

Hence, the non-empty set K is bounded and compact. It follows that the function v — v(f)
attains the minimum value m on K. This implies the claim.

Since for N > d every element of Cs(N)* can be truncated to obtain an element of Cs(d)*,
it follows that the auxiliary claim also holds for every v € Cs(N)*. We set ¢* := 2|m/| and it
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remains to show that for this value of ¢* our candidate py is a SONC polynomial. For this, it is
sufficient to show that for N > d we have v(py) > 0 for all v € Cs(N)*, and we may assume
that N is even. We distinguish two cases.

Case vy < xdvg. The inequalities defining Cs(N)* imply that |v;| < v,
Using this, we derive

1-i/d Z/df01"0§i§d.

d—1 *

c
Z |U,CZ| + VaCd + UN —57
0 i=1 )

v Zv,cz—i—v
=0

*

1—i/d i/d &
>UOCO—ZU / /|cz+vdcd+vN g
Zg

If vy = 0, then this expression is non-negative since both v, and vy are. Otherwise, we continue

as follows:
d—1 i/d d/d *
v v c
v(pN) = o (Co — E (d> lci| + <d> Cd) + UN
Vo Vo xy

for any ¢* > 0 by the choice of xg.
Case vg > xdvy. By Theorem 3.5(c) applied on the circuit with outer exponents 0, N and

_ —(N-=d)/d_ N/d

inner exponent d, we have vy > v, vy

twice gives

, so that using the hypothesis of the current case

N
X
) (N—d)/d N/d_xév dvd> 20

5 (vo + 25 vg).

(20) N > (SC Uy

Since v(pn) = v(f) + vy S, employing the auxiliary claim as well as (20) we can conclude
0

N c*

x
v(pn) > (vo + xadvd)m + 70(00 + x(}dvd)x—N
0

= (vo + xg%q) - (m + |m|) > 0. O
As a corollary of the theorem, we see that we can also approximate in the (z)-adic topology:

Corollary 4.15. Let f € R[z| be a univariate polynomial with f(0) > 0. Then for each N >0
there exists a SONC polynomial py € R|x] such that

f=py mod 2.

Proof. 1f the degree of f is odd, then we may consider f as a polynomial of higher degree with
leading coefficient 0, which has even degree. The hypothesis f(0) > 0 implies that the zg of
Theorem 4.14 exists and is positive, hence we may consider the sequence py from that theorem.
From its construction in the proof of Theorem 4.14, it is clear that it satisfies our claim. [



25

5. OUTLOOK AND OPEN PROBLEMS

We have introduced the S-cone as a unified framework for the classes of SAGE and SONC
polynomials, provided characterizations of its dual cone and presented several new and several
improved results associated with the dual viewpoint. The S-cone exhibits a prominent com-
putationally tractable class within the class of sparse non-negative polynomials. For further
computational aspects building upon the projection-free descriptions of the dual cones from
Section 3, we refer to the subsequent work of the second author together with Dressler, Heuer
and de Wolff [6].

It remains a future task to further understand the relation of the S-cone and its specializations
to the underlying class of all non-negative functions (in some special cases polynomials), both
from the primal and the dual point of view. Specifically, the relation of the SONC cone to the
cone of sparse non-negative polynomials and the dual SONC cone to sparse moment cones (as
studied by Nie [22]) deserve further study. It is an open question whether SONC polynomials
are dense inside the non-negative ones.

Moreover, since by the results in Section 4.3, the analogue of Putinar’s Positivstellensatz
already fails in the univariate case, it also remains a challenge to provide computationally
attractive types of Positivstellensitze for the S-cone and its specializations.

Acknowledgment. We thank the anonymous referees for their helpful suggestions.
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