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what’s anabelian

= “far away from (abelian)”

geometry and arithmetic that is governed by the

group theory of the étale fundamental group πét
1 (X , x̄)
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hyperbolic curves

Nakamura, Tamagawa, Mochizuki, S.

Theorem (Mochizuki 1997)

K sub-p-adic, X/K smooth curve with χ < 0, geometrically
connected, T/K smooth

Homdom
K (T ,X )

∼−→ Homopen,out
π1(K) (π1(T ), π1(X ))

non-abelian K(π, 1)-version of Tate-conjecture
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rational points: anabelian perspective

Galois sections:

1 // π1(Xk̄ , x̄) // π1(X , x̄) // π1(k) //

a∗zz

saqq
1

π1(X , ā)

γ(−)γ−1 ∼=

OO

pro-finite Kummer map:

X (k)→ SX/k := {π1(Xk̄)-conj. classes π1(k)
s−→ π1(X )}

Section Conjecture: bijective . . . k , X/k , . . . variants
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injective: anabelian proof

a ∈ X (k), set Ua = X − {a}

1 // π1(Ua,k̄) //

∼=
��

π1(Ua) //

��

π1(k) //

sa

��

1

1 // π1(Ua,k̄) // π1(X × X \∆) // π1(X ) // 1

if sa = sb, then π1(Ua) ' π1(Ub)

=⇒ Ua ' Ub over idX , hence a = b.
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weak versus strong
• weak SC: SX/k 6= ∅, then X (k) 6= ∅
• neighbourhood: Y

fét−→ X & t ∈ SY /k with t 7→ s:
i.e. s(π1(k)) ⊆ π1(Y ) ⊆ π1(X ).

• k-form of pro-étale universal cover

Xs = lim←−
(Y ,t) ngbh of s

Y

• s of the form sa ⇐⇒ a ∈ im
(
Xs(k)→ X (k)

)
• Mordell-Faltings: weak SC for all neighb. =⇒ SC for X

Xs(k) = lim←−
(Y ,t) ngbh of s

Y (k)

limit of compact non-empty sets is non-empty
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real section conjecture

Theorem (Mochizuki, Huisman, Wojtkowiak, Wickelgren,
Esnault–Wittenberg, Pál, Bresciani-Vistoli, . . . )

X/R smooth hyperbolic curve: π0(X (R))
∼−→ SX/R

Theorem (Tim Holzschuh, 2024)

X/R quasi-projective, geom connected, X (C) simply
connected

π0(X (R))
∼−→ π0 mapsB GalR

(
B GalR,Π

ét
∞(X )

)
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birational section conjecture

• sections of π1(k(X ))→ π1(k)

• cuspidal packets: image in decomposition subgroup

• birational SC: only cuspidal sections

Theorem (Koenigsmann, 2003)

k/Qp finite, X/k smooth geom. connected curve:
=⇒ birational SC holds.

sketch: Ms := k(X )
s(π1(k))

elementary equivalent to k
generic point in X (Ms), hence X (k) not empty
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t-birational sections

base change: L/K  SX/K → SXL/L, s 7→ sL because of
pull back square

π1(XL) //

��

π1(L)

��
π1(X ) // π1(K )

t-birational: s ∈ SX/k such that sk(t) lifts to birational
section

Theorem (Bresciani 2021)

k/Q finitely generated, X/k smooth hyperbolic curve
s ∈ SX/k from rational point or cuspidal
⇐⇒ s is t-birational
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adèle map: selmer sections

• F/Q finite, X/F smooth projective hyperbolic curve

• (as in) Koenigsmann & real SC: Selmer sections

X (F ) ⊆ S bir
X/F ⊆ S Sel

X/F ⊆

a(s)=(locv (s))v

��

SX/F

loc

��
X (AF )• ⊆

∏
v SXFv /Fv

• Theorem (Porowski 2023): loc injective

• Theorem (Stoll, Harari-S.): image of a equals X (AF )f−cov
•

• SC for Selmer sections
⇐⇒ X (F ) = X (AF )f−cov

• (Conjecture of Stoll 2007)

• Theorem (S., 2013): F imaginary quadratic or totally
real, and s ∈ S bir

X/F adelic, then s comes from a point



anabelian The section conjecture Local to global p-adic period maps

main result — joint with L. Alexander Betts

Theorem (Betts-S., 2022)

F/Q finite, no CM-subfield, X/F smooth projective, g ≥ 2.
Then for all finite places v of F

locv : S Sel
X/F −→ X (Fv )

has finite image.

• adapt p-adic method of Lawrence-Venkatesh to show
finiteness statement for Galois sections

• extra work to get result for all places v
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LV-locus

• abelian by finite family (Kodaira-Parshin):

f : Y
pol. AV−−−−→ X ′

fét−→ X

• symplectic pair: A = f∗Qp acts on V = R1 f∗Qp with
symplectic pairing Λ2V → Qp(−1)

• for every F ⊆ K and x ∈ X (K ) fibre in geometric point
above x yields

(Ax ,Vx) symplectic pair in RepQp
(π1(K ))

Definition

X (Fv )LV
Y /X ,S : locus where (Ax ,Vx) is restriction of symplectic

pair in RepQp
(π1(F )), with A unramified outside S , with V

pure, integral, weight 1 outside S , and V de Rham at places
above p with HT-weights in {0, 1}.
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strategy

1. for all abelian-by-finite families: factorization for S large
enough

X (F ) ⊆ S Sel
X/F

��

⊆ X (AF )•

��
X (Fv )LV

Y /X ,S ⊆ X (Fv )

2. for suitable Y /X show finiteness of X (Fv )LV
Y /X ,S along

suitably modified method of Lawrence-Venkatesh
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part 1

S Sel
X/F → X (Fv )LV

Y /X ,S :

• restriction (Ax ,Vx) in x ∈ X (K ) only requires
x∗ : π1(K )→ π1(X )

• for s ∈ SX/F get (As ,Vs) by restriction along
s : π1(F )→ π1(X ), conjugate s yields isomorphic pair

• if s Selmer, then local properties of (As ,Vs) same as
restriction to local component of adèle a(s)

• thus xv = locv (s) belongs to LV-locus (Axv ,Vxv ) being
the restriction of (As ,Vs)
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part 2: recall [LV]
Fix abelian by finite Y /X ′/X

X (Fv ) ⊃

x 7→(Ax ,Vx )
��

Ux0(Fv )
Φx0 //Hx0(Fv )

(M0,M1(−))
��

SP
(

RepdR
Qp

(π1(Fv ))
)
� � DpH=(Dpst,DdR,c)

// SP
(
MF(ϕ,N , π1(Fv ))

)
• Φx0 : period map: parallel transport of Hodge filtration

along Gauß-Manin
• Ux0 : small admissible neighbourhood in X an

Fv

• Hx0 : Lagrangian Grassmannian parametrising Lagrangian
H0

dR(Yx0/Fv )-submodules of H1
dR(Yx0/Fv )

• Fontaine: DpH is fully faithful
• M1(W ) := Dpst(H1

ét(Yx0,F̄v
,Qp)) with filtration

W ⊆ H1
dR(Yx0/Fv ) = DdR(H1

ét(Yx0,F̄v
,Qp))

strategy:
• Y /X ′/X full monodromy: C/v -adic analytic switch
 Φx0 has Zariski dense image.
• LV-locus imposes strong representation theoretic

constraints on symplectic pairs (here: no CM subfield)
• fibres of M1(−) orbits under symplectic similitude

automorphisms of pst-part: dimension estimates
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diagram commutes

X (Fv ) ⊃

x 7→(Ax ,Vx )
��

Ux0(Fv )
Φx0 //Hx0(Fv )

(M0,M1(−))
��

SP
(

RepdR
Qp

(π1(Fv ))
)
� � DpH=(Dpst,DdR,c)

// SP
(
MF(ϕ,N , π1(Fv ))

)
• may have bad reduction at v : no crystalline central fibre

• need parallel transport purely p-adic analytically

T∇x ,x0
: DdR(H1

ét(Yx ,F̄v
,Qp))

∼−→ DdR(H1
ét(Yx0,F̄v

,Qp))

induced by

T∇x ,x0
: Dpst(H1

ét(Yx ,F̄v
,Qp))

∼−→ Dpst(H1
ét(Yx0,F̄v

,Qp))

• (relative p-adic Hodge à la Scholze, Shimizu, plus ε)
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further issues

X (Fv ) ⊃

x 7→(Ax ,Vx )
��

Ux0(Fv )
Φx0 //Hx0(Fv )

(M0,M1(−))
��

SP
(

RepdR
Qp

(π1(Fv ))
)
� � DpH=(Dpst,DdR,c)

// SP
(
MF(ϕ,N , π1(Fv ))

)
• do not have F -rational point in Ux0(Fv ):

missing center of v -adic period map to be compared with
complex period map (minor issue)

• representations Vs not known to be semisimple: here the
assumption on no CM-subfield enters as in [LV]
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trichotomy

Σ = geometric fibre of X ′/X over x , set with π1(Fv )-action:
Ax =

∏
ψ∈Σ Qp and V =

⊕
ψ∈Σ Vψ and Gψ = stabilizer

at least one of the following occurs:

(a) there is a ψ ∈ Σ such that |π1(Fv ).ψ| ≥ 4 and Vψ has no
non-zero isotropic Gψ-subrepresentation; or

(b) there is a ψ ∈ Σ such that |π1(Fv ).ψ| ≥ 4 and Vψ has a
non-zero isotropic Gψ-subrepresentation W whose
average Hodge–Tate weight is ≥ 1/2; or

(c) the number of ψ ∈ Σ satisfying |π1(Fv ).ψ| < 4 is
≥ 1

d+1
dimQp(A). Here d = dim(Y /X ′).
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