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Exercise 1. Let S, T be d-simplices such that S ∪ T ∈ T d, the set of all simplices in Rd.

Show that S, T and S ∩ T are the parts of an elementary move of S ∪ T .

Exercise 2. Let Q ⊂ Rd be a polyhedron and p ∈ Rd. Show the following properties of the

tangent cone:

(a) TpQ = ∅ ⇐⇒ p /∈ Q.

(b) Let F ⊆ Q be a face. Then TpF is a face of TpQ.

(c) Let Q,Q′ be two polyhedra. Then Tp(Q ∩Q′) = (TpQ) ∩ (TpQ
′).

Exercise 3. i) For c ∈ Rd and a polyhedron Q ⊆ Rd, let Qc := {x ∈ Q : ctx ≥
cty for all y ∈ Q} be the (possibly empty) face of Q which maximizes c.

Show, that the map Fc : Qd → Ch(Qd) given by Q 7→ [Qc] is a valuation.

ii) Let P,Q ⊂ R2 be polytopes of dimension ≤ 2. We write P ∼ Q if there

are polytopes Ri ∈ P2 and ai ∈ Z such that

[P ] =

m∑
i=1

ai[Ri] and [Q] =

m∑
i=1

ai[ti +Ri]

for some ti ∈ R2. Show that P ∼ Q if and only if P = Q+ t.

Exercise 4. A lattice polytope in the plane is a polytope P ⊂ R2 of the form P = conv(V )

for V ⊂ Z2. A lattice simplex P of dimension ≤ 2 is unimodular if its vertices

are the only lattice points in P .

i) Show that for any unimodular lattice simplex S ⊆ Z2 of dimension d ≤ 2

one has for all t ∈ Z≥0

|tS ∩ Z2| =

(
t+ 1

d

)
.

ii) Show that any lattice polygon P has a triangulation into unimodular sim-

plices (that is, points, segments, and triangles).

iii) Conclude that EP (t) := |t ·P ∩Z2| agrees with a polynomial in t of degree

≤ 2. It is called the Ehrhart polynomial.

iv) Show Pick’s Theorem: For any lattice polygon with b lattice points on the

boundary and i lattice points in the interior one has

vol(P ) = i+
b

2
− 1 .

First, show that a two dimensional unimodular simplex has volume 1
2 .

v) A unimodular transformation has the form f(x) = Ax+ t where t ∈ Z2

and A ∈ Z2×2 such that det(A) = ±1. Call two lattice polygons P , P ′

scissor congruent, if they can be partitioned into relatively open lattice
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simplices S1, . . . , Sm and S′1, . . . , S
′
m such that Si = fi(S

′
i) for some uni-

modular transformation fi. Show that this is precisely the case if P and P ′

have the same Ehrhart polynomial.


