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For @ # S C R? let the following four maps ¢, : P — 7Z be given for every
non-empty polytope P as
e ¢cg(P)=1if and only if P C S;
e ¢55(P)=1if and only if P D S
o ¢ns(P)=1ifand only if PN S # &;
e ¢us(P) =1 if and only if PU S is convex,
as well as ¢, (@) = 0.
i) For a fixed non-empty polytope .S, which of these functions is a valuation?
i) Let H C R? be a hyperplane and let H< be the open halfspace in-
duced by H. Show that ¢cp< is a valuation. Which polytopes P have

¢cp<(P) =17
The Minkowski-sum A + B of two sets A, B C R? is defined as
A+B = {a+b:ac Abe B}.

Let P, P', Q) € P4 be polytopes.
i) Show that (PUP)+Q = (P+Q)U (P +Q)
ii) Assume P U P’ is convex. Show that (PN P )+ Q= (P+ Q)N (P +Q)

iii) Let ¢ : P¢ — G be a valuation. Show that for Q € P the map ¢q : Pd
G, ¢g(P) = ¢(P + Q) is a valuation.

If ¢ : {relative open polyhedra} — (G, +) is any map such that for all relative
open polyhedron QQ° and all hyperplanes H one has

$(Q°) = H(Q°\HT)+¢(Q°\H™)+6(Q°NH),

then ¢ can be extended to a valuation on BQY.
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