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1. A MOTIVATION

1.1. Coloring graphs and partially ordered sets. Let G = (V| E) be an undirected graph. A k-
coloring is a map ¢ : V' — [k] such that c(u) # c(v) for all edges uv € E. Define xg(k) as the number
of k-colorings of G. The function xg : P — Z>o was defined by Birkhoff in the hope of proving the
4-color theorem: If G is planar, then x(4) > 0. The reason why this might be a promising approach
is that y¢ is a nice function.

Proposition 1.1 (Birkhoff). Let G be a graph with n nodes. Then there are wy, ..., w, € Z such that
XG(k) = wnkn + wnflk‘n_l +--+ wlk + wo
for all k € P.

We identify y¢ with this polynomial and write
XG(t) = wyt" + wnfltn_l + -+ wit 4+ wo
where ¢ is an indeterminate.

In order to prove this result, recall the Principle of Inclusion-Ezclusion.

Theorem 1.2. Let S be a finite set and A, C S subsets indexed by a finite set E. Then

’S\UAE — 151+ Y ()4 where Ay = () A
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This is easily proved by induction on |E| but we will look into conceptual proofs later.

To apply this to our situation, fix k € P and let S = {c: V — [k]}. For an edge e = uwv € E define
Ae:={c€ S :c(u) =c(v)}. That is, A, is the set of all labellings ¢ : V' — [k] that fail to be a coloring
(at least) at the edge e = wv. Thus the k-colorings are precisely S\ U, cp 4

For a fixed I C E, consider the graph G[I] := (V,I). By construction, Ay is the set of ¢ such that
c(u) = ¢(v) whenever u, v are nodes in the same connected component of G[I]. Define cc(I) to be the
number of connected components of G [I ]. Then |A;| = k°(). Together this shows

ky=k"+ > (=1)llEed, (1.1)
@+£ICE
For the Petersen Pjg graph this, for example, gives
Xpo(t) = t10 — 157 +105t% — 455¢7 + 135315 — 2861¢° + 4275t — 4305¢% 4 2606t> — 704t

Things to observe:

the coefficients are integers (clear);

deg xc(t) = |V, also clear, as cc(I) < |V| for I # &;
coefficient of t!1 is 1 (clear);

there is no constant term (think for a second),

the coefficients alternate in sign (not clear!).

That’s a fact that we will prove later. For now, let us write x5 (¢) = (—1)IVIxg(~t) for the polynomial
all whose coefficients are positive. What do the coefficients count with respect to G? How are the
individual coefficients related?

If we plot the coefficients of XJJSm’ we get

This is not a coincidence. For a random graph with 20 nodes, the picture looks like this. Even stronger,
if we plot the logarithms of the coefficients, we see

4.0
354
3.0
251 15
2.0
151
1.0

0.5

4 - ; .
5 10 15 20 5 10 15 20

A sequence a = (ag,ay,...,an) of positive integers is unimodal if there is an i such that ap < a; <
-<a; > ajy1 > -+ > am. The sequence is a is log-concave if a? > a;—1a;41 for all 0 < i < m.

Exercise 1.1. If a sequence a of positive integers is log-concave, then a is unimodal.

What we are seeing in the plots is that the sequence of absolute values of coefficients is log-concave
and hence unimodal. In particular, the individual entries are not independent of each other!

Example 1.1 (Complete graphs). Let K, be the complete graph on nodes [n]. Coloring the nodes
one at a time, we see that the chromatic polynomial is simply xx, (t) = t(t—1)(t—2)--- (t—n+1) and
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X};n (t) =t(t+1)---(t+n—1). Recall that every permutation can be uniquely decomposed into cycles.
For example the permutation (7(1),7(2),7(3)) = (3,2,1) has cycles (1,3) and (2). The (unsigned)
Stirling number of the first kind 5,, ; counts the number of permutations with exactly k cycles.
For 0 < k < n, they satisfy the recurrence relation

Spk = Sn—1k—1+(n—1)5_1k,
and together with 5,1 = (n — 1)! and §,, 0 = 0, ones verifies that

Xk (1) = Spnt™ 4+ Snot® + Snt. o

Our derivation of x¢(t) had 2/Pl terms to produce a polynomial with exactly |V| terms. So, there
has to be a better way to compute xg(t). A more insightful way is to observe that every I C E
defines an equivalence relation on V: call nodes u,v € V' equivalent if they are in the same connected
component of G[I]. This gives a decomposition V = Vi W Vo W --- WV} into equivalence classes. We
call P(I) = {V1,...,Vi} an unordered partition of V' and we write Par(G) := {P(I) : I C E}.
For I = @, we obtain P(@) = {{v} : v € V}. Note that cc(I) = |P(I)|, the number of parts of the
partition. So, as an intermediate step in our computation of (1.1) we get

xalt) = S DD = xot) = 3 # ST (nl

ICE PePar(G) ICE
P(I)=P

More generally, we write Par, for the collection of all unordered partitions of [n]. This is exactly the
unordered partitions that we get for the case G = K,. An unordered partition P = {Py,..., Py}
refines the unordered partition P’ = {P[,..., P/} if for every ¢ € [k] there is a j € [I] such that
P; C Pj. That is, the unordered partitions refining P’ arise by replacing some P/ by an unordered
partition of it. We also say that P’ is a coarsening of P. ‘Refinement’ defines a partial order on Par,.
The following picture shows the partition lattice Pary. The unordered partitions are in black and we
read 23 | 1|4 as {{2,3},{1},{4}}. The red lines indicate refinements but only the necessary ones!

k . x2 TS Ix2 I2
1234 124 (s usdle 2|l 1z]34 13[24 1423
2x2 5 2 </ -
1 X3 \

Observe that {{1,2,3},{4}} = P(I) for three sets I of cardinality 2 and one set I with |I| = 3. This
explains the blue labels 3 x2,1x 3. As for the , this is 3, (= 1)/l, where the sum is over
those I that gives P(I). Thus, in the example above, the sum will be (—1)2+(—1)24(=1)24+(-1)3 = 2.
The chromatic polynomial for K4 thus gives

XK, (t) = 1t* — 613 + 11t% — 6t .

The 7 is for you to determine. However, we can still compute the orange number. The trick is this:
once we know the orange 1 at the bottom, we can go layer by layer. At every partition P the orange
number is the negative of all the orange numbers of partitions that refine P!

The collection of unordered partitions Par(G) = {P(I) : I C E} for a given graph G partially ordered
by refinement structurally captures what happens when computing the characteristic polynomial. Such
partially ordered sets, or posets for short give structure and guidance in many situations. As Gian-
Carlo Rota wrote
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It often happens that a set of objects to be counted possesses a natural ordering, in
general only a partial order. It may be unnatural to fit the enumeration of such a set
wnto a linear order such as the integers: instead, it turns out in a great many cases that
a more effective technique is to work with the natural order of the set. One is led in
this way to set up a “difference calculus” relative to an arbitrary partially ordered set.

He wrote this in the introduction to the seminal paper [3] in which he introduced the concept of a
Mobius function. The M&bius function is is related to the number theoretic Mobius function, gives a
vast generalization of the principle of inclusion-exclusion, and is responsible for the orange numbers
above. We will thoroughly study partially ordered sets, their Mdbius functions, and how to compute
them. The partially ordered sets that we will be studying are motivated by combinatorics/discrete
math and geometry and will show beautiful connections to geometry/topology and algebra. Here are
some examples:

B, = (2[”], C), the collection of subsets of an n-set partially ordered by inclusion;

Par,, and Par, the collection of (un)ordered partitions of an n-set ordered by refinement;
Permutations partially ordered by their inversion sets;

(normal) subgroups of a given (finite) group ordered by inclusion;

The collection B,,(q) of linear subspaces of [, the n-dim vector space over the finite field Fg,
ordered by inclusion;

e Cliques or stable sets of a graph G, ordered by inclusion;

e Cycle-free subsets of edges of a graph G ordered by inclusion;

e Subsets of non-crossing diagonals of a convex n-gon ordered by inclusion.

We will see many more examples and, in particular, distill important types of posets.

1 2. Vorlesung, 24.4.2025 1

1.2. Simplicial complexes and the Upper Bound Conjecture. The last three examples together
with B, they stand out: Let E be a finite set. A collection of subsets @ # A C 2F is a hereditary
set system or a simplicial complex if for all 7 € A and ¢ C 7 we have o € A.

Example 1.2. Let G = (V, E) be a graph. A set K C V is a clique if for any distinct u,v € K,
uv € E. A set S CV is stable if for any distinct u,v € K, uv € E. A subset F' C F' is cycle-free if
G[F] does not contain cycles. Every subset of a clique (or stable set) in a graph is a clique (or stable
set). Every subset of a cycle-free subset is cycle-free. o

The property of being a clique or cycle-free is inherited under taking subsets. The name ‘simplicial
complex’ comes from a geometric/topological context. A geometric simplex is a point, a segment, a
triangle, a tetrahedron etc. A simplicial complex is a collection of simplices with the property that if
simplices meet, then their intersection is a face of both. We make this more precise later, but for now
these two pictures should convey the idea:

6 z

N g

There is a clear IKEA-type gluing description of both simplicial complexes:
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A natural complexity measure of a simplicial complex is given by its face vector of f-vector. For
A, fi(A) counts the number of faces of dimension 7 > —1. The empty set (at the bottom) is always a
face of dimension —1. For the left complex A; this gives f(A1) = (1,7,12,8,2) for the right complex
f(Ag) = (1,6,12,8). As we will learn, often a better way to represent the information given by the
f-vector is in the form of the h-vector. The following shows how to compute them

(

«

l * & I \‘(s
I b 2 )ga\ [ AN
f S & 8 ( SO 4
- A -
2 -3 1 0 r > 2z 1
W - vecfor > h-vectfer

The highlighted 6 is obtained as 7 — 1 and this gives the complete set of rules to go from the f-vector
to the h-vector and back. Whereas the h-vector on the left-hand side does does not reveal more infor-
mation, the one on the right-hand side looks promising: it is non-negative and symmetric/palindromic.

Exercise 1.2. A simple graph G = (V, E) can be viewed as a simplicial complex A = {g}UVUE. The
f-vector is just f(A) = (1,|V|,|E]). Classify when h(A) is non-negative and when it is palindromic.

For geometrically /topologically interesting classes of simplicial complexes the h-vector will always be
non-negative and palindromic! The vague answer we give here is that the right complex resembles a
sphere whereas the left one does not. In fact, the right complex is the unit sphere in the ¢;-norm
but we mean that it resembles a sphere in a topological sense, independent of how the complex is
geometrically realized.

Theorem 1.3. Let A be a simplicial complex with h(A) = (ho, ..., hq). If A is topologically a sphere,
then ho, .. .,hd > 0 and h,; = hdfi-

Thus geometric/topological objects give rise to posets whose invariants (f-vectors, h-vectors) we can
combinatorially interpret. Conversely, we will associate to any poset a geometric/topological object
whose geometric/topological features will ezplain certain combinatorial information. For example, for
the partition lattice, we will see that we can associate to it the following simplicial complex

- <

This is a complex glued from 6 triangles with f-vector (1,6,11,6). These are precisely the coefficients
of the chromatic polynomial XI+<4 (t). We will see that the entries of the f-vector have to satisfy certain
conditions and this automatically gives conditions on the coefficients of xg(¢).

A highlight of the course will be a resolution of the Upper Bound Conjecture for spheres. Suppose A
is topologically a sphere of dimension d — 1. What is the maximal number of i-dimensional faces, that
is, what is the maximal f;(A) for a fixed number of vertices fy(A)? Motzkin constructed geometric
spheres, so-called neighborly spheres, for which he conjectured that they maximize the number of i-
dimensional faces for all 7 simultaneously among all geometric/convex spheres. McMullen [2| proved
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Motzkin’s Upper Bound Conjecture for convex spheres (that is, simplicial polytopes). There, he
introduced the notion of an h-vector. Victor Klee [1] suggested to extend the UBC to all spheres
and Richard Stanley [4] combined ideas from combinatorics, topology, and commutative algebra in a
spectacular way to resolve the UBC for spheres.

Theorem 1.4. Let A be a (d—1)-dimensional simplicial sphere with n vertices and h(A) = (ho, ..., hq).

Then h; = hg—; and
h < <n—d.—1—i—z>
)

for all i. If equality is attained for i = L%j, then A is a neighborly sphere.
1.3. Polynomials and Hilbert series. To give an idea of the sort of algebra that we will be using,
recall that a polynomial in a single variable ¢ with coefficients in C is an expression of the form

cat? + cq 1t 4+ 4 et + cot?

The collection of all such polynomials is denoted by C[t]. This is a C-vector space and the fact that
polynomials can be multiplied along the rules ¢t/ = t**7 turns C[t] into a or C-algebra.

We may extend this to polynomials in many variables. For n > 1, let x1, ..., z, indeterminates. For
a=(a,...,an) € 2%, we write x* = z{'z5? - - - 20", A multi-variate polynomial is then

3 e

acA

where A C ZZ is a finite set and ¢, € C for all @ € A. Again, polynomials form a C-vector space
and together with multiplication x* - x# = x®*# give the ring of polynomials C[x] = Clxz1,...,z,].
The degree of a monomial is degx® = |a] = a; + - -+ + a,. We write C[x]y for the subvector space
spanned by monomials of degree d. Elementary combinatorics shows that the vector space dimension is
dim¢ Clx]q = (”+g_1). The Hilbert series is the generating function that incorporates the dimensions:

1
H(C[x],2) = > dimgClx]ge? = Y ("5 1)t = ————.
d>0 d>0 (1-2)
Now let us consider C[x1,...,xg] together with the conditions x® = 0 if x® is divisible by xjz4,

Toxs, OF X3Tg. For a monomial x®, the support is supp(x®) = {i : «; > 0}. Thinking back to our
example of the octahedron on page 4, we can express this condition as x* = 0 whenever supp(x?®) ¢ A.
Thus, we somehow encoded the combinatorics of A into polynomials. Our conditions are compatible
with multiplication and give a new ring C[A] whose elements can still be expressed by monomials
in z,...,x6. Moreover, for d > 0, we can define C[A]; = C-span{x® € C[x]; : supp(x®) € A}.
Computing the Hilbert series now yields

14324322423
(1—2)4

H(C[A]z) = Y dimg C[A]g2? =
d>0
It is not a coincidence that the numerator polynomial is exactly the h-vector of Al

Let us further add the conditions x1 = x4, 2 = x5, T3 = Tg. S0, every time we see an x4, we may
replace it by x1. In particular, the condition 124 = 0 can be read as 2% = 0. This gives us a new ring
R obtained from C[zy, 2, 3] with the conditions #? = 0. This is quite a simple ring. As a C vector
space R has the basis 1, z1, x2, 3, x172, 123, T2x3, 12223 and hence models all subsets of [3]. We can
do this more general, for n > 1, let R be the C-vector space with basis x™ = [],., #; for all subsets
7 C [n]. If 7 = @, then x™ = 1. We define a multiplication on R by setting x™ -x% = x" if rNo = &
and x” -x? =01if 7 No # @. We can write R = Ry ® R1 & --- ® R,, where R; = C-span{x” : |7| = i}.
In particular, dim R; = (7) Its Hilbert series satisfies

d

H(R,z) = ZdimCRizi = Z(?)zl = (1+2)".

d>0 i=0

We can now algebraically argue that (7) = (nﬁz) We first note that R, = C. Thus, for any fixed 1,
multiplication gives a bilinear form B; : R; x R,_; — C. For fixed f € R;, the map R,_; > g — B(f,9)



ALGEBRAIC AND GEOMETRIC COMBINATORICS 7

is a linear function on R,,_;. If we can show that f — B(f, ) is injective, then we have shown dim R; <
dim R,,_; (why?). Applying the same reasoning to g — B(-, g), then proves dim R; = dim R,,_;. That’s
unnecessarily difficult when it comes to binomial coefficients but in general that’s the way to go.
This perspective also suggests a way to show that (%) < (1_7:1) for i < [§]. We will show that for
w = x1 + o3 + -+ + Ty, the linear map R; — R;;1 given by f — w - f is injective whenever i < | 7]
and surjective otherwise. Injectivity, of course, then implies (’Z) =dim¢ R; < dim¢ Rijy1 = (lfl)

1 3. Vorlesung, 29.4.2025 1

2. PARTIALLY ORDERED SETS

We start with partially ordered sets.

Definition 2.1. A partially ordered set (or poset) is a pair (P, <) where P is a set and < is a
binary relation satisfying

ea=aforallaec P (Reflexivity)
e a =band b < cimplies a < ¢ for all a,b,c € P (Transitivity)
e g <band b= aimplies a = b for all a,b € P (Anti-symmetry)

We usually call P the poset when =< is clear from the context and we write <p to emphasize the
relation to the ground set P. We call two elements a,b € P comparable if a < b or b < a. We say
that b covers a or a is covered by b if a < b and there is no ¢ with a < ¢ < b. In this case we write
a <s b. Note that our posets are not necessarily finite and cover relations need not exist.

For two elements a,b € P, the interval is [a,b]p = {c € P : a < ¢ X b}. This is an induced subposet
of P by restricting =< to [a,b]p. Note that [a,b]p = @ if a £ b. We call poset locally-finite if [a, b]p
is finite for every a,b € P. If P is locally-finite, we can encode < by a directed graph (digraph) on
the node set P with a directed edge (a,b) if a <s b. This is an acyclic' digraph and a < b if there is a
path a = apay . ..ax = b such that (a;—1,a;) is a directed edge for i = 1,..., k. We may visualize this
digraph by a drawing in the plane for which the edges (a,b) have positive slope. Thus b > a if there
is a path from b to a with monotonically decreasing y-coordinate. Such as drawing is called a Hasse
diagram. Here are three examples:

An element a € P is maximal if there is no b € P with a < b. Minimal elements are defined
accordingly. We write min(P) and max(P) for the minimal an maximal elements. The poset has a
maximum if there is m € P with a < m for all a € P. Note that every maximum is maximal but not
necessarily the other way round!

If a maximum exists, it is necessarily unique and denoted by 1. All but the right-most poset in the
figure above have a maximum. A minimum, provided it exists, is denoted by 0. Note that if [a, b]p # @,
then a and b are minimum and maximum, respectively.

A homomorphism or order-preserving map between to posets (P, =1) and (P, =3) and is a map
f : Pi — P, such that

a 21 b = fla) 22 f(b)
is satisfied for all a,b € Py. If f is a bijection and f~! is also order-preserving, then P; and Py are
isomorphic, denoted by P; = P;.

INo directed cycles
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A subset C' C P is called a totally ordered, linearly ordered or simply a chain if any two elements
in C' are comparable. If C is finite then there is a labelling of the elements C' = {ag, a1,...,ax} such
that ap < a1 < -+ < ag. Then length of a finite chain is ¢(C') = |C| — 1, the number of ‘links’ in
a chain. A chain is saturated or unrefineable if for any three elements a < b < ¢ we have that
a,c € C'implies b € C. If C is finite, then this is equivalent to a;—1 <» a; for i = 1,... k. The chain C'
is maximal if there is no chain C’ with C' C C’. Thus, maximal chains are saturated but the converse
is not true in general.

The rank r(P) of a poset P is the maximal length of a chain. For a,b € P, we will write ¢p(a,b) =
r([a,b]p). We simply write ¢(a,b) if P is clear from the context. A poset P is graded if all maximal
chains have the same (finite) length r(P). If P is graded, then there is a unique function r : P — Zx>
called the rank function with with r(a) = 0 for all a € min(P) and r(b) = r(a) + 1 for a <e b. If P
is finite, then the distribution of ranks is recorded by the rank-generating function

F(Pvt) = ZtT(a) =Po +p1t1+"'+p7‘tTa
a€P

where p; = #{a € P :r(a) =i} and r = r(P).

Example 2.1 (Chains and Anti-chains). The prototypical chain of length n is the set [n] := {1,...,n}
together with the natural order. We call C,, = ([n], <) the chain with n elements. Thus C' C P is
an n-chain if the induced subposet C' is isomorphic to [n]. Chains are clearly ranked posets with
rank-generating function

F(nl,q) = 1+q+¢+-+¢"" = (n),.

We call the polynomial (n), a ‘g-analogue’ of the number n.

The conceptual opposite of a chain is a set A C P such that any two distinct elements in A are
incomparable. Such a set is called an anti-chain. This is a graded poset with F(A,t) = | A[t°. o

Example 2.2 (Boolean lattice). For any set S, the Boolean lattice is the poset on 25 = {T": T C S}
partially ordered by inclusion. We write B,, = (2[", C) and note that (25,C) = B, if |S| = n. The
Boolean lattice has minimum 0 = @ and maximum 1 = S. For A C B, we observe [4, B] = (28\4, Q).
In particular, A < B if |[B\ A| = 1. Here is Bs:

123 -3
PN
12 13 23 -7

z/ z
) 3

[ 2 } — 1
NV s
7

— O

Hence, B,, is graded with r(A) = |A|. The rank-generating function satisfies

F(Bn,q) = i(?)tq — (14q)".

1=0

There is a close connection between B, and permutations. A maximal chain in B, is of the form
@ =58y CS1 C--Sp—1 CSyp = [n]. Inparticular S; \ S;—1 = {a;} for a a; € [n]. Since a; # a; for
i # 7, this defines a permutation i — a;. Hence, maximal chains in B,, are in one-to-one correspondence
with permutations of [n]. In the example, the permutations can be read from the red numbers on the
cover relations. o

Example 2.3 (Divisibility). For n € Z~g, define the D,, as the set of a € Z~( with a divides n. We
partially order Dy, by setting a < b if there is a k € Z~( such that b = ka. It has a minimum 0 = 1
and maximum 1 = n. Here is Dyg:
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Note that for a < b in Dy, we have [a,b] = Dy/,. In particular @ <+ b if and only if 3 is prime. It
follows from the Fundamental Theorem of Arithmetic that D,, is graded. The rank of D,, is r(D,) =
ki+ko+---+ksn= p’flpl;Q - pls where py,...,ps are the distinct prime factors. To compute the
rank-generating function, we observe that any a € D, is of the form a = plf 11)122 coopls for 0 < I; < Ky
and has rank r(a) =13 + -+ - 4+ I5. It is now easy to check that
S
F(Dp.q) = [J(ki+1)g. o
i=1

The above example prompts for a simple construction on posets. For two posets (P, =1), (P2, <2)
define the direct/Cartesian product as the partial order on P; x P5 by

(al,ag) =< (bl,bQ) e ay jl bl and ag jg b2 .
It is straightforward to verify that (P; x P5, =) is a graded poset whenever P; and P, are. The
rank-generating function satisfies
F(Pl X P27t> = F(Pl,t)F(PQ,t)
Ifn= plflpé€2 ---p¥ then
Dy = [k1+1] x[ka+1] x -+ x [ks +1].
By the same token, we get B, = ([2], <)", where we identify subsets A C [n] with vectors v4 € [2]"
with (va); = 2 if and only if i € A.
Example 2.4 (Lattice of subspaces). Let Fy be the n-dimensional vector space over Fy, the finite
field with ¢ elements. Write By, (q) for the collection of vector subspaces of [y, partially ordered by
inclusion. This is a finite poset with minimum 0 = {0}, where 0 € [y is the zero vector and maximal
element 1 = ;. For two subspaces U C W, basic linear algebra tells us that the subspaces V' C Fy
with U C V C W are precisely the subspaces of the quotient W/U = IF'Z with £k = dimW — dimU.
Since the isomorphism retains inclusions, we obtain [U, W]g, () = Bi(q). From this, we get that B, (q)
is a graded poset with rank function r(U) = dim U.

The poset By, (q) is called a ‘g-analogue’ of B,, = (2["], Q) for reasons that are difficult to make precise.
In essence, it means that many of its enumerative invariants are polynomials in ¢ whose specializations
q = 1 yield respective invariants for B,. For example, a 1-dimensional subspace L C Fy is the span of
a vector v € Fy \ {0} and a-v spans L for all a € F, \ {0}. It follows that that there are ¢" — 1 choices
of v and

¢" -1 _ 2 n—1 _

1 - ltatateta = (n)q
many distinct lines in Fj/. Now a subspace U is covered by W if U C W and W/U is 1-dimensional.
Hence if we want to construct a maximal chain in B,(n), we start with Vo = {0}. Fori =1,...,n we

now choose a line V; C Fy/V;_1. Since dim V; = 4, we have (i), many choice. In total, the number of
maximal chains is

(n)g(n—1)g - (2)q(1)g =: (n)¢!
Of course, there is no finite field with ¢ = 1 elements but the above formula still makes sense and yields
a g-analogue of the factorial n! =n-(n—1)---2-1.
To count the number of elements of B, (q) of rank k, that is, the number of k-dimensional subspaces
of Fy, let us count for a fixed k-subspace U the number of maximal chains Vi with Vj, = U. This is
easy, because we simply need to count the maximal chains in [U, 1] 2 B,,_x(¢) and the maximal chains
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in [0, U] = By(q). This is this gives exactly (n — k),(k), such chains, independent of the actual choice
of U. Thus, the number of k-subspaces is precisely

= ~ ()

which is a g-analog of the binomial coefficient, also called a Gaussian polynomial. Pleasantly, we
obtain (Z) for ¢ = 1. The rank-generating function for B, (q) is thus

F(Bn(q),t) = i (Z>qtk' o

k=0

2.1. Lattices. For two elements a,b in a poset P, a least upper bound or supremum is an element
¢ such that @ < ¢ and b < ¢ and for every ¢’ with these properties satisfies ¢ < ¢/. Least upper bounds
do not need to exist but if they do, they are unique. We denote them by a V b := ¢ and call a V b the
join of a and b. For example if P = 2[" then the join of A, B C [n] is clearly AU B and the notation
derives from there. Dually, if the set {¢ € P : ¢ < a,c < b} has a unique maximum, it is called the
infimum of meet of a and b and is denoted by a A b. This is consistent with AAB = AN B. If
any two elements in P have a meet, then we call (P, <) a meet-semilattice. Likewise, we define
join-semilattices as those posets in which all joins exist. Lastly, if meets and joins exist, we call
(P, =) a lattice.

(Semi)lattices play an important role and most of the examples in the last section are lattices. For
example, in D,,, we have that a A b is the greatest common divisor whereas a V b is the least common
multiple. For B,,(q) it is obvious that U NV is the largest subspace contained in U and V and hence
UANV =UnNV. In this case, we can abstractly show that joins have to exist as well.

Lemma 2.2. Let (P, <) be a meet-semilattice with mazimum 1. Then P is a lattice.

Proof. For a,b € P consider the set S = {p € P:a < ¢,b=c}. Since 1 € S, S is not empty and one
verifies that ¢ = A\ ,c g p is the join of a and b. O
The three Hasse diagrams in the previous sections depict two lattices and one semilattice.

Note that we can recover the partial order relation on a lattice (L, <) from either meets or joins:

a =b — a=aANb — b= aVbd.

On the other hand, meet and join give binary operations A : L x L. — L, V : L x L, — L with certain
properties:

Proposition 2.3. For any a,b, c in a lattice L, the following are satisfied:

(L1) aha=a=aVa, (Idempotency)
(L2) anb=bAa,aVb=bVa (Commutativity)
(L3) (anb)Aec=aA(bAc), (avVb)Ve=aV (bVc) (Associativity)
(L4) aNn(aVvb)=a andb=0bV (a \'b) (Absorption)

The following result, whose proof we leave as an exercise, states that L1-1.4 characterize lattices.

Theorem 2.4. Let L be a (finite) set with binary operations N\ and V that satisfy (L1)-(L4) above.
Then a = b &< a = a A b defines a partial order on L for with meets and joins given by A and V
respectively.

Exercise 2.1. Proof Theorem 2.4.
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