A Distributional Analysis of QuickXsort for
Mergesort

Jasper Ischebeck =
Department of Mathematics, Uppsala University, Sweden

Florian Lesny &
Institute of Mathematics, Goethe University Frankfurt, Frankfurt a.M., Germany

Ralph Neininger! =
Institute of Mathematics, Goethe University Frankfurt, Frankfurt a.M., Germany

—— Abstract

QuickXsort is an efficient in situ sequential sorting algorithm that mixes Hoare’s Quicksort algorithm

with another sorting algorithm X, such as Heapsort, Insertionsort or Mergesort. The advantage
is that QuickXsort can be in-place even if X is not. QuickXsort works recursively like Quicksort
but uses sorting algorithm X on one of the sub-lists generated in each step. While the expected
complexity of QuickXsort, measured by the number of key comparisons, has been investigated for
various choices of X, here the asymptotic variance and distribution of the normalized complexity
are studied with Mergesort used as X. Various versions of Mergesort and splitting regimes for
the decomposition of the list by Quicksort are considered and periodicities in moments and the
distributions are characterized.
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1 Introduction

Sorting is heavily used in practice; therefore, it is important to use fast sorting methods to
save time. One problem that arises in many cases is that these fast algorithms often do not
work in-place, so external space is needed, which decreases the usability of these methods.
One way of solving this problem is the use of QuickXsort, initially investigated by [3] in the
sample case of QuickHeapsort. QuickXsort is a mixed sorting algorithm for an array that
uses the ordinary Quicksort method for partitioning the array, but then one of the segments
(also called sublists) is sorted by another sorting algorithm, X. This gives us the ability to
obtain internal sorting methods that are still comparison-optimal up to lower terms.

QuickXsort. For sorting algorithm X, we consider algorithms that are not in-place, but
need some linear buffer space. More specifically, for a € [0, 1], they require additional space
of size |an] to sort a list of n elements. Therefore, a larger « value corresponds to algorithm
X requiring more buffer space. Furthermore, we assume that after X has sorted the elements
in its segment, the buffer contains the same elements as before, possibly in a different order.
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QuickXsort then works in the following way: At first, we choose a pivot element by
selecting (2h — 1) elements uniformly at random, where h € N = {1,2,...} is fixed. The
median of these elements is used as the pivot. We then divide our list as in the classical
Quicksort algorithm, by comparing each element with the pivot to obtain two segments. The
first segment contains all elements smaller than the pivot, and the second segment contains
all elements greater than the pivot. If possible, we now sort the larger of the two segments
with algorithm X, using the smaller segment as a buffer. This is possible if and only if the
size of the smaller segment, I,,, fulfills the condition I,, > a(n — I, — 1), since algorithm X
requires buffer space equal to |a(n — I, — 1)| to sort a list of n — I, — 1 elements. If this
condition is not satisfied, we use X on the smaller segment instead, which is always possible
since & < 1. The other segment, which is not sorted by X, is then recursively sorted using
the QuickXsort algorithm. So, after one recursion step, the X-sorted segment is in the right
order, while the elements of the unsorted segment are in arbitrary order.

The advantage of this new sorting method is that X can use the second segment as a
buffer, as long as the elements originally stored in the second segment are still intact after the
sorting procedure X. This leads to more efficient sorting algorithms, which still sort in-place.
Suitable sorting methods for X are Mergesort and Heapsort. For QuickMergesort, for which
«a = 1/2, the condition I, > (n — I,, — 1)/2 is implied. Therefore, Mergesort is used on the
larger segment if it contains no more than 2/3 of all elements. For more information on

QuickXSort, see also [8].

In [8], the expected number of key comparisons required is analyzed for the random model
of sorting a uniformly distributed permutation, which will be assumed throughout; explicitly,
the leading constant in the expectation of QuickXsort is derived from the leading constant of
the sorting algorithm X. If X is Mergesort, we thus have the optimal nlog, n. We refer to
and comment on the results in [8] below.

Mergesort, attributed to von Neumann, cf. [19] and [20], is a sorting algorithm where the
list is split into two parts; these two parts are sorted recursively, and then the two sorted
sublists are merged into a single, sorted list. Versions of Mergesort differ in the way the
list is split and in how the lists are merged. Its advantage compared to Quicksort is its
comparison-optimality in the leading term; however, in return it requires a buffer.

In the present paper, we consider two ways to split the lists: Top-down Mergesort and

Queue-Mergesort. In Top-down Mergesort, the list is split up evenly, with one list of size [ ]
n

and one of size | 5 |. In Queue-Mergesort, the procedure starts from the bottom, with every

element forming a single list of size 1, and then the two smallest lists are merged iteratively.

This may lead to an uneven split in the top, where the second list can be up to two times

smaller than the larger list. In fact, the size of the larger sublist is the unique power of 2 in
2

(%n, §n]. Details are given in Section 2.

After sorting the sublists, they are merged. This merging step cannot be done efficiently
in-place for arrays, and a buffer is needed. The usual implementations require a buffer as
large as the smaller list, so at most [%]. Therefore, we have a = % (recall that the size of
the buffer required is denoted by |an]), and only segments with at most % of the elements
can be sorted using Mergesort. The alternative merge algorithm in [25] requires only half
%, and «a can be further improved by more
sophisticated merge operations. However, for all constants explicitly calculated in this paper,
1

we will assume that o = 3.

the size of the smaller list as a buffer, so a =
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Size of segments. Let P, be a beta(h, h)-distributed random variable. If the pivot is
chosen as the median of a random subsample of size 2h — 1, then the size J,, of the left sublist
(containing the elements smaller than the pivot) fulfills J,,/n — P, in distribution and with
all moments. Let I, denote the size of the sublist recursively sorted by the QuickXsort
algorithm. Then, by the continuous mapping theorem, we get

I,

o — Z, 1)

in distribution and with all moments, where Z is a random variable with a distribution
denoted by o = £(Z) having density

2
B(h, h)

fo(x) == "1 =) (Laysage) + Legsy) (@), @ €0,1]. (2)
Here, B(-, -) denotes the beta function (Euler integral). In the case of h = 1, where the
pivot is uniformly distributed, we have

fQ<CL') =2 (1(1/371/2) + 1(2/371))(‘%), xT € [0, 1] (3)

» Remark 1. There is another common version of Mergesort called Bottom-up Mergesort,
where the size of the larger sublist is the largest power of two less than n. The number of
comparisons has a variance of order {(n?) as can easily be seen by considering the case of
n =2"+1 for m € N. A limit law after normalization for the number of comparisons of
Bottom-up Mergesort is unknown. We do not consider Bottom-up Mergesort in the present
extended abstract.

» Remark 2. For QuickXsort, the case of h depending on n of order n” for 8 € (0, %] has
also been considered. We hope to report on a distributional analysis for such cases in the
full paper version of the present extended abstract.

The present extended abstract is organized as follows. In Section 2 we recall the analysis
of the complexity of Mergesort as far as it is needed subsequently.

Section 3 contains our main results on the complexity of QuickXsort for Mergesort
measured by the number of key comparisons. There, the second order periodic term in
the expectation is given, along with the periodic first order term of the variance and the
periodic behavior of the distribution after normalization, see Theorem 6. Fourier series for
the appearing periodic functions are given in Theorem 7. For the case of median-of-1 and
median-of three versions, bounds on the expansions of expectation and variance are given in
Corollaries 8 und 9.

In Section 4 we develop a version of the contraction method for periodic toll terms, see
Theorem 11, on which our analysis is based. We feel that Theorem 11 may also be useful for
further analysis and other problems.

Section 5 contains proofs of our main results on QuickXsort. The results on and following
from Fourier series representations of the periodic functions (Theorem 7 and Corollary 9)
are only stated here and will be included in the full paper version.

Our approach seems to be robust and may also be applicable to other choices of X. We
comment on this in Remark 10.

2 Mergesort

In this section, we recall results on the average case behavior of Mergesort which are required
subsequently.

22:3
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Top-down Mergesort. Top-down Mergesort proceeds in the following way: The initial list
is divided in two sublists of size |3 ] and [4] and Mergesort is recursively applied on both
sublists. Two sorted list are merged by comparing the smallest elements of the sublists,
removing the smaller of the two to some auxiliary space and proceeding until one of the two
sublists is empty. In [14], expressions for the mean and variance are derived. The function

I1*?, defined by

td ) = 1 o 1 \I//(O) 1 1+\P(Xk) 62k7riw
) =5~ o3 " 1og@) * 0@ 2= G+ 1) )

with x, = ligg) and

2 1 !
Y0 =3 i (@t @) B

m>1

kezZ\{0}

plays a fundamental role in expressing the periodic linear term in the expectation. The
function IT*? is continuous with a period of 1.

» Lemma 3 (Hwang [14]). Let M!? be the number of key comparisons used by Top-down
Mergesort to sort a list of n uniformly permuted elements. Then,

: n>1, (6)

B (M) = nloga(n) + nl1* (loga(n)) +2 =3 gy, n>

k>0

and Var (M}4) = ©(n) as n — oco.

Queue-Mergesort. Another variant of Mergesort is Queue-Mergesort, proposed and first
analysed with respect to worst case behaviour by [12]. In this variant, the elements are
first divided into lists of size 1 and then arranged as a queue. Then, the first two lists
of the queue are merged by a linear merge algorithm (e.g. in the same way as described
in the section on Top-down Mergesort). The new list is then put at the tail of the queue
and the procedure is repeated until there remains only one sorted list, see [12] for details.
An advantage of this variant over Top-down Mergesort is the smaller linear term in the
variance, on the contrary, the linear term in the expectation of Top-down Mergesort is better
than in Queue-Mergesort, see [4, Table 1]. The periodic function 11, which appears in the
expectation of Queue-Mergesort, has the form

(z) =1 — {z — g} — 2128} (7)
where = Ejzo ﬁ — 1is a constant and {x} for z € R denotes the fractional part, i.e.,
{z} := x — |z]. Then we have:

» Lemma 4 (Chen, Hwang and Chen [4]). Let M7 be the number of key comparisons Queue-
Mergesort requires to sort a uniformly permuted list of n elements. Then,

E [M}]] = nlogy(n) + (I1(logy (n) — B) n+ O(logy 1) (8)
with B =350 w—lﬂ — 1. Furthermore, we have Var(MZ) = ©(n) as n — co.
For z € [0, 1), the function I19(z) is minimal at 0 with II1?(0) = —1 and maximal at log,(In 2)
with I19(logy(In2)) = —1#In2 o6 11 maps into [~0.9570 + 0.0430, —0.9570 — 0.0430].

In2

The Fourier series  — >, o crie x€*™*% of 117 converges absolutely and is given by the
coefficients,
' 1 dmiky—2mik e kD
= 1—y—2"7Y)e “TYT2TPqy = . 9
ek /0 1=y )e Y= onk(i — 2rkIn2) )
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» Remark 5. In [13, 14, 4], more refined results than those stated in Lemma 3 and Lemma 4
are given, where we state results of [14, 4] only up to a precision needed for our subsequent
analysis. In fact, the expansions of the expectations in Lemmas 3 and 4 are only needed up
to a o(n) precision here.

3 Results

QuickMergesort was first analysed in [7] with results expanded and sharpened in [8]. Since
Mergesort has a periodic second order linear term in its expectation, a sort of distributional
periodicity occurs in the complexity of QuickMergesort.

For IT : R — R being a continuous function with period 1 and (Z;),>1 a sequence of
i.i.d. random variables with a given probability distribution ¢ on (0, 1), we define the family
{Y(x)|x €[0,1]} of real random variables T (x) = Y¢(z) by

0o k—1 k—1
T(z) = Z; (5(Zk) +(1-2Z) (x +logy (1 — Z) + ZlogQ(Zj)>> ,  (10)
k=1 \j=1 j=1
with
E(y) =ylogy(y) + (1 —y)logy(1 —y) +1, y€(0,1), (11)

and empty products are considered to be 1, and empty sums are 0. The proof of Theorem 11
below covers the fact that the Y (z) are almost surely finite random variables for all such
I, o and .

The ¢ metric appearing in the following theorem is defined below in (27); it is stronger
than weak convergence.

» Theorem 6. For the number X, of key comparisons required by QuickMergesort to sort a
list of n uniformly permuted numbers with pivots chosen as medians of subsamples of size
2h — 1 with h € N and the versions Top-down Mergesort or Queue-Mergesort, we have with
T from (10) with o given by (2) and

1 = I1'? given in (4) for Top-down Mergesort,
I =11 given in (7) for Queue-Mergesort,
that

X, —nlogyn
Uy —

, T({log, n})) =0 (n— o). (12)
In particular, for any subsequence of the form ny = 2/-T2Fek with j, € N, x € [0,1], and
er — 0, we have convergence in distribution

Koy 7161089 Mk 4 0 (s 2 00). (13)

Nk

Moreover, we obtain, as n — oo, that
E[X,] = nlogy(n) + Ag(logyn)n + o(n), Var(X,,) = Ay (log, n)n2 + 0(n2), (14)

with continuous, 1-periodic functions Ag(x) := E[Y(z)], Av (x) := Var(Y(z)) for z € [0,1].

22:5
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The functions Ag and Ay are most naturally expressed as Fourier series, which are char-
acterised in the subsequent Theorem 7. We denote by cr; the k-th Fourier coefficient
of II,

given by (4) for Top-down Mergesort,

given by (9) for Queue-Mergesort.
Furthermore, we denote the k-th Fourier coefficient of Ag by cg and the k-th Fourier
coefficient of Ay by cv . We set

2wk

Ak += In2

and recall € defined in (11).

» Theorem 7. Under the conditions of Theorem 6, the Fourier series of Ag and Ay converge
absolutely, i.e., we have

AE(.’E) = ZCE’]CCQIMTW, Av(l’) = ZCV,]CGWWTW. (15)
kez keEZ
Moreover, with Z having distribution o, we have

E[E(Z)]  E[0—2)"]
1-E[Z] T 1-E[Zvx] (16)

CE k= 1(k‘ = 0)
The function Ag is smooth (infinitely differentiable). Furthermore,

m %Z:(]E[CZJCZ%—I] — Elezi|Elez ,1l), (17)

Cv,k =
where czj, for k € Z are the random variables

E[£(Z)]
1-E[Z]

E[(1— 7))

— 7 ) (1
1 — E[Z1+xx] (18)

czyi=1(k = 0)< Z + E(Z)) +emk <(1 —Z) ey

We use the notation (k £ A\)b,, to denote a term, say a,, with a,, € [(k — A)b,, (k + A)b,]. By

bounding the function Ag, we obtain bounds on E[X,,]. Recall, that we assume « = 3.
» Corollary 8. For the X,, from Theorem 6 using Top-down Mergesort, we have
E[X,] = nlogyn — (0.3407 £ 0.01185)n + o(n)  for median-of-1 and (19)
E[X,] = nlogyn — (0.8477 £ 0.01185)n + o(n)  for median-of-3. (20)
For Queue-Mergesort,
E[X,] = nlogyn — (0.0450 £ 0.04303)n + o(n)  for median-of-1 and (21)
E[X,] = nlogyn — (0.5520 £ 0.04303)n + o(n)  for median-of-3. (22)
Note that the bound (20) has already been shown in [8, Corollary 5.1].
We can bound the variance in the same way:
» Corollary 9. For the X,, from Theorem 6 using Top-down Mergesort, we have
Var(X,,) = (0.4283 + 0.01551)n? + o(n?)  for median-of-1 and (23)

Var(X,,) = (0.1069 + 0.00775)n* 4+ o(n?)  for median-of-3. (24)
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For Queue-Mergesort,

Var(X,,) = (0.4300 £ 0.05632)n> + o(n®)  for median-of-1 and (25)
Var(X,,) = (0.1086 & 0.02813)n* + o(n?)  for median-of-3. (26)

» Remark 10. Unlike Mergesort’s asymptotic normal behaviour, the limiting behaviour in
Theorem 1 does not have components of a normal distribution. This is because our quadratic
variance is caused by uneven splitting in the Quicksort decomposition with pivot elements.
This quadratic variance masks the smaller normal fluctuations in Mergesort’s contribution,
meaning they are no longer visible in the distributional limit behaviour. Instead, the splitting
and the expectation for Mergesort determine the limiting behaviour. For this reason, we
believe that our proof technique is robust with respect to the sorting procedure X, as it
only requires information on the first two moments up to the precision of Lemmas 3 and 4,
cf. Remark 5.

4 A contraction method for periodic toll functions

As a tool for our proofs, we develop a contraction method for periodic toll functions. For a
general introduction to the contraction method we refer to [27, 22, 23].

For p > 1 let P, denote the space of all probability distributions p = £(X) with a finite
p-th absolute moment, i.e., with || X||, := (E|X|?)!/? < co. The minimal L, metrics ¢, are
given by

gp(/% V) = inf{HX_YHP : [’(X) =p, L(Y) :V}7 psv € Pp. (27)

It is known that (P,,£,) are complete metric spaces and convergence in ¢, is equivalent to
weak convergence plus convergence of the p-th absolute moment. For p, v € P, there always
exist random variables X, Y on a joint probability space with £(X) = u, L(Y) = v and
ly(p,v) = || X = Y||p. Such random variables are called optimal couplings of 4 and v. It is
also possible to optimally couple an arbitrary subset Q C P,, i.e., to find random variables
X, on a joint probability space with £(X,,) = u for all u € Q such that X,,, X, are optimal
couplings for all p,v € Q. For these and further properties of the minimal L, metric ¢,
see [21, 2, 24, 1, 29]. We write short £,(X,Y) := £,(L(X), L(Y)).

The periodic behaviour of moments and distributions is well-known in the analysis of
random discrete structures and in the analysis of algorithms. E.g., periodic functions are
present in the moments of random variables that appear in the context of digital search trees,
tries or PATRICIA tries. In such cases, after subtracting the expectation and dividing by
the standard deviation, normal limit laws often appear; see, e.g., [20, 10, 28, 23, 11, 17, 15].
There are also periodicities in the area of random discrete structures that prevent convergence
in distribution after exact normalization but exhibit convergence along specific subsequences,
see, e.g., [6, 9, 16, 18, 5].

The periodic behavior appearing in Theorem 11 (and hence, as an application, in our
main Theorem 6) seems to be of a different nature. We hence provide a general framework
to cover such cases.

Subsequently, if random variables X, Y have the same distribution, we write X 1y,

Let (Y,)n>0 be a sequence of random variables fulfilling the recursion

Y, i A7z}/}n + bn7 n > ng, (28)

22:7
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where I, is a random integer in {0,...,n} and ny € N. Furthermore, A,, b, are random
variables such that the vector (I, A,,by,) is independent of (Yo, Yy,...,Y,). We assume
that all random variates have finite absolute moments of order p with a p > 1, i.e., their
distributions are in P,,.

In classical theorems of the contraction method, it is assumed that (A,,b,) converges in
£, to some limit (A,b) with ||A||, < 1. Then, under some technical conditions, convergence
of Y, in £, can be shown towards the within P, unique solution of the equation

Y LAY +b, (29)

where, on the right hand side, Y is independent of (A4,b), see [26, 22].

However, in the examples of the present extended abstract, we do not have the convergence
b, — b, and Y,, — Y fails to hold. Instead, to cover our QuickXSort cases, in the following
theorem, we assume a periodic behavior of b,, which is then reflected in the asymptotic
behavior of Y,,.

» Theorem 11. Let (Y,,)n>0 be a sequence of random variables fulfilling the recursion

}/n i AnYI,I, + bn7 (30)

with conditions as stated after (28). Assume there exist random variables A, Z, and {b*(z) |
x € [0,1]}, all L,-integrable, such that x — b*(x) is continuous (for all realizations), and a
real number d > 0 with

ep((bn, Ap, I /n), (b*({loggn}), A, Z)) 50 (n— o0), 31

(31)
Al <1, (32)
b*(0) = b*(1) a.s., (33)
?}ILI;”b*(l’) =" (y)|l, = 0 for all x € [0,1], (34)
E[lAnP1i1, <kyuin,=n}] = 0 (n— o0) for all k € N. (35)

Then, subject to sup,cpo1)||Y(2)]lp < 0o and T having continuous paths (i.c., x — Y(z) is
continuous for all realizations), there exists a solution of

T(x) £ AT({x +logy(2)}) + b*(x), € [0,1], (36)
whose one-dimensional marginals are uniquely determined. Furthermore, we have

(Y, T({loggn})) — 0 for n — oo. (37)
Moreover, T(0) 4 T(1) and lim,_,, £,(T(x), Y(y)) =0 for all x € [0,1].

» Remark 12. If b,, converges in ¢,,, we can choose b*(x) independently of z. Then Y ({log,;n})
also does not depend on n, and we recover a basic £,, contraction theorem.

Proof of Theorem 11. We start by proving that Y (z) exists. By recursively expanding (36),
we obtain the form

[e) i—1 i—1
T(@) LS 0O | Lo+ logy(Z)) ¢ | [TAY, (38)
i=0 =0 =0
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where (AU b)) 7} are independent copies of (A4,b*, 7). Note that z [6* ()], is
continuous by (34), hence it is bounded. The L, norms of the summands in (38) are bounded
by | All}, sup,e(o.1)16* ()|, due to independence. Hence, by (32) there appears a dominating
geometric series which implies

sup [T(@)l, < sup (@l

(39)
z€[0,1] coy L= 1Al

Now, we choose T'(x) as the versions given by the right hand sides of (38), i.e. pointwise and not
only in distribution. From (38) we see that T(0) = T(1) and that lim,_,., | Y(z), =Y (y)|[, =0
for all z € [0,1] in view of (34). Since T is defined on a compact interval,

w(d) := sup HT T(y)”
lz—y|<é

) (10)

is a bounded function on [0, 1] with w(§) — 0 for § — 0. Because Z and I,, are independent
of Y(z), we have

IEHT(logd(nZ))—T(logd ; ] ‘ZI,L] < WP (Jlogy(nZ) — logy(I,.))).- (41)

Therefore, using independence of T from (I, A, Z),

E[|A(T({10g4 In}) = Y({log,(n2)})["] < E[JAIPw" (logg(nZ) — loga(L)])] =0 (42)

because log,; I, —log,(nZ) — 0 in probability and [A[P supsejo 1) w” () is a integrable domin-
ating function.

To show uniqueness, assume {£(Y(z)),z € [0,1]} is also a solution of system (36). We
fix (A, Z,b*(z)) as in (36) and may assume that the pairs (T(z), T(z)) as optimal couplings
of their distributions and such that the family {(Y(z), Y(z))|z € [0,1]} is independent of
(A, Z,b*(x)). Thus, we have

T(z) £ AY({z +log,(2)}) + b*(z), z € [0,1], (43)
Y(z) £ AT({z +log,(Z)}) + b*(z), =z € [0,1]. (44)
Note that

c:= sup L,(T(x),Y(2)) < sup [|T(@)[l, + sup [|T(2)], < oo.
z€[0,1] z€[0,1] z€[0,1]

Using (43), (44) and that (Y(z), Y(z)) are optimal couplings we obtain
(@), @) <E[|A(C({z +log(2)}) = T({z +loga(2)}) ||

<E[JAPE [|[T({z +1og.(2)}) ~ T({z +loga(2)1)] | 2]
< E[|Aple”

Since E[|AJP] < 1, this implies ¢ = 0 and thus T(x) < Y(z) for all z € [0,1].

We subsequently use the short notation Y;* := Y ({log;n}), b5 := b({log;n}). Note
that we can choose (b, A,, I,) and (b, A, Zn) such that componentwise we have optimal
couplings. Moreover, we choose (YJ,YJ*) as optimal couplings such that these pairs are
independent of (b,, A, I,,b:, A, Zn). Note that we have

ny¥no

Y, L AY;, +b,, YL AYE, 40

22:9
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Hence,

A(n) =4, (Y, Yy)
< [AnYr, = AYZ, + b — b7,
<[ An (Ye, = Y2, + 1A = QY7 | + A = Y| + lba — b1,
<E[|AnP (Y1, — V7 )"]/% A, — All, sup [, + [AYZ, = Yo, + llow = by,

= E[|A[PAP(1,)]' + o(1), (45)

where the last three summands are o(1) because of (31), the perfect coupling and (42).
The proof ends by a standard argument. We first show that A(n) is bounded. Denoting
Dp = E[l{ln:n}|An|P]1/” we have p, = o(1) by (35). Hence,

A(n) < puA(n) + E[[A, 7] max  A(5) + o(1). (46)
<j<n—
From (31) and (32) there exists { = [|A[|P < 1 with [|A,[[} =& + o(1). Hence we have

A(n) < (§+0o(1)) max A(j)+o(1). (47)
1<j<n—1
This implies that the A(n) remain bounded. Now, assume that limsup,,_, . A(n) = ¢ for
some ¢ > 0 and fix some € > 0. Then there exists some k € N such that A(n) < ¢+ ¢ for all
n > k and by the technical condition (35), also some N > k such that for all n > N

E[|A,[P1(L, <k VI, =n)] < <Supz(n)) : (48)

lAnllp < |Allp + € and the o(1) in (45) is also bounded by e. Thus, by (45),
A(n) < E[|AnJPALL)PL(I, > k)P + E[| A, PA(L)PL(L, < k)P +e

< E[\An|pcp]1/p +E[AP1(], < k)]l/p <sup A(m)) +€
meN

< (||Allp +&)(c+e) + 2 (49)

for n > N. Note that ||A||, < 1 because of (32). If ¢ was bigger than 0, we could choose € such
that the right hand side of (49) is less than ¢, a contradiction to ¢ being lim sup,,_, . A(n).
Thus ¢ = limsup,,_, ., A(n) = 0, showing (37). <

5 Proof of Theorem 6 and Corollary 8

The proof of Theorem 6 is an application of Theorem 11 where the behaviour of Mergesort
as stated in Lemma 3 and Lemma 4 is exploited.

Proof of Theorem 6. Let M,, denote the number of key comparisons Mergesort requires to
sort a list of n uniformly permuted elements. We use M,, generically for both, Top-down or
Queue-Mergesort. Since pivots are chosen independently from all other random sources (the
permutation of the list and the cost of the Mergesort), for X,,, the number of key comparisons
to sort a uniformly permuted list of n elements by QuickXsort with X being Mergesort, we
have the distributional recurrence

X, LX, +My_; 14+n—1, (50)
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where I, is the length of the sublist, where QuickXsort recurses after the first partitioning
step. We have that on the right hand side of the latter display, I, (Xo,...,X,—1) and
(Mo, ..., M,_1) are independent. The distribution of I,, depends on the choice of the pivot
element used by QuickXsort, we have that the distribution of I,,/n converges to a g in fa,
see (1). To normalize the X,, we introduce

X, —nlogy(n)

Y, = 51
. G1)
d In Xi, — Inlogy(In)
o I,
n—I,—1 (My_; 1—n—1,—1)logyg(n— I, — 1)
+ . ( e a— 2 —TI(logy(n — I, — 1))
n—1I1,—1

(logy(n — I — 1))

1
+ -~ (In1ogy (1) + (n — I, — 1) logy(n — I, — 1) —nlogy(n) +n —1)
=: AnYIn + b,,. (52)

We aim for applying Theorem 11. We choose d = 2, Z having distribution p, and b*(x) :=
E(Z) + (1 — Z)II(x + logy(1 — Z)) with II being II* of 119 depending on the Mergesort
variant, see Lemma 3 and Lemma 4. Then, we have that (31) is satisfied since the summand
containing M,,_r, _; vanishes asymptotically due to the variance of Mergesort being of
linear order. Also (32), (31) and (34) are fulfilled. We abbreviate b} := b*(logy(n)) =
E(Z)+ (1 — Z)1(logy(n(1 — Z)). The periodic function II is bounded and continuous as is
the function  — zlog(z) + (1 — ) log(1 —z) on [0,1]. Hence, sup,,cy [|bn|/, < co. Condition
(35) is also fulfilled, as I,,/n < 1, I,, tends to infinity and P(I,, = n) = 0. Theorem 11 implies
(12).
For n; and z as in Theorem 11 we have

b (I (0)) < by (Y, T({log m)) + (T 4 2)), T (63

Now, continuity and periodicity of Y ({z}) imply (13).
Note that ¢ convergence implies convergence of the first and second moment. Hence,
our nomalization in (51) and (12) imply (14). <

The functions Ag and Ay appearing in (14) can be computed from the recursion (36) or
the sum (10):

E[Y ()]
o] k—1 k—1
=S E|[J]%]|£2)+ 10— 20| x+logy(1 - Z) + > _logy(Z;)
k=1 j=1 j=1
EE(Z)] | = -
:m+;E EIIZJ- (1— Zp)l x+1og2(1—zk)+;1og2(zj) . (54)

The last factor in the latter display can be bounded by taking the supremum over x, which
implies:

o, Biv() < SRS e < R e, 69

The analogous bound applies to the infimum.

22:11
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Proof of Corollary 8. To obtain bounds analogously to [8], we have to derive exact expres-
sions for E[Z] and E[£(Z)]. In both Mergesort variants, we have a = 1/2 and therefore Z
has density f,(z) = 2(1(1/3,1/2)(2) + 1(2/3,1)(x)) when using a single pivot. This yields us
E[Z] = 25/36 and

1
21n(2)’

E[E(Z)] =1 —l—/o zlogy(x) + (1 — z)logy (1 —z)dz =1 —

where we used the symmetry of £(Z) in Z for the second calculation.
If we use the median-of-3 version, Z instead has density

fo(x) = 122(1 — 2)(1(1/3,1/2) (%) + L(2/3,1)()),

which gives us E[Z] = 232 and

E[E(Z)] =1+ 6/0 22(1 — 2) logy(z) + (1 — )% logy(1 — x)dz =1 — Wz@) (56)

again using symmetry. In general: If we take 2h — 1 pivots for h > 1, we obtain E[£(Z)] =
Han—H,
e
The function II*? is bounded by —1.25265 4 0.01185, see [8] and [14]. This implies

36 1
E[YT =—(1——=—=] —1(1.25265 + 0.01185) = —0.3407 4+ 0.01185 57
@l =3 (1- 5m) - ) 67)

and therefore E[X,,] = nlogy(n)—(0.3407+£0.01185)n+o(n) for median-of-1. For median-of-3,

432 7
E[YT =—|1———— ) —(1.25265 £ 0.01185) = —0.84768 4+ 0.01185. 58
Y@= 169 ( 121n(2)> ( ) (58)
The same can be done for Queue-Mergesort using I19 from (7). <

For h =1, the function Ag can therefore be explicitly written as

Ap(r) :% (1 N 213(2))

) k—1 k—1
+Y E[ ]2 | (0= 20m( 2 +1logo(1 = Z) + > logs(Z;) | |- (59)
k=1

Jj=1 Jj=1
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