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We analyze the probabilistic performance of partial match queries in random multidimensional search trees,
using k-d trees (and their variants) and quadtrees, as primary examples. A partial match query aims to retrieve
all points from a tree that match a given query point on a predetermined subset of coordinates. As one of the
most basic associative searches, its analysis is foundational for evaluating more complex queries. This selection
of data structures allows us to demonstrate common analytical techniques and offer a historical perspective on

1. Introduction

To a computer scientist, Piet Mondrian’s non-representational, grid-
like abstractions of objects with primary colors are reminiscent of the
bounding-box decomposition of a two-dimensional space by a hierar-
chical data structure like a k-d tree (see Fig. 1). Such spatial partitions
are often encountered, though usually implicitly, in our digital era. For
example, when navigating with GPS, exploring virtual environments,
searching the web, or playing video games, k-d trees or similar structures
are often at work behind the scenes to retrieve information efficiently.

More concretely, text may be seen as points in a high-dimensional
space for many clustering problems; a GPS map is often displayed

Fig. 1. Left: Piet Mondrian’s 1913 painting Gemailde No. 1; right: a decomposi-
tion of the unit square by a simulation of a random 2-d tree generated byinserting
256 random points with randomly assigned colors.
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as two-dimensional data; augmented reality can be modelled with
three-dimensional data; and game graphics work well with three- and
higher-dimensional data. Physicists even consider the whole Universe to
be eleven-dimensional.

The volume of multidimensional data that is generated and has to be
stored often grows exponentially with the dimensionality. Consequently,
multidimensional data structures (also known as multidimensional access
methods, spatial access methods or spatial index structures, see [48] for a
review) are necessary to efficiently store and manipulate data; k-d trees
represent one of the simplest and most fundamental models.

More formally, a multidimensional data structure maintains a finite
collection F of items (also called records). Each item contains a distinct
k-dimensional key x = (x, ..., x;_;), where x; is a value from a totally
ordered domain D;; thus F ¢ D = Dy X --- X D;_;.

For convenience of analysis, it is usually assumed, w.l.o.g., that D,
is the real interval [0, 1], and D = [0, 1]*. We also make this assumption
when describing data structures and algorithms; the more general case
where the keys x € D for some domain D = D, X --- X D,_; presents no
special difficulty.

Retrieving (or searching) data in multidimensional data structures is
usually known as associative data retrieval. In addition to insertions, dele-
tions, and exact search, a multidimensional data structure often supports
queries such as orthogonal range search (identifying records in the data
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\begin {equation*}\hat {\mathsf {P}}_{n} = \sum _{1\leqslant j\leqslant n}\binom {n}{j}{(-1)}^{j+1} \prod _{2\leqslant i\leqslant j}\biggl (1-\frac {2^k}{i^{k-s}{(i+1)}^s}\biggr ).\end {equation*}


$\alpha _j$


$k$


$k$


$D$


$\mathbf {u}=(u_0,\dots ,u_{k-1})\in {[0,1]}^k$


$u_j=1$


$j$


$u_j=0$


$u\in \{0,1\}$


$\pi _{n,j}(u) := \frac {1+uj}{n(1+un)}$


$\hat {\mathsf {P}}_{n}$


$k$


$n$


\begin {align}\label {E:Qn-kdt} \begin {split} \hat {\mathsf {P}}_{n} & = 1+\sum \limits _{1\leqslant i<k}\sum \limits _{1\leqslant j_i<\cdots <j_1<n} \pi _{n,j_1}(q_0)\cdots \pi _{j_{i-1},j_i}(q_i)\\ &\quad + 2^k\sum \limits _{1\leqslant j_k<\cdots <j_1<n} \pi _{n,j_1}(q_0)\cdots \pi _{j_{k-1},j_k}(u_{k-1})\hat {\mathsf {P}}_{{j}_{k}}, \end {split}\end {align}


$n\geqslant 1$


$\hat {\mathsf {P}}_{0} = 0$


$\hat {\mathsf {P}}_{n} \sim \beta n^\delta $


$\delta , \beta >0$


$\pi _{n,j}(0) = \frac 1n$


$\pi _{n,j}(1) = \frac j{n(n+1)}$


\begin {align*}\beta \sum _{1\leqslant j<n}\pi _{n,j}(u) j^\delta \sim \beta n^\delta \times \begin {cases} \frac {\beta }{\delta +1},&\text {if }u=0;\\ \frac {\beta }{\delta +2},&\text {if }u=1. \end {cases}\end {align*}


\begin {align*}2^k\sum _{1\leqslant j_k<\cdots <j_1<n} \pi _{n,j_1}(u_0)\cdots \pi _{j_{k-1},j_k}(u_{k-1}) \hat {\mathsf {P}}_{{j}_{k}} \approx \frac {\beta 2^k}{{(\delta +1)}^{k-s}{(\delta +2)}^s} \, n^\delta .\end {align*}


$\delta =\alpha $


$\beta $


$f$


$\vartheta := z(\text {d}/\text {d}z)$


\begin {equation*}\sum _{0\leqslant j\leqslant d}{(1-z)}^j P_j(\vartheta )f = g,\end {equation*}


$d$


$\mathbf {u}$


$P_0(x) = x^{k-s}{(x+1)}^s-2^k$


$g = c/(1-z)+p(z)$


$p$


\begin {equation*}G(s) = \frac {c}{s-1}+ \sum _{0\leqslant \ell \leqslant k} \frac {{(-1)}^\ell p^{(\ell )}(1)}{\ell !(s+\ell )}.\end {equation*}


\begin {equation*}\hat {\mathsf {P}}_{n} \sim \beta _{\mathbf {u}} n^{\alpha },\end {equation*}


$\alpha >0$


\begin {equation*}\beta _{\mathbf {u}} := \sum _{j\geqslant 1}G(j+\alpha )B_j, \quad \text {with}\quad B_j = \left \{\begin {array}{ll} 0,& \mbox {if\ } j\leqslant 0;\\ 1,& \mbox {if\ } j=1;\\ -\sum \limits _{1\le i\le \mu }\frac {P_i(j+\alpha )} {P_0(j+\alpha )} \,B_{j-i},& \mbox {if\ } j\geqslant 2, \end {array}\right .\end {equation*}


$\hat {\mathsf {P}}_{\text {n}}$


$2$


${\hat {\mathcal {P}}}_n$


${\hat {\mathcal {P}}}_n$


$2$


$n$


${[0,1]}^2$


${\hat {\mathcal {P}}}_n(q):={\hat {\mathcal {P}}}_{n,\mathbf {q}}$


$\mathbf {q}=(q,\ast )$


$q\in [0,1]$


${\hat {\mathcal {P}}}_n(q)$


$q\in [0,1]$


${({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


$2$


${\hat {\mathcal {P}}}_n(q)$


$q\in [0,1]$


${({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


$D[0,1]$


$x:[0,1]\to \mathbb {R}$


\begin {align*}\lim _{s\uparrow q}x(s) \mbox { exists for all } q\in [0,1)\quad \mbox {and} \quad \lim _{s\downarrow q}x(s)=x(q) \mbox { for all } q\in [0,1).\end {align*}


$f,g \in D[0,1]$


$\|f-g\|$


\begin {align*}d_{{\textrm {SK}}}(f,g) = \inf _\lambda \max \{\|f\circ \lambda -g\|,\, \|\lambda -{\textrm {id}}\|\},\end {align*}


$\lambda :\:[0,1]\to [0,1]$


$\textrm {id}$


${({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


$(D[0,1], d_{{\textrm {SK}}})$


$(D[0,1], d_{{\textrm {SK}}})$


${\hat {\mathcal {P}}}_n(q)$


${\mathcal {Z}}_n(q)$


${\mathcal {Z}}_n={({\mathcal {Z}}_n(q))}_{q\in [0,1]}$


${\mathcal {Z}}={({\mathcal {Z}}(q))}_{q\in [0,1]}$


${({\mathcal {Z}}_n(q))}_{q\in [0,1]}$


${\mathcal {Z}}_n\to {\mathcal {Z}}$


$(D[0,1], d_{{\textrm {SK}}})$


$(M,\varrho )$


$\phi :D[0,1]\to M$


$\phi ({\mathcal {Z}}_n)\to \phi ({\mathcal {Z}})$


$\phi $


$D_\phi $


$\phi $


${\,{\mathbb {P}}}({\mathcal {Z}}\in D_\phi )=0$


$\phi $


$(D[0,1], d_{{\textrm {SK}}})$


$(D[0,1], d_{{\textrm {SK}}})$


${({\mathcal {Z}}_n(q))}_{q\in [0,1]}$


$2$


$(U_1,V_1)=:(U,V)$


$I^{(n)} =(I^{(n)}_1, I^{(n)}_2, I^{(n)}_3, I^{(n)}_4)$


$n$


$(U,V)$


$I^{(n)}$


$M(n-1;UV,U(1-V),(1-U)V,(1-U)(1-V))$


$(U,V)$


$I^{(n)}$


${({\hat {\mathcal {P}}}^{(r)}_j(q))}_{q\in [0,1]}$


$(U,V,I^{(n)})$


$({{\hat {\mathcal {P}}}^{(r)}_j(q))}_{q\in [0,1]}$


${({\hat {\mathcal {P}}}_j(q))}_{q\in [0,1]}$


$r=1,\ldots ,4$


$j\in \mathbb N_0$


\begin {align}{\bigl ({\hat {\mathcal {P}}}_n(q) \bigr )}_{q\in [0,1]} &\stackrel {d} {=} \biggl ( 1 + \mathbf {1}_{\{q<U \}} \biggl [{\hat {\mathcal {P}}}^{(1)}_{I_1^{(n)}} \biggl (\frac {q} U \biggr ) + {\hat {\mathcal {P}}}^{(2)}_{I_2^{(n)}} \biggl ( \frac {q} U \biggr ) \biggr ] \nonumber \\ &\quad + \mathbf {1}_{\{q \geqslant U \} } \biggl [{\hat {\mathcal {P}}}^{(3)}_{I_3^{(n)}} \biggl (\frac {q-U}{1-U} \biggr ) + {\hat {\mathcal {P}}}^{(4)}_{I_4^{(n)}} \biggl ( \frac {q-U}{1-U} \biggr ) \biggr ] \biggr ){}_{q\in [0,1]}.\label {Sulzbachrec1}\end {align}


$q/U$


$(q-U)/(1-U)$


$x_0=q$


${[0,1]}^2$


$x_0=q/U$


$q<U$


$x_1=(q-U)/(1-U)$


$q\geqslant U$


$\mathbb {R}$


${(Y_n)}_{n\geqslant 0}$


$\mathbb {B}$


\begin {align}\label {rec1} Y_n \stackrel {d} {=} \sum _{1\leqslant r\leqslant K} A_r(n) Y_{I_r^{(n)}}^{(r)} + b(n),\qquad n \geqslant n_0.\end {align}


$\stackrel {d}{=}$


${(Y_j^{(r)})}_{j\geqslant 0}$


${(Y_n)}_{n\geqslant 0}$


$r=1,\ldots , K$


$K\geqslant 1$


$n_0\geqslant 0$


$I^{(n)}=(I_1^{(n)},\ldots ,I_K^{(n)})$


$\{0,\ldots ,n\}$


$A_r(n)$


$b(n)$


$\mathbb {B}$


${(Y_j^{(1)})}_{j\geqslant 0},\ldots , {(Y_j^{(K)})}_{j\geqslant 0}$


$(A_1(n),\ldots ,A_K(n),b(n),I^{(n)})$


$A_r(n)$


$b(n)$


$I_r^{(n)}$


$\mathbb {B}=\mathbb {R}$


$A_r(n)$


$\mathbb {R}$


$Y_n= {({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


$K=4$


$b(n)=1$


$A_r(n)$


$r=1,\ldots ,4$


$\mathbf {1}_{\{q<U\}}$


$q\mapsto q/U$


${({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


$(\mathcal {D}[0,1],d_{\textrm {SK}})$


$(\mathcal {D}[0,1],d_{\textrm {SK}})$


${(Y_n)}_{n\geqslant 0}$


${(X_n)}_{n\geqslant 0}$


$Y_n={({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


\begin {equation}\label {R_scaling} {\mathcal {Z}}_n(q):= \frac {{\hat {\mathcal {P}}}_n(q)}{K_0n^\alpha },\quad q\in [0,1].\end {equation}


$Y_n$


${(X_n)}_{n\geqslant 0}$


\begin {equation}\label {rec2} X_n \stackrel {d} {=} \sum _{1\leqslant r\leqslant K} A_r^{(n)} X_{I_r^{(n)}}^{(r)} + b^{(n)}, \qquad n \geqslant n_0,\end {equation}


$A_r^{(n)}$


$b^{(n)}$


$A_r(n)$


$b(n)$


$\mathbb {R}^d$


$A_r^{(n)}$


$b^{(n)}$


\begin {equation}\label {coeconv} A_r^{(n)} \to A_r, \qquad b^{(n)} \to b \qquad (n \to \infty )\end {equation}


$n\to \infty $


$I^{(n)}_r$


$X_n$


$X$


$n\to \infty $


\begin {equation}\label {fix2} X \stackrel {d} {=} \sum _{1\leqslant r\leqslant K} A_r X^{(r)} + b\end {equation}


$X^{(1)},\ldots ,X^{(K)}$


$X$


$X^{(1)},\ldots ,X^{(K)}$


$(A_1,\ldots ,A_k,b)$


${\mathcal L}(X)$


$X_n \to X$


$\mathcal {M}(\mathbb {B})$


$\mathbb {B}$


\begin {eqnarray}&\displaystyle T : \mathcal {M}(\mathbb {B}) \to \mathcal {M}(\mathbb {B}), \nonumber \\ &\displaystyle T(\mu ) = \mathcal {L} \Biggl ( \sum _{1\leqslant r\leqslant K} A_r Z^{(r)} + b \Biggr ),\label {limitmap}\end {eqnarray}


$(A_1, \ldots , A_K,b), Z^{(1)}, \ldots , Z^{(K)}$


$Z^{(1)}, \ldots , Z^{(K)}$


$\mu $


$X$


${\mathcal L}(X)$


$T$


$T$


$\mathcal {M}(\mathbb {B})$


$T$


$T$


${\mathcal L}(X_n)$


${\mathcal L}(X)$


$X_n \to X$


$L_p$


$\zeta _2$


$L_p$


$\zeta _2$


$2$


$n$


${\varepsilon } \gt 0$


$n\to \infty $


\begin {align*}\sup _{q \in [0,1]} \bigl |n^{-\alpha }{\,{\mathbb {E}}}[{\hat {\mathcal {P}}}_n(q)] - K_0 {(q(1-q))}^{\alpha /2}\bigr | = {\textrm {O}} \bigl (n^{-\varepsilon } \bigr ),\end {align*}


\begin {align*}\alpha =\frac {\sqrt {17}-3}{2}, \quad K_0=\frac {\Gamma (2\alpha +2)\Gamma (\alpha +2)}{2\Gamma ^3(\alpha +1)\Gamma ^2(\alpha /2+1)}.\end {align*}


$q$


$q\in \{0,1\}$


$o(n^\alpha )$


\begin {align*}{\,{\mathbb {E}}}[{\hat {\mathcal {P}}}_n(0)]={\,{\mathbb {E}}}[{\hat {\mathcal {P}}}_n(1)]=\Theta \left (n^{\sqrt {2}-1}\right ).\end {align*}


${({\hat {\mathcal {P}}}_n(q))}_{q\in [0,1]}$


\begin {align}{({\mathcal {Z}}(q))}_{q\in [0,1]}& {{\stackrel {d}{=}}} \Bigg ({\mathbf {1}}_{\{q<U\}}\biggl [{(UV)}^\alpha {\mathcal {Z}}^{(1)}\biggl (\frac {q}{U}\biggr )+ {\bigl (U(1-V) \bigr )}^\alpha {\mathcal {Z}}^{(2)}\biggl (\frac {q}{U}\biggr )\biggr ]\nonumber \\ & \quad +{\mathbf {1}}_{\{q\geqslant U\}}\biggl [ {\bigl ((1-U)V \bigr )}^\alpha {\mathcal {Z}}^{(3)} \biggl (\frac {q-U}{1-U}\biggr )\nonumber \\ &\quad + {\bigl ((1-U) (1-V) \bigr )}^\alpha {\mathcal {Z}}^{(4)}\biggl ( \frac {q-U}{1-U}\biggr )\biggr ]\Bigg ){}_{q\in [0,1]},\label {eqlimitprocess}\end {align}


$U$


$V$


$[0,1]$


${\mathcal {Z}}^{(i)}$


$i=1,\ldots , 4$


$\mathcal {Z}$


$U$


$V$


${({\mathcal {Z}}(q))}_{q\in [0,1]}$


$T$


$\mathcal {L}({({\mathcal {Z}}(q))}_{q\in [0,1]})$


$\mathcal {L}({(\Upsilon (q))}_{q\in [0,1]})$


$(D[0,1],d_{\textrm {SK}})$


${\,{\mathbb {E}}}[\|\Upsilon (q)\|_\infty ^2]<\infty $


${\,{\mathbb {E}}}[\Upsilon (q)]= {(q(1-q))}^{\alpha /2}$


${({\mathcal {Z}}(q))}_{q\in [0,1]}$


$C[0,1]$


${({\mathcal {Z}}(q))}_{q\in [0,1]}$


$n$


$n= 100, 500, 1000$


$q\mapsto {\mathcal {Z}}_{n}(q)$


$q\mapsto {(q(1-q))}^{\alpha /2}$


${({\mathcal {Z}}(q))}_{q\in [0,1]}$


$\Psi \geqslant 0$


$q\in [0,1]$


\begin {equation}\label {1dimrv} {\mathcal {Z}}(q)\stackrel {d} {=} {(q(1-q))}^{\alpha /2} \Psi .\end {equation}


$\Psi $


\begin {equation}\label {fixedone} \Psi \stackrel {d} {=} U^{\alpha /2} V^\alpha \Psi + U^{\alpha /2} {(1-V)}^\alpha \Psi '\end {equation}


${\,{\mathbb {E}}}[\Psi ] = 1$


${\,{\mathbb {E}}}[\Psi ^2] < \infty $


$\Psi '\stackrel {d} {=}\Psi $


$(\Psi ,\Psi ')$


$(U,V)$


$\zeta _2$


\begin {align*}{({\mathcal {Z}}_n(q))}_{q\in [0,1]} \stackrel {d}{\longrightarrow } {({\mathcal {Z}}(q))}_{q\in [0,1]}\end {align*}


$(D[0,1],d_{\textrm {SK}})$


${\mathcal {Z}}={({\mathcal {Z}}(q))}_{q\in [0,1]}$


$q\in [0,1]$


$n\to \infty $


\begin {align*}{\mathcal {Z}}_n(q) \to K_0 \mathcal {M}_\infty (q),\end {align*}


${(\mathcal {M}_\infty (q))}_{q\in [0,1]}$


\begin {align*}\sup _{q\in [0,1]}|{\mathcal {Z}}_n(q)- K_0\mathcal {M}_\infty (q)| \stackrel {{\,{\mathbb {P}}}}{\longrightarrow } 0.\end {align*}


$\pi _{q_1,\ldots ,q_d}: D[0,1]\to \mathbb {R}^d, f\mapsto (f(q_1),\ldots ,f(q_d))$


$d_{\textrm {SK}}$


$\mathcal {Z}$


$q\in [0,1]$


\begin {align}\label {RN_onedimlim} \frac {{\hat {\mathcal {P}}}_n(q)}{K_0n^\alpha }\stackrel {d}{\longrightarrow } {\mathcal {Z}}(q)\stackrel {d} {=}{(q(1-q))}^{\alpha /2} \Psi ,\end {align}


$\Psi $


$\sup : D[0,1]\to \mathbb {R}, f\mapsto \sup _{q\in [0,1]} f(q)$


$\mathcal {W}_n:=\sup _{q\in [0,1]} {\hat {\mathcal {P}}}_n(q)$


\begin {align*}\frac {\mathcal {W}_n}{K_0n^\alpha } \stackrel {d}{\longrightarrow } \mathcal {W}:=\sup _{q\in [0,1]} {\mathcal {Z}}(q),\end {align*}


${\,{\mathbb {E}}}[\mathcal {W}]<\infty $


$0<{\mathbb {V}}(\mathcal {W})<\infty $


\begin {align*}{\,{\mathbb {E}}}\biggl [\sup _{q\in [0,1]} {\hat {\mathcal {P}}}_n(q)\biggr ]\sim K_0 {\,{\mathbb {E}}}[\mathcal {W}]n^\alpha ,\quad {\mathbb {V}}\biggl (\sup _{q\in [0,1]} {\hat {\mathcal {P}}}_n(q)\biggr )\sim K_0^2 {\mathbb {V}}(\mathcal {W})n^{2\alpha } .\end {align*}


$\zeta _2$


$\mu _2(q):={\,{\mathbb {E}}}[{\mathcal {Z}}{(q)}^2]$


$U$


\begin {align*}\mu _2(q)&=\frac 2{2\alpha +1} \biggl \{\int _q^1 x^{2\alpha } \mu _2\biggl (\frac q x\biggr )\,dx + \int _0^q {(1-x)}^{2\alpha } \mu _2 \biggl (\frac {1-q}{1-x}\biggr )\,dx \biggr \} \\ &{}\quad ~+ 2 {\textrm {B}} (\alpha +1, \alpha +1 )\cdot \frac {{(q(1-q))}^\alpha }{\alpha +1}.\end {align*}


\begin {align*}{\,{\mathbb {E}}}[{\mathcal {Z}}{(q)}^2]=\mu _2(q)= 2 {\textrm {B}} (\alpha +1, \alpha +1 ) \frac {2\alpha +1}{3(1-\alpha )} {(q(1-q))}^\alpha .\end {align*}


${\mathcal {Z}}(q)$


\begin {equation}\label {ieq1} {\mathbb {V}} \bigl ({\mathcal {Z}}(q) \bigr ) \sim \biggl [ 2 {\textrm {B}} (\alpha +1, \alpha +1 ) \frac {2\alpha +1}{3(1-\alpha )} -1 \biggr ] {(q(1-q))}^\alpha .\end {equation}


$\xi $


$[0,1]$


${\hat {\mathcal {P}}}_n(\xi )={\hat {\mathcal {P}}}_n$


${\hat {\mathcal {P}}}_n$


$2$


${\hat {\mathcal {P}}}_n$


\begin {align*}{\mathbb {V}}({\hat {\mathcal {P}}}_n)={\mathbb {V}}({\hat {\mathcal {P}}}_n(\xi ))&\sim K_v n^{2\alpha },\end {align*}


\begin {align*}K_v&=K_0^2\left (\frac {2(2\alpha +1)}{3(1-\alpha )}B^2(\alpha +1,\alpha +1)-B^2(\alpha /2+1,\alpha /2+1)\right )\\ &=0.447363034\ldots \end {align*}


\begin {align*}\frac {{\hat {\mathcal {P}}}_n}{K_0n^\alpha }=\frac {{\hat {\mathcal {P}}}_n(\xi )}{K_0n^\alpha } \stackrel {d}{\longrightarrow } {\mathcal {Z}}(\xi ),\end {align*}


$\xi $


$\mathcal {Z}$


${\hat {\mathcal {P}}}_n(\xi )$


${({\mathcal {Z}}(q))}_{q\in [0,1]}$


\begin {align}{\hat {\mathcal {P}}}_n(\xi ) & \stackrel {d} {=} 1 + \mathbf {1}_{\{\xi <U \}} \biggl [{\hat {\mathcal {P}}}^{(1)}_{I_1^{(n)}} \biggl (\frac {\xi } U \biggr ) + {\hat {\mathcal {P}}}^{(2)}_{I_2^{(n)}} \biggl ( \frac {\xi } U \biggr ) \biggr ] \nonumber \\ &\quad + \mathbf {1}_{\{\xi \geqslant U \} } \biggl [{\hat {\mathcal {P}}}^{(3)}_{I_3^{(n)}} \biggl (\frac {\xi -U}{1-U} \biggr ) + {\hat {\mathcal {P}}}^{(4)}_{I_4^{(n)}} \biggl ( \frac {\xi -U}{1-U} \biggr ) \biggr ],\label {rex45}\end {align}


${({\hat {\mathcal {P}}}^{(r)}_j(q))}_{q\in [0,1]}$


$(U,V,\xi ,I^{(n)})$


${({\hat {\mathcal {P}}}^{(r)}_j(q))}_{q\in [0,1]}$


${({\hat {\mathcal {P}}}_j(q))}_{q\in [0,1]}$


$r=1,\ldots ,4$


$j\in \mathbb N_0$


$\xi <U$


$\xi /U$


$[0,1]$


$\xi \geqslant U$


$(\xi -U)/(1-U)$


$[0,1]$


\begin {align*}{\hat {\mathcal {P}}}^{(1)}_{I_1^{(n)}}\biggl (\frac {\xi } U \biggr ), \quad {\hat {\mathcal {P}}}^{(2)}_{I_2^{(n)}} \biggl ( \frac {\xi } U \biggr ),\quad {\hat {\mathcal {P}}}^{(3)}_{I_3^{(n)}} \biggl (\frac {\xi -U}{1-U} \biggr ), \quad {\hat {\mathcal {P}}}^{(4)}_{I_4^{(n)}} \biggl ( \frac {\xi -U}{1-U} \biggr )\end {align*}


$I^{(n)}=(k,\ell ,m,n)$


${\hat {\mathcal {P}}}_k(\xi ),{\hat {\mathcal {P}}}_\ell (\xi ),{\hat {\mathcal {P}}}_m(\xi ),{\hat {\mathcal {P}}}_n(\xi )$


$I^{(n)}$


${\,{\mathbb {E}}}[{\hat {\mathcal {P}}}_n(\xi )]$


$2$


${({\hat {\mathcal {P}}}^{(r)}_j(q))}_{q\in [0,1]}$


$r=1,\ldots ,4$


$j\in \mathbb N_0$


\begin {align*}{\hat {\mathcal {P}}}^{(1)}_{k}\biggl (\frac {\xi } U \biggr ), \quad {\hat {\mathcal {P}}}^{(2)}_{\ell } \biggl ( \frac {\xi } U \biggr ),\quad {\hat {\mathcal {P}}}^{(3)}_{m} \biggl (\frac {\xi -U}{1-U} \biggr ), \quad {\hat {\mathcal {P}}}^{(4)}_{n} \biggl ( \frac {\xi -U}{1-U} \biggr )\end {align*}


$\xi $


$n^{2\alpha }$


${\mathbb {V}}({\hat {\mathcal {P}}}_n(\xi ))$


$K_v$


\begin {equation*}F_n = t_n + \sum _{0\leqslant j < n} \omega _{n,j} F_j, \qquad n\geqslant n_0,\end {equation*}


$t_n=\Theta (n^a\log ^b n)$


$\{\omega _{n,j}\}$


$W_n=\sum _{0\leqslant j < n}\omega _{n,j}\leqslant 1$


$n\geqslant n_0$


$Z_n = \frac {1}{nW_n}\sum _{0\leqslant j<n} j \omega _{n,j}\leqslant Z < 1$


$n\geqslant n_0$


$n$


$\omega :[0,1]\to \mathbb {R}$


$\omega (j/n)$


$\omega _{n,j}$


$n$


$\omega (z)$


$\omega (z)=\lim _{n\to \infty } n \omega _{n,\lfloor z\cdot n\rfloor }$


$F_n$


$\mathcal {H}$


$\tilde {{\mathcal {H}}}$


\begin {equation*}\int _0^1 z^x\omega (z)\,dz - 1 = 0,\end {equation*}


$\mathcal {H}$


$F_n$


\begin {equation*}F_n = \begin {cases} b_n, & \text {for} \quad 0 \leqslant n < n_0, \\ t_n + \sum _{0\leqslant j<n} \omega _{n,j}F_j, & {for} \quad \text {n} \geqslant n_0, \end {cases}\end {equation*}


$t_n \sim \kappa n^a \ln ^b(n)$


$n\to \infty $


$\kappa \not =0$


$a\geqslant 0$


$b > -1$


$\omega :[0,1]\to \mathbb {R}$


$\int _0^1 w(z) dz$


$1$


\begin {equation*}\sum _{0\leqslant j<n} \,\biggl | \omega _{n,j} - \! \int _{j/n}^{(j+1)/n} \mkern -15mu \omega (z) \: dz \biggr | = \mathop {\mathcal {O}}\nolimits (n^{-c}),\end {equation*}


$c>0$


${\mathcal {H}} = 1 - \int _0^1 \!z^a \omega (z) \, dz$


${\mathcal {H}} > 0$


$\displaystyle F_n \sim \frac {t_n}{{\mathcal {H}}}$


${\mathcal {H}} = 0$


$F_n \sim \frac {t_n \ln (n)}{\tilde {{\mathcal {H}}}}$


$\tilde {{\mathcal {H}}} = (b+1)\int _0^1 \!z^a \ln (1/z) \, w(z) \, dz$


${\mathcal {H}}\,{<}\,0$


$F_n \,{\sim }\,\Theta (n^\alpha )$


$\alpha \,{\in }\,\mathbb {R}^+$


$\int _0^1 \!z^\alpha \omega (z) \, dz \,{=}\,1$


$k$


$k$


${\mathcal {H}}\geqslant 0$


$\Theta (1)$


${\mathcal {H}}<0$


$k$


$n\log n$


$n$


$t_n \sim \kappa n^a$


$b=0$


$F_n \sim C n^\alpha $


$\alpha \geqslant a$


\begin {equation*}J(s) := \int _0^1 \omega (t) t^s dt.\end {equation*}


${\mathcal {H}} = 1-J(a)$


$J(a)<1$


${\mathcal {H}}>0$


\begin {align}\label {E:cmt-approx} \sum _{0\leqslant j < n} \omega _{n,j} F_j \approx C\sum _{0\leqslant j < n} \omega _{n,j} j^\alpha \approx Cn^\alpha \int _0^1 \omega (t) t^\alpha dt = CJ(\alpha )n^\alpha ,\end {align}


\begin {align*}t_n = F_n - \sum _{0\leqslant j < n} \omega _{n,j} F_j \approx C n^\alpha - C n^\alpha \int _0^1 \omega (t) t^\alpha dt = C{\mathcal {H}} n^\alpha ,\end {align*}


$\alpha =a$


$C{\mathcal {H}} = \tau $


$J(a)=1$


${\mathcal {H}}=0$


$F_n \sim C n^\alpha $


$F_n \sim C n^\alpha \log n$


\begin {align*}F_n - \sum _{0\leqslant j < n} \omega _{n,j} F_j &\approx C n^\alpha \log n - C \sum _{1\leqslant j<n}\omega _{n,j}j^\alpha \log j\\ &\approx C n^\alpha \log n - C n^\alpha \int _0^1 \omega (t) t^\alpha \log (tn) dt\\ &= C n^\alpha \int _0^1 \omega (t) t^\alpha \log (1/t) dt,\end {align*}


$\alpha =a$


$b=0$


$b>0$


${\mathcal {H}}<0$


$J(a)>1$


$\alpha $
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structure that are contained in a given hyper-rectangle Q), and nearest
neighbor search (finding the closest record to a given point ¢ according
to some distance or similarity metric); see [48,76]. At the heart of as-
sociative retrieval lies the concept of partial match, whose analysis in
several data structures is the main subject of this work. Given a query
point q in which some coordinate values are given and others are left un-
specified, a partial match algorithm aims to identify and retrieve items
whose coordinates match the specified coordinates of q, regardless of
the unspecified ones.

Goal of the survey. The goal of this survey is to present the tech-
niques and results underlying the probabilistic analysis of partial match
searches in random multidimensional search trees, with a particular fo-
cus on k-d trees, quadtrees, and variants. We briefly discuss the reasons
for these choices below.

First, understanding partial match searches is crucial for the proba-
bilistic analysis of more complex associative queries, such as orthogonal
range and nearest-neighbor queries (see, for instance, [13,30]). Partial
match search is hence not only of independent interest, but also a key
step toward the analysis of other multidimensional queries.

Another reason is that the probabilistic analysis of multidimensional
data structures and associative queries is notoriously difficult and chal-
lenging. Although many powerful mathematical techniques have been
developed in the forty years since Flajolet and Puech’s seminal pa-
per [44]—and it is our purpose to present and discuss several of them
in some detail—little is known about the probabilistic behavior of many
multidimensional data structures for point data, and even less for spa-
tial data in general, especially for data structures that were designed to
provide worst-case guarantees. The search for probabilistic models that
are both relevant and mathematically tractable further increases the dif-
ficulty: in many real-life applications, the underlying distributions are
simply too complicated for our current analytical toolbox. It is therefore
not surprising that the performance of multidimensional data structures
is often investigated empirically, as a theoretical complexity analysis is
unavailable, or it requires making a substantial number of simplifying
assumptions and introducing several parameters —which can be deter-
mined only empirically— to derive a theoretical model that yields good
predictions on the observed performance. It is important to note that
for multidimensional data structures and associative queries worst-case
upper bounds are often trivial and mostly uninformative.

The theoretical results discussed in this survey do apply to important
and interesting situations, even if their scope is somewhat limited. At
present, it seems infeasible to extend them to other well-known multidi-
mensional data structures, such as range trees, R-trees and their variants
(e.g., X-trees and TV-trees), among others [7,9,49,54,57]. However,
the models and techniques presented here may still provide useful ap-
proximate descriptions in these more sophisticated settings, or suggest
plausible hypotheses about their performance that can be tested em-
pirically. This is a particularly valuable avenue, as results derived from
more idealized models (for instance those assuming coordinate indepen-
dence) are often observed to hold in more general situations, even when
complex dependence among coordinates is present.

A third reason for our selection of topics is that the mathematical
techniques that we will explore in the next sections go beyond their spe-
cific application to analyze multidimensional searches; they have proven
very useful in many other applications, in particular in the probabilis-
tic or average-case analysis of fundamental algorithms like quicksort
or quickselect, and of data structures like linear probing hash tables,
tries, binary search trees, and many more (see, for instance [46,81]).
Conversely, the early efforts in the analysis of partial match in k-d trees
and other multidimensional data structures, most notably Flajolet and
Puech’s seminal paper [44] were largely influential in the development
of the singularity analysis techniques (see section 6 in Part II, and helped
shape the area that later became known as Analytic Combinatorics [46].

Last but not least, k-d trees and quadtrees were historically among
the first multidimensional data structures proposed to provide efficient
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support for associative queries. Although many other multidimensional
data structures have been developed since then, k-d trees, quadtrees,
and their variants still have numerous applications, especially for low-
dimensional data, for example, in volume rendering [47,52], ray trac-
ing [51,86], collision detection in 2D and 3D [22,83,84], among many
others.

Structure of the survey. Part I contains the introductory material.
Section 2 is devoted to the presentation of the main data structures
introduced for multidimensional search, in particular k-d trees and
quadtrees, which are the central data structure objects of this survey.
The formal definition of associative queries, and in particular that of
partial match queries, is given in Section 3, together with the algorithms
to handle these queries in multidimensional trees such as k-d trees and
quadtrees. To analyze partial match queries probabilistically, it is nec-
essary to specify a probabilistic model for the input data, that is, a
probability distribution on the data, which in turn leads to what we
call random k-d trees and quadtrees; this is the subject of Section 4.

Part II contains the core of this survey. In it, we review some rep-
resentative results about the performance of partial match searches in
different multidimensional trees, illustrating the main techniques and
tools that were used to obtain those results. The first section offers a
broad historical review, briefly surveying most of the known results and
their development over time. The subsequent sections are organized
around the fundamental techniques involved and provide details and
intuition about selected results and how they were obtained. Section 6
covers some of the most celebrated and well-established mathemati-
cal tools based on complex analysis, central to the area of Analytic
Combinatorics [46], such as singularity analysis and Mellin transforms.
After that, Section 7 reviews some of the strongest known results that
establish convergence to limiting distributions and characterize those
limits for the quantities of interest (“cost of partial match search in such
and such data structure”), with the powerful contraction method as the
main tool behind most of them. Finally, Section 8 is devoted to master
theorems and related methods, in particular we review the continu-
ous master theorem (CMT) and its application to the analysis of partial
match queries in k-d trees. Thereafter, we consider extensions of the
CMT and the techniques behind its proof, to cope with the analysis of
random partial match searches in some variants of k-d trees such as the
standard or hybrid median, where the ordinary CMT does not work, and
to cope with the analysis of the expected cost of partial matches given a
fixed query q, for several different multidimensional trees and arbitrary
dimensions. These last methods lack the rigor and reach of the results
in Section 7, but they provide useful results about the expected perfor-
mance of fixed query partial matches for which the rigorous probabilistic
analysis is still lacking.

Part I: Data Structures, Associative Queries and Data Models

2. Data structures for multidimensional search problems

Multidimensional data structures are often classified in the following
ways:

« static or dynamic, depending on whether online insertion and dele-
tion of items are allowed;

» space-driven or data-driven, according to the way they organize the
stored items;

« hierarchical or non-hierarchical, depending on their shape being
tree-like or not; and

« general purpose or ad-hoc according to their design purpose and
functionality.

As we previously mentioned, we focus in this paper on general
purpose data-driven hierarchical multidimensional data structures, al-
though for completeness we also briefly mention in this section some
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representative data structures of each group. For more information and
insights on a huge variety of multidimensional data structures, includ-
ing, but not limited to, those mentioned here, we refer the interested
reader to [34,48,76,77,82].

For simplicity, we assume that the k-dimensional records (or keys)
to be stored are all compatible.

Definition 1 (Compatibility). We say that two k-dimensional keys x
and y are compatible if x; # y; for every i € {0,1,...,k — 1}.

To analyze the typical behavior of data structures and algorithms,
we assume the following random model.

Definition 2 (Random model). A random sample (random data set, ran-
domly generated sample), is a collection of records (keys, points) that are
independently and identically distributed in [0, 1]¥, all drawn from some
continuous probability distribution in [0, 1]*.

In most cases, the analysis in this paper applies to random data
sets whose coordinates have arbitrary continuous marginal distribu-
tions [56]. However, in some situations, it is more convenient to
assume that the data structures are built by successive insertions of
independent and uniformly distributed points from [0, 1]%. Note that
any two k-dimensional keys generated in this way are compatible (see
Definition 1). Sometimes we shall also make the stronger assumption
that every attribute of the keys in F is drawn independently and uniformly
at random from [0, 1].

2.1. Basic multidimensional data structures

The simplest data structures dealing with multidimensional data con-
sist of a set of k linked lists, which all require ©(kn) (n being the length
of the lists) for the storage, construction time, and associative queries in
the worst case.

Lists can be improved by means of the projection technique (also
called inverted files) in which each coordinate of the list is sorted.
Geometrically, this corresponds to project, on each coordinate, the set
of stored points. Such a pre-sorting stage of the inverted file takes
O(knlogn) time in the worst case for a sample of n records in [0, 1]¥
(more generally, records in D). The storage use is of order ®(kn). An
exact match query can be answered by performing binary search in any
of the k sorted lists in O(log n) worst-case time. However, the worst-case
cost for any kind of associative queries remains ©(kn).

Despite their higher linear time, these multidimensional data struc-
tures are easily implemented, and competitive when the file is small or
of moderate size, or when the match rate of associative queries is high
(significant portions of the file satisfy the query).

(0.35,0.9)
(0.4,0.7)
(0.8,0.6)
(0.95,0.4)
(0.5,0.25) (0.7,0.3)
(0.2,0.1)

(0.2,0.1){x}
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2.2. Data driven multidimensional trees

This subsection is devoted to the description of the multidimensional
trees on which we will focus our analysis: k-dimensional binary search
trees and quadtrees, two generalizations of binary search trees. Quad
k-d trees [2,3] further generalize k-d trees and quadtrees, but we do not
present them here. Keep in mind that quadtrees and k-d trees are mul-
tidimensional hierarchical trees whose shape and construction depend
not only on the relative positions of the records in the space, but also on
the order in which these records are inserted into the data structure.

Recall that throughout these descriptions we assume that the records
stored in these trees are mutually compatible, since the definitions and
algorithms, as presented, are only correct under this assumption. If
equality does arise in applications, then the data structures and the al-
gorithms should be slightly modified [21,34,75,76]. Moreover, for the
purposes of our analysis, we assume that these trees are random.

Definition 3 (Random tree). We say that a multidimensional tree (a
k-d tree, k-d tree or quad k-d tree) is random if it is generated by suc-
cessive insertions of records from a randomly generated sample, as in
Definition 2.

2.2.1. k-dimensional binary trees

Bentley [4] introduced standard k-dimensional binary search trees
(standard k-d trees), which are generalized binary search trees that
divide the space ([0, 1]¥) into hyper-rectangles (as stated in Definition 4).

Definition 4 (k-d tree [4]). A standard k-dtree for a set F =
{x0,x®, .. x"} of compatible k-dimensional records is a binary search
tree such that:

1. Each node contains a k-dimensional record and has an associated
discriminant j € {0, 1, ...,k —1}.

2. For every node with key x and discriminant j, the following in-
variant holds: any record in the left subtree with key y satisfies
¥; < x;, and any record in the right subtree with key y satisfies
Vi > Xj

3. The root node has depth 0 and discriminant 0. All nodes at depth
d have discriminant (d mod k).

The implementation of standard k-d trees does not require explicitly
storing the discriminant at each node, as it can be implicitly determined
from the third condition above.

However, other variants do require storing discriminants, and in that
case we will speak more generally of a node (x,j), meaning that the
node contains a record with key x and an associated discriminant j. An
example of a standard k-d tree, together with the induced partition of
the space, is given in Fig. 2.

(0.7,0.3){x}
(0.5,0.25){y} 0806{y}
04071x (0.95, 04{x}

AN
/\

Fig. 2. Example of a k-d tree built from 2-dimensional points.
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A k-d tree for a file F can be incrementally built by successive inser-
tions into an initially empty k-d tree as follows. The insertion of x in an
empty tree T results in a k-d tree with root node (x,0) and empty sub-
trees. An insertion of y at the root (x,i) of some subtree, compares the
new key’s i-th coordinate y; with the i-th coordinate x; of the key at the
root: if y; < x;, the new key is recursively inserted into the left subtree;
otherwise, if y; > x; then y is recursively inserted in the right subtree.

When the insertion algorithm reaches an empty subtree (leaf) at
depth d, a new node (y, d mod k) is created and it replaces the leaf.

We now introduce the concept of bounding box or bounding hyper-
rectangle of a node.

Definition 5 (Bounding box). Given a key x in a k-d tree T, its bound-
ing hyper-rectangle B(x) = [¢((X), ug(X)]X...X[£_ (X), u_; (x)] is the region
of [0, 1] defined as follows:

1. If x is the root of T then B(x) = [0, 1]%;

2. If (y, j) is the parent of x in 7, and its bounding box is B(y) =
[€,upl X -+ X [€_1 up_ ], then
- if x; < y; then B(x) = [£,ugl X «+ X [£}, y;1X =+ X [€)_y, gy ];
- if X; 2y then B(x) = [£, ug] X -+ X [t ] X e X[y, Ugyq 1.

Observe that B(x) is the region of [0, 1 corresponding to the leaf
that x replaced when x was inserted into the k-d tree. We thus extend the
notion of bounding boxes to leaves: the bounding box B(v) of a leaf v is
the region of [0, 11* associated with v; if we insert a new key x belonging
to B(v) into the tree, then v will be replaced by a node containing x.
Collectively, the bounding boxes of the leaves partition the entire search
space [0, 1]".

In general, the more balanced the tree (or the more regular the
induced partition), the more efficient the exact searches and the associa-
tive queries. If the n keys to store in the tree are known in advance, one
can choose the order of insertion and/or the discriminants to produce
well-balanced trees, and a partition of the space as regular as possible;
see [48,77] for several options available for the offline construction of
k-d trees. An interesting online alternative to construct more balanced
trees is standard k-d-7 trees, introduced by Cunto, Lau and Flajolet [17].
In these trees, local rebalancing of small subtrees is applied to improve
the global balance of the tree. Discriminants for standard k-d-f trees are
assigned exactly the same way as in standard k-d trees (or k-d-t trees
with t = 0).

In this paper, we focus mostly on random standard k-d trees, a typical
instance of which is comparatively balanced and performs efficiently, as
we show later. In addition to this standard model, we also study some
other variants that differ only in the way the discriminants are assigned
in each node of the tree; see Table 1. In particular, we address relaxed
k-d trees [23,31], and two other variants that rely on the assumption
of the uniform distribution of keys, namely, the squarish k-d trees pro-
posed by Devroye, Jabbour and Zamora-Cura [DevJabZamO00], and the
median and hybrid median k-d trees introduced in [33]. These trees are
built using heuristic procedures to achieve more balanced trees or more
regular partitions of the search space.

Table 1
Rules to assign the discriminants of each node in several variants of k-d trees.

Types of k-d trees  Rule for discriminants

standard cyclically (0,1,...,k—1,0,...)

relaxed uniformly at random in {0,1,...,k— 1}

squarish dimension with larger side of the node’s bounding box

median dimension with the most centered value in the node’s
bounding box

hybrid median combination of median and standard: dimension with the most

centered value in the node’s bounding box with no repeated
discriminant within each sequence of k consecutive splits

Local balancing of small subtrees can be applied to each of the above variants
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Although the assumption of uniformity of keys may not be met in
many applications, we can avoid dealing with insertions that lead to
very poorly balanced trees (for example, 2-dimensional data inserted in
increasing order of their x coordinate). The randomization techniques
in [62] for binary search trees can be generalized to k-d trees (and also
to quadtrees, see next subsection) [21,23]. Thanks to randomization, the
trees will behave as if they were produced by i.i.d. random insertions,
even in cases where the insertions are not in random order. Therefore,
theoretical results will hold, as long as they do not require uniformly
distributed data.

2.2.2. Quadtrees

Quadtrees® were introduced by Finkel and Bentley [36,76]: like
k-d trees, they are another generalization of binary search trees, but
unlike k-d trees, they are no longer binary but 2*-ary; see Definition 7,
which requires the following dominance relation <, between two
k-dimensional keys.

Definition 6 (Partial dominance). Given a bit string w =
wow; - wy_; of length k and two compatible k-dimensional keys
x and y, we say that x is related to y under the relation <,, and write
X <, Y, if and only if, for all i € {0,1,...,k — 1}, we have x; < y;
whenever w; = 0 and x; > y; whenever w; = 1. Otherwise, we say that
X £,y

The relation <,, is antisymmetric and transitive, and since the keys
x and y are compatible, if x <,, y, then y <5 x, for every w € {0,1}%,
where w is the complementary bit string of w: w; = 1 — w;, for all i,
0 < i < k. Furthermore, x <,, y for exactly one bit string w € {0, 1}* and
x £, Yy for all other w'.

Definition 7 (Quadtree). A quadtree T for a set of k-dimensional keys
is either an empty tree, or a 2*-ary tree in which

1. each node contains a k-dimensional key and pointers to 2¢ subtrees
T, for all w € {0, 1}*, and
2. any record with key x in the w-th subtree of node y satisfies x <,, y.

With a slight abuse of language, the w-th subtree or w-th quadrant is
referred to as the subtree T, or the corresponding hyper-quadrant w. An
example of a quadtree, together with its induced partition of the space,
is given in Fig. 3.

The insertion of a new element in an existing quadtree is then
straightforward from Definition 7: a comparison of the new element
with the root determines the subtree where the insertion algorithm must
proceed recursively.

In general, similar to k-d trees, the more balanced the tree (or
the more regular the induced partition), the more efficient the query-
response. There are also several variants to keep quadtrees well-
balanced; see [48,77]. Here we focus uniquely on randomly built
quadtrees, whose typical shape tends to be balanced. Randomization
techniques have also been developed for quadtrees [35], and they can
be used if needed.

2.3. Space-driven data structures & other

In addition to the general-purpose, hierarchical, data-driven mul-
tidimensional data structures (tree-like) presented in previous subsub-
section, a wide variety of other data structures are non-hierarchical,
space-driven, specially tailored for associative query purposes, and/or
external (files too large to be stored in the main memory). Here we
briefly mention some selected examples.

2 The term quad trees has also been used often in the literature, for instance,
in the original paper of Finkel and Bentley.
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Fig. 3. Example of a quadtree built from2-dimensional points.

2.3.1. Grid files

The cell or fixed grid method, first introduced by Nievergelt,
Hinterberger and Sevcik [65], is a good example of space driven, non-
hierarchical data structure. It is based on extendible hashing [72], which
divides the space into equal-sized hypercells or buckets. The data struc-
ture is a k-dimensional array with an entry per cell that is implemented
as a linked list containing the points in it. The space required for this
data structure may be super-linear in the number » of records, even if the
data is uniformly distributed. In particular, Regnier [71] showed that the
average size of the grid file of »n k-dimensional records is
© (n!+(k=D/Kkb+D)) " where b is the bucket size, and that the average
occupancy of the data buckets is approximately 69%.

Most other variants of the non-hierarchical multidimensional data
structures are based, inspired or closely related in one form or another
to grid files; see [34] for more examples and properties.

2.3.2. Digital search trees

Digital search trees [12], also known as tries, are an example of hier-
archical, space-driven data structures. Like hierarchical data-driven data
structures, they generate a partition of the search space [0, 1]%, but in this
case the partition is regular since it depends on subdivisions of the space
that are independent of the stored data set. The recursive partition of a
region of the search space continues until the region contains one (or
none) data points.

The name digital for this type of tree refers to the fact that when in-
serting elements into the tree, the digit representation of the tree records
is used. For analysis purposes, the random model may be either binomial
or Poisson depending on context.

A typical example of digital trees is the standard k-d tries. Given a
randomly generated data set, a k-d trie can be constructed as follows.
At level 0, the first digit of the first key is used. If it is a zero, then the
insertion process continues in the left sub-trie, and in the right sub-trie
otherwise. The first bit of the second key is used at level 1, and so on,
until level k — 1. Then, at level k, we use the second bit of the first key
and so on. In general, at level j, we use the (|j/k] + 1)-st bit of the (j
mod k)-th attribute of the given key. Similar procedure can be carried
out to generate relaxed k-d tries and quad tries; see [12,59].

2.3.3. Range trees

Range trees, introduced by Bentley [5], represent a good example of
a multidimensional data structure optimized for a specific query. They
achieve the best worst-case search time for range search (@(log* n) + R,
for files of n k-dimensional records, where R of them are reported by the
range search) among all the structures described so far. Unfortunately,
their large preprocessing and storage cost (©(nlog"~! n)) makes them
infeasible for most applications. Nevertheless, they are still interesting
from a theoretical point of view.

3. Partial match & other associative queries

Our use of the term associative query encompasses various search op-
erations with constraints, with the exception of exact search (where we
check for the presence or absence of a record with key x in the collec-
tion and retrieve the associated value if any), which will not be discussed
here.

3.1. Types of query

Partial match query.  Here the query q consists of a k-tuple, where each
coordinate ¢; is a value in D; or a wildcard q; = * ¢ D;. In a partial
match, we are interested in retrieving all records with a key x such that
x; = ¢; whenever ¢; # =, and at least one of the coordinates in the query
must be specified (¢; # =); otherwise, every element of the collection
trivially matches the query, and at least one coordinate must be unspeci-
fied (g; = =), if not, we are dealing with an exact search. The number of
specified coordinates in q will be denoted by s, 0 < s < k. In some cases,
the performance of a partial match search will depend not only on «, s
and the specified values, but also on the particular pattern of specified
and unspecified coordinates.

For a query q, the query pattern is a binary string u = u(q) such that
u; = 1if ¢, and u; = 0 if g = =. For example, for the query q =
(0.3,%,0.12, %), we have s =2, k =4 and u = 1010.

Although our probabilistic models are not symmetric in dimen-
sion, the cost of partial match queries in some data structures such as
quadtrees is invariant under permutations of the specified coordinates,
provided the query pattern remains the same; for example, the query
q = (0.3,%,0.12, %) and its permuted version q = (0.12, %,0.3, x) lead to
the same search cost.

For other data structures, such as standard k-d trees, the cost of the
partial match search with query q = (0.3, ,0.12, %) (u = 1010) differs
from that with query q = (0.3,0.12, x, *) (u = 1100).

Finally, there are also data structures (such as quadtrees or re-
laxed k-d trees) for which the specific query pattern u is irrelevant; see
Section 2.2.

Orthogonal range queries. Given a k-dimensional hyperrectangle with
“sides” parallel to the orthogonal axes, the goal is to report the keys
inside such hyperrectangle. The query can be easily specified by a col-
lection of k intervals Q = [¢, up] X [}, u;] X -+ X [€_1,u,_, ], and we are
to report all records in the collection with key x such that #; < x;
for all i, 0 < i < k. Sometimes, one or more of the interval ends are not
bounded, and thus the query region is not bounded® along some dimen-
sions, e.g., we may be interested in all 2-dimensional points such that

< U,

3 Except when the domains D; are bounded themselves.
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Fig. 4. Example of a partial match in a 2-dimensional tree; the query is q =

a<x<bandy > c, for given a, b and ¢; our query would be [a, b]X[c, )
(or [a, b] X [c, 1] if all keys are confined to the square [0, 113.

Region query. Given a region R C D, the task is to report all the ele-
ments in FNR. An important special case is when R is the k-dimensional
ball of radius r centered at q, and the purpose of the query is to retrieve
all elements in F whose keys lie inside R; equivalently, all elements in
F at (Euclidean) distance at most r from q.

Nearest neighbor search. The K-nearest neighbor (K-NN, for short)
query identifies the K elements in F that are closest to a given query
q. Such a query, as well as similarity or proximity search, is the subject
of many publications due to its usefulness in many applications, ranging
from machine learning to geographic information systems. We refer the
interested reader to [19,77,87]. Note that the data structures that we
discuss in this review (mostly k-dimensional trees, quadtrees and their
variants) may not be suitable for high dimensional data, a context often
arising in some applications of K-NN queries (e.g., finding images simi-
lar to a given one). In addition, a K-NN search might be seen as a region
search in which we update and “shrink” the region as the searching al-
gorithm explores the data structure: at any given moment, the current
region R is the smallest ball centered on the query point q and enclosing
the K nearest neighbors found so far.

3.2. Associative queries and bounding boxes

In this review we focus on hierarchical multidimensional data
structures, more specifically k-dimensional search trees, k-dimensional
quadtrees and several variants of those. In all these cases, we have a
well-defined notion of bounding box (Definition 5, page 10), the region
of the domain D associated with each internal node and leaf in the tree.
For every internal node x, the bounding boxes of its children form a par-
tition of the bounding box of x; applying this recursively, the bounding
boxes of all the descendant leaves of x form a partition of the bounding
box of x.

For all the region queries discussed above (with ball queries, orthog-
onal range queries and partial match queries as particular cases), we can
state a very general principle, a fundamental relation between bounding
boxes and the performance of these associative queries. The algorithm
performing the associative search visits the nodes in the data structure
such that their bounding box intersects the region query R, and no oth-
ers. Fig. 4 shows an example of partial match query in a 2-dimensional
search tree. The query, depicted as a brown dashed line, is q = (0.6, ).
None of the points in the collection actually match this query; however,
the figure highlights (with brown rectangular frames) the nodes of the
2-d tree that are visited, namely, those whose bounding boxes intersect
the query. The region associated with q is, in this simple example, the
vertical line passing through x = 0.6. In general, a partial match query

FLvAR)
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(0.6, %) and represented by the brown dashed line.

Algorithm 1 Partial match search in k-d trees.

> Returns nodes in T matching the query q <
function PARTIAL_ MATCH(T: tree, q: query)

if T # ] then

x:=T key

if x matches q then Report x

i:=T discr

if g[i] =+ then

PARTIAL_MATCH(T .left, q)

PARTIAL_MATCH(T .right, q)

else
if g[i] < x[i] then
| PARTIAL_MATCH(T left, q)
else

| PARTIAL_MATCH(T .right, q)

q with s specified coordinates out of k, describes a (k — s)-dimensional
hyperplane embedded in the k-dimensional domain D.

Indeed, imagine that we are conducting a region search for R and
suppose that we are at the root node x of the tree T. We will check if x
is one of the elements that we will report or not. Then for every subtree
Ty, T,, ...of T, we compute whether their respective bounding boxes B,
B,, ...intersect or not R. If T;’s bounding box intersects R, then T; might
contain elements that belong to R and thus we will need to recursively
explore T;. This is very general, different associative queries and multi-
dimensional data structures will only differ in the way we traverse the
subtrees of T, when we check if the root of T fulfills the query (is in-
side R or not), or how we efficiently check whether a given subtree T;
intersects R or not.

As an example, Algorithm 1 shows the algorithm for partial match
search in k-d trees. We assume that every node (x, i) in the given k-d tree
T explicitly stores the discriminant; if 7 points to the root (x,i) then
T .key accesses x, T.discr = i and T'.left and T'.right point to the roots of
the left and right subtrees of T', respectively. If the root of T discriminates
w.r.t. i then if g; = * both subtrees can contain data points matching q;
on the other hand, if ¢; # * then we compare ¢; against x; to determine
in which subtree we should recursively continue the search.

4. Probabilistic models for the analysis of associative queries

The next section covers in considerable depth the main results and
techniques for the analysis of the performance of partial match searches
and other associative queries; here, we will briefly discuss the proba-
bilistic models used to carry out the analysis of the performance of the
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various associative queries.* The focus will be on partial match searches,
as the results for other associative queries can be expressed in terms of
partial matches [13,30].

As we hinted above, the performance of associative queries is usually
measured by the number of visited nodes, or closely related quantities
such as the total number of keys x inspected, or the number of distance
evaluations performed. That will be the case in all sections of Part II,
where we will measure the cost P, , of a partial match with query q in a
random multidimensional tree that stores n elements, by the number of
nodes of the tree visited during the search. This, in turn, coincides with
the number of bounding boxes intersected by q.

It is important to mention here that in some cases, instead of the
partial match queries q, we will consider their rank vectors r. The first
explicit use of rank vectors, in this context, that we are aware of, is [27],
but using “interchangeably” both relative ranks and i.i.d. random data
in [0, 1] has been used quite often in the analysis of algorithms.

Definition 8 (Rank vector). Given a k-dimensional key z € D and a
collection 7 C D of n keys (equivalently, a multidimensional tree T that
stores the collection F) the rank vector of z, denoted r = r(z,F), is a
k-dimensional integer vector r = (r(,r|, ..., r;_;) such that

r={xeF|x; <z}l 0<Li<k.

. < nforalli.

Since |F| = n, we have 0 < r;

We will often omit 7 or T when referring to rank vectors, and leave
it implicit. In fact, that implicit collection will be a set of » i.i.d. ran-
dom data points drawn from D when we consider the cost as a random
variable. If, instead of a key x, we have a partial match query q =
(40> -+ »qi—;) we will define r(q) with r; defined like above (just using
g; instead of z;) if g; # *, and r; = *if ¢; = =*.

As mentioned, we will sometimes analyze P, ., the cost of a partial
match search in a random multidimensional tree of size n when the rank
vector of the query isr, instead of P, ,. Partial match searches with iden-
tical rank vectors will visit exactly the same nodes in the tree; moreover,
we can easily translate results from P, , to P, , and vice versa:

Pn,q = 2 P [r(q) = I‘] . Pn,r'

When the data is uniformly distributed, this entails

Pug = Pus +LoLL,

Pur =Png +1lot,

where 7, = ng; if g # * and 7, = = if ¢; = =, and similarly, g, =
r;/n. It is also important to mention here that further simplifications
can be made in the analysis of some multidimensional trees, thanks to
additional symmetries of the data structures and the probability model
generating the data. For example, for quadtrees and several variants of
k-d trees (but not standard k-d trees!) built from random uniform data,
we can assume w.l.o.g. that the query has the pattern u(q) = 1% - 0K,
A few observations are in order:

1. If two partial match queries q and q’ have the same rank vector,
r(q) = r(q), then Poq = Pug- This is because the partial match
search does not depend on the actual values of the coordinates
of the keys, but on the relative ranks. For example, if the root of
k-d tree is (x,i) and ¢; is specified, then we will continue recur-
sively in the left subtree if and only if ¢; < x;, that is, if and only if

4 In many cases, either because too many points satisfies the query, or because
our data structures do not enforce any kind of strong balancing, the worst-case
of an associative query will be linear, requiring (almost) full exploration of the
collection of data points—just as a linear scan of the collection, checking for
every data point whether it satisfies the query or not.
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the rank of ¢; is smaller than or equal to the rank of x;. Therefore,
since we assume r; = r], the partial match search algorithm will
continue visiting the same subtree for both queries, and hence visit
the same number of nodes.

2. Since we assume that the n data points of a random multidimen-
sional tree are generated by drawing each of its k coordinates i.i.d.
from some continuous distribution F; in D; = [0, 1] (Definition 2),
the rank vector of a query q will be r;, = * whenever ¢; = * and
r; will be a uniform integer in {0, ...,n} whenever g; # .

3. Results for P, = E[P, 4] can be derived from the results for P, . =
E [P,.], by conditioning

Pug= 2, P[r@=r]-P,,.

Moreover, under our stronger assumption that the data points
in F are generated by producing each x; independently and uni-
formly at random in [0, 1], it follows that r; is given by a binomial
Bin(n, ¢;) random variable when ¢; # *, and in view of the smooth
behavior of P, = E [P, ], we have

Prg=Pue + lLo.t.,

where 7; = ng; if ¢; # =. Similarly, for a fixed rank vector r, we
will have

Ppr=P,q+lot

with g; = r;/nifr; # =.

4. If the probabilistic model for the data points does not introduce
any spatial asymmetry (as is the case for the usual model in
Definition 2), and given that our multidimensional data struc-
tures do not exhibit such asymmetries either, P,, = P,y for
any two partial match queries which can be obtained by per-
mutation of the specified coordinates. For example, if k = 5 the
cost of a partial match with q = (x,0.1,0.72, %,0.6) will have ex-
actly the same distribution as the cost of a partial match search
with q' = (+,0.72,0.6,%,0.1) (actually, the same can be said for
the s! = 6 possible queries that we obtain by permutation of the
s = 3 specified coordinates in q). Indeed, the property is true if
all coordinates of all data points are generated independently and
uniformly at random in [0, 1], but it is also true if every coordinate
of every data point is independently generated from some con-
tinuous distribution F in [0, 1] (the same distribution F for all k
coordinates).

On the other hand, some of our data structures impose some
order across the k dimensions of the space when inducing a par-
tition of D = [0, 1]; that is the case for standard k-d trees, but
it is not the case with other variants of k-d trees like the relaxed
k-d trees that pick a random coordinate to discriminate at each
node, or quadtrees that partition the current bounding box w.r.t.
all coordinates at each node (see Section 2). In the former case, the
performance of partial matches will depend not only on the actual
values of the specified coordinates, but also on the particular pat-
tern of specified and unspecified coordinates. Thus, for example,
the cost P, 4 of a partial match with the query q = (x,0.1,0.1)
does not have the same distribution as P, , with the query q' =
(0.1,%,0.1); however, the random variable will have the same dis-
tribution for both queries if we consider the partial match in a
random relaxed k-d tree or a quadtree.

In addition to partial matches with a fixed query q (or rank vector r)
we are also interested in partial match searches with a random query Q.
Historically, this was the first kind of partial match search for which pre-
cise average-case analysis was conducted; a more detailed account of this
historical development is given in Section 5. In random partial matches,
we fix a pattern of specified and unspecified coordinates u = ug -+ u;_;
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with u; = 1 (meaning that coordinate i is specified) or u; = 0 (meaning it
is unspecified). The specified coordinates are generated according to the
same distribution as the coordinates of the data points (if we assume they
are independently generated), or we draw a data point independently of
the elements in 7 according to the same distribution as the elements in
F and then we “mask” the unspecified coordinates, replacing them with
wildcards .

For random partial matches we are thus dealing with a new random
variable P, , where we have a random multidimensional tree with n data
points and a random query with fixed pattern u.

Because of our discussion above, when the probabilistic model for
data (and query) generation is symmetric, for example, when each spec-
ified coordinate is i.i.d. uniform on [0, 1] and no dimension is privileged
when creating the partition of the space, then the actual pattern of spec-
ified and unspecified coordinates may become irrelevant. In this case,
the cost of a partial match search depends only on n, k and s, the num-
ber of specified coordinates in the query, as well as on the specific data
structure that organizes the collection of data points. Accordingly, we
will use 73,,,5 (or just P,) to emphasize that the actual pattern of speci-
fied and unspecified coordinates does not matter, and keep P, or P, ,
for the situations where the specific pattern is relevant, like in standard
k-d trees (see, for example, Theorem 10 in Section 6).

Last but not the least, the analysis of orthogonal range searches and
more general region queries follows steps analogous to those for partial
match searches. As before, we measure the cost in terms of the num-
ber of visited nodes in the multidimensional tree storing the collection,
and we distinguish between queries with a fixed query object (hyper-
rectangle, ball, ...) and random query objects. In the latter case, we are
mostly interested in queries of fixed “size” and random location. For
example, in a random ball query we fix the radius a and choose the cen-
ter at random according to the same distribution as the data points. In
a random orthogonal range query we fix the lengths A, ..., A;_; of the
intervals (the sides of the hyperrectangle), and choose at random (again
with the same distribution as for the data points) either the center of the
hyperrectangle or one of its corners.

Although in principle the analysis applies to random queries of ar-
bitrary size, the most interesting cases are those where the query size
is “small”, in particular, when the number of data points satisfying the
query is sublinear. For instance, if the data points are generated uni-
formly at random and the “volume” of the query region is O(f(n)/n) =
o(1), then we expect to report O(f (n)) = o(n) points, and the expected cost
of the associative query can be decomposed as R+W, where R = O(f(n))
is the expected number of reported points and W is the overhead of the
operation. The cost R is unavoidable, since we must report the points
that satisfy the query, but in principle the overhead W could be avoided,
and we would like it to be as small as possible.

It is also important to note that in random associative queries the
query region may lie partially outside D. Trying to exclude these situa-
tions would introduce various undesirable mathematical complications
and make the analysis less elegant. Moreover, when we restrict atten-
tion to “small” queries, there is no compelling reason to impose that the
query regions lie entirely within D: the probability that a random query
region intersects the boundary of D then becomes negligible.

Part II: The Analysis of Partial Match Queries

5. A historical account

The introduction of new, efficient data structures often demands a
more precise analysis of their performance. This analysis, in turn, leads
to methodological challenges and advances, which motivate the evo-
lution of new data structures or algorithms, particularly when these
advances prove applicable to other structures. The historical develop-
ments in the analysis of multidimensional data structures, which are
briefly reviewed in this section, are testimony to such a harmonious
interplay between the design and analysis of algorithms.
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Flajolet and Puech, largely motivated by the significant progress
made in the theory and application of computational geometry and par-
ticularly in multidimensional data structures in the 1970s, were the first
to analyze in great detail in [44] the asymptotic efficiency of k-d trees,
k-d tries and grid-files. As the authors state in their abstract:

The methods used include a detailed study of a differential system
around a regular singular point in conjunction with suitable contour
integration techniques for the analysis of k-d trees, and properties
of the Mellin integral transform for k-d tries and extendible cell
algorithms.

The various technical terms mentioned here already indicate the
complexity of the underlying analytic problems. Using these complex
analytic tools, the authors were the first to derive the average cost of
random partial match queries with a specified pattern u, which satisfies
asymptotically.

random k-d trees  random k-d tries

ﬁunlfs/kJrG(s/k) ﬂu (]ognl/k) nlfs/k

B, 0 >0 B,(t): periodic

Similar to the local balancing schemes used for improving the per-
formance of quicksort or binary search trees, the median-of-(27 + 1)
variant of k-d trees, called k-d-t trees, was introduced by Cunto, Lau and
Flajolet [17], as already mentioned above. These trees are locally reor-
ganized to maintain balance: + = 0 implies no reorganization (which
corresponds to standard k-d trees), and any subtree of size > 2r has at
least 7 elements in each of its two subtrees. In addition to reducing the
occurrence of skinny bounding boxes (as shown in Fig. 1), these trees
also offer the possibility of increasing the sample size 2 + 1 to reach the
asymptotic optimality (as exhibited by a completely balanced tree) for
the expected cost. In particular, the expected cost for a random partial
match query in random k-d-f trees of n elements satisfies asymptotically
the same pattern as that for k-d trees:

pnc, ®

witha :=1-5s/k+0(s,k,t) > 1—s/k.

Such a pattern arises in a wide family of multidimensional trees such
as relaxed k-d trees and quadtrees among others, each with a differ-
ent 0. The leading constant g in the cases of quadtrees, k-d trees, and
k-d-t trees was later fully characterized by Chern and Hwang [14,15]
more than a decade after « had been derived. These constants are cal-
culated using more advanced analytic combinatorial techniques that
rely on asymptotics for differential equations with polynomial coeffi-
cients, Mellin transforms, binomial transforms, and singularity analysis;
see Section 6 for more details.

Although the characterization of the leading constant § is a highly
non-trivial problem in the case of quadtrees and k-d trees, a simpli-
fied variant called relaxed k-d trees, proposed in [23], greatly simplifies
the analysis, and both a and p for the expected cost of the partial
match queries can be fully computed by solving second-order ordinary
differential equations of second order; see [60].

Table 2 provides a timeline of the advancements concerning the
expected cost of random partial match queries in hierarchical multidi-
mensional data structures, particularly the calculations of « and g and
Table 3 summarizes them all.

Several papers (e.g., [60,64]) reported results on the variance of
the cost and limit law of a random partial match query, but these ac-
tually correspond to an idealized, simplified model where randomness
and independence of the query are preserved at each stage. For fur-
ther discussion, see the end of Section 7.8; see also [55, Section 2.3].
This problem has finally been resolved for the 2-dimensional case; see
Corollary 17.
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Table 2
Timeline for the analysis of random partial match queries.

Year Results Data structures

1986 o k-d trees and k-d tries (Flajolet and Puech) [44]
1989 o3 k-d-t trees (Cunto et al.) [17]
1993 o quad trees (Flajolet et al.) [40]
1995 extreme points quad trees (Flajolet et al.) [42]

variance k-d tries (Schachinger) [78]
1998 x, B relaxed k-d trees (Duch et al.) [23]
2000 o squarish k-d trees (Devroye et al.) [13]

limit law k-d tries, k = 2 (Schachinger) [79]
2001 mean & var. relaxed k-d trees and k-d tries (Martinez et al.) [60]
2003 B quad trees (Chern and Hwang) [14]
2004 limit law asymmetric k-d tries (Schachinger) [80]
2006 B k-d trees (Chern and Hwang) [15]
2013 var. & limit law quad trees, k-d trees, k = 2 (Broutin et al.) [11]
2016 o quad k-d trees (Duch et al.) [28]
2017 o3 relaxed k-d-t trees (Duch and Lau) [26]
2022 o median & hybrid median k-d trees (Duch et al.) [33]
2023 B quad k-d trees (Duch, Martinez) [32]

Table 3

State of the art analysis of the average cost of random partial
match queries.

Data structure a p
standard k-d trees v [44] v [15]
standard k-d-¢ trees v [17] v [15]
relaxed k-d trees v [23] v [23]
squarish k-d trees v [13] X
relaxed k-d-t trees v [26] X
median k-d trees v [33] X
hybrid median k-d trees v [33] X
quadtrees 4 [40] 4 [14]
quad k-d trees v [28] v [32]

Also noteworthy of mention are squarish k-d trees [25], which sig-
nificantly reduce elongated rectangles and achieve asymptotically the
optimal @(n' /%) expected cost for partial match queries. The approach
is probabilistic and the leading constant remains an open problem (see
Section 7).

Along a different line, Roura’s Continuous Master Theorem (ex-
plained in Section 8.1) provides another useful real-analytic technique
that is often very effective in obtaining the dominant order »* for a wide
variety of multidimensional data structures. Moreover, for some classes
of data structures (e.g., the median and hybrid median k-d trees [33]), it
has been, until now, the only feasible method to analyze partial match
queries. The subtlety that the randomness between the random query
pattern and the random tree to conduct partial match search is not pre-
served when the search is performed recursively in the subtrees was
first reported in [16] (see also [11]). This opens another chapter on
the analysis of fixed partial match queries; see Table 4 for the develop-
ments in a timeline rendering. In addition to the expected cost, there are
also rigorous results that establish the convergence in distribution in the
two-dimensional case; see [11,16]. Roughly, for the cost of such fixed
patterns, the asymptotic expected cost may differ from the pattern pn

Table 4
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that we have observed up to now. See Section 7 for more details on the
results and techniques involved.

In what follows, we illustrate the main mathematical techniques that
have been put into service, through a few examples.

6. Analytic methods

Critical to most precise analysis of the cost of partial match queries
(and other cost measures) in the given structures is the availability of re-
cursive decomposition of the data structures or the underlying algorithmic
procedures, which often generate recurrence relations whose natures
range from linear to nonlinear, from holonomic to full-history, from
multidimensional to multivariate, etc. Indeed, recursion is omnipresent
in computer algorithms. Diverse resolution methods for recurrence
relations have been developed, varying according to the underlying tech-
niques employed: algebraic, combinatorial, probabilistic, real-analytic,
complex-analytic, etc. For simplicity of presentation, we will group
them into complex-analytic methods (relying on complex analysis) and
real-analytic methods (without resorting to complex analysis).

While the adoption of real-analytic methods is often more natural,
readers unfamiliar with complex analysis may wonder why such an anal-
ysis is used in solving problems whose nature and formulation have
nothing to do with it? The simplest insight comes from the fact that
manipulation of the imaginary powers ¢ is in almost all cases much
easier than the corresponding real trigonometric arithmetic. Further in-
sight comes from the Fast Fourier Transform (transforming between time
and frequency domains, selected to be among the top ten algorithms
of the last century with the greatest influence in science and engineer-
ing; see [18]), which is indispensable in many engineering and daily-life
applications, notably those dealing with signals and images. A famous
quote by Jacques Hadamard also adds an implicit philosophical flavor
[50, p. 123]:

...the shortest and best way between two truths of the real domain
often passes through the imaginary one.

(...]a voie la plus courte et la meilleure entre deux vérités du
domaine réel passe souvent par le domaine imaginaire.)

We discuss complex-analytic methods in this section, with other
methods being described later in Sections 7 and 8.

In general, except for the rare lucky cases where the problem can
be solved by direct enumeration, the generating function of the cost
measure is the key to all analytic methods, whether real-analytic or
complex-analytic. Quoted from the preface of Flajolet and Sedgewick’s
authoritative book [46]:

Analytic combinatorics aims to enable precise quantitative predic-
tions of the properties of large combinatorial structures. ...With a
careful combination of symbolic enumeration methods and com-
plex analysis, drawing heavily on generating functions, results of
sweeping generality emerge that can be applied in particular to fun-
damental structures such as permutations, sequences, strings, walks,
paths, trees, graphs and maps.

We focus on tree structures in this paper as they represent the most
widely used ones that are mathematically tractable, and many general
tools have been developed in the literature to characterize their algorith-
mic efficiency, including particularly partial match queries. Note that

Timeline for the analysis of fixed partial match queries.

Year Results

Data structures

2011 convergence and h(q)
2012 convergence and h(q) whens = 1

2013 variance, limit law

2016 convergence and h(q)

2017 implicit characterization of h(q)
2024 h(q)

2-dimensional quad trees (Curien and Joseph) [16]
k-d trees (Duch et al.) [24]

quad trees, k-d trees in 2 dim. (Broutin et al.) [11]
k-d trees (Duch et al.) [27]

relaxed k-d-t trees (Duch and Lau) [26]

quad k-d trees (Duch and Martinez) [32]
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the asymptotic performance of most of the partial match queries is at
most of polynomial growth in tree size (queries at a higher cost being
less useful in practice).

Depending on the way data are compared and directed to each sub-
tree, we distinguish between digital tree models where input data are
compared on a bitwise basis (space-driven structures), and key compari-
son (or non-digital) tree models where data are directly compared without
referring to their digital structures (data-driven structures).

Analytic tools and methodologies developed for these models differ,
although they often share common analytic features.

« Digital tree models: generating functions lead mostly to algebraic or
functional equations whose resolution (exact or asymptotic) often
relies on tools based on finite differences and Mellin transforms (see
[37,45]):

Recurrence %‘ Poisson gen. fun. ‘% ‘ Algebraic eq. ‘% Mellin transf.

» Non-digital tree models: differential equations or systems (linear
or non-linear, ordinary or partial) abound in such models, and
most asymptotic analysis relies heavily on complex analysis, notably
singularity analysis (see [46,56]):

Recurrence Hl Ordinary gen. fun. ‘% ‘Differential eq. ‘ﬁl Singularity ana. ‘

6.1. Asymptotics of the expected cost

Proposed then, and widely used since the 1970s (see [4,36,77]),
multidimensional search trees gradually received more attention in the
1980s as far as their major cost measures are concerned, which include
depth, height, range search, partial match queries, etc., and more asymp-
totic and probabilistic tools were introduced and developed. Significant
advances were made by Devroye, whose approach is mostly proba-
bilistic (including branching processes), and Flajolet, who followed a
completely different line and initiated the analytic-combinatorial study
of multidimensional search trees. In particular, the expected cost P, =
E [?,] was shown to be of the form (see [40,44])

?’n ~ fn%,
for some constant g > 0, where « € (0, 1) solves the equation:

z+ D"z +2)0 =2, 2
with p 1= % This in contrast to previous belief that P, ~ n'~, as being
argued under fully-balanced trees; see [4,40]. Note that, by Lagrange
inversion formula, we can express a in terms of the powers of p:

2—y J
log =—=

. . 3—

a:l—Zdjpf, with d; = ﬁ
;log(l - 5)

j21

>0,

Ly
J

for j=1,2,.... Thusa > 1 —p.

The approach used in [40,41,44] begins by first constructing a linear
system (of differential equations) for the generating function of the cost,
which is then solved using singularity perturbation techniques; see also
[46] for singularity analysis of generating functions.

Such an analytic approach is very powerful and general, yet as is typi-
cal in the asymptotic resolution of linear systems, characterization of the
leading constant C remains undetermined in both cases (k-d trees and
quadtrees). The same results were later obtained by Devroye, Jabbour
and Zamora-Cura [25], again with an unknown g.

A full characterization of the leading constant # (as well as a finer
asymptotic expansion if desired) was later given in [14,15] with com-
pletely different approaches. We now describe the expressions in both
cases and then sketch the methods of proof.

10
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6.2. Partial match queries in random quadtrees

Theorem 9. ([14]) The expected cost P, = E [75,,] of a random partial
match query with s specified coordinates in a random quadtree of n nodes
satisfies

3

B 1 T'(a — aj)
@k — DM@+ DM@ +2) ,5¢ 1)

ﬂk,s :

for 1< s < kandk > 2, T is the Gamma function and the « ; ’s are the zeros
of the polynomial (z + 1)¥~*(z + 2)° = 2¥, and

a=a; > R(@) > = R(x).

The approaches used in [40] and in [14] both rely on the recurrence
satisfied by P,:
(n>0),

Py=1+25 3 ;0 “

1<j<n

with Py = 0, where

-1 . o
Ty = <" ] ) / X Xy (g X Y (1= Xg = X )" 1-jgx. (5)
J (0,1

Note that the leading constant f is independent of the query pattern but
depends only on the number of specified coordinates s.

Here is a quick heuristic reasoning to identify the growth order n®.
Assume the Ansatz: P, ~ pn® for some §,6 > 0. Then the RHS of the
recurrence (4) is asymptotic to

‘sz/(ol)k X X Z

1<j<n
.

<n j 1>j§(xo ex Y (1= xg o xp )" dx

=]E[Binomial(n—l;xo-nxk_] )5]~(x0~-xk_1)5n5

~ ﬂ2kn’3/ xg -+ Xg_1 (Xg X )Pdx = ﬂf—k"&

(0.1 G+ D +2)
Equating both sides of the recurrence (4), we see that 6 solves the Eq.
(2). This back-of-the-envelope calculation leaves # undetermined.

For a rigorous proof, a crucial step then is to show that the binomial
transform of P,:

pr = z

1<j<n

(’?)(—1)/'?; (=1

satisfies the surprisingly simple recurrence (see [14])

)P

with ?’]* = —1. This then leads, by inverting the binomial transform, to
the exact solution of the recurrence (4):

A . 2k
Po= (’7)(—1)”1 I1 (1 =
15 M 2<is) #os 1y
Expressing the inner product in terms of the zeros «;, one then obtains
the asymptotic cost (3) using Stirling’s formula.
Two other approaches with some generality based on generating
functions and integral transforms are also presented in [14].

pr —

2k
: (1 S (n>2),
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6.3. Partial match queries in random k-d trees

The situation of k-d trees is more involved, and one is naturally led to
differential equations with polynomial coefficients satisfied by the gen-
erating function of the expected cost; such equations or the underlying
cost sequences are referred to as holonomic or D-finite in the combi-
natorial literature. The approach developed in [15] is very general and
applies in its full generality to almost all holonomic sequences.

Let u = (ug, ..., u;_y) € [0, 11* be the pattern of the random partial
match query (recall that u; = 1 means that the jth coordinate is specified

LW Then the
n(1+un)

expected cost P, of a partial match query in a random standard k-d tree
of n nodes satisfies the recurrence:

Po=1+ ) D

1<i<k 1<j;<-<jj <n

42k Z

1) <-<ji<n

and u; =0 otherwise). For u € {0, 1}, define 7, ;W) 1=

Tn,jy (q0) - T jic1odi (4:)

(6)

Tn.jy (90) -+ T je—tdi (uk—l)ij’

for n > 1 with Py = 0. Assume the Ansatz P, ~ gn® for some 6, > 0.
. .

=2 =4
Note that x,, ;(0) = o and 7, ;(1) = s Thus,
b ; .
—, ifu=0;
BY 7, @i~ x { 5
1<j<n m, ifu=1.

Consequently, we see that the RHS of the recurrence (6) is asymptotic
to

p2* 5

2k k— n-.
E+1D6+2°

2

1jp<<j<n

Tnjy (o) -+ T jr—15dk (g1 )Pfk ~

Again 6 = a is chosen to be the zero of the Eq.(2). However, such a
heuristic calculation does not provide further insight for g.

The approach developed in [15] translates the recurrence (6) into
the following (holonomic) differential equation with polynomial co-
efficients for the corresponding generating function f (with 9
z(d/dz)):

Y A-zYPOf =g

0gj<d

for some d depending on the pattern u, where in particular Py(x)
xk=$(x +1)* —2F and g = ¢/(1 — z) + p(z) with p a polynomial. Define

+ X

0<C<k

(=D p (1)

Gls) = 2s+7)

Cc
s—1
Theorem 10. ([15]) The expected cost P, of a partial match query in a
random standard k-d tree tree of n nodes satisfies
Isn ~ Pun’,

with again a > 0 solving the Eq. (2). Here

0, ifj<0;

= j . j =1 L ifji=1
Py = ;G(J +a)B;, with B;= Rt o 152
”z 1< PoUHe) T -

the series being absolutely convergent.

While all expressions are rather complicated, they are effectively
computable; also in special cases they lead to simpler solutions. For
asymptotic expressions for the variance and a limit law of P, in the
2-dimensional case, see Corollary 17.

The Ph.D. Thesis of Lau [55] contains a more up-to-date account of
recent developments in the analysis of partial match queries in multi-
dimensional search trees; see also the Ph.D. Thesis of Duch [21] for an
earlier account.
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7. Probabilistic methods

We now review probabilistic tools and analysis for the complexity of
partial match queries for the case of 2-dimensional quadtrees. Advances
have been made by various probabilistic tools:

« to extend the analysis of P, of Section 6 beyond its expectation in
Theorem 9 toward an understanding of the variance and asymptotic
distribution of ?,, or

« to study the complexity for a fixed query or the worst case complexity
over all possible queries.

We denote the complexity (i.e., the number of nodes visited) of a
fixed partial match query in the random 2-dimensional quadtree built
from # i.i.d. data uniformly distributed over [0, 11> by P,(q) := f)n,q with
q = (¢,*) where g € [0,1]. The basis of a refined probabilistic analysis
is to consider the 75,,(q) jointly for all g € [0, 1], i.e., as a stochastic pro-
cess (f)n(‘I))qe[o,u and to use a distributional recurrence relation for this
process. To this end we first sketch the setting of the function space and
weak convergence in Sections 7.1 and 7.2 before we then start to derive
and work with distributional recurrence relations.

Results similar to those presented in this section for standard 2-
dimensional trees can be found in [10,11].

7.1. The partial match complexities as random cadlag functions

We consider the f),,(q) simultaneously for all ¢ € [0, 1] as a stochastic
process (f’n(q)) ielo,1]> which has piecewise constant paths. An appropri-
ate space for its paths is the space D[0, 1] consisting of all functions
x : [0,1] —» R having left limits and being right-continuous, i.e., such
that

liTm x(s) exists for all ¢ € [0,1) and lifn x(s) = x(q) for all g € [0, 1).
stq siq

Such functions are called cadlag (continue a droite, limites a gauche).
Measuring closeness of functions f,g € DI0, 1] can be done within the
uniform norm || f — g||, which is however not suitable in the context of
partial match queries due to measurability issues. It is more flexible to
use the Skorokhod metric

dsx(f.8) = inf max{[|fo —gll. 12 ~id]l},

where the infimum is taken over all increasing bijections 4 : [0,1] —
[0,1] and id denotes identity. We consider (f)n(‘l))qe[o,u as a stochastic
process in the complete metric space (D[0, 1], dgg).

7.2. Weak convergence on (D[0, 1], dgg)

For a fine distributional analysis of the complexities 73,,(11), we first
look for a normalization Z,(g) such that the normalized process Z, =
(Z,(@)4epo,1; converges in distribution toward a non-degenerate limit
process Z = (Z(9))yeqo,1; See Theorem 14 below. Such a result Z, — Z
in distribution within (DI0, 11, dgg), called a functional limit theorem, has
far reaching implications due to the (continuous) mapping theorem [8,
Theorem 2.7]:

For any metric space (M,) and any continuous function ¢
D[0,1] - M, we obtain the convergence ¢(Z,) — @(Z2) in distri-
bution.

This even holds for discontinuous (measurable) functions ¢ if the
set Dy of discontinuities of ¢ satisfies P(Z € D,) = 0. This will be
exploited in the example of partial match below for various appropriate
such functions ¢.

The classical theory of weak convergence of probability distribu-
tions on metric spaces in general and for (D[0,1],dgk) in particular
is presented in [8]. In the classical theory weak convergence of dis-
tributions on (D[0, 1],dgk) is obtained by convergence of the finite
dimensional marginals and tightness, which is usually shown by study-
ing the modulus of continuity and using the Arzela—Ascoli theorem; see,
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e.g., Billingsley [8, Theorem 13.2]. However, in the present context of
partial match the classical approach has not yet been successfully car-
ried out. Instead, the following recursive distributional decomposition
of (Z,,(9)) 40,17 is the basis of the asymptotic distributional analysis.

7.3. Recursive decomposition of the partial match process

We denote the numbers of data points (for our 2-dimensional
quadtree) that fall into each of the four rectangles generated by the
first point (U,.V}) =: (U.V) by I® = (", 1", 1" 1\"), where n is
the total number of data. Conditional on (U, V), the I is multinomi-
ally M(n— 1, UV, U(1 = V),(1 = U)V,(1 = U)(1 = V)) distributed, using
a numbering of the four quadrants. Conditional on (U, V) and I each
point set within a rectangle is a set of i.i.d. points with the uniform
distribution on the respective rectangle and these four point sets are

independent. Thus, for processes (73;,')((1))([6[0 . being independent and

. ) A (r) .. 7
independent of (U, V1), and (P, (‘I))q cl0.1] distributed as Pi@) oy
forr=1,....4 and j € N,;,, we have the distributional recurrence

A 4 O 52 (4
(pn(q))qe[(),l] - <1 + 1{q<U) [P,w <ﬁ> + P,(n) <ﬁ>]
1 2

~o) (4-U ~@ (9-U
o) [P,gm <_1 - U) P <_1 7 )] )qe[0.1]~ @)

The arguments ¢/U and (¢—U)/(1 —U) ensure that a vertical line x, = ¢
within the square [0, 1], after normalization, corresponds to the line
xo = q/U in the left rectangles (if ¢ < U) and to the line x; = (¢—U)/(1—
U) in the right rectangles (if ¢ > U). The asymptotic analysis of such
distributional recurrences has been carried out for many recurrences,
mainly for random variables in R, by the contraction method which is
briefly explained now.

7.4. Framework of the contraction method

In this subsection an outline of the contraction method is given in
a form tailored to the analysis of partial match. Generally, given a se-
quence of random variables (Y,),5, with values in a Banach space B that
satisfies a recurrence in distribution of the form
(8

d
v,= Y A,(n)Yl({j) +b(n),  n>ng

1<r<K

Here < denotes equality in distribution, and (Yj(r))jzo have the same dis-
tribution as (Y)us0 forallr=1,...,K, where K > 1 and n;, > 0 are fixed
integers. Moreover, I = (I f"), T z’)) is a vector of random integers in
{0, ...,n}. The A,(n) are random linear operators on the space and b(n)
is a random vector in the Banach space B. It is also crucially assumed
that (Y;”)PO, ,(Yj“)m and (A, (), ..., Ag(n), b(n), I™) are indepen-
dent. Howe/ver, depende/ncies between the coefficients A,(n), b(n) and
the integers 7™ are allowed.

In many applications from the probabilistic analysis of algorithms,
we have B = R and the A,.(n) are simply random variables in R;
see [67].

In an application to partial match, we cast Y, = (f?n(q)) 4elo.1] and note
that Eq. (7) has exactly the form (8) with K = 4, b(n) = 1 and random
linear maps A,(n) for r = 1,...,4, which contain the indicators such as
1(,<y, and the time transformation such as g — ¢/U.

The process (ﬁn(q))qe[o,l] considered as a random variable in
(DI0, 1], dgg) does not map to a Banach space. However, Eq. (8) with its
conditions can still be formulated for random variables in (D[0, 1], dgk)
and this is the setting in which we now briefly outline the contraction
method.

The contraction method starts manipulating Eq. (8) with normaliza-
tion. Generally, (Y,),5, is normalized by centering (if necessary) and
dividing by the order of the standard deviation. Subsequently, we as-
sume that the scaling has already been done and we denote the scaled
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process by (X,,),s- (For our case Y, = (P,(¢)) i1 this will be done ex-
plicitly below, cf. (13).) Note that affine normalizations of the Y, yield
a sequence (X,,),, that also satisfies a recurrence of type (8) with new
coefficients:

d
£ (n) x () (1)
X, = E A XI(")+b R
r

1<r<K

©)]

n 2z ngy,

with conditions on identical distributions and independence similar to
recurrence (8). The coefficients Aﬁ") and 5™ in the modified recurrence
(9) are computable from the original coefficients A,(n), b(n) and the
normalization used; see, for example, [67, equation (4)] for the case
of random vectors in R?.

The next step of the contraction method is to identify the limits of
the new coefficients A™, b,
AD > A, B 5b  (n— ) (10)
appropriately. If with n — oo also the I,(") grow in probability then one
may conjecture that the quantities X,, converge to a random variable X.
Letting formally n — oo, Eq. (9) turns into

d
XL 3 Ax0 4+ (1)
1<r<K
with X, . x® distributed as X and XD, ..., X% (4,,..., A, b) in-

dependent. The next step is to characterize the limit distribution £(X) by
use of the recursive distributional Eq. (11). The idea of [73] to formal-
ize such an approach and to obtain weak convergence X, — X consists
of firstly using the right-hand side of (11) to define a map as follows:
Denote by M(B) the space of all probability measures on B and

T : M(@B) > M®B),
T(u) :£< z A,Z(’>+b>,
1<r<K

where (A, ..., Ag,b),ZD, ..., Z%) are independent and Z(, ..., Z(K)
have the distribution . Hence, a random variable X solves (11) if and
only if its distribution £(X) is a fixed-point of T'. Secondly, to find fixed-
points of T appropriate subspaces of M(B) are endowed with a complete
metric, such that the restriction of the map T turns into a contraction.
Then Banach’s fixed-point theorem yields (in the subspace) a unique
fixed-point of T" and one may as well use the metric to also derive con-
vergence of £(X,) to £(X) in this metric. The metric used should be
strong enough to imply weak convergence, so that one obtains the de-
sired limit law X, — X. In cases where the metric used is not complete
(or not known to be complete) as in our case below the existence of
a fixed-point may be obtained by additional arguments; however, the
general approach remains the same.

Metrics that have proved suitable in this context are the minimal
L ,-metrics (also called Wasserstein-metrics) and the family of Zolotarev
metrics. The Zolotarev metric ¢, is a suitable metric for the application of
the contraction method to the partial match process. We refer the reader
for details on these metrics and their use in the context of the contrac-
tion method to [1,85] for the minimal Lp-metrics and for the family of
Zolotarev metrics to [53,68]. For the development of the contraction
method on function spaces, we refer to the review given on pages 1779
bottom and on page 1780 of [68].

12)

7.5. Expectation of the partial match process

For the application of the contraction method by use of the Zolotarev
metric ¢, it is sufficient to normalize the components individually. Since
it turns out that expectation and standard deviation are asymptoti-
cally of the same order, one may just normalize with the order of the
expectations. We have:
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Theorem 11. For the random 2-dimensional quadtree with n points there
exists an € > 0 such that, as n —» o,

sup [~ EIP,(@)] - Ko(a(1 - )| = 0(n™).
q€[0,1]
where
I'Qa+2)I'(a +2)

T oD(a+ DR2(a/2+ 1)

The asymptotic expectation for fixed ¢ was identified using frag-
mentation theory, see [6] for a general introduction, and a coupling
argument of Markov chains by [16]. A strengthening to a uniform ver-
sion, together with a bound on the error as stated in Theorem 11,
was provided in [11] by refining the arguments of [16] and employ-
ing a Poissonization of the input size with de-Poissonization based on
concentration.

Note that for ¢ € {0,1} the latter asymptotic result only yields an
order of o(n®). At the border of the square, a more precise result is given
in [40,42], we have

0

Lo Vi7-3
==

E[P,0)] = E[P,(1)] = © (nﬁ*1 ) .
Regarding process convergence of (f)n(q)) 4el0,1] We normalize

P.(a)

Z,(9) = Kon®

, q€[0,1]. 13)

7.6. Normalization and limit process

Starting from recurrence (7), by calculating the recurrence (9), which
is omitted here, we obtain for (11) the recursive distributional equation

(reanforreo(g) s wa-rre(g)]

a q—U
o) [((1 -uy) z® (m)

N -U
+ (-1 -v))*z® (;I_—U” )qe[o,u’

where U and V are independent [0, 1]-uniform random variables and
Z®,i=1,...,4 are independent copies of the process Z, which are also
independent of U and V.

The existence to a solution of Eq. (14) is the subject of Section 4
of [11]. A solution (Z(@)yepo,1 18 obtained as a point-wise limit of
martingales:

Il =

(Z(q))qe[o,l]

14)

Theorem 12. The map T in (12) associated with the recursive distribu-
tional equation in (14) has a solution £((Z(q)),epo,17)» Which is unique in
the subspace of probability measures L((Y(q)),e(0,17) on (DIO0, 1], dgg) with
E[IY(@)]%,] < oo and E[Y(q)] = (q(1 — ¢))*/*. Moreover, (Z(q)),e(0,1; has
continuous paths, i.e, is a random element of C|0, 1].

An approximation of a realization of this solution (Z(@)gero,11 of
Eq. (14) is shown in Fig. 5. Besides having continuous paths, another
property of the limit process is that its one-dimensional marginal distri-
butions are identical up to a deterministic multiplicative constant; see
[11, Theorem 5]:

Theorem 13. There exists a random variable ¥ > 0 such that for all q €
[0,1],

d
2(g) = (q(1 — g)"/*. (15)

The distribution of ¥ is the unique solution of the recursive distributional
equation

y L yer2yey  gel2 - vy (16)

with E[¥] = 1 and E[¥?] < o and ¥/ < W such that (¥, ¥’) is independent
of (U,V).

13
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7.7. Functional limit theorem for the partial match process

The program of the contraction method outlined in Section 7.4 has
been carried out in [11] for the partial match process based on the
Zolotarev metric ¢,. The resulting functional limit theorem, using the
notations of Section 7.6, states as follows:

Theorem 14. For the normalized process (Z w(@)gero. We have

(Z@geion) — E@)yeron

in (DIO0, 11, dgx), where the limit process Z = (Z(9)),e(o,1) is characterized in
Theorem 12.

While the convergence in Theorem 14 is in distribution, the question
of almost sure convergence has been addressed in [20]. Using fragmen-
tation theory and building upon results of [11] in [20] the following was
obtained:

Theorem 15. For all q € [0, 1] we have almost surely as n — oo that
Z,(q) = KoM (9),

where (M (¢)) gel0.1] IS the limit of a continuous time martingale. Moreover,
in probability

P
sup |Z,(q) — KoMy (g)| — 0.
q€l(0,1]

7.8. Implications of the functional limit theorem

The projections z, . : D[0,1] - R, f & (f(q),-..,f(qy)) are
generally not continuous as maps within the Skorokhod metric dg.
Nevertheless, we may apply the continuous mapping theorem since the
limit process Z has continuous paths almost surely. Hence, the functional
limit theorem (Theorem 14) implies convergence of the finite dimen-
sional marginals by the continuous mapping theorem, cf. Section 7.2. In
particular, for all g € [0, 1], we have

s

(4 =N Z(q)

d
T = (q(1 - )"/,
0

a7)

with ¥ given in Theorem 13. The convergence in (17) also holds for all
moments.

Furthermore, the map sup : D[0,1] = R,f = sup,c f(q) is
continuous. Hence, the functional limit theorem (Theorem 14) implies
asymptotics for the worst case complexity of partial match over all
possible queries:

Corollary 16. ([11]) For the worst case complexity W, :=sup,e(o P,(q)
we have

W 4y 2(9)
— I= sup q),
Koyn® q€l0.1]

together with convergence of all moments. In particular, E[W] < o0, 0 <
V(W) < o0 and

IE[ sup P,(q)| ~ Ko E[WIn®,
q€(0,1]

Since convergence in the functional limit theorem (Theorem 14) is
shown within the Zolotarev metric ¢,, the convergence also holds for
the covariance functions. In particular, this provides access to the second
moments as follows. With the notation p,(q) := E[Z (¢)*] we obtain from
(14) by conditioning on U and a simplification that

—4 > d x}
X

1
{/ x2a,42<€>dx+/q(1—x)2“,42<1
q x 0

1-—
(g(1 - g))*
a+1

V( sup fJn(q)> ~ K3V(Wn*®.
q€l0,1]

Ha(q) = a1

+2Ba+1l,a+1)-
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Fig. 5. Realization of a decomposition of the unit square induced by the quadtree for an increasing number » of data (» = 100, 500, 1000) in the uniform probabilistic

model. On the right the corresponding normalized partial match processes g — Z,(¢) together with its mean function g —~ (¢(1 — ¢))
) and the almost sure limit behavior of the partial match process.

approximation of the limit process (Z(@))gero1

By plugging in it is verified that a solution of the latter integral
equation is given by

20+ 1

EIZ@"] = wo(q) = 2B(a+ La+ D3>

(CION))

The uniqueness of the solution is demonstrated by a contraction argu-
ment on an appropriate function space. Together with the mean of Z(g),
see Theorem 12, one obtains

2+ 1

V(Z2(@) ~ [2B@+ La+ N3G

18

= 1[(q(1 — )"

We return to the model with a uniform query being independent of
the data. Note that for &£ uniformly distributed on [0, 1] and independent

14

/2 (in red). This indicates also an

of the data we have ?,(¢) = P, with P, as in Section 6 and Theorem 9 for
dimension 2. With the functional limit theorem (Theorem 14) we obtain
a limit law for P, as a corollary as well as the asymptotic variance on
which we further comment below.

Corollary 17. [[11]] For & uniformly distributed on [0, 1] and independent
of the data we have

V(P,) = V(P,(&)) ~ K,n*?,

where

K, =K? (MB% +lLat )= BXa/2+1,a/2+ 1)>
31—

=0.447363034 ...
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and

P, P&
Kot = Tt 2

where ¢ is independent of the limiting process Z in Theorem 14.

The derivation of the asymptotic variance of ?,(¢) in Corollary 17 has
a twisted history: Before drawing back to the functional limit theorem
(Theorem 14) and its limit process (Z(g)),ep0,1; it had been attempted
by both analytic and probabilistic methods, to build upon the following
univariate recurrence derived from (7),

b L 5 [ € 5 [ €
P& =141 [PI;"><U> +P]£n) i
23 (-U s@ (6 =U
+ 1(5>U) [Plg") <1 _ U> + Pli'” (1 —U > 19

where (73](.')(11))(16[0 ) are independent and independent of (U, V&, I™),

and (P"(q))
No.

Now, conditional on ¢ < U we have that /U is uniformly dis-
tributed over [0, 1]. Similarly, conditional on ¢ > U the random variable
(& —=U)/(1 = U) is uniformly distributed over [0, 1]. Hence, the four
contributions

(e ) () ()
1M\U P\U P\1-U P\ 1-U
are conditional on I®™ = (k,Z,m,n) distributed as the quantities
P&, P, (&), P, (&), P, (&) respectively. Thus, conditioning on I and
taking expectations on the left- and right-hand sides of (19) give a recur-
rence for the analysis of E[f),,(i)]. This is recurrence (4) (for dimension
2) on which the analysis of [14,40] is based, leading to Theorem 9.
However, for starting a similar analysis of second moments (or the
variance) there appears the basic problem that although (ﬁ;’)(q))

are distributed as (ﬁj(q))q forr=1,...,4and j €

q€[0,1] €[0,1]

q€l[0,1]
are independent for all r = 1,...,4 and j € N, the contributions

) E) 2 E) PG f—U> 73<4><5__U>
k\v) "¢\v) "m\1i-v) "m\i-U

become dependent due to the joint appearance of &. Ignoring this depen-
dence and instead assuming independence in such an analysis leads to
the correct order n2* for V(fJ,, (&)) but does not yield the correct constant
K,; see [17,60,64,66].

8. Master theorems and beyond
8.1. The continuous master theorem

In addition to the powerful and mathematically sophisticated tech-
niques that we explored in previous sections, there exist a few other
real-analytic or elementary methods that often prove helpful for the
analysis of multidimensional data structures. One of the most useful
such methods is the Continuous Master Theorem [74] (CMT, for short)
of Roura, which can be applied to a wide variety of divide-and-conquer
recurrences of the form:

Fnztn+ Z wn,ij» ”;”0,

0<j<n

with a toll function t,, = ©(n* log® n) of at most polynomial growth and a
sequence of weights {o, ;} that satisfy the following two conditions:

* W, = Yogjcn @nj < 1 for n > ng, and
1 .
. Zn=m20<j<njwn,jSZ<lf0rn>no.

In words, these conditions state that there is at least one recursive call
(on average) and that the average size of the inputs to recursive calls is a
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proper fraction of the original size n—the latter justifying the divide-and-
conquer nature of these recurrences. Briefly, the theorem builds upon
the intuitive “ansatz method” (or matched asymptotics; see page 30 and
successive pages of Section 6 for concrete examples), and puts it on solid
grounds.

Roura’s CMT has been used for the analysis of several algorithms;
see for instance [63] and [69]. In the context of multidimensional data
structures and associative queries, the CMT has been successfully applied
to analyze the expected cost of exact searches and the expected cost of
random partial match searches of several multidimensional trees.

For the application of the theorem, one needs to find a shape func-
tion, a smooth continuation or an approximation of the discrete weights.
Let w : [0,1] — R be a shape function. The idea is that w(j/n) serves
as a good approximation for o, ; for large n. Technically, w(z) must
fulfill two conditions stated in the theorem below. In general, w(z) =
lim,,_,, n®, ., is said to be a shape function if the limit exists.

Once the shape function is identified, the theorem can be effectively
applied to find the asymptotic behavior of the main order term of F,,
by computing a quantity H (known as const-entropy), and eventually
another quantity H (called log-entropy) or solving the equation

1
/ zZ*w(z)dz—1=0,
0

depending on the sign of H.
Theorem 18. ([74]) Let F, be recursively defined by

n
n 2z ngy,

b,, for 0<n<ng,
’n+20<j<n w,  F;,  for
where the toll function satisfies t,, ~ kn®In’(n) as n — oo for constants k # 0,

a > 0 and b > —1. Assume there exists a function  : [0, 1] — R, such that
/01 w(z)dz exists and is at least 1, and such that

G+/n
> w,,,j—/ w(z) dz
J

0<j<n /n

=0n™),

for some constant ¢ > 0. With H = 1 — fol z%w(z) dz, we have the following
cases:

t
1IfH >0, then F, ~ ﬁ"

2 If H =0, then F, ~ "0 with 7 = (b+ 1) Jy' ¢ In(1/2) w(2) dz.

3 If H <0, then F, ~ ©(n) for the unique a € R with fol 2%w(z)dz=1.

Some remarks on the use of CMT are in order.

The CMT is easy to apply and more accessible to non-experts, even
in situations with complicated weights such as the median and hy-
brid median k-d trees [33] or quad k-d trees [2,3,28]. It quickly gives
the growth order of the recurrence in all cases, and in the lucky cases
when H > 0 the constants in the leading order are also available.
When the asymptotic behavior is known only to within a bounded
factor ©(1) as in the third case (H < 0), other approaches such as the
analytic ones discussed in Section 6 may be applied; see, for example,
for quad k-d trees [32].

A typical situation of the second case of Theorem 18 is the internal
path length (IPL) of a random search tree (the sum of all distances
from each node to the root), leading to nlog n asymptotic behavior.
The IPL is related to the cost of the construction of a random tree by
n insertions of random elements into an initially empty tree. Also, by
dividing the expected IPL by the size, we get the expected cost of a
random successful exact search.

In what follows, we first sketch a back-of-the-envelope derivation of
Theorem 18, providing more intuition for the asymptotic approxima-
tions. Then we give a few representative examples of the application
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of the CMT, and after that we briefly discuss its applications in the lit-
erature, as well as how it has been adapted to cope with systems of
divide-and-conquer recurrences.

8.1.1. A heuristic derivation of Theorem 18

To see how the expressions in Theorem 18 are derived, we assume
the simpler situation when ¢, ~ kn® (b = 0). We begin by assuming the
Ansatz F, ~ Cn®. Then « > a. Let

1
J(s) ::/ o) dt.

0
Then, according to the sign of H = 1 — J(a), we distinguish into three
cases.

« If J(a) < 1 or H > 0, then by the shape function approximation, we
obtain

anjF CZa)njj ~ Cn”*

0gj<n 0<j<n

/ w()®dt = CJ(a)n”, (20)

which then yields

,=F,— Y @, F ~Cn"—Cn"

0gj<n

1
/ w()t*dt = CHn",
0

implying that « = a and CH = z, which yields the result in the first
case of Theorem 18.

If J(a) =1 or H = 0, then the Ansatz that F, ~ Cn® fails. Assume the
new Ansatz that F, ~ Cn®logn. Then we have

F, - z ®, ;F; ~ Cn"logn—C Z w, ;jlog j

0gj<n 1<j<n

1
~ Cn”logn — Cn* / w()t* log(tn)dt
0

1
=Cn“/ w1 log(1/1)dt,
0

giving @ = a and the expression in the second case of Theorem 18
when b = 0. The case where b > 0 is similar.

If H < 0 or J(a) > 1, then the above calculations fail to identify the
value of a. Write formally

F, = ﬁ / d(s)n*ds, and 1, = i / T(s)n*ds,

for some ¢(s), T(s) and integration path. Then the Ansatz F, ~ Cn“
gives, by (20),

t,=F,— Z o, F; ~

0<j<n

1 s
ﬁ/qb(s)(l - J(s))n'ds,

so that ¢(s) = T'(s)/(1 — J(s)). Now following a similar reasoning for
Mellin inversion (see [38]), we expect roughly that the real part of
the largest root a of the equation 1 — J(s) = 0 gives the dominant
polynomial order n* for F,. More precisely, if a is the sole simple
zero of J(s) = 1 on the vertical line R(s) = a, then we also expect
the finer asymptotic approximation F, ~ Cn®, with C = -T(a)/J"(a)
(the function T'(s) is related to the Dirichlet series an L tan s of 1,5
see [39]). Situations with multiple zeros or higher order zeros can
be dealt with similarly; see [38] for more information.

8.2. Applications of the continuous master theorem

8.2.1. Example #1: relaxed k-d trees

The analysis of random partial matches in relaxed k-d trees (see
Section 2) was originally carried out in [23] and later refined in [60],
in both cases using generating functions, singularity analysis and other

16
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tools from the analytic combinatorics machinery. Alternatively, they
also provide a very simple and natural example of the application of
CMT.

Consider the expected cost P, = E [73',,] of a random partial match
in a relaxed k-d tree of size n > 0. In view of the symmetries of the
probabilistic model assumed to generate the data points and the query,
and the fact that the discriminants of the nodes are uniformly and in-
dependently chosen from {0, ...,k — 1}, it follows that the pattern of
specified/unspecified coordinates of the query does not matter, and that
the root discriminates w.r.t. a specified coordinate with probability i
(and w.r.t. an unspecified coordinate with complementary probability
1—2). Then, the algorithm recursively proceeds in one or both subtrees,
and we face smaller instances of exactly the same problem: a random
query with s out of k specified coordinates in a random relaxed k-d tree
of size j < n.

Now, the probability that the left subtree is of size j, 0 < j < n, is
1/n, because of our assumption that each coordinate of each data point
is generated i.i.d. from some continuous distribution in [0, 1]. If the cor-
responding coordinate of the query is not specified, we will proceed in
both subtrees, and thus we will have a term P i+ P, _; in the recurrence.
On the other hand, if the coordinate is specified, then the probability that
we must continue in the left subtree is (j + 1)/(n + 1), and the probabil-
ity that we continue in the right subtree is (n — j)/(n + 1). This easily
follows if we consider the rank vectors of r’ = r(q) = (r:), ,r;_l) and
of r = r(x) = (rg, ..., Fx_;), With (x, i) being the root of the random tree.
Then, since r; = j + 1 (when conditioning on the size of the left sub-
tree being j), and r/ is uniform in {0, ...,n + 1}, the stated probabilities
(j+1)/(n+1)and (n — j)/(n+ 1) immediately follow.

Putting all pieces together yields the final recurrence

N 1. —'A
oo (1-2) B bt E B Pt
0gj<n
2 N a
=1+Z<1_E)Oglnpf'+n(n+1)k Z(}+1)P 1)

Introducing p
%(1 p)+ 21 +i p, and the shape function w(z) = lim,

p) +2pz. Slnce t, = 1, we have

:= s/k, the weights in the recurrence above are o, ; =

nsoo 1" @p zp = 2(1 -

1
H=1—/ w(2)20dz=1-Q2(1 -p)+p)=—1+p,
0

which is always negative (because we assume s < k, that is, p < 1). We
are thus in the third case of the CMT, and we need to find the solution
to the equation

1
/ w(z)z*dz—1=0,
0

that is, we are looking for the real positive value x such that

211 - 1

a+ 1 +2 7

namely, a = (1/9 — 8p — 1)/2. The CMT entails that P, = @(n*). Compare
this to the results originally obtained by [23] (also [60]) using analytic
methods and singularity analysis; the CMT gives us the correct exponent
a, but the more powerful techniques of Section 6 can give us the exact
form of P, and the asymptotic estimate P, = f-n*+ (1), with the explicit
form for # in terms of s and k (actually, in terms of p = s/k), which the
CMT cannot give—the CMT can’t even establish the existence of such
constant factor p!

8.2.2. Example #2: median k-d trees
In median k-d trees [33] (mentioned in Section 2) discriminants are
chosen to achieve a more balanced partition of the space [0, 1]%, namely,
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selecting for each node the coordinate closest to the corresponding coor-
dinate of the rescaled center of the node’s associated bounding box. This
ultimately translates to a more complicated expression for the probabil-
ity that the left subtree L of a random median k-d tree T of size n is of
size j. In particular, if j < |n/2] then

7y = PULI = j 11T = nl = — - [2j +2)F = @j + D],

whereas if j > |n/2] then

Ty, =PlUL = j1IT| =nl= = - [Q@n-j)— D} = @n - j) - 2)].

Those probabilities are a fundamental part of the recurrences describ-
ing the IPL or the cost of partial matches. However, due to their more
complex form, the application of more powerful techniques such as the
probabilistic methods of Section 7 or those from the analytic combina-
torics camp described in Section 6 becomes more cumbersome or even
unfeasible.

Take, for example, the expected IPL I, of a random median k-d tree
of size n. We compute the expected IPLs of the left and right subtrees,
then we add 1 for every node in those subtrees (for a total of n—1, as each
path to the root of the tree is one unit larger. This gives the recurrence
for computing I,.:

Li=n—1+ Yz, (I +1,;). (22)

0<j<n

Notice that the recurrence above is fairly general; one only needs to
replace r,, ; with the appropriate quantity for the particular multidimen-
sional tree under consideration.

The first step in the application of the CMT is to derive the shape
function corresponding to the weights w, ; = x,,; + x,,,_;_;, which can
readily be shown to be

—js

kzkzk—l
o= 10 = Y gk - o,

Then computing H = 1 — /01 zw(z)dz gives H = 0, so we compute
instead

1
H =—/ zlnzw(z)dz.
0

According to the CMT, we then have I, = ¢;nlnn + o(nlogn), with ¢, =
1/H,. There is no easy closed form for ¥, (we have added the subscript
k to stress the dependence on k), but we can evaluate it for any particular
value of k, for example, ¢, =6/(5-2In2) % 1.66..., c3 =3/(4-3In2) »
1.562 ..., etc. We can also prove that 7, — In2 as k — oo; that is, I, ~
nlog, n+o(nlogn) as k — co. Other properties, such as the monotonicity
of ¢;, are not difficult to establish.

The CMT is also useful for the analysis of the expected cost of ran-
dom partial matches. The recurrence is very similar to (21) but with
the probabilities 1/n replaced by z,, ;. As H = —1 + p < 0 for this new
recurrence, we also need to find the real positive solution a of

9 k—s + s
k+a 2k+a+l)

+2k{s B(1/2k+1,a+ 1)+ (k- 5) B(1/2 k,a + 1)} =1, 23)
with B(z;a,b) = foz 11 = bl dr denoting the incomplete Beta func-
tion [70]. Numerical approximations to « with arbitrary precision can
easily be computed. An interesting fact is that « depends on both s and k,
not only on the ratio p = s/k, unlike other variants of k-d trees, includ-
ing standard and relaxed k-d trees. On the other hand, if we keep the
ratio p = s/k constant and let k — oo, it is not difficult to prove that the
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lower limit for a is log,(2 — p). Indeed, if we call a,(p) = a(s, k) the solu-
tion of (23), numerical computations indicate that a; (p) is monotonically
decreasing in k:

0 (p) Z az(p) Z -+ ag,(p) =10g,(2 — p),

for any p € (0, 1). Moreover, a™(p) > a,(p) > log,(2 — p) > a*l(p) for
any p and any k, with "™l and !9l denoting the exponents in the ex-
pected cost of random partial matches in relaxed and standard k-d trees,
respectively.

8.3. Extensions of the CMT: systems of divide & conquer recurrences

In [33] some results were obtained that allow the application of CMT
when one has to cope with a system of divide-and-conquer recurrences
instead of a single one. Those systems can be expressed in terms of a
sequence of D-dimensional vectors {F,} of costs, another sequence of
D-dimensional vectors {t}, of toll functions and a sequence of D x D

. it i6) 1o .
" j}"’j, with Q, ; = (C"E,I,,- )> and a’i:,j) being the weight of
algorithm i with inputs of size n making a recursive call to algorithm ¢

with inputs of size j. Then

matrices {Q

F,=t,+ 2 Q,;F,.

0<j<n

The results do not apply to arbitrary systems of equations, only when
the underlying call graph associated with Q, ; satisfies a certain cycle
structure. Fortunately, this is the case with the analysis of IPL or ran-
dom partial matches; such a simple structure can be exploited to use the
CMT and derive the expected IPL or the exponent « in the expected cost
of random partial matches—the latter is the solution to det(/ — ®(a)) = 0,
where ®(x) is a certain matrix that is defined from the Q, 'S and it is

the D x D analogue of /01 z*w(z)dz. Since the equation is, in general,
a polynomial of higher degree, we cannot hope for a closed form for
a, but numerical approximations can be computed to any desired pre-
cision. These extensions of the CMT have been successfully applied to
analyze hybrid median k-d trees, and they could also be used to re-derive
known results for standard k-d trees or standard k-d-f trees, in general
to variants of k-d trees where the discriminants are assigned in some
sort of “cyclic” fashion top-down— so that the discriminants along any
subsequence of k nodes in a path from the root to a leaf do not repeat.

8.4. Asymptotic analysis of fixed partial match searches

The brief heuristic arguments for deriving (3) and (6) in Section 6
(which also provide the intuition behind the CMT, Section 8.1) have
likewise been used to study the expected cost of partial matches with a
fixed query q.

There are a few rigorous results, e.g., [11,16], about Poq and its ex-
pectation P, , that have been established using the probabilistic methods
in Section 7, but they are limited to quadtrees and the standard k-d trees
in the case k = 2, and do not extend directly to higher dimensions (ac-
tually, to s > 1). However, assuming that E [qu] /n“ has a limit f(q) as
n — oo, we can derive the conditions that f(q) must satisfy and give a
closed form for it in the case of several different multidimensional trees.
In particular, for a large family of multidimensional trees, we have

a2
H gq;(1 —‘Ii)> s

ig;#

S(@) = vy(q H h(g;) = Vu(q)( 249

g

with a the exponent in the expected cost ©(n*) of random partial matches
in the corresponding data structure, and

~ (@ +2)
Vug) = Pu) @2+ )

where s is the number of specified coordinates in g, as usual, and fyq
is the constant factor in the leading term f,qn* of the expected cost
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of random partial matches® (cf. Theorem 11 in Section 7). The result
requires the assumption that f(q) = lim,_E [P, ] /n* exists. Under
that assumption, however, it holds for any dimension k, any query q €
(0, ¥, and any random relaxed quad k-d tree, a family that includes
relaxed k-d trees and quadtrees as particular instances. The result also
holds for standard k-d trees (of any dimension).

The pervasiveness of the “core” (H; q;(1 - qi))a/ % led the authors
of [27] (two of us among them) to conjecture that (24) would hold for all
data structures such that « > 1—s/k; for example, squarish k-d trees [25]
or standard k-d tries [44], which have a« = 1 — s/k, were explicitly
excluded from the conjecture. Nevertheless, there is ample empirical
evidence to the contrary.

However, in [26] it was shown that (24) does not hold for standard
k-d-t trees if t > 0, although no closed form for f(q) could be obtained
for these trees.

It is also worth mentioning that, despite a quite different context,
these heuristic techniques discussed here, complemented with prob-
abilistic arguments to prove the convergence in distribution of the
random variable of interest (a suitably normalized version of it) to a
limit distribution, have allowed the rigorous analysis of the expected
cost of several non-trivial variants of quickselect [58,61].

The use of heuristic techniques for the analysis of the expected cost
of partial matches with a fixed query originated with [24], which con-
sidered relaxed and standard k-d trees of arbitrary dimension k > 2 but
queries with exactly s = 1 specified coordinates.

Around the same time, Curien and Joseph [16], Broutin et al. [10,
11], and, building upon these papers, Curien [20] studied, with rigorous
probabilistic methods, quadtrees and standard k-d trees for k = 2 (and
hence s = 1), as we have already mentioned. The more general cases
with s > 1 were later tackled using the heuristic methods discussed here,
in a series of papers by two of the authors and other coauthors: relaxed
and standard k-d trees [27], relaxed k-d-t trees [26], quadtrees [29] and
quad k-d trees [32], the last paper covering several previous results as
particular cases. A common feature of all these papers, which sets them
apart from other works on fixed partial match queries, is that they con-
siderP,, = E [P, ]|. Under the assumption that data points are uniformly
distributed in [0, 1], we have P, ~ P,  as long as r/n > q € (0, )
when n — oo (see our discussion on page 18 in Section 3).

In the remainder of this section, we will illustrate these techniques for
the case of relaxed k-d trees, which is arguably the easiest. This case is
comparatively easier than others (e.g., standard k-d trees or quadtrees),
but it captures at the same time the essence of the technique and the
main difficulties involved. In particular, showing that f(q) given in (24)
is the unique solution to the partial differential equation with given
constraints that must be satisfied.

For relaxed k-d trees, the symmetries the data structure, of the
probabilistic model that generates the data and the uniform distribu-
tion of the discriminants entail that we can assume w.l.o.g. that r =
(FgsFs -+ s Fs_1s %, %, ..., %). For the analysis, we will further assume that
ri=¢-n+om) for 0 < g, < 1and 0 < i < s, although it is possible
to study the expected cost ls,,’q when a few, say s, < s, coordinates are
either ¢; = 0 or ¢; = 1 (analogously, when r; = o(n) or r; = n — o(n)); in
that case, the exponent a changes, as it will depend on s, k and s;, but
most of the analysis proceeds in the same way.

The first step is to write a recurrence for P, .. To that end, one must
separate the cases in which the root (x, i) discriminates according to a
specified coordinate, that is, when 0 < i < s, from the cases in which i
is not specified, s < i < K. The recurrence is, ultimately, of the form

k—1

0<j<n i=0 r,r’

> Eventually, v,q, = v, if the pattern of the query q does not matter, as is the
case for quadtrees and several other multidimensional trees.
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where z(i,n, j,r,r') is the average number of recursive calls made by
the algorithm on a subtree of size j with rank vector r’, given that the
input k-d tree is of size n, the query has (rescaled) rank vector r, and
the root discriminates with respect to i. It is reminiscent of the recur-
rences that we have seen for random partial match queries, but the
weights z(i,n,r,r’) are obviously more intricate. The final recurrence
in full detail is indeed quite complicated; but its structure is not difficult
to understand. The same can be said when we study the corresponding
recurrences for quadtrees, quad k-d trees, etc., albeit the recurrences for
those cases are even more daunting.

The key to solving these recurrences is to prove (or to assume) that
P,r/n® tends to the limit f(z) # 0 when n — oo and r/n — z. Using the
classical tools of asymptotic analysis, as in the proof of the CMT, we can
then translate the recurrence for P, . to an integral equation for f(z):

s—1 1
dz
f(Zo,...,ZS1)=/1§{27+I/Z f(209--~azi—l’z’zi+l"")m
=l ‘1
+(1 = z,)**! 3 f(z z,z ) —2 1 (25
i A 05 +++ s %o Bl eoe a2

where A := («¢+2)/2s, and f is subject to the following “boundary” con-

ditions: (1) f(z) is symmetric, that is, (2, ..., Zs_1) = f(Zg)» -+ » Zo(s—1))
for any permutation ¢;(2) f(zg, ..., 2, ..., Zs_1) = f(Zgs oo 1 =24 o, Zg_1)
for any z; € (0, 1); (3) lim;, g+ f (2, ..., 2,)) = lim; 1~ f(2g, ..., Z,01) =

0 for any z;, and 4) /01 /01 f(y)dy = p, with g the constant factor that
depends only on the pattern u(q) (or just s and k) in the expected cost
~ pn® of a random partial match. All the “boundary” conditions must
hold because of the symmetries of the problem, and by the definition;
for example, if we average P, . for all possible n* r’s we must get the ex-
pected cost of a partial match with a random query P,, hence the value
of definite integral in our item (4) must be .

If there is only one specified coordinate, we will have an integral
equation in a single variable, which can easily be transformed into
a differential equation for f(z); the differential equation is relatively
simple to solve (it is a second-order linear ODE) and its uniqueness is
immediate. It turns out to be

La+2)
(/2 +1)

I'a+2)

L@+ e
Paptn &7

f@=p- hz)=p-
But if s > 1, we do not have an ODE. Instead, we get a PDE, the solution
of which looks much harder, not to speak of establishing its unique-
ness. The symmetries of the problem (of the data structure and of the

probabilistic model) come to rescue, since we can assume that

f(zgs s 251) = B(20) = o - P(z4_9),

with ¢(z) = ¢(1 — 2), lim,_ g+ ¢(z) = lim,__ - P(z) = 1 and

a+2 [ 4, ! du o z du
$() = —= <z “/Z Pw-"5 +(1-2) “/0 "“")m)

leading to the ODE
21 - 2)¢" + (@ — N2z — D¢’ +adp =0,

and the initial condition ¢(0) = 0, which gives ¢(z) = C - h(z) = C -
(z(1 — 2))*/?, for a constant C to be determined.

Constraint (4) allows us to fix the value of C, since g =
C3( /01 h(u)a'u)s. To prove the uniqueness of the solution to the inte-
gral Eq. (25) plus the four constraints on f, we use the fact that the
linear homogeneous PDE satisfied by the function f has all real-analytic
coefficients in the domain (0, 1)° and, in addition, that the highest deriva-
tive in the PDE is 0% f /0z; - 0z2_| and its coefficient [Ty, z:(1 - z)
is clearly always positive in (0,1)°. Hence, the PDE is elliptic, and by
Holmgren’s theorem, any solution is real-analytic. Applying Cauchy-
Kovalevskaya’s theorem, it follows that it must be unique, the theorem



A. Duch, H.-K. Hwang, C. Martinez et al.

guarantees that there is a unique real-analytic solution (see, for instance,
[43,88]). Altogether, these results justify the uniqueness of the solution
and the representation of f in separable variables.

9. Conclusions and perspectives

We have reviewed, through some selected examples, the major
developments in the analysis of multidimensional data structures, in par-
ticular, the analysis of partial match searches in k-d trees and quadtrees,
especially focusing on a few general mathematical tools that have proved
successful in such contexts. The usefulness of such tools, from discrete
sequences to continuous functions, from classical analysis to modern
stochastic processes, and from big-Oh estimates to finer approximations,
goes far beyond multidimensional data structures, as already witnessed
by the applications described in the cited references. We believe that
these tools will also be valuable in other problems of a similar nature: for
example, the analysis of other types of associative queries in hierarchical
multidimensional data structures (not limited to trees).

Despite four decades of progress, many questions remain open, and
new analytical approaches are needed. We highlight several directions
that we believe merit further investigation.

« Finer asymptotic approximations: How can we improve the existing
®(n*) asymptotic estimates to asymptotically equivalent approxima-
tions? Is the ©(1)-term asymptotic to a constant or to a periodic
function in nature?

Deeper stochastic properties: Very few results are known beyond the
expected cost. In particular, how can we characterize the asymptotic
variance and the limiting distribution of the cost of partial match
queries in tree structures for data in dimensions higher than two?
Broader classes of multidimensional data structures: How can we extend
the average-case analysis to other classes of multidimensional data
structures?

More general associative queries: Associative queries such as orthogo-
nal range queries find more applications than partial match queries
in practice. The prototypical analysis carried out for the latter may
serve as fundamental building blocks for the former; see [13,30].
For more complex region queries, the analysis can often be reduced
to that of orthogonal range queries with respect to the smallest
hyperrectangle containing the query region.
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