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Abstract. A spatial branching process is considered in which particles have a lifetime law with
a tail index smaller than one. It is shown that at the critical dimension, unlike classical branching
particle systems the population does not suffer local extinction when started from a spatially homo-
geneous Poissonian initial population. In fact, persistent convergence to a mixed Poissonian particle
system is shown. The random intensity of the limiting process is characterized in law by the random
density in a space point of a related age-dependent superprocess at a fixed time. The proof relies on
a refined study of the system starting from asymptotically large but finite initial populations.

Key words. branching particle system, critical dimension, limit theorem, long-living particles,
absolute continuity, random density, superprocess, persistence, mixed Poissonian particle system,
residual lifetime process, stable subordinator

DOI. 10.1137/S0040585X97979809

1. Introduction and statement of results.

1.1. Motivation and purpose. The study of spatially homogeneous (critical)
branching particle systems Z = {Zt : t � 0} in Rd with long-living particles was
initiated in [24] and [26] (see also [20]). Here “long-living” means that the lifetime
distribution of a particle has a tail of index γ ∈ (0, 1), implying that the mean lifetime
is infinite. A new phenomenon had been revealed in the mentioned papers: starting
from a homogeneous Poissonian system of particles, in supercritical dimensions the
persistent limit in law is homogeneous Poissonian again, opposed to the usual non-
Poissonian limits of systems of particles with finite expected lifetimes. (See also
Proposition 1(b) below.) This has the following intuitive reason: due to the long
lifetimes, all the siblings of a particle in the limit population were born so long ago
that they moved out of the finite window of observation. Therefore, only “completely
mixed” populations can be observed in the limit.

Let us manifest this by some heuristic calculation based on backward tree con-
siderations. Assume the particles’ motion index is α ∈ (0, 2], and the index of the
branching is 1 + β with β ∈ (0, 1] (see Hypothesis 1 below). By renewal theory (see
[9, sections 11.5 and 11.3]), the number of branching points along an ancestral line
of a particle, called “ego,” picked at time t “at random” is asymptotically in law
(as t ↑ ∞) of the form κtγ for some random variable κ > 0, and the time be-
tween t and any of these earlier branching time points is of order t (as opposed
to the case of exponentially distributed branching times). Consider such a branching
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time point. The number ,ג say, of particles additionally generated at this branching
point (that is, being no direct descendants of the “ego”) has generating function1

Φ(s) = 1 − c (1 − s)β (differentiate the critical offspring generating function f in (3)
below to get this Palm offspring generating function Φ). Consider any of these ג off-
spring. Let q denote the probability that one of its descendants at time t hits a (fixed)
ball B around “ego.” The arguments in [26, Lemmas 2 and 3] yield that q decays at
least with the order t−θ, where θ := (d/α+γ)/(1+β). Therefore, the probability that
none of the ג particles has an offspring that populates B at time t is asymptotically
Φ(1− q) = 1− c qβ � 1− c t−(d/α+γ)β/(1+β). Consequently, the probability that none
of the relatives of “ego” populates a ball around “ego” asymptotically equals

E
(
1 − ct(−d/α−γ)β/(1+β)

)κtγ ≈ E exp
[− cκtγ−(d/α+γ)β/(1+β)

]
= E exp

[− cκt(γ−dβ/α)/(1+β)
]
.(1)

This indicates that the number dc := αγ/β should be critical for the dimension d
of space. Indeed, for d > dc, the expression in (1) converges to 1, showing that
in supercritical dimensions “ego” asymptotically has no relatives around. In other
words, relationships of particles in our observation window vanish as t ↑ ∞, which
corresponds to a convergence of the original populations towards a Poissonian system
(with deterministic intensity).

If d < dc instead, then (1) converges to 0. In other words, provided that t−θ is the
correct order of decay of q, then for d < dc each small ball around “ego” is met by a
relative of “ego” with asymptotic probability one. This can be taken as an indication
of the usual clumping of the original particle system in subcritical dimensions and is
in fact in line with the local extinction of the branching particle system for d < dc,
which was proved in [26] (see also Proposition 1(a) below).

At the critical dimension dc, however, (1) suggests that at late times t the prob-
ability that relatives of “ego” show up in B might be strictly between 0 and 1. Since
the time distance to the latest common ancestor of all these relatives is of order t, the
spatial correlations of these relatives should vanish as t ↑ ∞. In fact the population
should tend to a homogeneous mixed Poissonian system, where the randomness of the
intensity comes from the randomness of the branching at very early times.

In this paper we prove that such a picture is indeed true and hereby essentially
strengthen a result of [26], where it was shown that at the critical dimension there ex-
ist nontrivial limit points as t ↑ ∞. The problem of long-term convergence, however,
was left open in [26]. The main motivation for the present work was to settle this
problem. Indeed we now prove uniqueness of the limit distribution and identify it.
According to ourmain result the following convergence statement holds for the process
Z = {Zt : t � 0} under consideration. At the critical dimension, Zt converges in law
as t ↑ ∞ to a limit Z∞, which is in fact a mixed homogeneous Poissonian particle sys-
tem whose random intensity i∞ is nondegenerate and of full expectation (persistence).
In particular, the limit is not (spatially) ergodic. (See Theorem 2 below.)

To gain the needed information on the random intensity i∞, we need to relate
our branching particle system Z with a superprocess. This first of all requires passing
to a Markovian description. To get this, we take into account the residual lifetimes
of the particles. Then the refined process Ẑ has states in the set of counting mea-
sures on R+ × Rd, instead of only on Rd. A rescaling Ẑ(n) of Ẑ then leads to a

superprocess X̂ on R+ × Rd. The scaling here is as follows: time is sped up by

1With c we always denote a positive constant which may vary from place to place.
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the factor nβ/γ , whereas mass is renormalized by 1/n, which also requires increasing
the original particles’ initial state by a factor of n (high density scaling). Now one

has indeed the convergence in law Ẑ(n) → X̂ as n ↑ ∞ (see Proposition 2 below).

Going back to the marginal measures on Rd, the superprocess X̂ is turned into a
measure-valued process X. This process appeared in [20] under the name “projected
superprocess”; one should note, however, that X is not Markov, and hence is not a
superprocess in the usual terminology. Adapting a criterion of [19] to our needs, we
will show that the process X has absolutely continuous states Xt(da) = Xt(a) da in
all dimensions d < α/β, covering the critical dimension dc (see Proposition 3 below).
This corresponds to the intuition that the long lifetimes of the infinitesimal particles
combined with the spatial spread have an additional smoothing effect on the mass dis-
tribution (compared with the case of lifetimes with finite mean). At the same time,

at the critical dimension dc, starting from a marked Lebesgue initial state, X̂ has a
self-similarity property (Proposition 4(b) below). For d = dc, this turns the absolute
continuity of the states of X into the existence of a large time limit X∞ which is a
random multiple of the Lebesgue measure X∞ = i∞�, and where, by self-similarity,
i∞ coincides in law with X1(0), the random density of X1 at the origin (see Corol-
lary 2(b) below). Finally, it is well known that in the case of exponentially distributed
lifetimes the branching particle systems starting from Poisson initial states arise from
the corresponding superprocesses via a Poissonization (cf. [14, p. 277]): the branching
particle state at time t coincides in law with a mixed Poisson system, where the “Pois-
son’s random intensity measure” is given by the superprocess state at time t. In our
non-Markovian case of long-living particles, an asymptotic local Poissonization result
still holds, starting from a large pile of particles at a distant position (Corollary 3
below): the limit is mixed Poisson with random intensity measure X∞ = i∞�. Some
efforts are needed to make this key idea work.

It turns out that at the critical dimension the branching systems Z with long-
living particles and their continuum versions X share crucial features with some cat-
alytic branching models; see [13] and [11]. (For recent surveys on catalytic models,
see [5], [6], [18].) These features are absolutely continuous states and self-similarity
in the continuum versions leading to uniform limits X∞ = i∞� with nondegenerate
random intensity i∞ = X1(0). These continuum model results are then used to handle
the more complicated particle models by showing that a sparse branching as t ↑ ∞
(caused in one case by the asymptotic rareness of collisions with the catalyst and in the
other case by the particles’ long lifetimes) leads to an asymptotic local Poissonization,
that is, to mixed Poissonian limits with random intensity measure X∞ = i∞�.

Let us now introduce the mentioned (refined) branching particle system Ẑ in more
detail.

1.2. The (d, α, β, γ)-branching particle system Ẑ. We are dealing with a
model of (critical) branching in Rd which is a spatial generalization of the so-called
age-dependent (critical) branching process or, more precisely, (critical) Bellman–
Harris branching process. It is based on the following ingredients which, for con-
venience, we expose as a hypothesis.

Hypothesis 1 (ingredients of the branching particle system).
(a) (Particle motion process ξ.) Fix a constant α ∈ (0, 2]. Consider the symmet-

ric α-stable process (ξ, Pa, a ∈ Rd) in Rd, (cf. [2, p. 317] or [1, Chap. VIII]), that is,
the (time-homogeneous) Markov process with generator ∆α := −(−∆)α/2, the frac-
tional Laplacian [27, p. 260]), and with càdlàg paths. Denote by p = {pt(b) : t > 0,
b ∈ Rd} the continuous transition densities of this particle motion process ξ.
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(b) (Particles’ lifetime τ .) Introduce the nonlattice distribution function G of a
random variable τ > 0 with tail

P{τ > u} = 1 −G(u) ∼ cG u−γ as u ↑ ∞(2)

for some index γ ∈ (0, 1) and a constant cG > 0. That is, the lifetime distribution G of
particles is in the normal domain of attraction of a stable law of index γ. In particular,
τ has infinite expectation Eτ = ∞.

(c) (Critical branching mechanism.) We fix our attention on the offspring gen-
erating function

f(s) := Esζ = s + cf (1 − s)1+β , 0 � s � 1,(3)

of the random number ζ of offspring of a particle, with constants β ∈ (0, 1] and
cf ∈ (0, 1/(1 + β)]. That is,

P{ζ = k} = δ1,k + cf (−1)k
(

1 + β
k

)
, k � 0,

with δ1,k the Kronecker symbol. Consequently, Eζ = 1 (criticality), and we consider a
branching mechanism in the normal domain attraction of a stable law of index 1 + β.
Note that Eζ2 < ∞ if and only if β = 1.

(d) (Phase space E.) A point e = (u, a) ∈ E := R+ ×Rd describes the residual
lifetime u and the position a of a particle. With the metric

dE(e1, e2) := 1 ∧ |u1 − u2| + |a1 − a2|,
ei = (ui, ai) ∈ E, i = 1, 2, we get a Polish space (E, dE).

(e) (Test functions.) Fix a constant p ∈ (d, d + α] (recall that α is the motion
index), and introduce the reference function Φp(a) := (1 + |a|2)−p/2, a ∈ Rd. Let

Ĉp = Ĉp(E) denote the set of all continuous functions ψ : E → R such that

‖ψ‖ := sup
(u,a)∈E

∣∣∣∣ψ(u, a)

φp(a)

∣∣∣∣ < ∞,

and such that the map

(u, a) �→ ψ(u, a)

φp(a)

on E can be continuously extended to a function on Ṙ+ × Ṙd, where Ṙ+ and Ṙd

are the one-point compactifications of R+ and Rd, respectively. Then (Ĉp, ‖ · ‖) is a
separable Banach space.

(f) (State space N ◦
p .) Let Mp = Mp(E) denote the set of all p-tempered measures

on E = R+ ×Rd, that is, measures µ on E such that the integral

〈µ, φp〉 :=

∫
E

µ
(
d(u, a)

)
φp(a)

is finite. Introduce the weakest topology in Mp such that for each ψ ∈ Ĉp the mapping

µ �−→ 〈µ, ψ〉 :=

∫
E

µ(de)ψ(e)

is continuous. Note that ν × � belongs to Mp for each finite measure ν on R+ (since
〈�, φp〉 < ∞). Write Np = Np(E) for the subset of all those measures µ in Mp
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with values in {0, 1, . . . ,∞} (counting measures), and N ◦
p = N ◦

p (E) if additionally

µ({0} × Rd) = 0. We let both sets Np and N ◦
p inherit the topologies of Mp. The

set N ◦
p will serve as a state space of our branching particle system. In particular, the

Dirac delta measure δ(u,a) ∈ N ◦
p describes a single particle having residual lifetime

u > 0 and sitting at position a ∈ Rd.
Definition 1 (branching particle system Ẑ and process Z). Abstaining from a

more detailed definition, the process Ẑ = {Ẑt : t � 0} we are interested in can now be
described by the following properties:

(i) Given a particle δ(u,a) ∈ N ◦
p at time r � 0, its further path in (0,∞) ×Rd is

t �→ (u− (t− r), ξt−r), r � t < r + u, where ξ is distributed according to Pa.
(ii) As soon as a particle reaches the residual lifetime 0+, it dies, and on the same

location an offspring is born whose number is an independent probabilistic copy of ζ.
(iii) Newly born particles get independent residual lifetimes, all distributed as

τ > 0, and proceed independently.
(iv) At time t = 0, we start with a system of particles described by a measure

µ ∈ N ◦
p .

(v) Write Pµ for the law of Ẑ. It is considered as a measure on the set D(R+,Np)
of all Np-valued càdlàg paths ω satisfying additionally ωt ∈ N ◦

p , t � 0.

For convenience, we call process (Ẑ,Pµ, µ ∈ N ◦
p ) a (d, α, β, γ)-branching particle

system. Observe that Ẑ is a time-homogeneous Markov process.
Note also that we make maximal independence assumptions in defining the model.

The main dependence assumption is that newly born particles start their evolution
from an ancestor’s death place.

Integrating out the residual lifetimes, we return to the non-Markovian process
Zt = Ẑt(R+ × (·)), t � 0, already mentioned in subsection 1.1.

We are interested in the long-term behavior of the marginal process Z of this
(d, α, β, γ)-branching particle system Ẑ. For simplicity, we take Poissonian particle
systems with intensity measure2 i0G(du)�(da) as initial states, where i0 > 0 is a fixed
constant. Note that in this case all the initial residual lifetimes are independent copies
of the random variable τ , which means that all initial particles are in effect newborns
(but do not have siblings).

Recall that a random counting measure π on E is called a Poissonian particle
system with intensity measure µ ∈ Mp if it has the log-Laplace transform

− log E exp〈π,−ψ〉 =
〈
µ, 1 − e−ψ

〉
, ψ ∈ Ĉ+

p

(the index + on a set refers to all of its nonnegative members, as we already used
R+ = [0,∞)). We write πµ for such a Poissonian particle system with intensity
measure µ. If µ = i0ν× � with a constant i0 � 0, a probability law ν on (0,∞) (and �
the Lebesgue measure on Rd), then πi0ν×� is a homogeneous Poissonian particle system
with intensity i0 and residual lifetimes distributed according to ν. If i0 is additionally
random, then πi0ν×� is said to be a mixed homogeneous Poissonian particle system
with random intensity i0. In other words, if σ denotes the law of i0, then

P {πi0ν×� ∈ (·)} =

∫ ∞

0

σ(di)P {πiν×� ∈ (·)} .(4)

A similar terminology is used for Poissonian particle systems on Rd.

2We do not distinguish in notation between the distribution function G and its related probability
measure G(dt) on (0,∞).
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1.3. Lifetimes with finite mean and the extinction-persistence dicho-
tomy. Let us assume that Ẑ0 is the homogeneous Poissonian particle system πi0G×�

with (deterministic) intensity i0 > 0 and residual lifetime distributed according to G
(recall that in this case only newborns without siblings are considered in the begin-
ning).

First we contrast our marginal process Z of a (d, α, β, γ)-branching particle sys-

tem Ẑ with the case where assumption (2) on a γ-tail is replaced with that of a
(nonlattice) lifetime distribution function G with finite expectation. Then there is a
dichotomy between persistent convergence and local extinction depending on whether
d > α/β holds or is violated (cf. [26]). This kind of picture is of course known from
other variants of spatially homogeneous (critical) branching processes; see, for in-
stance, [21], [3], [16], [4], [12], and [15]. An intuitive reason for this dichotomy is the
following: By the critical branching, the offspring of any considered finite subpopu-
lation always goes to extinction. Because of the smaller mobility in low dimensions,
this effect leads finally to a local extinction of the infinite population. In large di-
mensions, however, the higher mobility allows some of the particles (coming from far
away) to enter the finite window of observation and thus to show up in the limit
population. Consequently, in low dimensions the local fluctuations (coming from the
critical branching) prevail, whereas in higher dimensions the effect of the motion is
dominating. Altogether, it depends on the dimension of space and the stable law in-
dices of branching and motion which of the competing features (local mass fluctuation
or spatial dispersion) wins in the long run.

The same statement holds true for (d, α, β, γ)-branching particle systems: below
the critical dimension dc = αγ/β there is local extinction, and above it there is
persistence (see subsection 1.4 below). However, at the critical dimension itself, the
asymptotic behavior is essentially different from that of systems with finite expected
lifetime of particles (see subsection 1.9).

1.4. Long-living particles in noncritical dimensions. Let us return to our
(d, α, β, γ)-branching particle system Ẑ according to Definition 1. Before coming to
our main case (the critical dimension), we will briefly recall the picture in noncritical
dimensions. The following proposition is proved in [24] and [26] as far as the spatial
marginal process X is concerned. Here we state an extension which includes the
residual lifetimes. The proof of this extension can be easily obtained by repeating the
line of arguments of the mentioned papers, and thus is omitted.

Proposition 1. Consider the (d, α, β, γ)-branching particle system Ẑ starting
from a homogeneous Poissonian particle system with intensity i0 > 0 and with residual
lifetimes distributed according to G, that is, Ẑ0 = πi0G×�. For a constant K > 0,

introduce the time-scaled process Ẑ(K):

Ẑ
(K)
t

(
( · ) × ( · )) := ẐKt

(
K( · ) × ( · )), t � 0,(5)

and fix t > 0. Then the following statements hold.

(a) (Local extinction in subcritical dimensions; see [26].) If d < αγ/β, then Ẑ
(K)
t

suffers local extinction as K ↑ ∞, that is, Ẑ
(K)
t → 0 in probability.

(b) (Persistent convergence in supercritical dimensions; see [24], [26].) On the

other hand, if d > αγ/β, then Ẑ
(K)
t converges in law as K ↑ ∞ to a homogeneous

Poissonian limit population Ẑ
(∞)
t = πi0Gt∞×� of full intensity i0 and with residual



BRANCHING SYSTEMS WITH LONG-LIVING PARTICLES 435

lifetimes distributed according to

Gt
∞(du) :=

sinπγ

π

tγdu

uγ (t + u)
, u > 0(6)

(for the occurrence of Gt
∞; see the respective theorem in [9, section 14.3]).

As pointed out already in subsection 1.1, the striking new feature relative to the
case of a lifetime distribution with finite mean (subsection 1.3) is that in supercritical
dimensions the local dependencies between relatives are lost in the limit. This is
caused by the heavy tail of the lifetime distribution G of the particles — siblings are
too far away in the long run.

According to a result of [26], at the critical dimension dc = αγ/β local extinction
in law of Zt as t ↑ ∞ does not hold (recall our discussion in subsection 1.1). Our
purpose is to clarify this situation. In order to describe this in detail, we first need
to introduce a superprocess variant X̂ of the (d, α, β, γ)-branching particle system Ẑ,
since the detailed description of the long-term behavior of Z depends on a quantity
derived from X̂.

1.5. The (d, α, β, γ)-superprocess X̂. Since Feller’s paper [8], it is common
to also ask for diffusion-type approximations of branching particle systems. For our
present (d, α, β, γ)-model (starting with a finite initial system) such approximation
has been provided by [20], that dropped, however, the residual lifetimes from the
description. In this way one loses the Markov property—in fact, in both the particle
systems and their high density limits (despite the independence assumptions between
motion and aging). In other words, one never will end up with a Markov superprocess
(not even with a time-inhomogeneous one, contrasting a statement on p. 249 in [20]).
This is the reason why we insist on keeping the residual lifetimes in our description
also in the superprocess limit.

In order to introduce the limiting (d, α, β, γ)-superprocess X̂ needed for the fur-
ther procedure, we will first describe the basic “motion” process for this superprocess.

Recall that we are working with the phase space E = R+ ×Rd. By means of the
Rd-component, we describe the particles’ α-stable motion process (ξ, Pa, a ∈ Rd).
Additionally we need an independent (limiting) residual lifetime process t �→ ϑt. To
introduce it, for our lifetime tail index 0 < γ < 1, we start from an independent
γ-stable subordinator η = {ηt : t � 0} in R+ which is a càdlàg time-homogeneous
Markov process with stationary independent increments having log-Laplace transition
function

− logE
{

exp[−θηt]
∣∣ η0 = u

}
= uθ + cη t θ

γ , θ, t, u � 0,

where it is convenient for us to normalize the constant cη > 0 to

cη :=
1

Γ(1 + γ)
,

where Γ denotes the Gamma function. From this we deduce two other processes, the
process

kt := inf{s > 0: ηs > t}, t � 0,

inverse to η, and the (limiting) residual lifetime process ϑ := ϑt,

ϑt := inf{ηs − t : ηs > t, s � 0} = ηkt − t, t � 0.
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Note that ϑ is a càdlàg time-homogeneous strong Markov process and that dkt is
a continuous and time-homogeneous additive functional of ϑ. (See [1, p. 123] for
background.) In particular, ϑ can be started from ϑ0 = 0. Also recall that in the
special case γ = 1

2 the process t �→ kη0+t is just the local time at 0 of a Brownian
motion started at 0, and ϑ describes the residual lifetimes of the Brownian excursions
from 0.

As a result we get the pair ξ̂ := (ϑ, ξ) of independent processes whose laws we

denote by P̂e, e ∈ E. This completes the construction of a càdlàg time-homogeneous
Markov process (ξ̂, P̂e, e ∈ E) in E = R+ × Rd. It is this process ξ̂ which will serve

as the “motion” process of an intrinsic particle in the superprocess X̂ which we now
introduce. The time-homogeneous continuous additive functional dkt of ξ̂ will serve
as the branching functional for X̂.

Recall that D = D(R+,Mp) denotes the set of all càdlàg measure-valued paths
ω : R+ → Mp = Mp(E) endowed with the Skorokhod topology. Write P for the set
of all probability laws on D furnished with the topology of weak convergence.

Lemma 1 (unique existence of the (d, α, β, γ)-superprocess X̂). Fix constants

0 < α � 2, 0 < β � 1, 0 < γ < 1, and / > 0.

For each measure µ ∈ Mp, there is a unique law Pµ ∈ P of a time-homogeneous

Markov process X̂ with log-Laplace transition functional

− log Eµ exp
〈
X̂t, −ψ

〉
=

〈
µ, V̂tψ

〉
, t � 0, ψ ∈ Ĉ+

p ,(7)

where the function v̂ = V̂ ψ = {V̂tψ(e) : t � 0, e ∈ E} � 0 uniquely solves the integral
equation

v̂t(e) = Êe

[
ψ(ξ̂t) − /

∫ t

0

dks v̂
1+β
t−s (ξ̂s)

]
, t � 0, e ∈ E.(8)

In particular, the following expectation formula holds:

Eµ

〈
X̂t, ψ

〉
=

∫
E

µ(de) Êeψ(ξ̂t), µ ∈ Mp, t � 0, ψ ∈ Ĉ +
p(9)

(criticality).

We call (X̂, Pµ, µ ∈ Mp) the (d, α, β, γ)-superprocess with the branching rate /.
The construction of such a process is standard nowadays and we will abstain from
this (see [23]).

A good interpretation of this measure-valued process X̂ is provided by the particle
system approximation worked out in the next subsection.

Remark 1 (decoupling). Note that the integral in (8) can be rewritten as∫ t

0

dks v̂
1+β
t−s (0, ξs),

since ∫ ∞

0

dks 1{ϑs > 0} = 0, P̂e-a.s., e ∈ E,

which follows just from the definitions of the processes k and ϑ. However, k and ξ are
independent; hence from

Êeks = Euks = 1[u,∞)(s) (s− u)γ , e = (u, a), s � 0,(10)
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we conclude that (8) can be rewritten as

v̂t(e) =
[
Êe ψ(ξ̂t)

]− /

∫ t

u∧t
ds(s− u)γ Eav̂

1+β
t−s (0, ξs),

t � 0, e = (u, a) ∈ E. Here ds indicates that the Stieltjes integral is formed with
respect to the variable s (of the monotone function s �→ (s− u)γ).

1.6. Approximation of X̂ by particle systems. As already indicated, X̂
arises from the (d, α, β, γ)-branching particle system Ẑ via a diffusion-type approxi-
mation, which we now want to make precise. The proof of the next proposition follows
along the lines of [20, section 4] (see in particular Corollary 1 there).

Proposition 2 (approximation of X̂ by particle systems). For n � 1, let Ẑ(n)

denote a (d, α, β, γ)-branching particle system but with lifetime distribution function G
of Hypothesis 1(b) replaced with G(n):

G(n)(u) := G
(
nβ/γ u

)
, u � 0.

Moreover, assume that Ẑ(n) start with (deterministic) initial populations Ẑ
(n)
0 ∈ N ◦

p

satisfying

1

n
Ẑ

(n)
0 −−→

n↑∞
µ in Mp.(11)

Then

1

n
Ẑ(n) =⇒

n↑∞
X̂ in law,

where X̂ is the (d, α, β, γ)-superprocess from Lemma 1 starting from µ, and with special
branching rate

/ =
sinπγ

π

cf
cG

,(12)

with cf from (3) and cG from (2).

In simple terms, if in the (d, α, β, γ)-branching particle system Ẑ the particles’
lifetimes τ are replaced with the rescaled (and smaller) lifetimes n−β/γτ , if their unit

masses are replaced with the small masses 1/n, and if the initial populations Ẑ
(n)
0 are

chosen such that the rescaled measures n−1Ẑ
(n)
0 converge as in (11), then the whole

rescaled branching particle system n−1 Ẑ(n) tends to the (d, α, β, γ)-superprocess X̂
of Lemma 1 with special branching rate / as defined in (12).

1.7. The marginal measure process X. The residual lifetime process ϑ,
starting from a nonzero state, is deterministic until it reaches the state 0. Thus,
the “motion” process ξ̂ does not have transition densities; hence the superprocess X̂
will also not have “smooth” states. However, integrating out the residual lifetimes,
that is, passing to the spatial marginal process

Xt(·) := X̂t

(
R+ × (·)), t � 0,

the situation changes, and this will be enough for our description of the long-term
behavior of Ẑ. In fact, in dimensions d < α/β, the measure states that Xt are
absolutely continuous. We want to expose this property as a proposition, which we will
verify in subsection 2.2 below by a modification of methods borrowed from [19]. For
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this purpose, let χ � 0 denote a bounded continuous function on Rd with 〈�, χ〉 = 1,
and consider the regularization

χε(a) := ε−dχ(ε−1a), a ∈ Rd, ε > 0, ε ↓ 0,(13)

of the δ-function δ0 on Rd.
Proposition 3 (marginal measure process X). Let d < α/β, and fix t > 0.

Consider the marginal process X = X̂(R+ × (·)) of the (d, α, β, γ)-superprocess X̂
with law Pµ, µ ∈ Mp(E).

(a) (Random density at a point.) For all a ∈ Rd, the limit in law

lim
ε↓0

〈Xt, δa ∗ χε〉 =: Xt(a) = 〈Xt , δa〉(14)

exists. Moreover, the random density Xt(a) of Xt at site a has the log-Laplace trans-
form

− log Eµ exp [−θXt(a)] =
〈
µ, v̂θ,at

〉
, θ � 0,(15)

where (for θ � 0 and a ∈ Rd fixed)

v̂θ,a := v̂ := {v̂t(e′) : t > 0, e′ = (u′, a′) ∈ E} � 0(16)

uniquely solves the equation

v̂t(e
′) = θ pt(a− a′) − /Êe′

∫ t

0

dks v̂
1+β
t−s (0, ξs),(17)

t > 0, e′ = (u′, a′) ∈ E. In particular, the following expectation formula holds:

EµXt(a) =

∫
E

µ
(

d
(
u′, a′)

)
pt(a− a′

)
.(18)

(b) (Absolutely continuous measure states.) Pµ-almost surely, Xt is absolutely
continuous.

The occurrence of the first term at the right-hand side of (17) is not surprising.
In fact, proceeding formally, we have

Xt(a) = 〈Xt, δa〉 =
〈
X̂t , 1 ⊗ δa

〉
,

with δa the delta function at a and

1 ⊗ δa =: δa, a ∈ Rd,(19)

its constant extension to E. Moreover, replacing ψ in the log-Laplace equation (8)
with the generalized function δa on E, we get for e′ = (u′, a′) ∈ E,

Êe′ψ(ξ̂t) = Ê(u′,a′)1(ϑt) δa(ξt) = Ea′δa(ξt) = pt(a− a′),(20)

since ξ has continuous transition density function p. Thus, (17) can be considered as
a special case of (8), and

v̂θ,a = V̂
(
θδa

)
.

Of course, part of statement (a) is that (17) is a well-posed equation. Note also that δa
is the generalized density function of the measure �+ × δa on E, where �+ denotes the
Lebesgue measure on R restricted to R+, and we will not differentiate in notation
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between this measure and its generalized density function; that is, we write δa for
both.

Note also that the index γ does not enter into the dimension restriction d < α/β
of this proposition. Roughly speaking, the enlargement of the lifetime of an “intrinsic
particle” in the superprocess does not have an effect on the local issue of smoothness
of the marginal measure states Xt. In particular, concerning absolute continuity of the
states, there is no difference between the “classical” case corresponding to γ = 1 and
our cases γ < 1. (Of course, one expects singularity of the marginal measure states
if d � α/β.) Before returning to particle systems, we present some other interesting

properties of the superprocess X̂.

1.8. Scaling properties of X̂ at the critical dimension. The next property
follows from the log-Laplace representation in Lemma 1 by standard arguments. We
skip the details.

Proposition 4 (scaling properties of X̂). Consider d = αγ/β. Then the
(d, α, β, γ)-superprocess has the following properties.

(a) (Scaling for finite initial masses.) For each a ∈ Rd and K, i0 > 0, the process{(
K−d/αX̂Kt

(
K( · ) ×K1/α( · )))

t�0

∣∣∣ X̂0 = i0δ(0,a)

}
coincides in law with the process{

X̂
∣∣ X̂0 = K−d/αi0δ(0,K−1/αa)

}
.

(b) (Self-similarity.) If X̂0 = i0δ0 × �, then X̂ is self-similar:{
K−d/αX̂Kt

(
K( · ) ×K1/α( · )) : t � 0

} L
= X̂, K > 0.

Scaling properties are often a very useful tool. In the present case, we may
combine them with Proposition 3 in order to get the following immediate result.
Define X̂(K) just as we introduced Ẑ(K) in (5). Recall the limiting residual lifetime
distribution Gt

∞ introduced in (6).

Corollary 1 (limiting scaling behavior of X̂). Let d = αγ/β and fix t, i0 > 0.

Then the (d, α, β, γ)-superprocess X̂ has the following limiting scaling behavior.

(a) (Asymptotics of X̂(K) for finite initial masses.) Fix a ∈ Rd. Assume that

X̂0 = Kd/αi0δ(0,K1/αa). Then

X̂
(K)
t =⇒

K↑∞
X ′

t(0)Gt
∞ × � in law,

where X̂ ′ is the (d, α, β, γ)-superprocess starting from X̂ ′
0 = i0δ(0,a) and X ′

t(0) is the

random density at time t at the origin from the marginal process X ′ := X̂ ′(R+× ( · )),
according to Proposition 3(a).

(b) (Persistent convergence of X̂(K).) If X̂0 = i0δ0 × �, then

X̂
(K)
t =⇒

K↑∞
Xt(0)Gt

∞ × � in law,

where Xt(0) is the random density at time t at site 0 of the marginal process X =

X̂(R+ × (·)) having full expectation i0.
Specifying first to t = 1 and then to K = t in the previous corollary and paying

attention only to the spatial marginal measures lead to the following result.
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Corollary 2 (long-term behavior of X). Let d = αγ/β. The marginal pro-

cess X of the (d, α, β, γ)-superprocess X̂ has the following long-term behavior. Fix
i0 > 0.

(a) (Asymptotics of Xt for t-dependent finite initial measures.) Consider a whole

family {uX̂ : u � 0} of (d, α, β, γ)-superprocesses starting from uX̂0 = ud/αi0δ(0,u1/αa),

a ∈ Rd. Then the spatial marginal processes tXt := tX̂t(R+ × ( · )) obey
tXt =⇒

t↑∞
X ′

1(0) in law,

where X ′
1(0) is the random density at time 1 at the origin of the marginal process

X ′ := X̂ ′(R+ × ( · )) (see Proposition 3(a)) of the (d, α, β, γ)-superprocess X̂ ′ starting
from X̂ ′

0 = i0δ(0,a).

(b) (Persistent convergence of Xt.) If, instead, X̂0 = i0δ0 × �, then

Xt := X̂t

(
R+ × ( · )) =⇒

t↑∞
X ′

1(0) � in law,

where X ′
1(0) is as in (a) but with X̂ ′

0 = i0δ0 × �; hence the limiting state has full
expectation i0�.

Note that if the initial state of the superprocess is X̂0 = i0δ0 × � (as in (b)), it
is easy to understand why, in the critical dimension, mixed Lebesgue measures occur
in the spatial component in the limit as K ↑ ∞ instead of the zero measure in the
“classical” case of a (d, α, β)-superprocess. This behavior is caused by the coinci-
dence that one has nice scaling properties and the existence of absolutely continuous
states. While (d, α, β)-superprocesses have singular states at their critical dimen-
sion dc = α/β, in contrast the spatial projections of (d, α, β, γ)-superprocesses have
absolutely continuous states at their critical dimension dc = αγ/β (< α/β).

Recall also that the statement in Corollary 2(b) is quite analogous to a result on
the super-Brownian reactant with a super-Brownian catalyst at the critical dimension
d = 2; see [11]. In the last case an analogue of part (a) of Corollary 2 can be
established.

1.9. Persistent convergence of Z at the critical dimension. Now we return
to our marginal branching particle system Z = Ẑ(R+ × (·)). First we state the
analogue of Corollary 2(b). Note that the following theorem deepens the statement
in [26] that nontrivial limit points exist.

Theorem 2 (persistent convergence to a mixed Poisson system). Consider the

(d, α, β, γ)-branching particle system Ẑ with Ẑ0 = πi0G×�. Assume that d = αγ/β.
Then

Zt =⇒
t↑∞

πX1(0) � in law,

where X1(0) is the random density at time 1 at site 0 of the marginal process X =

X̂(R+ × (·)) of the (d, α, β, γ)-superprocess X̂ with X̂0 = i0δ0 × �. In particular, the
limiting state has full expectation i0� and is not (spatially) ergodic.

In other words, the limit population is mixed homogeneous Poisson, and its ran-
dom intensity is just X1(0), the random density at time 1 at the origin of the marginal

process X of the (d, α, β, γ)-superprocess X̂ starting from i0δ0 × �.
Theorem 2 will actually be derived from our next theorem, and this derivation

will be provided at the end of the next subsection.



BRANCHING SYSTEMS WITH LONG-LIVING PARTICLES 441

1.10. Refined asymptotics. The progress relative to [26], exhibited in Theo-
rem 2, was possible by revealing a refined asymptotics as K ↑ ∞ for the marginal
process Z(K) := Ẑ(K)(R+ × (·)) of the rescaled (d, α, β, γ)-branching particle sys-

tem Ẑ(K) defined in (5) and starting from finite and asymptotically large initial pop-
ulations (the particle analogue of Corollary 1(a)), which we now want to deal with.
It can be counted as a spatial generalization of a result on age-dependent branching
processes in [25].

For this purpose, we need to introduce further notation. Let Cp = Cp(Rd) de-
note the set of all continuous functions ϕ : Rd → R such that |ϕ| � cϕ φp for some
constant cϕ and such that ϕ/φp can continuously be extended to a function on the

one-point compactification Ṙd. Note that the constant extension ϕ := 1⊗ϕ of ϕ ∈ Cp
belongs to Ĉp.

The following notation, though potentially ambiguous at first glance, will be
convenient.

Notation 1 (mixed laws). We denote by Pδ(τ,a)
the (“annealed ,” deterministic)

law
∫∞
0

dG(u)Pδ(u,a)
of Z started from a single particle with position a and residual

lifetime τ distributed according to G. Also, in other cases of mixed laws we will use a
similar notation. For instance, we write P̂(τ,a) for

∫∞
0

dG(u) P̂(u,a).
For ϕ ∈ C+

p , set

Qtϕ(a) := 1 −Eδ(τ,a)
exp

〈
Ẑt ,−ϕ

〉
= 1 −Eδ(τ,a)

exp〈Zt,−ϕ〉,(21)

t � 0, a ∈ Rd. Note that Qtϕ (a) occurs in the log-Laplace functional of the state Ẑt

of the (d, α, β, γ)-branching particle system starting from the homogeneous Poissonian

particle system Ẑ0 = πi0G×�:

− logEπi0G×�
exp

〈
Ẑt ,−ϕ

〉
= 〈i0 �,Qtϕ〉.

Applying this to the rescaled process Ẑ(K) introduced in (5), we get

− logEπi0G×�
exp

〈
Ẑ

(K)
t ,−ϕ

〉
= − logEπi0G×�

exp
〈
Z

(K)
t ,−ϕ

〉
= i0

∫
Rd

daKd/αQKtϕ (K1/αa).(22)

The asymptotics we are interested in concerns the quantity

V
(K)
t ϕ(a) := Kd/αQKtϕ (K1/αa),(23)

occurring in the integrand in (22). Here is our key result.
Theorem 3 (refined asymptotics). Assume that d = αγ/β. Then, for each

ϕ ∈ C+
p , t > 0, and a ∈ Rd,

V
(K)
t ϕ(a) −−→

K↑∞
v
θ(ϕ)
t (a),(24)

where

θ(ϕ) :=

∫
Rd

db
[
1 − e−ϕ(b)

]
(25)

and

v
θ(ϕ)
t (a) := v̂t

θ(ϕ),0(0, a)(26)



442 K. FLEISCHMANN, V. A. VATUTIN, AND A. WAKOLBINGER

with v̂θ(ϕ),0 a unique solution to (17) in the case θ = θ(ϕ) and a = 0 there, and with
special / as in (12). Consequently, vθ(ϕ) = v = {vt(a) : t > 0, a ∈ Rd} � 0 solves

vt(a) = θ(ϕ) pt(a) − /

∫ t

0

d(sγ)Eav
1+β
t−s (ξs),(27)

t > 0, a ∈ Rd.

The proof of this theorem will be given in subsection 2.6 below, after preparations
in subsections 2.3–2.5. The proof will essentially use the assumption γ < 1 imposed
in Hypothesis 1(b) for our entire paper. Observe that to get a refined asymptotics
for the cases γ = 1 or Eτ < ∞, another approach is needed; these cases will be
investigated elsewhere.

Let us also mention that for super-Brownian motions and branching Brownian
motions with exponential lifetimes, refined asymptotic results in the critical dimension
(in the sense of Theorem 3) were established in [17].

Now we want to explain how Theorem 3 is related to the mentioned asymptotics
for the case of large but finite initial populations.

Corollary 3 (population starting from large finite populations). Let d = αγ/β.

Assume3 Ẑ0 = [Kd/αi0] δ(τ,K1/αa) with i0 > 0 and a ∈ Rd. Then for the marginal

rescaled processes Z(K) := Ẑ(K)(R+ × (·)) and t > 0,

Z
(K)
t =⇒

K↑∞
πXt(0) � in law,

where Xt(0) is the random density at time t at site 0 of the marginal process X of the

(d, α, β, γ)-superprocess X̂ with X̂0 = i0δ(0,a).

Clearly, the previous corollary can be restated in terms of a long-term behavior
analogously to Corollary 2(a).

Proof of Corollary 3. Fix t, i0 > 0, a ∈ Rd, and ϕ ∈ C +
p . By the branching

property and definition (5) of rescaling, for K > 0,

logE[Kd/α i0]δ(τ,K1/αa)
e−〈Z(K)

t ,ϕ〉 = [Kd/α i0] logEδ
(τ,K1/αa)

e−〈ZKt,ϕ〉.

Using definition (21) of Qϕ, the limit as K ↑ ∞ of the right-hand side of the latter
equation equals

lim
K↑∞

[Kd/α i0] log
(
1 −QKtϕ (K1/αa)

)
= −i0 lim

K↑∞
V

(K)
t ϕ(a) = −i0 v

θ(ϕ)
t (a),

where we used notation (23) and Theorem 3. But by definition (26) of v
θ(ϕ)
t (a), and

the log-Laplace formula (15) in Proposition 3,

−i0 v
θ(ϕ)
t (a) = ln E i0δ(0,a)

exp
{− θ(ϕ)Xt(0)

}
.

However, by formula (25), this is the log-Laplace transform of the mixed homogeneous

Poissonian particle system πXt(0)� as desired, where X̂ starts from X̂0 = i0 δ(0,a). This
finishes the proof (up to the validity of Theorem 3).

Proof of Theorem 2. First, note that by definition (5),

Zt = Ẑ
(t)
1 (R+ × ( · )) , t > 0.

3[z] denotes the integer part of z.
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We need to combine (22) and (24) (by using notation (23)) to conclude that

− logEπi0G×�
exp 〈Zt ,−ϕ〉 −−→

t↑∞
i0

∫
Rd

da v
θ(ϕ)
1 (a),(28)

with ϕ ∈ C +
p and θ(ϕ) as in (25), since the right-hand side in (28) equals the

log-Laplace transform of the mixed homogeneous Poissonian particle system πX1(0)�

with X̂ starting from X̂0 = i0δ0 × �. For this we only have to justify that in∫
Rd

da td/αQtϕ (t1/αa)(29)

from (22) the limit as t ↑ ∞ can be provided under the integral. In fact, by defini-
tion (21) of Q,

Qtϕ(a) � Eδ(τ,a)
〈Zt , ϕ〉 = Eaϕ(ξt),

where we used the criticality of the process Z (see (46) below). Hence

td/αQtϕ (t1/αa) � td/α
∫
Rd

dbpt(b− t1/αa)ϕ(b).(30)

However, by the self-similarity

Kd/α pKs(K
1/αb) = ps(b), K, s > 0, b ∈ Rd,(31)

of the stable transition densities of Hypothesis 1(a), the right-hand side in esti-
mate (30) can be rewritten as∫

Rd

dbp1(t−1/αb− a)ϕ(b),(32)

which converges to

p1(a)

∫
Rd

db ϕ(b) =: p1(a) ‖ϕ‖1(33)

as t ↑ ∞ (where we also used the symmetry of ps). Finally, integrating the expressions
in (32) and (33) with respect to da we get identically ‖ϕ‖1. Thus we can apply the
extended dominated convergence theorem to justify that the limit in (29) can be
provided under the integral. This finishes the proof (up to the validity of Theorem 3).

2. Remaining proofs. After some preparation, we will demonstrate in subsec-
tion 2.2 that X has random densities in each point. The main purpose, however, is
to prove the refined asymptotics of Theorem 3, which is done in subsections 2.3–2.6.

2.1. Some notation. With c we will always denote a positive constant which
might vary from formula to formula. The symbol c with some additional mark (for
example, cf or cG) will, however, denote a specific constant. A constant of the
form c(#) means that this constant first occurred related to formula line (#).

Recall that p denotes the stable transition density function from Hypothesis 1(a).
From the self-similarity (31) we immediately get the following simple estimate:

pr(a) � c(34) r
−d/α, r > 0, a ∈ Rd.(34)

On the other hand, we also have

pr(a) � c(35) r |a|−d−α, r > 0, a ∈ Rd;(35)
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see, for instance, [10, formula (A.8)].

We denote by Ŝ = {Ŝt : t � 0} the semigroup of the Markov process ξ̂.
Recall also that the boldface letter P is related to a law of a particle system, the

blackboard letter P to superprocesses, and the italic P to a law of a “basic” random
object as ξ, τ, η. Corresponding expectations are expressed as E,E, E, respectively.

2.2. Absolutely continuous measure states of X (proof of Proposi-
tion 3). Here we will prove Proposition 3. The proof will be based on some mod-
ification of arguments in [19]. The main result there is a general criterion for the
absolute continuity of the measure states of some catalytic superprocesses. For this it
is assumed in [19] that the underlying motion process has transition densities, which,

unfortunately, our motion process ξ̂ for X̂ does not have. However, this is not an
obstacle, since we only want to show that the projected process X has absolutely con-
tinuous states. To prove this, we will heavily exploit the methods of [19], and in this
sense we also meet the invitation in [19] “to think about interesting new examples”
for the main theorem there.

Recall that d < α/β. Fix µ ∈ Mp(E) and t > 0.
1◦ (Absolute continuity of expectations.) The expectation measure EµXt on Rd

is absolutely continuous with continuous density function

a �−→
∫

E

µ(d(u, b)) pt(b− a) =: µ ∗ pt (a)

(see expectation formula (9)).
2◦ (Absolute continuity of states.) Assume for the moment that

lim
ε↓0

(
− log Eµ exp 〈Xt , −θ δa ∗ χε〉

)
=: w(a, θ)(36)

exists for each a ∈ Rd and θ > 0, and that

∂

∂θ
w(a, θ)

∣∣
θ=0+

= µ ∗ pt (a), a ∈ Rd.(37)

Then, for each a ∈ Rd, the random density Xt(a) = 〈Xt, δa〉 exists as claimed in (14),
has log-Laplace transform

− log Eµ exp
[− θXt(a)

]
= w(a, θ), θ > 0,

and “full” expectation EµXt(a) = µ∗pt (a). Hence, combined with step 1◦, we recog-
nize that the singular measure component of the random measure Xt must disappear
a.s., that is, we get the absolute continuity claim (b) (see, for instance, [19, Lemma 2.2]
for a more careful formulation).

3◦ (Uniform regularity.) To attack the proof of (36) and (37), we go back to the

marginal measure Xt = X̂t(R+×(·)) of X̂t and use the log-Laplace representation (7).
This means we have to study the log-Laplace equation (8) with the function ψ replaced
by

θ 1 ⊗ δεa =: θ δεa , a ∈ Rd,(38)

where

δεa(b) := δa ∗ χε(b) = χε (b− a), b ∈ Rd,
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with χε from (13), and we have to let ε ↓ 0. Note that δεa approaches the constantly
extended δ-function δa = 1 ⊗ δa on E from (19), which of course does not belong to

the set Ĉ+
p of test functions occurring in the log-Laplace equation (8). So we have to

justify its usage in order to come to (17).
In line with (20) we define

Ŝtδa := 1 ⊗ (δa ∗ pt), t > 0, a ∈ Rd.(39)

We mention that Ŝtδa could also be introduced by using the collision measure (see [7],

[22]) between the transition measure related to Ŝt which — by the independence of

the components of the vector (ϑ, ξ) = ξ̂ — is a product measure with continuous
density function pt of the second component, and the measure δa = �+ × δa.

First we show that the family {δa : a ∈ Rd} of measures on E has the following
uniform regularity property: For all (u, b) ∈ E and 0 � r � t,

sup
a∈Rd

Ê(u,b)

∫ t

r

dks
[
Ŝt−sδa (ξ̂s)

]1+β
(40)

� c(41) t
−d/α

∫
{u∨r�s�t}

ds(s− u)γ (t− s)−βd/α < ∞.(41)

In fact, by (39), and, since k and ξ are independent, by using (10), the expectation
expression in (40) is bounded from above by

/

∫
{u∨r�s�t}

ds(s− u)γ Eb p1+β
t−s (ξs − a)

� c t−d/α

∫
{u∨r�s�t}

ds(s− u)γ (t− s)−βd/α,(42)

where we first applied the simple estimate (34) to pβ , then the Chapman–Kolmogorov
equation to the expectation on p, and finally again applied (34). But the integral
in (42) is finite since γ and βd/α belong to (0, 1). Consequently, estimates (40)–(41)
are true.

4◦ (Uniform integrability in the regularization.) Next we verify that for u � 0
and a, b ∈ Rd,

lim
r↑t

lim sup
ε↓0

Ê(u,b)

∫ t

r

dks
[
Ŝt−sδεa (ξ̂s)

]1+β
= 0(43)

(recall notation (38)). Indeed, from δεa = 1 ⊗ δεa we get

Ŝtδεa (ξ̂s) = Stδ
ε
a (ξ̂s) =

∫
Rd

da′ χε(a
′) pt(a + a′ − ξs)

(with S denoting the semigroup related to (38)). Hence, by Jensen’s inequality,

[
Ŝt−sδεa (ξ̂s)

]1+β �
∫
Rd

da′ χε(a
′)
[
Ŝt−sδa+a′ (ξ̂s)

]1+β

(recall (39)). Therefore, the expectation expression in (43) can be bounded from
above by

sup
a∈Rd

Ê(u,b)

∫ t

r

dks
[
Ŝt−sδa(ξ̂s)

]1+β
,
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which does not depend on ε and, moreover, tends to 0 as r ↑ t by the uniform regularity
property (40)–(41). This gives (43).

5◦ (Conclusions.) According to step 3◦, for a in Rd fixed, δa is a regular measure

on E in the sense of [19, Definition 1.1]. Here our Ŝtδa takes the role of the density
function of the motion process applied to the measure ν there, which corresponds to
our δa . Now by Proposition 1.2 of [19] (or rather by carrying over its proof line by line
with the obvious changes since we modified Definition 1.1 of [19]), (8) with ψ replaced

by θδa, where 0 < θ � 1, that is, (17), has exactly one solution v̂ = v̂θ,a = V̂ (θδa), and

∂

∂θ
v̂θ,at (e′)

∣∣
θ=0+

= pt (a− a′), e′ = (u′, a′) ∈ E.

Moreover, as in the proof of formula line (2.12) in [19], by using (43),

V̂t
(
θ δεa

)
(e′) −−→

ε↓0
V̂t(θδa)(e′) = v̂θ,at (e′), e′ ∈ E.

Hence, by the inequality

0 � V̂tψ(e) � Êeψ(ξ̂t), t � 0, e ∈ E, ψ ∈ Ĉ +
p ,

and the dominated convergence theorem, we obtain〈
µ, V̂t(θ δεa )

〉 −−→
ε↓0

〈
µ, V̂t(θδa)

〉
=

〈
µ, v̂θ,at

〉
.

This gives the needed statements (36) and (37) in step 2◦ with w(a, θ) = 〈µ, v̂θ,at 〉,
and at the same time claims (15)–(17), finishing the proof of Proposition 3.

2.3. Renewal-type equation and its scaling. Our starting point in proving
the asymptotic properties of V (K)ϕ as needed for Theorem 3 is the fact that it satisfies
an integral equation (Lemma 3 below). For this we need first some further notation.

Recall that τ with law G denotes the lifetime of a newly born particle in our
branching particle system Ẑ. Let τ1, τ2, . . . denote independent copies of τ , and set
σn :=

∑
1�i�n τi, n � 0. Setting

gt :=
∑
n�1

1{σn�t}, t � 0,(44)

we get the “generation number process” (see Figure 1), and letting

ϑ◦
t := σgt+1 − t, t � 0,

we get the residual lifetime process related to the evolution of a single particle in
our branching particle system (see Figure 2). Recalling that ξ denotes the particles’

motion process, we obtain the pair ξ̂◦ := (ϑ◦, ξ) of independent processes whose laws

we denote by P̂ ◦
e , e ∈ E. Note that (ξ̂◦, P̂ ◦

e , e ∈ E) is a càdlàg time-homogeneous

Markov process in E = R+ × Rd and that the laws P̂ ◦
e , e ∈ E, describe the renewal

process σ and the generation number process g as well. Recall the notation Qϕ
introduced in (21).

Lemma 2 (renewal-type equation). Fix ϕ ∈ C+
p . Then

Qtϕ(a) = Ea

[
1 − e−ϕ(ξt)

]− cf Ê
◦
(τ,a)

∫
(0,t]

dgs [Qt−sϕ (ξs)]
1+β

,(45)
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Fig. 2. Residual lifetime process ϑ◦.

t � 0, a ∈ Rd.

Proof. To derive the desired equation it is necessary to follow the arguments used
to prove [20, Lemma 3], with the obvious changes to adapt to our setting with the
residual lifetimes in the description. In particular, first distinguish between τ � t and
τ < t; then, in the latter case, further iterate.

Consequently, although the lifetime distribution is not exponential, one can ex-
ploit the renewal in the time points of death of a particle, and some invariance prop-
erties related to these points.

It is easy to see that (45) immediately yields the expectation formula

Eδ(τ,a)

〈
Ẑt , ϕ

〉
= Eaϕ(ξt), a ∈ Rd, t � 0, ϕ ∈ C +

p(46)

(to do this replace, for instance, ϕ with θϕ and differentiate (45) with respect to θ > 0
at θ = 0+).

Recall that we are interested in the rescaled quantity V (K)ϕ (where K > 0 and
ϕ ∈ C +

p ) introduced in (23). For t � 0 and a ∈ Rd, put

W
(K)
t ϕ(a) := Kd/αEK1/αa (1 − exp [−ϕ(ξKt)])(47)

and introduce the (right-continuous) renewal function N corresponding to the lifetime
distribution function G:

Ns := Egs =

∞∑
k=1

G∗k(s), s � 0(48)
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(recall notation (2.3)). Note that by assumption (2) in Hypothesis 1(b),

NK ∼ DKγ as K ↑ ∞,(49)

with the constant

D :=
sinπγ

π

1

cG
.(50)

Lemma 3 (scaled equation). Fix K > 0 and ϕ ∈ C+
p . The functional V

(K)ϕ
defined in (23) satisfies the integral equation

V
(K)
t ϕ(a) = W

(K)
t ϕ(a) − cf

∫
(0,t]

dsNKs

Kγ
Ea

[
V

(K)
t−s ϕ(ξs)

]1+β
,(51)

t � 0, a ∈ Rd.
Proof. Transforming (45) according to definition (23), observe that the left-hand

side of (45) changes to V
(K)
t ϕ (a), and the first part of the right-hand side of (45)

changes to the W (K)-term as in (51). To transform the remaining term, exploit the
independence of the generation number process g and the motion process ξ, and apply
definition (48) of N to get

− cf K
d/αEK1/αa

∫
(0,Kt]

dNs [QKt−sϕ (ξs)]
1+β

= − cf K
d/α

∫
(0,t]

dsNKs EK1/αa

[
QK(t−s)ϕ (ξKs)

]1+β
.

Then by the self-similarity of the stable process ξ, that is,

EK1/αa

(
K−1/αξKs ∈ · ) = Ea (ξs ∈ · ) ,(52)

a ∈ Rd, s � 0, K > 0, and the assumed critical parameter constellation dβ/α = γ,
using once more (23), the remaining term of (51) also occurs, finishing the proof.

2.4. Convergence to the limiting equation. Our next task is to let K ↑ ∞
in the integral equation (51), provided that t > 0. For this purpose, we first note that
by the self-similarity as formulated in (52), W (K) defined in (47) can be written as

W
(K)
t ϕ(a) =

∫
Rd

dbpt

(
K−1/αb− a

) [
1 − e−ϕ(b)

]
.(53)

By the dominated convergence theorem, this implies

W
(K)
t ϕ(a) −−→

K↑∞
θ(ϕ) pt(a), t > 0, a ∈ Rd,(54)

with θ(ϕ) from (25). On the other hand, by (49), for T > 0 fixed,

NKs

Kγ
=

NK

Kγ

NKs

NK
−−→
K↑∞

Dsγ uniformly in s ∈ [0, T ].(55)

To establish this fact, fix ε ∈ (0, T ) and deal with s � ε and ε < s � T separately. It
remains to insert (54) and (55) into (51) by using the equality

cfD = /
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(recall (50) and (12)) and check that

V
(K)
t ϕ(a) −−→

K↑∞
vt(a),(56)

where v solves (27).

We begin the proof of (56) by showing its validity in the sense of some uniform
convergence in the metric L1 = (L1(da), ‖ · ‖1). Since we later apply an analytic
extension argument, we introduce an additional factor λ � 0 in front of ϕ and consider
the function

v(λ) := vθ(λϕ)(57)

instead of v. Then (27) changes to

v
(λ)
t (a) = θ(λϕ) pt(a) − /

∫ t

0

d(sγ)Ea

[
v
(λ)
t−s(ξs)

]1+β
,(58)

t > 0, a ∈ Rd.

Lemma 4 (uniform L1-convergence for small λ). Fix 0 < L < T and ϕ ∈ C +
p .

There exists a constant Λ = Λ(T, ϕ) > 0 such that for V (K)(λϕ) defined in (23) we
have

lim
K↑∞

sup
L�t�T

sup
λ∈[0,Λ]

∥∥∥V (K)
t (λϕ) − v

(λ)
t

∥∥∥
1

= 0,(59)

where v(λ) � 0 solves (58) with the constant / = cfD.

To prepare for the proof of this lemma, by using (51) (with ϕ replaced by λϕ)
and (58), we can estimate the L1-norm expression in claim (59):∥∥∥V (K)

t (λϕ) − v
(λ)
t

∥∥∥
1

� A1 + cfA2 + cfA3 + cfA4 + cfDA5.(60)

Here, by using the identity∫
Rd

daEaF (ξs) = ‖F‖1 , F � 0 — measurable, s � 0,(61)

for fixed t > 0 and λ � 0, we write the quantities entering the right-hand side as
follows:

A1 :=
∥∥∥W (K)

t (λϕ) − θ(λϕ) pt

∥∥∥
1
,

A2 :=

∫
(0,t)

dsNKs

Kγ

∥∥∥[V (K)
t−s (λϕ)

]1+β − [
v
(λ)
t−s

]1+β
∥∥∥

1
,

A3 :=
(NKt −NKt−)

Kγ

∥∥∥ [V (K)
0 (λϕ)

]1+β
∥∥∥

1
,

A4 :=

∣∣∣∣NK

Kγ
−D

∣∣∣∣
∥∥∥∥
∫

(0,t)

dsNKs

NK

[
v
(λ)
t−s

]1+β
∥∥∥∥

1

,

A5 :=

∣∣∣∣
∫

(0,t)

(
dsNKs

NK
− d(sγ)

)∥∥∥[v(λ)
t−s

]1+β
∥∥∥

1

∣∣∣∣.
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2.5. Uniform L1-convergence. Here we prove Lemma 4. We proceed in sev-
eral steps.

1◦ (Error term A1.) First, we consider any constant Λ > 0 and all λ ∈ [0,Λ].
By (53),

A1 �
∫
Rd

da

∫
Rd

d b
∣∣∣pt

(
K−1/αb− a

)− pt(a)
∣∣∣ [1 − e−λϕ(b)

]
� cϕΛ

∫
Rd

db φp(b)

∫
Rd

da
∣∣∣pt

(
K−1/αb− a

)− pt(a)
∣∣∣ .(62)

For any ε > 0, there exists a constant C = C(ε) such that
∫
|b|�C

db φp(b) � ε, whereas

the internal integral in (62) is bounded by 2 since the ps are probability density
functions. On the other hand, by the uniform continuity of the stable transition
density functions p on [L, T ] ×Rd, for |b| � C the internal integral in (62) is smaller
than ε for K sufficiently large (depending on C). This shows that

lim
K↑∞

sup
L�t�T
λ∈[0,Λ]

A1 = 0.(63)

2◦ (Error term A3.) Using the simply bound ‖[V
(K)
0 (λϕ)]1+β‖1 � Kβd/α λ‖ϕ‖1 ,

which follows from

V
(K)
0 (λϕ) (a) � λKd/αϕ(K1/αa)(64)

(by (51) and (47)), criticality βd/α = γ, and the obvious relation

lim
K↑∞

sup
L�t�T

(NKt −NKt−) = 0(65)

(see, e.g., [9, relation (9.1.9)]), it is not difficult to see that also

lim
K↑∞

sup
L�t�T
λ∈[0,Λ]

A3 = 0.(66)

3◦ (Error term A4.) From (58) it follows that for s > 0,

0 � v(λ)
s (a) � θ(λϕ) ps(a) � Λ ‖ϕ‖1 ps(a).(67)

Hence, using estimate (34) and the identity dβ/α = γ, we get

0 �
[
v(λ)
s (a)

]1+β � c (Λ ‖ϕ‖1)
1+β ps(a)

sγ
.(68)

However, the ps are probability density functions. Therefore

A4 � c (Λ ‖ϕ‖1)
1+β

∣∣∣∣NK

Kγ
−D

∣∣∣∣
∫

(0,t)

dsNKs

NK

1

(t− s)γ
.(69)

The obvious substitution of variables shows that for 0 � r < t,∫ t

r

d(sγ) (t− s)−γ � γ t1−γ

∫ 1

r/t

ds

s1−γ (1 − s)γ
< ∞.
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Combining this estimate with (55) it is easy to understand that, uniformly in 0 � r <
t � T , ∫

[r,t)

dsNKs

NK

1

(t− s)γ
−−→
K↑∞

γ

∫ 1

r/t

ds

s1−γ (1 − s)γ
� γ B(γ, 1 − γ)(70)

with B denoting the Beta function. Indeed, approximate the integral by sums, and
use monotonicity in time and continuity of the limit in (55). Thus, (55) leads us to
the estimate

lim
K↑∞

sup
0<t�T
λ∈[0,Λ]

A4 = 0.(71)

4◦ (Error term A5.) Let ε ∈ (0, 1). We split the integral in A5 concerning the
cases (1 − ε) t � s < t and 0 � s � (1 − ε) t. In the first case, we first pass from
the difference to the sum and use (68). Then we apply (70) with r = (1 − ε) t to
see that we end up with an estimate vanishing as ε → 0 uniformly in t, λ, and K.

In the second case, we use the fact that the map s �→ ‖[v
(λ)
t−s]

1+β‖1 is bounded and
continuous on the interval [0, (1 − ε) t] and the weak convergence

dsNKs

NK
−−→
K↑∞

γ ds

s1−γ

on the same interval, uniformly in t. Putting both together, we conclude

lim
K↑∞

sup
L�t�T
λ∈[0,Λ]

A5 = 0.(72)

5◦ (A bound for A2.) Using the elementary inequality∣∣x1+β − y1+β
∣∣ � (1 + β) |x− y| (xβ + yβ

)
, x, y � 0,

and the domination

0 � V
(K)
t (λϕ) (a) � W

(K)
t (λϕ) (a),(73)

following from (51), we obtain 0 � V
(K)
t (λϕ) (a) � cΛ ‖ϕ‖1 t

−d/α (recall relations (53)
and (34)). Now inequalities (67) and (34) allow us to conclude that, for 0 � s < t,
the L1-norm in A2 is bounded by

c (Λ ‖ϕ‖1)
β

(t− s)−γ
∥∥V (K)

t−s (λϕ) − v
(λ)
t−s

∥∥
1
.

Thus,

A2 � c (Λ ‖ϕ‖1)
β
∫

(0,t)

dsNKs

Kγ

‖V (K)
t−s (λϕ) − v

(λ)
t−s‖1

(t− s)γ
.(74)

6◦ (A Gronwall-type inequality.) Inserting (63), (66), (71), (72), and bound (74)
into estimate (60) gives the following statement (recall that Λ > 0 is fixed and not
yet specified): For each ε > 0, there is a constant K0 = K0(ε,Λ) > 0 such that∥∥V (K)

t (λϕ) − v
(λ)
t

∥∥
1

� ε + c(75) (Λ ‖ϕ‖1)
β
∫

(0,t)

dsNKs

Kγ

∥∥V (K)
t−s (λϕ) − v

(λ)
t−s‖1

(t− s)γ
(75)
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for all K � K0 and t ∈ [L, T ], as well as λ ∈ [0,Λ]. From the domination formulas (73)

and (67) as well as the representation (53) of W (K), we obtain ‖V (K)
t−s (λϕ)− v

(λ)
t−s‖1 �

2Λ ‖ϕ‖1, uniformly in K > 0, s < t, and λ ∈ [0,Λ]. Hence,

Ď
(K)
t := sup

s∈[0,t)
λ∈[0,Λ]

∥∥V (K)
t−s (λϕ) − v

(λ)
t−s

∥∥
1

is bounded in K > 0 and t > 0. Then from the Gronwall-type inequality in (75)
we get

Ď
(K)
t � ε + c(75) (Λ ‖ϕ‖1)

β
Ď

(K)
t

NK

Kγ

∫
(0,t)

dsNKs

NK

1

(t− s)γ
(76)

for all K � K0 and t ∈ [L, T ]. But by the convergence and boundedness in (70),

lim sup
K↑∞

sup
0<t�T

∫
(0,t)

dsNKs

NK

1

(t− s)γ
:= c(77) < ∞.(77)

Thus introducing the finite number

Ď := lim sup
K↑∞

sup
L�t�T

Ď
(K)
t

from (76) and asymptotics (49) we obtain Ď � ε + c(75)(Λ ‖ϕ‖1)β ĎD c(77). Since ε is
arbitrary, we arrive at

Ď � c(78) (Λ ‖ϕ‖1)
β
Ď.(78)

Choosing now Λ > 0 so small that c(78)(Λ ‖ϕ‖1)β < 1, we obtain Ď = 0. Hence
claim (59) is true. This finishes the proof of Lemma 4.

2.6. Pointwise convergence (proof of Theorem 3). We show now that the
established L1-convergence implies actually pointwise convergence.

Corollary 4 (pointwise convergence for small λ). Fix T > 0, ϕ in C+
p , and take

Λ = Λ(T, ϕ) > 0 as in Lemma 4. Then, for each λ ∈ [0,Λ],

V
(K)
t (λϕ) (a) −−→

K↑∞
v
(λ)
t (a), t ∈ (0, T ], a ∈ Rd.(79)

Proof. The proof is very similar to that of Lemma 4 in the previous subsec-
tion, so we skip some details. In analogy to (60), for fixed t ∈ (0, T ], a ∈ Rd, and
λ ∈ [0,Λ(T, ϕ)] we have∣∣V (K)

t (λϕ) (a) − v
(λ)
t (a)

∣∣ � A′
1 + cf

[
A′

2 + A′
3 + A′

4 + DA′
5

]
,

where

A′
1 :=

∣∣∣W (K)
t (λϕ) (a) − θ(λϕ) pt(a)

∣∣∣ ,
A′

2 :=

∫
(0,t)

dsNKs

Kγ

∫
Rd

dbps(b− a)
∣∣∣[V (K)

t−s (λϕ) (b)
]1+β − [

v
(λ)
t−s(b)

]1+β
∣∣∣,

A′
3 :=

(NKt −NKt−)

Kγ

∫
Rd

dbpt(b− a)
[
V

(K)
0 (λϕ) (b)

]1+β
,

A′
4 :=

∣∣∣∣NK

Kγ
−D

∣∣∣∣
∫

(0,t)

dsNKs

NK

∫
Rd

dbps(b− a)
[
v
(λ)
t−s(b)

]1+β
,

A′
5 :=

∣∣∣∣
∫

(0,t)

(
dsNKs

NK
− d(sγ)

)∫
Rd

dbps(b− a)
[
v
(λ)
t−s(b)

]1+β
∣∣∣∣.
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Clearly, A′
1 → 0 and A′

5 → 0 as K ↑ ∞, by the dominated convergence theorem. The
same is true for A′

4. In fact, we use (68) and the Chapman–Kolmogorov equation
to get

A′
4 � c (Λ ‖ϕ‖1)

1+β

∣∣∣∣NK

Kγ
−D

∣∣∣∣ pt(a)

∫
(0,t)

dsNKs

NK

1

(t− s)γ
,(80)

so we may apply the estimates given immediately after (69). Also A′
3 will disappear

as K ↑ ∞. Indeed, use (64), the dominated convergence theorem, criticality, and (65).

It remains to deal with the main term A′
2. Similar to the derivation of esti-

mate (74),

A′
2 � c (Λ ‖ϕ‖1)

β
∫

(0,t)

dsNKs

Kγ(t− s)γ

∫
Rd

dbps(b− a)
∣∣V (K)

t−s (λϕ) (b) − v
(λ)
t−s(b)

∣∣.(81)

For 0 < ε < 1, we split the integral on (0, t) into three parts: 0 < s < εt, εt � s �
(1−ε) t, and (1−ε) t < s < t. In the first and last cases, we pass from differences to
sums in the integrands, use dominations (73) and (67), as well as (53), the Chapman–
Kolmogorov equation, and estimate (34) to see that the internal integral of (81) is
bounded in s and K. Since

lim
ε↓0

lim sup
K↑∞

∫
(0,εt)∪ ((1−ε) t,t)

dsNKs

Kγ (t− s)γ
= 0

by (55), to show the smallness of the expression in question it remains to deal with
the integral in (81) restricted to [εt, (1− ε) t], for fixed 0 < ε < 1. Here ps(b− a) � c,
and we are back to the L1-norm,

∥∥V (K)
t−s (λϕ) − v

(λ)
t−s

∥∥
1

� sup
u∈[εt, (1−ε) t]

∥∥V (K)
u (λϕ) − v(λ)

u

∥∥
1
,

which by Lemma 4 converges to 0 as K ↑ ∞. On the other hand, by (55)

lim sup
K↑∞

∫
(0,t)

dsNKs

Kγ (t− s)γ
< ∞.

This combined with the previous arguments verifies (79). The proof of Corollary 4 is
complete.

Completion of the proof of Theorem 3. Fix ϕ, t, a as in the theorem, and let λ � 0.
By (57) and (15),

v
(λ)
t (a) = − log Eδ(0,a)

exp [−θ(λϕ)Xt(a)] ,(82)

with θ(λϕ) from (25). On the other hand, by (23) and (21),

V
(K)
t (λϕ) = Kd/α

[
1 −Eδ

(τ,K1/αa)
exp 〈ZKt, −λϕ〉 ].(83)

Note that the expressions in (82) and (83) are analytic functions in λ > 0 (or, to be
more precise, in �λ > 0). Then from the convergence in Corollary 4 for small λ we
get the desired convergence for all λ � 0. This finishes the proof.
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