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“Walks and trees are abstractly identical objects ... "~
(Ted Harris (1952))




As we know from the work of Aldous and Le Gall,
Harris’ paradigm holds - and has fascinating consequences -

also in the Brownian zoo.
There the walk becomes an 1t0 excursion.
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Figure 3 from: J.-F. Le Gall, Marches aléatoires, mouvement brownien et
processus de branchement, Séminaire de Probabilités, XXIIl, 1989



The rooted, ordered R-tree (T, d, <)
FOFO§81§82§RZ
S1~ 89 <= H(s1) = H(sp) =min{H(s) : s € [s1,52]}
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The rooted, ordered R-tree (T, d, <)
FOFO§81§82§RI
S1~ 89 <= H(s1) = H(sp) =min{H(s) : s € [s1,52]}

(s) :={s" .5 ~ s}
TH .= {(s) : s € [0, R]}
(0) = {0, R} is the root
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The rooted, ordered R-tree (T, d, <)
FOFO§81§82§RI
S1~ 89 <= H(s1) = H(sp) =min{H(s) : s € [s1,52]}

(s) :={s" .5 ~ s}

TH .= {(s) : s € [0, R]}

(0) = {0, R} is the root

(sg) < (s1) ;<= mMin(sg) < Min(s1)
d((s0),(s1)) ‘= H(sg) + H(s1)

s . _
55 T R> —2min{H(s) : s € [sp,s1]}
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The isomorphy class of (7, d, <) will be denoted by TX.

The root-preserving isometry class of (TH, d)
will be denoted by T*.

Example:

H H» H H
1 T<1 # T<2

but

/F ' ' 4\ TH1 = TH2,
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For H a normalized It0 excursion

(i.e. conditionedto R = 1),

TH is the “classical” CRT of Aldous.
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The uniform random tree in a Brownian excursion
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Summary. To any Brownian excursion e with duration o(e) and any
ty,...,t,€[0,0(e)], we associate a branching tree with p branches denoted by
Ty(e,ty, ..., t,), which is closely related to the structure of the minima of e.
Our main theorem states that, if e is chosen according to the It6 measure and
(t1,...,t,) according to Lebesgue measure on [0, o(e)]?, the tree Tp(e, ¢y, ..., t,)
is distributed according to the uniform measure on the set of trees with p
branches. The proof of this result yields additional information about the “subex-
cursions” of e corresponding to the different branches of the tree, thus generaliz-
ing a well-known representation theorem of Bismut. If we replace the It6 measure
by the law of the normalized excursion, a simple conditioning argument leads
to another remarkable result originally proved by Aldous with a very different
method.



“Counting” the number of subexcursions above height ¢:

LY (¢, s) ...the local time accumulated by H at height ¢ up to time s
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CH

L (¢, s) ...the local time accumulated by H at height ¢ up to time s

Ct = LH(ta R)
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“Counting” the number of subexcursions above height ¢:

C—H

L (s,t) ...the local time accumulated by H at height ¢ up to time s

¢t =LY (t, R)
¢ = (¢H') g<y<y - - - the local time profile of H
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“Counting” the number of subexcursions above height ¢:

CH

By the Ray-Knight theorem, H — ¢ transports
the It6 excursion measure into the excursion measure of
Feller's branching diffusion d{; = /4 dW4 .
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We will condition on { sup Hs > 1}
0<s<R

This turns the excursion measure into a probability measure
and allows to speak of H and ¢ as random variables.
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How to go back from ¢
to H, T2 and TH?
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How to go back from ¢
to H, T2 and TH?

Quote from D. Aldous (1998), Brownian excursion

conditioned on its local time:

“Given a local time profile ¢, can we define a process H¢
whose law is, In some sense,

the conditional law of H given L = (?”



We will see that H is made up of

three independent ingredients ¢, A ~H
with
the triple (¢, AH, ~H) coding for TZZ,

the pair (¢, A1) coding for TH.
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We will see that H is made up of

three independent ingredients ¢, A ~H
with
the triple (¢, AH,~H) coding for TZ,

the pair (¢, A1) coding for TH.

Let us now turn to the second ingredient A7,
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A is a point measure whose points (i, j, 7) are

iIn 1-1 correspondence with the local minima of H.
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A is a point measure whose points (3, j, 7) are
in 1-1 correspondence with the local minima of H.

Let t = Hs be the height at which a local minimum occurs.
1 < 7 are the height ranks of the two subexcursions in H above t that are
attached to this local minimum among all subexcursions in H above t.

\ 1
H
3
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A is a point measure whose points (3, j, 7) are
in 1-1 correspondence with the local minima of H.

Let t = Hs be the height at which a local minimum occurs.
1 < 7 are the height ranks of the two subexcursions in H above t that are
attached to this local minimum among all subexcursions in H above t.
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A is a point measure whose points (3, j, 7) are

in 1-1 correspondence with the local minima of H.

t
T i=7(t) = /O %du.

7(1) =0

0 123
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Almost surely,
t
t— 7(t) = /1 %du maps (0, A) bijectively to R.

7(A\) = 4+
Al cH
(1) =0
1l
0
7(0) = —x

24



Almost surely,
t—7(t) ;= /f%du maps (0, A\) bijectively to R.

7(A) = 409
Al cH
7(1) =0
1l
0
(0)=oq 53

t — 7(t) is the time change from Perkin’s desintegration theorem relating
superbrownian motion to Fleming-Viot processes.
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At is a random point measure on
{(4,7) 1 1<i<jEN} xR

1

NV

R 123
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Visualize a point (2, 4, 7)

by an arrow from ¢ to 5 at time .

1

YV ¢

R 123
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Then AH becomes a random configuration of

horizontal arrows on N x R.

YV ¢
4
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Theorem 1 (S. Gufler, PhD, 2017)

A= AN DY < ()
are independent rate 1 Poisson point processes,

and they are independent of ¢*Z.
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The proof uses the binary branching forest embedded in

reflected Brownian motion (Neveu&Pitman (89), Le Gall (89))



Theorem 1 (S. Gufler, PhD, 2017)
A= MDY x ()
are independent rate 1 Poisson point processes,
and they are independent of ¢,
The proof uses the binary branching forest embedded in

reflected Brownian motion (Neveu&Pitman (89), Le Gall (89))

A precursor of this result is
J. & N. Berestycki (2009), Kingmans coalescent and Brownian motion.
Among others, they cite Perkins (1991), Le Gall (1989, 1993),
Aldous (1991,93,98), Warren and Yor (1998), Warren (1999).
Gufler (2017) relates the Brownian excursion to the full lookdown picture
(between times —oo and +oc) of Donnelly and Kurtz (1999).



The third ingredient v = (’ygk)

Fori < j, let (k) kez\ {0} b€ the time coordinates

of the points in A;;, with the convention
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The third ingredient v = (’ygk)

Fori < j, let (k) kez\ {0} b€ the time coordinates

of the points in A;;, with the convention

H ._
Put Vijk =
iIf the bigger of the two excursions attached to the
corresponding local minimum is to the left

If the bigger of these two excursions is to the right.



T/\v S

123

A
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A
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Then v = (’ng) is a fair coin tossing array.




The lookdown space obtained from A:

Let /\@]’

be independent rate 1 Poisson point processes.

1<i<j,

A = (A;;) induces a semi-metric p = p” on N x R

via coalescent ancestral lineages
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T € N;;

]
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T € N;;

)

k—1 k
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T € N;;

]
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The closure of (N x R, p™\)
is denoted by (Z", o) =: (Z, p),

and called the (random) lookdown space.

(Z, p) is a random non-compact R-tree,
and can be compactified to Z := Z U {2r00t; 2top }
where we say that
zZn — zroot I T(zn) — —00 = T(zroot)

Zn — ztop I T(2n) = +00 =: 7(2top)-
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If ( is a Feller excursion (independent of A), we put
pc((3,7), (i, 7 + dr)) = 2¢(t(7)) dr,
IOC(<7’7 Tijk)a (]7 7-7,]]{)) =0,
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and extend this to a metric p; on Z.
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If ( is a Feller excursion (independent of A), we put
pc((3,7), (i, 7 + dr)) = 2¢(t(7)) dr,
pC((Za Tijk)a (]7 ngk)) =0,

and extend this to a metric p; on Z.

Now think of A and ¢ both arising from a Brownian excursion H.

Proposition 1:
For (Z,p) := (Z/\H,p/\H) and ¢ := ¢,

(T, d) and (Z, p¢) are a.s. root-preserving isometric.



Theorem 2 (S. Gufler, EJP, 2018)
The lookdown space (Z, p) carries a family (ur)rcgr
of probability measures such that a.s. for all 7 € R,
pr = Jlim é:l O(i,r)»

in the weak topology on the probability measures on (Z, p).
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Theorem 2 (S. Gufler, EJP, 2018)
The lookdown space (Z, p) carries a family (ur)rcgr

of probability measures such that a.s. for all 7 € R,

n
— 1
M7 = n||—>moo n 7;21 5(7377)’

in the weak topology on the probability measures on (Z, p).

The EJP paper contains a direct proof of Thm 2.
An alternative (elegant) proof (see Gufler's PhD thesis) works
by embedding the lookdown space into a Brownian excursion H,
i.e. by appealing to Theorem 1 and proving the assertion for (Z*", p*").
This is achieved via the uniform downcrossing representation
for local times due to Chacon, Le Jan, Perkins and Taylor (1981).
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Marrying A and ~ leads to an ordering of Z/\;

Let (Z, p) = (ZN, o) be a lookdown space, and
v = (vi,%) be an {~, ~}-valued array, independent of Z.

With the help of v we define a total order < on Z:

For y, z € Z with z descending from v,

we put y < z.
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Marrying A and ~ leads to an ordering of Z/\;

Let (Z, p) = (ZN, o) be a lookdown space, and
v = (vi,%) be an {~, ~}-valued array, independent of Z.

With the help of v we define a total order < on Z:

For y, z € Z not connected by a single line of descent,
their most recent common ancestor is of the form

(4, 751) for some i < j € N and some k.
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Assume w.l.0.g. that ~ descends from (7, 7).

We then put z < y if ;5. =~

43
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Next we define the time of the first exploration of = € Z by

s(2) = [ wrl{y <20 /P, z€Z
s(zroot) ‘=0, s(ztop) = liMz—z, 5(2).
Theorem 3:

For (2,p) := (2N, M), ¢:=¢Mandy =7,
the mapping z — (s(z)) is a root-, order- and

measure-preserving isometry from (Z, p¢, <) to (T'H,d, <).

The correspondence between the mass measures
ur(dz) and L(t, ds) is then given by
pr({y 1y < z}) = L(t(7),5(2)) /Cir)-
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Recall:

A Brownian excursion H conditioned to height > 1

corresponds to an independent triple (¢, A\, )
where
¢ is a Feller branching diffusion excursion conditioned to survive time 1,

A is the Poisson process of points (i, 7, t) in the lookdown space,
~ is a fair coin-tossing.

46



Reweighting the law of the excursion

A reweighting of ¢ does not affect A and ~.
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A reweighting of ¢ does not affect A and ~.

This gives a direct way to obtain a genealogy of (say)

Feller’s logistic branching diffusion.



Reweighting the law of the excursion

A reweighting of ¢ does not affect A and ~.

This gives a direct way to obtain a genealogy of (say)

Feller’s logistic branching diffusion.

However, Feller’s logistic branching diffusion
can also be obtained as the local time profile of H

when exposing H to a local time drift.



How does a local time drift acting on H affect T and TH?

For simplicity we focus on

Feller’'s branching diffusion with competition (quadratic killing)

(= —cCPdt + 2/CdWs.
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With ¢ .= (g, consider the two Girsanov reweightings

- c A0 c? A(Q) 3
Je i= exp (—4/0 Gt dCt — E/O Gi dt) :

R 2 (R
Ge := exp (—C/O L(Hg, s)dHs — 5/0 L(Hs, 8)2d8> .
Theorem 4 (Pardoux&W., ECP 2011)

Zap () =2 p ()

In words: The local time profile of the It6 excursion H
under a local time drift is distributed like the Feller excursion ¢

under a quadratic killing drift.
49



Under the local time drift of H the trees are under attack from

the left. This induces a skeweness of H.

Therefore we cannot hope that the ordered tree TX
has the same distribution under the local time drift of H

as it has under a mere reweighting of its local time profile law.
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Thus, in general, % p(TX) # £, p(TH).

We conjecture that also

ZLo.p(TH) # Z; p(T).

In words the conjecture says that
the root-preserving isometry class of T does not have
the same distribution under the local time drift of H

as it has under a mere reweighting of its local time profile law.
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Remember that 74 is (¢, AH)-measurable.
Thus the question if (G, ¢*) is independent of A
Is of relevance for the validity of the conjecture.

We have 5
. R C R 2
Ge = exp (—C/O L(Hs,s)dHs — 5/0 L(Hs,s) ds).
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Remember that 74 is (¢, AH)-measurable.
Thus the question if (G, ¢*) is independent of A
Is of relevance for the validity of the conjecture.

We have 5
. R C R 2
Gc = &Xp (—C/O L(HS, S)dHS — E/O L(HS, S) dS) .
The occupation timelformula yi3elds
It 2, _ 1 A/ H
/O L(Hs, 5)2ds = 5/0 (gt ) dt.
Thus, the second factor of G, is independent of A,
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R 2 R
Ge = exp (—c/o L(Hg,s)dHs — %/O L(Hsg, 8)2d8>

R
What about the indepencence of /o L(Hs,s)dHs and AH?
We conjecture they are dependent, but have no proof so far.

Interestingly, given ¢,
R . .
/o L(Hg,s) dHs is a Gaussian.
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Proposition 2.

Given ¢ = ¢, the distribution of
g._ (B - -
I = /0 L(Hg, s) dHg is Gaussian

. , A
with mean — R /2 and variance 1—12 /o P dt.
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Proof: J. = E[G¢|(], hence



Proposition 2.

Given ¢H = ¢, the distribution of
0. (R . .
I = /o L(Hg, s) dHg is Gaussian

A
with mean —R/2 and variance 1—12 /o P dt.

Proof: J. = E[G¢|(], hence
C A C2 A 3
exp (—4/0 Gt dCt — §/O Gi dt)

2
=E |exp (—CIH - %/ORL(HS, s)zds> |C]




Proposition 2.

Given ¢ = ¢, the distribution of
R . .
.= /O L(Hs, s) dH is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

2
exp (—Z /OA Gt dCt — % /o)\ C?dt)

2
exp (—CIH — CQ/ORL(HS,S)QCZS> |C]

o6

= E




Proposition 2.

Given ¢ = ¢, the distribution of
R . .
.= /O L(Hs, s) dH is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

2
exp (—Z /OA Gt dCt — % /OA ngt)

2
= E |exp (—c]H — 2/(?(,;’%) C]
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Proposition 2.

Given ¢ = ¢, the distribution of
R . .
.= /O L(Hs, s) dH is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

2
exp (—Z /OA Gt dCt — % /o)\ C?dt)

=E [exp (—cIH) ‘C] exp (—662/0)\ Cf’dt)
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Proposition 2.

Given ¢ = ¢, the distribution of
R . .
.= /O L(Hs, s) dH is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

C A (32 A 3
exp <+2/O Ctdt—gfo Ctdt>

=E [exp (—cIH) ‘C] exp (—662/0)\ Cf’dt)
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Proposition 2.

Given ¢ = ¢, the distribution of
R . .
.= /O L(Hs, s) dH is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

2
C C A 3
exp( 5R — gfo C; dt)

=E [exp (—cIH) ‘C] exp (—662/0)\ Cf’dt)
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Proposition 2.

Given ¢ = ¢, the distribution of
g._ (B - -
I = /o L(Hg, s) dHg is Gaussian

. , A
with mean — R /2 and variance 1—12 /o P dt.

2
C C A 3
exp R+ —— dt
D(Q 24/0 Ci )

5 oo (1) ¢
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Proposition 2.

Given ¢H = ¢, the distribution of
R . .
M= /o L(Hg, s) dHg is Gaussian

. , A
with mean —R/2 and variance 1—12 /o P dt.

oxp (~o(F) + 515 [ o) =

= E [exp (—cIH> |§] []
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