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On the geometric André—QOort conjecture for
variations of Hodge structures

By Jiaming Chen at Paris

Abstract. Let V be a polarized variation of integral Hodge structure on a smooth com-
plex quasi-projective variety S. In this paper, we show that the union of the non-factor special
subvarieties for (S, V), which are of Shimura type with dominant period maps, is a finite union
of special subvarieties of S. This generalizes previous results of Clozel and Ullmo (2005) and
Ullmo (2007) on the distribution of the non-factor (in particular, strongly) special subvarieties
in a Shimura variety to the non-classical setting and also answers positively the geometric part
of a conjecture of Klingler on the André—Oort conjecture for variations of Hodge structures.

1. Introduction

1.1. Motivation. The classical André—Oort conjecture, which describes the distribu-
tion of CM points (points with complex multiplication) on a Shimura variety, asserts that the
Zariski closure of a subset of CM points in a Shimura variety is special (namely, an irreducible
component of a Hecke translate of a Shimura subvariety). It is the analog in a Hodge-theoretic
context of the Manin—-Mumford conjecture (a theorem of Raynaud [25] stating that an irreduc-
ible subvariety of a complex abelian variety containing a Zariski-dense set of torsion points is
the torsion translate of an abelian subvariety. It has recently been proved for the Shimura variety
+g moduli space of principally polarized complex abelian varieties of dimension g (and more
generally for mixed Shimura varieties whose pure part are of abelian type) following a strat-
egy proposed by Pila and Zannier, through the work of many authors [2, 10, 16,22,27, 30].
Recently, Klingler [14] formulated a generalization of the André—Oort conjecture (in fact, of
the more general Zilber-Pink’s conjecture on atypical intersections in Shimura varieties) for
any admissible variation of mixed Hodge structures on a smooth quasi-projective variety.

This paper studies a particular case of Klingler’s generalized André—Oort conjecture for
pure variations of integral Hodge structures.

1.2. Hodge locus. Let V — S be a polarized" variation of integral Hodge structure
(usually abbreviated Z-VHS) of weight p € Z on a smooth irreducible complex quasi-projec-
tive variety S. Thus V is a triple (Vz, F*, ¢), where Vg is a local system of finite free Z-mod-

1) We only consider polarizable variations of Hodge structures throughout the paper.
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ules on the complex manifold S — the analytification of S, F'® is a decreasing filtration by
holomorphic subbundles on the holomorphic bundle (V*" := Vz ®z,, Osa, V*") satisfying
Griffiths’ transversality condition

(1.1) VIF® C Qb ®@gum F*!

and ¢ : Vz ® Vz — Zgu(—p) is a bilinear pairing of local systems, such that (Vz s, F, ¢5)
is a polarized Z-Hodge structure of weight p for all s € $?". This definition is an abstraction
of the geometric case corresponding to Vz, = (R? f«Z 5m)prim/torsion (for p > 0), the prim-
itive part of the local system of the p-th integral cohomologies modulo torsion of the fibers
of a smooth projective morphism f : X — S and (V*", V") the Gauss—Manin connection.
Following Griffiths (cf. [26, Theorem (4.13)]) the holomorphic bundle V" admits a unique
algebraic structure V such that the holomorphic connection V" is the analytification of an
algebraic connection V on V which is regular, and the filtration F*V?" is the analytification
of an algebraic filtration F*V. Thus from now on we will omit " from the notations and the
meaning will be clear from the context.

Inspired by the rational Hodge conjecture, one would like to know how the Hodge locus
HL(S, V®) C S is distributed in S. Here HL(S, V®) is by definition the subset of points s
of S for which exceptional Hodge classes? do occur in Vos® (VV’ )" forsomem,n € Z~y,
where Vé’ ; denotes the Q-Hodge structure dual to Vg .

The Tannakian formalism available for Hodge structures gives us a particularly useful
group-theoretic description of the Hodge locus HL(S, V®). Recall that for every s € S, the
Mumford—Tate group G s of the Hodge structure Vg 4 is the Tannakian group of the Tannakian
subcategory (Vg’ ;) of pure polarized Hodge structures tensorially generated by Vg s and Vé’ 5
Equivalently, the group G ; is the stabilizer of the Hodge classes in the rational Hodge structures
tensorially generated by Vg ¢ and its dual. The group G is a connected reductive algebraic
Q-group, canonically endowed with a morphism of real algebraic groups

hs : S ;= Resc/r Gm — G4 R.

Let Z C S be an irreducible algebraic subvariety of S. A point s in the smooth locus Z5™
of Z is said to be Hodge generic for the restriction V|zs if G is maximal when s ranges
through Z*™. Since Z is irreducible, two Hodge generic points of the locus Z*™ have the same
Mumford-Tate group, called the generic Mumford-Tate group G z of (Z,V|zm). Then the
Hodge locus HL(S, V®) is also the subset of points of S which are not Hodge generic.

A fundamental result of Cattani, Deligne and Kaplan [5] states that HL.(.S, V®) is a count-
able union of closed irreducible strict algebraic subvarieties of S.

Definition 1.1. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S.

A closed irreducible algebraic subvariety Z of S is called special for V if it is maximal
among the closed irreducible algebraic subvarieties of S with the same generic Mumford—Tate
group as Z.

Special subvarieties of dimension zero are called special points for (S, V).

A special point s € § whose Mumford-Tate group G is commutative is called a CM
point for (S, V).

2) In this paper, by a Hodge class, we will always mean a Hodge class of type (0, 0).
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So by definition, if Z C S is a special subvariety for (S, V), then Z is either contained
in HL(S, V®) (in which case we call Z strict),or Z = S.

Choose s € Z°™ and let Dz be the G z(R)-conjugacy class of hg. The pair (G z, Dz)
is called the generic Hodge datum for (Z,V|zsm).

Definition 1.2. Let Z C S be a special subvariety for V. Then Z is called of Shimura
type if the generic Hodge datum (G z, Dz) for (Z, V|zsm) is a Shimura datum (see [18, Sec-
tion 5] for the definition of a Shimura datum). Notice that CM points for (S, V) are of Shimura

type.

The problem we are interested in can be phrased vaguely as follows:

Question 1.3. Given a Z-VHS on a smooth irreducible complex quasi-projective vari-
ety, can we describe the distribution of its CM points, or more generally of its special subvari-
eties of Shimura type?

1.3. André-Oort conjecture for variations of Hodge structures.

1.3.1. Variations of Hodge structures of Shimura type and of general Hodge type.
We keep the same notations as in the previous section. The Griffiths’ transversality condition
(1.1) establishes a fundamental dichotomy between Z-VHS of Shimura type (called classical
in [11]) for which the generic Hodge datum (G, £) is a Shimura datum and Z-VHS of general
Hodge type (called non-classical in [11]). Roughly speaking, a Z-VHS is of Shimura type if it
is an element of some (Vg ), for V an effective Z-VHS of weight p = 1 (i.e., a family of abel-
ian varieties), or weight p = 2 and very restricted Hodge type (like family of K3-surfaces).
It is the Hodge-theoretic incarnation of a family of abelian motives. On the other hand, vari-
ations of integral Hodge structures of general Hodge type form the vast majority of Z-VHS,
incarnating families of non-abelian motives.

For a Z-VHS of Shimura type, the Hodge filtration is so short that the Griffiths’ transver-
sality condition is automatically satisfied. As a result, classifying spaces do exist for Z-VHS
of Shimura type: these are exactly the Shimura varieties Shg (G, D) (see [18, Section 5] for
the definition of a Shimura datum), which are algebraic varieties (canonically defined over
a number field) generalizing the moduli space g of principally polarized abelian varieties
of dimension g. Given V a Z-VHS of Shimura type on S, there exists an algebraic classify-
ing map ¥ : S — Shg (G, D) and an algebraic representation p of G such that V = y*V,,.
Here V,, is the standard Z-VHS on Shg (G, ) associated to p. Moreover, the Hodge locus
HL(S, V®) coincides with ¥~ (y(S) N HL(Shg (G, D)), where the Hodge locus

HL(Shg (G, D)) := HL(Shg (G, D). V®)

is in fact independent of the choice of the faithful representation p of G and each special sub-
variety of Shx (G, D) can be geometrically described as an irreducible component of a Hecke
translate of a Shimura subvariety of Shx (G, D).

1.3.2. The conjectures. The following conjecture of Klingler proposes a characteriza-
tion of the Z-VHS with many CM points.
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Conjecture 1.4 (Klingler [14, Conjecture 5.3]). Let V be a Z-VHS on a smooth irre-
ducible complex quasi-projective variety S with generic Hodge datum (G, D). Suppose that
the set of CM points for (S, V) is Zariski-dense in S. Then (G, D) is a Shimura datum and we
have a Cartesian diagram

| |

s — ¥V .\ shg(G,D),

where ¥ is a dominant morphism to a connected component Shy- (G, D) of a Shimura vari-
ety Shg (G, D), p: G — GL(V) is an algebraic representation and V, — Shg (G, D) is the
associated standard Z-VHS on Shg (G, D).

It follows readily from these considerations that the restriction of Conjecture 1.4 to the
class of Z-VHS of Shimura type is equivalent to the classical André—Oort conjecture, while the
full Conjecture 1.4 is equivalent to both the classical André—Oort conjecture and the following
Conjecture 1.5:

Conjecture 1.5. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S. Suppose that the set of CM points for (S, V) is Zariski-dense in S. Then (S, V) is
of Shimura type.

Many works have been devoted to the classical André—Oort conjecture, culminating to its
proof when a Shimura variety Shx (G, X) is of abelian type (see for example [17] for a survey).
The proof of the classical André—Oort conjecture relies on two completely different ingredi-
ents: on the one hand a precise arithmetic analysis of the Galois orbits of CM points (lower
bound and heights); on the other hand, a geometric analysis of the distribution in Shg (G, X)
of positive-dimensional special subvarieties.

In this paper we will concentrate on the geometric part of Conjecture 1.5, namely:

Conjecture 1.6 (Geometric André—Oort for Z-VHS, Klingler [14, Conjecture 5.7]). Let
V be a Z-VHS on a smooth irreducible complex quasi-projective variety S. Suppose that the
set of positive-dimensional special subvarieties for (S, V), which are of Shimura type with
dominant period maps, is Zariski-dense in S. Then (S, V) is of Shimura type with dominant
period map.

1.4. Statements of the main results. The main result we obtain in the direction of
Conjecture 1.6 is the following:

Theorem 1.7. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S. Then the union of the non-factor special subvarieties for (S, V), which are of
Shimura type with dominant period maps, is a finite union of special subvarieties of S.

As a corollary, we have:

Corollary 1.8. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S. If S contains a Zariski-dense subset of non-factor special subvarieties, which are
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of Shimura type with dominant period maps, then (S, V) is of Shimura type with dominant
period map.

Remark 1.9. The notion of non-factor special subvarieties was introduced by Ullmo
in [28] for Shimura varieties, as a generalization of the strongly special subvarieties defined by
Clozel and Ullmo in [7]. The precise definition is given in Section 4. The restriction to non-
factor special subvarieties avoids in particular the appearance of the special points. We have no
tools to deal with special points in the non-classical setting at the moment.

Remark 1.10. Recent work of Klingler and Otwinowska [15] shows that if the adjoint
group G of the generic Mumford—Tate group G of (S, V) is simple, then the union of positive
special subvarieties in HL(S, V®) is either an algebraic subvariety of S or is Zariski-dense
in S. Here we say an irreducible algebraic subvariety Z of S is positive if the local system V|7
is not constant.

Theorem 1.7 is a consequence of the following equidistribution result of non-factor
Shimura-type special subvarieties in any connected Hodge variety, which is a generalization
to the non-classical setting of Clozel and Ullmo’s [7] and Ullmo’s [28] result on the equidistri-
bution of positive-dimensional special subvarieties in a Shimura variety.

Theorem 1.11. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S with generic Hodge datum (G, D). Let  : S — Hodr (S, V) := T'\D be the asso-
ciated period map, where I' C G (Q) is an arithmetic lattice.

Let (Z,,) be a sequence of non-factor special subvariety of S which are of Shimura
type with dominant period maps and let (Wy) be the corresponding sequence of non-factor
Shimura-type special subvarieties in Hodr (S, V). Let ww, be the canonical Borel proba-
bility measure on Hodr (S, V) with support Wy,. Then there exists a special subvariety W
of Hodr (S, V), which is non-factor and of Shimura type, and a subsequence (/LWnk) of (Lw,)
such that KWy, is weakly convergent to ww,,. Moreover, Wy, C Weo for k > 0, and the
irreducible component Zoo of ¥~ (Weo) containing Zn,» k> 0, is a non-factor special
subvariety of Shimura type of S and -dominant over Wo.

1.5. Strategy of the proof. The method we use to prove Theorem 1.11 is from ergodic
theory, due to Ratner [23,24] Mozes and Shah [21] and Dani and Margulis [8]. We deduce
Theorem 1.7 from Theorem 1.11 and the definability of period maps. More precisely:

(1) Assuming the Hodge variety Hodr (S, V) contains one non-factor Shimura-type special
subvariety, then these non-factor Shimura-type special subvarieties will equidistribute in
Hodr (S, V). We will follow the strategies used by Clozel and Ullmo in [7] and Ullmo
in [28]. But there are two main differences that we want to address:

(a) For a non-factor special subvariety W of Hodr (S, V) associated to a Hodge sub-
datum (H, Dpg) of (G, D) with G semisimple of adjoint type, we need to show
that the centralizer Zg (H%")(R) of H*" in G is contained in My, the isotropy sub-
group in G (R) of a Hodge generic point 4 € D g . Ullmo’s method does not apply
here since the Hodge datum (G, D) is in general not a Shimura datum. We give
a Hodge-theoretic proof of this result (Proposition 4.4), which works in all cases.
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(b) We need to show the limit of a sequence of non-factor Shimura-type special subvari-
eties is again of Shimura type. This is quite easy in the classical case as (G, D) is
itself of Shimura type.

(2) We need to know that there are only finitely many components in the preimage ¥~ (W)
of a special subvariety W of Hodr (S, V) under the period map. This follows from the
recent result of Bakker, Klingler and Tsimerman [3] on the definability of period map .

As for the organization of the paper, in Section 2 we provide a recollection of the ergodic
results that we need. In Section 3 we recall the general definitions of a Hodge datum and of
a Hodge variety and review the definability of the period map. In Section 4, we discuss the equi-
distribution of non-factor special subvarieties. In Sections 5 and 6 we prove the main results.

Notations. An algebraic group will be denoted by boldface (or blackboard bold) letters
(e.g.,S,G, H,...)and a Lie group will be denoted by usual letters (e.g., G, H, .. .).
Let H be an algebraic group.

« The adjoint group and derived subgroup of H are denoted by H®! and H %", respectively;
the centralizer (respectively, normalizer) of a subgroup H in an algebraic group G is
denoted by Zg (H) (respectively, Ng (H)).

o If H is defined over R, we denote H (R)" the identity component of H (R) for the
real topology and H (R) the preimage of H*}(R)™ under the adjoint homomorphism
ad: H — HY.

 If H is connected semisimple and defined over a filed k, then H is the almost direct prod-
uct of its minimal non-finite normal k-subgroups H 1, ..., H, (cf. [19, Theorem 21.51]).
If H is adjoint or simply connected, the product is direct. By abuse of language, the
subgroups H; are called k-simple factors of H .

Acknowledgement. [ would like to express my deep gratitude to my supervisor Bruno
Klingler, who introduced me to the study of the distribution of Hodge locus and suggested
that it might be possible to apply the equidistribution methods to it. I very much thank him
for his meticulous proofreading and corrections on an early draft of this paper. I want to thank
Patrick Brosnan, Carlos Simpson and Emmanuel Ullmo, for their very careful reading of this
manuscript and the suggestions for improvements. This work is part of the author’s PhD thesis
at the Université de Paris, and part of it were written while visiting Humboldt-Universitét zu
Berlin. The author wants to thank these institutions for their support and hospitality.

2. Some ergodic results a la Ratner, Mozes and Shah

In this section, we will review some results form ergodic theory [21,23,24] that will be
used later. We follow the same terminologies as defined in [6,7,28].

2.1. Algebraic groups of type K and Lie subgroups of type J.
Definition 2.1. A connected linear Q-algebraic group H is said to be of type K if

its radical is unipotent, and H* := H /Ry(H) is of non-compact type: that is, none of its
Q-simple factors are R-anisotropic. Here R, (H ) denotes the unipotent radical of H .
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Let G be a connected semisimple Q-algebraic group and let G = G (R)™ be the associ-
ated connected Lie group. Let I be an arithmetic lattice of G and let 2 be the homogeneous
space I'\ G on which G acts by right translations. Let &7(2) denote the set of Borel probability
measures on 2 equipped with the weak-* topology.

Definition 2.2 (cf. [7, Section 2]). Let H be a connected closed Lie subgroup of G.
Then H is said to be of type # if

(1) H N T is a lattice of H. In particular, the orbit '\T'H of I'e € Q under H is closed
in @ (see [23, Proposition 1.4]). We denote by ug € Z(2) the unique H -invariant
Borel probability measure supported on '\T'H .

(i) The subgroup L(H) C H generated by the one-parameter unipotent subgroups of G
contained in H acts ergodically on I'\I'H with respect to the measure [tz .

Note that the definition of an algebraic group being type X is intrinsic, while the notion of
type H is for a subgroup of a given group. The relation between type K algebraic subgroups
of G and type J closed Lie subgroups of G is given by the following lemma, proven in
[7, Lemmas 2.1, 2.2 and 2.3].

Lemma 2.3. Let G be a connected semisimple Q-algebraic subgroup of type K.

(1) If H is a connected semisimple Q-subgroup of G of type X, then H := H(R)" is
a closed Lie subgroup of G of type H.

(2) If H is a connected Lie subgroup of G of type ¥, there exists a connected Q-algebraic
subgroup H of G of type K such that H := H (R)™.

Remark 2.4. The Q-algebraic subgroup H in part (2) of Lemma 2.3 is constructed as
the QQ-Zariski closure of H in G.

2.2. A theorem of Mozes and Shah. Let 2(2) be the subset of &7(2) consisting of
all the H -invariant Borel probability measures g associated to type # closed connected Lie
subgroups H of G.

Theorem 2.5 (Mozes and Shah [21, Theorem 1.1 and Corollary 1.4]). The following
statements hold.

(1) 2(R) is a compact subset of ¥ (2).

(2) If () is a sequence in 2(Q) that weakly converges to u € 2(R), then the supports
supp(iy ) are contained in supp(u) for n big enough.

3. Hodge varieties and definability of period maps
In this section we recall the definition of special subvarieties of a Hodge variety and give

a brief review of the definability of period maps. The main references for this section are [11],
[4], [14] and [3].
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3.1. Hodge data and Hodge varieties. Let S := Resc;r Gy, c denote the Deligne
torus. It is the Tannaka dual group of the category of real Hodge structures. The inclusion
R* < C* corresponds to an inclusion of real algebraic groups w : G, g < S.

Definition 3.1. We make the following definitions.

(i) A Hodge datum is a pair (G, D) consisting of a connected Q-reductive group and
a G (R)-conjugacy class O of some homomorphism 2 € Hom(S, GR) satisfying the
following conditions:

(HD 0) the weight homomorphism wy, == how : G, g — GR is a cocharacter of the
center of G and is defined over Q,

(HD 1) the involution Int(h(+/—1)) is a Cartan involution of the adjoint group G?Rfi.

(i) Let (G, D) be a Hodge datum and let D™ be a connected component of . The pair
(G, D) is then called a connected Hodge datum.

(iii) A (connected) Hodge datum (G, D) (resp. (G, D ™)) is said to be of Shimura type if it
satisfies two more conditions:

(HD 2) the Hodge structure induced on the Lie algebra Lie(GRr) by Ad o & is of type
{(=1.1),(0,0). (1, =D},

(HD 3) G has no Q-factor on which the projection of # is trivial. By the presence of
axioms (HD 1) and (HD 2), this is equivalent to say that G is of non-compact
type.

Remark 3.2. We make the following observations.

(1) For (G, D) a Hodge datum, there exists a unique structure of complex manifold on O
such that for some (any) faithful (finite-dimensional, algebraic) representation of G,
the associated family of Hodge structures on & varies holomorphically (cf. [18, Theo-
rem 2.141]).

(2) Any discrete subgroup I' of G(Q)+ := G(Q) N G(R) 4+ acts properly discontinuously
on DT, so that T\ DT is a complex analytic space with at most finite quotient singulari-
ties (cf. [4, Section 16.3]).”

Definition 3.3. We make the following definitions.

(i) Let (G, D) be a Hodge datum and let K be a compact open subgroup of G (A ), where
Ay is the ring of finite adeles of Q. The Hodge variety is defined as

Hodg (G, D) := G(Q)\D x G(As)/K.

where G (Q) acts diagonally on & and G (Ay) on the left and K acts on G(Af) on
the right.

(i) Let (G,D™) be a connected Hodge datum. A connected Hodge variety associated to
(G, D7) is defined as the quotient I'\D ™ for an arithmetic subgroup I" of G (Q) .

3 Recall that G (R) 4 is the stabilizer of D in G (R).
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Remark 3.4. We make the following observations.

(1) As in the case of Shimura varieties, every connected Hodge variety is a connected com-
ponent of a Hodge variety and vice versa (cf. [4, Lemma 16.3.8]). If K (resp. I') is chosen
sufficiently small, then Hodg (G, D) (resp. T'\D™) is a complex manifold and the map
D — Hodg (G, D) (resp. D+ — I'\D™) is unramified.

(2) In general, the Hodge variety Hodg (G , D) (resp. connected Hodge variety I'\ D) does
not admit any algebraic structure (see [12, Theorem 1.4]).

We will only consider connected Hodge data and connected Hodge varieties in this paper.

Definition 3.5. A Hodge morphism of connected Hodge data (G, D™) — (G',D'")
is a homomorphism of Q-algebraic groups ¢ : G — G’ which induces a map DT — D'T,
h +— @oh. A Hodge morphism of connected Hodge varieties is a morphism of varieties induced
by a morphism of connected Hodge data.

Remark 3.6. Let 7 € D7 and let D¢+ be the G (R) -conjugacy class of the com-
position
S — Gr — GY.

Then DT =~ D+ and we have a morphism of connected Hodge data
(G, @4-) N (Gad’ c‘(Oad,-i-)'

3.2. Special subvarieties of a connected Hodge variety. Let (G, D™) be a connected
Hodge datum and let Y be a connected Hodge variety associated to (G, D).

Definition 3.7. The image of any Hodge morphism W — Y between connected Hodge
varieties is called a special subvariety of Y. It is said to be of Shimura type if the connected
Hodge datum corresponds to W is a Shimura datum.

For any special subvariety of Y, the Hodge morphism in Definition 3.7 can be chosen
such that the underlying homomorphism of algebraic groups is injective. Hence any special
subvariety of Y can be regarded as given by a Hodge subdatum.

3.3. Special subvarieties associated to a Z-VHS. Let V be a Z-VHS on a smooth
irreducible complex quasi-projective variety S. Let G be its generic Mumford—Tate group.
Fix a Hodge generic point 0 € S. The Hodge structure on the fiber Vg , = V induces a mor-
phism of R-algebraic groups &, : S — GRr.* Let D be the G (R)-conjugacy class of &, and
let D be the connected component of & containing 4,. Then we get a connected Hodge
datum (G, D).

Let I' be a neat arithmetic lattice of G (R), the stabilizer of D in G (R). After pass-
ing to a finite étale covering of S, we may assume that I contains the monodromy group,
namely, the image of 71(S) in GL(Vz,). We denote by Hod}.(S, V) the connected Hodge

4 The pullback of the local system Vg to the topological universal cover S of S is constant, hence isomor-
phic to S x V for some finite-dimensional QQ-vector space V.
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variety '\ associated to (S, V). This is an arithmetic quotient I'\ G (R) 1./ M, in the sense
of [3]. Here M, is the intersection of the isotropy subgroup of %, in G (R) with G (R)4, whose
image in G (R)* turns out to be compact. We have the period map

¥ S — Hodp (S, V),

which is holomorphic, locally liftable and all the local liftings are horizontal.
Let K = Zg®Rr)(ho(~/—1)) N G(R) 4. Then M, C K. We have a canonical projection

w: DT =GR)L/M, - GR);/K.

Let g := Lie(GR), ¥t := Lie(K), and m := Lie(M,). Then g carries a weight 0 Hodge struc-

ture
sc =@Pa

polarized by minus the Killing form of g. By axiom (HD 1), we have a Cartan decomposition
g=Ffdp.

Let T, (resp. Taf-) be the subbundle of the tangent bundle 7'¢+ of DT associated to the adjoint
representation of M, on £/ (resp. p). We then have a canonical splitting

Tor =Ty ® T

The subbundle 7, is holomorphic as the fibers of @ are complex submanifolds of D, while
T in general admits no complex structure. However, there is a holomorphic subbundle Ti}; n
contained in the complexification Taf ® C, namely, the subbundle associated to the adjoint
representation of M, on g~ 1!, called the holomorphic horizontal tangent bundle. When we
say the period map 1 is horizontal, we mean

dy(Tg) C ¥ Ty,
where S is the topological universal cover of S and 1/7 is the lifting of ¥ to S.
Given an irreducible algebraic subvariety Z of S, let 7 — 7 be its normalization and
Z™ be the smooth locus of Z. Let u : Z™ <> Z — Z <> S be the composition. Then the
local system u*V on Z™ is a Z-VHS, and we denote its generic Mumford-Tate group by G 7.
Let
AL Hodp,, (Z™u*V) = TZz\DJ

be the associated period map, where I'z = I' N G 2z (Q), we then have a commutative diagram
Zsm vz o Zsm %
Z®" —= Hody. (Z°",u™V)
I e
S — 4 Hod2(S. V).

Notice that the restriction of the period map v to the smooth locus of Z factors through
the special subvariety Im(tz) of Hod}.(S, V) and every complex analytic irreducible compo-
nent of the preimage ¥ ~!(Im(1z)) is a special subvariety of S for V. Conversely, if Z is
a special subvariety for (S, V), then it follows readily from Definition 1.1 that Z is a complex
analytic irreducible component of the preimage ¥ ~!(Im(tz)). We thus prove the following
lemma (the last assertion is obvious).
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Lemma 3.8. The special subvarieties for (S, V) are precisely the preimages of the spe-
cial subvarieties for Hod}-(S, V). Moreover, the preimages of special points® in Hod[ (S, V)
are CM points for (S, V).

Remark 3.9. It can be shown that the set of CM points is dense in Hod}.(S, V) (cf.
[4, Corollary 17.1.5]). However, there is no guarantee for the image of the period map ¥ (S) to
contain even one CM point.

Definition 3.10. Let Z be an irreducible algebraic subvariety of S. The algebraic mon-
odromy group H z of Z for V is defined to be the Zariski closure in GL(V) of the monodromy
group of the local system u*Vy on Z™.

3.4. Definability of period maps and algebraicity of special subvarieties. Although
the period map  is transcendental, Bakker, Klingler and Tsimerman [3] showed that it has
moderate geometry in the sense of tame topology. For a reference to the notions of tame
topology and definability in some o-minimal structure (for instance Rgjg, Ran, Rapexps - .-,
see [29].

Theorem 3.11 (Bakker, Klingler and Tsimerman [3]). The following statements hold.

(1) There exists a natural Ryg-definable manifold structure on the connected Hodge vari-

ety Hod% (S, V),

(2) With respect to the Ry exp-definable manifold structure extending the Ry g-definable
manifold structure on S (resp. on Hodp.(S, V) coming from its complex algebraic struc-
ture (resp. defined in part (1)), the period map ¥ : S — Hodp.(S, V) is Ry exp-definable.

(3) For any special subvariety Y of Hody(S,V), the preimage VYY) is an algebraic
subvariety of S. In particular, Y (Y') has only finitely many irreducible components.

Proof. Part (1) is [3, Theorem 1.1 (1)], part (2) is [3, Theorem 1.3] and part (3) is
[3, Theorem 1.6]. O

3.5. The structure theorem for period maps. For later use, we need a structure theo-
rem for period maps.

Let H be the algebraic monodromy group of S for V. It follows from [1, Theorem 5.1]
that H is a normal subgroup of derived subgroup G %" of the generic Mumford—Tate group G.
As G is semisimple, there exists a normal subgroup F of G %" such that G is an almost
direct product of H and F. Let H" and let H° be the non-compact and compact part of H,
respectively. Then we will have an isogeny of QQ-reductive groups

H™ x H° x F — G,
which induces a surjective holomorphic map with finite fibers between Mumford—Tate domains

+ + + +
;Danx{Och{DFe{O .

3) Zero-dimensional special subvarieties (namely, special points) for a Hodge variety are precisely the CM
points (cf. [4, Examples 16.3.7]).
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Here for a Q-algebraic subgroup G’ of G, we write D¢ for the G'(R)-orbit in D of a fixed
lifting in O of the image ¥ (0) € Hodp (S, V) and @&L, the connected component of Dg-
containing the lifting.

Theorem 3.12. Let V be a Z-VHS on a smooth irreducible complex quasi-projective
variety S. Then its associated period map  : S — Hody.(S, V) factors as

V= Y Ve ¥f) 0 S = T \D froe x TN\DJe x D
where T™ :=T N H™(Q) and T° :=T N H°(Q). Moreover:

(1) The component V¢ is constant; correspondingly, the Z-VHS V is a direct sum of a sub-
VHS whose generic Mumford—Tate group is the whole group G and a(n) (iso-)trivial one.
Let e3 be image of S under Y.

(2) For any point x € @;_Ic C DT, we have
Ti);;c,x CTwx-

As a consequence, for any e1 € V,.(S), the image (S) intersects e1 X FC\JD:IC X e3
in finitely many point.

(3) The number of points of the intersections of ¥ (S) with ey X FC\JOI';C X e3 is uniformly
bounded as ey varies in Yy, (S).
Proof.  For the proof of (1) and (2), see [4, Chapter 15]. Let us prove (3). Since FC\33+C
is compact, the projection

I \D e X T\D e = I\ D

is Ryy-definable. Since the period map ¥ is Ry exp-definable by Theorem 3.11, the map

V(S) = Yne(S)
is Ry exp-definable. Since each fiber of this map is finite by (2), the uniformly boundedness
then follows from the finiteness lemma ([29, Lemma 1.7 in Chapter 3, Section 1]). D

4. Non-factor special subvarieties

4.1. Group-theoretic characterization. In this section, we introduce the notion of
non-factor special subvarieties (Definition 4.1). This is a natural definition from the equidis-
tribution point of view: as explained in [28], for a sequence (Y}) of special subvarieties of
Hod?.(S, V), we cannot expect in general that the associated sequence of Borel probability
measures i, = [y, on Hodp.(S, V) with support Y, weakly converges. For example, if (Y,)
is a sequence of special points in Hodp: (S, V), then ju, is just the Dirac measure supported at
the point Y;. Such a sequence can converge to a non-special point or may tend to co. Even
for positive-dimensional special subvarieties the same problem may occur. Start with a special
subvariety of Hod:(S, V) of the form ¥ x Y for two special subvarieties Y and Y. Let (y,)
be a sequence of special point of Y’ and Y, = Y x {y,}; then there is no hope of proving the
weak convergence of w,.
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Definition 4.1 (cf. [28]). We make the following definitions.

(i) Let Y be a connected Hodge variety. A special subvariety W of Y is called non-factor if
there exists no finite morphism of connected Hodge varieties

Wi x Wy, —>Y

with W, having positive dimension, such that W is the image of W; x {x} in ¥ for any
(necessary special) point x of W5.

(i) Let V be a Z-VHS on a smooth irreducible complex quasi-projective variety S and
let Hodp. (S, V) be the associated connected Hodge variety. A special subvariety Z for
(S, V) is called non-factor if I’ Z\!D%r is a non-factor special subvariety of Hody.(S, V).

Remark 4.2. Note that any Hodge variety Y itself is non-factor. Assume that Y is of
positive dimension. For a special point x € Y, the projection

{x}xY =Y

is a finite morphism. This shows that special points are not non-factor special subvarieties of
connected Hodge variety.

Remark 4.3. A special subvariety which contains a non-factor special subvariety is
automatically non-factor. And W is a non-factor special subvariety of Y if and only if W2 is
a non-factor special subvariety of Y2,

There is a useful group-theoretic characterization of non-factor special subvarieties for
a variation of Hodge structure.

Let V be a Z-VHS on a smooth irreducible complex quasi-projective variety S with
associated Hodge datum (G, D ™). We assume that G is semisimple of adjoint type. Let Z
be a special subvariety for (S, V) with associated Hodge subdatum (G Z, i)}r )= (G,D7).
Let / be a Hodge generic point in i); and denote its isotropy group in G (R) by Mj,. Note that
Mj, is a compact subgroup of G (R).

Proposition 4.4. If Z is a non-factor special subvariety for (S, V), then the centralizer
76(G dzer) (R) is contained in My,

Proof. Letq:=Lie(G),} := Lie(GdZer) and ¢ := Lie(Zg (Gdzer)). Since Gcg’r is semi-
simple, it follows that the Lie algebra g decomposes as a G(;r—module as

4.1) g=hdcal

where [ is the orthogonal complement of ) @ ¢ with respect to the Killing form of g.

Notice that g carries a natural weight O polarized rational Hodge structure and this defines
a variation of Hodge structure Vg on S. Let H z be the algebraic monodromy group of Z
for V. It follows from [1, Theorem 5.1] that H 7z is a normal subgroup of GdZer. So the above
decomposition (4.1) of g induces a decomposition of the underlying local system Vg :

(4.2) Vg = Vg @& Ve @ VL.
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Let G ! be the connected Q-algebraic subgroup of G with Lie algebra §) @ c. Then G'!
is reductive. It can be seen easily that G ! is the connected Q-subgroup of G generated by G 7
and (Zg (G dzer))". In fact, G ! is the identity component of the normalizer of Gcg’r inG.
Let D! C D be the G (R)-orbit of / € i); Then (G', D) is a Hodge subdatum.
By (4.2), we have a decomposition of the connected Hodge subdatum (G !, D7) and a finite
morphism
(G1.D'") = (Gz.D}) x (Zg(GE))°. D>F) - (G. D).

IfZg(G dZer) (R) is not contained in M, then DT is of positive dimension and 'z \ D %L
is the image of a I Z\JD%r x {x2} in Hod[.(S, V). So Z is not non-factor, which is a contradic-
tion. D

4.2. A description of special subvarieties. Note that any point 4 € D™ induces a pro-
jection map

mp: Q:=T\GR)T - IMN\DT =Hod}(S,V), [g] [ghl.

Let Z be a special subvariety of S. We denote by (G z, O %’ ) the corresponding connected
Hodge subdatum and W the corresponding special subvariety of Hod[: (S, V). For i € D ;, let
My, := Z¢g ) (h) be the stabilizer of & in G (R). Then M}, is a compact subgroup containing

the center of G z(R)4. Hence we have the following description of W':

W =T\I'Gz(R)+h =T\I'GE'R)Th = m;,(T\TGE (R))
~ I\TGE' (R)T My /My,

Suppose that ;7 is the unique Gdzer (R)T-invariant Borel probability measure supported
on T\T'G¥"(R)" and uw := (7)«/tz. As there is a canonical G%"(R)-invariant metric
on JO; , the measure py is the same as the normalized measure induced from the Hermitian
metric. In particular, the probability measure 115 is independent of the choice of 7 € D ; .

Lety €e,Gz, =yGzy ' h, = y-handlet Dz, bethe Gz, (R)-conjugacy class
of hy,. We also have

W =m,, (I\I'GZ", (R)T).

Fixing a fundamental domain ¥ for the action of I" on D, we can thus choose i € ¥ in the
description of W.

4.3. Non-factor special subvarieties and recurrence to compact sets. We keep the
same notations as in Sections 4.1 and 4.2. The following theorem is a corollary of a deep result
of Dani and Margulis on the quantitative recurrence to compact sets for unipotent flows on
Q =T\G(R)" (see [8, Theorem 2]). It tells us that unipotent flows never send lattices off
to infinity, which (in principle) allows us to argue “as if” €2 was compact when considering
unipotent flows. This will be a key ingredient in our proof of the main theorem. It was used
by Clozel and Ullmo (cf. [7, Lemma 4.5]) and Ullmo [28] in their proof of equidistribution
of strongly (more generally, non-factor) special subvarieties in a Shimura variety and it is not
difficult to adapt their arguments to our situation.

Theorem 4.5. There exists a compact subset C of Hodp.(S, V) such that FZ\!O'Z" nc
is non-empty for any non-factor special subvariety Z of Shimura type for (S, V).
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Proof. Tt follows easily from [8, Theorem 2] that there exists a compact subset C’ of €2
such that for all unipotent one-parameter subgroup U C G (R)" and g € G(R)™, if

N\I'gUNcC' =@,
then there exist a proper Q-parabolic subgroup P’ of G such that
gUg ! c P'(R).
Let V C G(R)™ be a compact neighborhood of the identity element ¢ € G (R)*. Then
C":=C'V={cv:ceC,veV}

is also a compact subset of 2. Fix a point g € D and let C = 7,,(C"). Then for any point
o € V, we have
The (C/) C C,

where hy = « - hg.
For h € D, since G(Q)™ is dense in G (R) T, there exista € V and y € G(Q)™ such
that 7 = ya - hg. We then have

IzZ\D} =T\I'GE' (R)1ya - ho
= \T[yy'GF' R) ya - ho
= 73, (C\[YGS", (R)™),
where Gz := Yy 1G zy. If I‘Z\O‘()%L N C = @, then a fortiori I‘Z\JD%L N mp, (C') = @ and

hence
MryGg,®*nc' =o.

Since Z is of Shimura type, it follows that GdZe’ry is of type K, and hence GdZe’ry (R)* is of
type #. Then by [7, Lemma 4.4], there exist a proper Q-parabolic subgroup P of G such that

G3', CP.

But by Proposition 4.4 and [9, Lemma 5.1], this cannot happen if Z is non-factor. m|

5. Proof of the main results

We now have all the necessary ingredients for the proof of Theorems 1.11 and 1.7.

Let V be a Z-VHS on a smooth irreducible complex quasi-projective variety S and let
(G, D) be the associated connected Hodge datum. By part (1) of Theorem 3.12, we may and
will assume that V has no isotrivial factors.

5.1. Proof of Theorem 1.11. We remark first that we can reduce to the case where G
is of adjoint type: this results from Remarks 3.6 and 4.3, and the evident compatibility between
the canonical measures associated to non-factor special subvarieties of I'\ DT and '\ D24+,
By the structure theorem of period maps (Theorem 3.12) we will assume that G is adjoint of
non-compact type. Let us fix a fundamental domain ¥ of D for the action of T'.
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Step 1. Construction of the limit. Let (Z,),en be a sequence of non-factor spe-
cial subvarieties of S, which are of Shimura type with dominant period maps. We denote by
(Gn, D;Nnen the corresponding sequence of Hodge subdata of (G, D) and (Wy),eN the
corresponding sequence of non-factor special subvariety of Hodp: (S, V).

For each n € N, by the description in Section 4.2 of special subvarieties for a variation
of Hodge structure, we can write W, as

Wy = 7, (C\[GS(R))

for any h, € D, N F. By Theorem 4.5, there exists a compact subset C of ¥ such that
C N D, # @. We can thus choose h, € C C F. Since by assumption (G ,, D7) is a con-
nected Shimura datum, the G is of type K and hence GI"(R)™T is a type # connected
closed Lie subgroups of G (R)* by Lemma 2.3. Let (in)nen be the sequence in Z(Q2) of
the canonical Borel probability measures supported on F\FG‘:,“(R)JF. By Theorem 2.5, there
exists a connected Lie subgroup F of G(R)™ of type # such that after possibly passing to
a subsequence

(a) (Un)neN weakly converges to i F,
(b) supp(itn) = T\TGY"(R)* C I'\I'F, forn > 0,
(c) the sequence /i, convergestoh € C C F.

Let H be the smallest (Q-algebraic subgroup of G such that F C H (R). Then again by
Lemma 2.3, H is of type K and H (R)* = F. Property (b) implies that GY"(R)* c H (R)*,
for n > 0. Hence we deduce that GI" € H, n > 0.

For n big enough, since Z, is a non-factor special subvariety of S, by Proposition 4.4, the
centralizer Zg (G %) (R) is compact. In particular, the Q-subgroup Zg (G %) is Q-anisotropic;
that is, it contains no non-trivial Q-split torus. Hence H is reductive by [9, Lemma 5.1]. Since
H is of type K, it follows that H is semisimple of non-compact type.

Let D € DT be the H(R)T-conjugacy class of &, let Woo := 75(I'\I'F) and let
Moo i= (Th)xILF -

Lemma 5.1. The sequence of measures ((1p, )« in)neN Weakly converges 1o [Loo.

Proof.  For any continuous function f on I'\dD ™ with compact support, we have

Thysbin () = Tpe kB () = pn (f70n,) — wr (fmh)
= un(f7n,) — wn(fp) + pn(fen) — pr (frp).

By property (a), we have u,(frp) — ur(fmy) — 0asn — oo. Since hy, — h asn — oo by
property (c), the sequence (7, )yeN converges to 7, and uniformly on all compact subsets.
Since jup, are probability measures, we have w, (frp, ) — pn(f7p) — 0asn — oo. Hence we
have the convergence. D

Step 2. Show that 5)0"; is “horizontal”. For this purpose, we recall a basic result of
Griffiths on the analyticity of period images.

Theorem 5.2 (Griffiths [13, Theorems 9.5 and 9.6]).  Let S be a smooth projective com-
pactification of S with S\ S normal crossing divisor. Let S’ be the union of S with those points
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at infinity around which the monodromies are of finite order. Then the period map \ extends
holomorphically to a proper map ' : S" — Hod}.(S, V) and the image ' (S") contains ¥ (S)
as the complement of an analytic subvariety.

Lemma 5.3. The set Woo is contained in Y’ (S").

Proof.  As the period map for each special subvariety Z, of Shimura type is dominant,
Y (Zy,) will necessary be analytically dense in W,,. Since v’ is closed, we have W, C ¥/(S"),
forall n € N.

Suppose that Weo\¥'(S") # @. Let x € Weo\¥'(S’) and let Uy be an open neighbor-
hood of x such that Uy N ¥/(S’) = @. By the definition of support of measure, jtoo(Uy) > 0.
But 7, «ptn (Ux) = 0 for any n € N, which contradicts to the convergence of the measures
(Lemma 5.1). O

Step 3. Show that :Dc',"o admits a (unique) complex structure for which the canonical
family of Hodge structures (that is, the family associated to the adjoint representation
of H* on the Lie algebra Lie(G)) varies holomorphically. Fix any big enough integer n
such that Gger CH.LetG, =T ,,G‘,jfr be the almost direct product decomposition of G,
where T, is the connected center of G .

Proposition 5.4. The connected center T ;, normalizes H .

The proof of Proposition 5.4 follows the same strategy as the proof of [28, Theorem 3.15]
in the Shimura variety case. It contains some differences since we are working in the non-
classical setting. We shall provide all the details in the next section.

Let us proceed to finish Step 3.

Let H, be the algebraic subgroup of G generated by T, and H. Then H, is a reductive
Q-group. Let X, be the H , (R)-conjugacy class of /1, and let X, be the connected component
of X, containing /. Then we have

hp:S—>Gur - Hyr — GR.

Let C = hy,(+/—1). It is easy to see that the Killing form is a C-polarization for the
faithful adjoint representation of H ?SR on the Lie algebra Lie(G)r. So (H ,, X,,) is a Hodge
subdatum of (G, D). In particular, the component X, admits a unique complex structure
for which the canonical family of Hodge structures varies holomorphically and this complex
structure on X, is compatible with complex structure on D+.

By Step 2, the holomorphic tangent bundle of X, is contained in the holomorphic hor-
izontal tangent bundle of D™, i.e., the canonical holomorphic family of Hodge structures
on X,' is a variation of Hodge structure; that is, satisfying Griffiths transversality condition

F~'Lie(H,)c = Lie(H,)c.

Since the Hodge structure Lie(H ) is of weight 0, it must be of type {(—1, 1), (0,0), (1, —1)}.
Hence the subvarieties S, = mr, (I'\T'H) = (I' " H,(R) )\ X . are special subvarieties of
Hodr (S, V) of Shimura type, which are also of non-factor type as each of them contains a non-
factor special subvariety W, for n > 0, respectively.
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We thus obtained a sequence of probability measures (7, )« F With support S, which
obviously converges to ftoo = (Tp)x L F -

Lemma 5.5. The sequence (Sy) stabilizes as n tends to co. In particular, we have
Woo = Sy for any big enough n.

Proof. Note that for n > 0, we have
S, 2T NHRMNH®R)"/H®R)T N M,,

where M, is the stabilizer of &, in G (R). Let K, be the unique maximal compact subgroup
of G (R) containing M,,. Since S, are horizontal, we have

HR)*YNM,=H®R)"NK,.

Since S, are locally symmetric spaces, the intersections K, N H(R)™ are maximal
compact subgroups of H (R)™. In particular, they all conjugate to each other by elements
of H(R)™. Fix ng > 0. For any n > ny, there exists a g, € G (R) such that

Ty (\TH(®)Y) = my, (T\['H (R)™).
Hence there exists a v, € H (R)™ such that
gn(Kno)gy ' N HR)Y = v ' (HR)T N Ky )vp.
So v, gn normalizes K, and hence are in K. Write g, = v;lx for some x € Ky, we have
(5.1) Sy = T\TH®R) v, 'xhy, = T\TH®R) xhp, = Sy,.

The last equality of equation (5.1) is because H (R)* N xM,,x~! is a maximal compact sub-
group of H (R)™ and

HR)"NnxMux ' c HR)" NxKyox ' = HR)" N Ky, = HR)T N M,,. ©
The last statement of Theorem 1.11 is then clear.

5.2. Proof of Theorem 1.7. We argue by contradiction. To this end, suppose that S
contains infinitely many distinct non-factor special subvarieties that are of Shimura type with
dominant period maps and all are maximal among such kind of special subvarieties. Choose
any sequence (Z,),eN in the set of such kind of special subvarieties. Let (W},),eN be the cor-
responding sequence of non-factor special subvariety of Hod}: (S, V) and let j.p, be the canon-
ical Borel probability measure on Hod}.(S, V) with supp(uw, ) = Wj. By possibly passing to
a subsequence, Theorem 1.11 tells us that py, is weakly convergent to ftoo and W, C W,
n > 0, for a non-factor special subvariety Weo of Hod}. (S, V) of Shimura type. Hence Zj is
contained in some positive irreducible component of ¥ 1 (W) for k > 0. Since ¥~ (Weo)
has only finitely many irreducible components by Theorem 3.11 and the irreducible compo-
nents containing some Z, are non-factor special subvarieties S of Shimura type, by maximality
of Z,, we deduce that the there are only finitely many possibilities for Z, when n is big enough,
which is a contradiction.
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6. Proof of Proposition 5.4

Fix an arbitrary n > 0 and write E := G, T := T,. We assume that E is strictly

n
contained in H, otherwise there is nothing to show.

Lemma 6.1. For any Q-simple factor B of H, there exists a noncompact R-simple
factor Lg of By which is normalized by a(U%Y), where « € D, is a Hodge generic point and
U is the circle subgroup of S. If B is a Q-simple factor of H such that the projections of Er
to all noncompact R-simple factors of B are surjective, then a(U') normalizes Br.

Proof. For the first statement, it suffices to find an element u € U! of infinite order
such that o (1) normalizes an R-simple factor Lg of Br. Let u be any element of U! of
infinite order and we construct a decreasing sequence (B ), en of R-algebraic subgroups of H
inductively as follows:

By = Hp,

B, =(B,_1 NaW)B,_1a)"H° forn>1.
Note that Er C B, for any n > 0. So the sequence B, must be stable by dimension rea-
son. We denote the limit by B . By construction, the limit is normalized by o (u) hence also
normalized by a(U ).

Let B be a Q-simple factor of H. Since B is R-isotropic and Zg (E )(R) is compact, the
projection of E to B is nontrivial. Let A be a Q-simple factor of E such that the projection
of A to B is nontrivial. Let Fr be a noncompact R- simple factor of Ar. Then there exists
a noncompact R-simple factor Lr of B such that the projection of F to Ly is nontrivial.

Since a(U!) normalizes F g, the image of the projection is contained in Lg N B which is
thus noncompact. By the following Sublemma 6.2, we conclude the first statement.

Sublemma 6.2. We have Lr N Boo = L.

Proof. Since Int(a(+/—1) is a Cartan involution of G and fixes ER and B o, we have
Cartan decompositions

(6.1) G(R) = PK,
ER) = (P NEMR))(KNE(R)),
Boo(R) = (P N Bx(R))(K N By (R)),

where K = Z G(R)(a(\/—_l)). Let M be the stabilizer of « in G (R). Then we have
Zg(E)R) c M C K.
By a result of Mostow [20] on self-adjoint groups, for the inclusion of subgroups
Er C Hr C Gr
there exists an element g € G (R) such that we have Cartan decompositions

(6.2) E[R) = (gPg ' NER))(gkg~' N E(R)),
HR) = (gPg ' N HR))(gKg™' N H(R)).
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As E (R) admits two Cartan decompositions (6.1) and (6.2), they are related by an inner
automorphism of E (R), i.e., there exists t € E (R) such that

gPg 'NE®R)=1(PNER)!,
gKg 'NEMR) =t(KNEM)): L
Let y :=t~!g. Then we have
yPy ' N ER) = P N ER),
yKy ' N ER) = KN ER).
Write y = pk with p € P and k € K. For any p; € P N E(R), there exists a p, € P
such that p, = y~!p1y.So p~lp1p = kp1k~! € P, which implies that p%p; = p1 p?, i.e.
p? € Zgw)(P N E(R)).
Similarly, we can show that
p? € Zgw)(K N E(R)).
So p? € Zgm®)(E (R)) C K which implies p = 1 and y € K. Hence we have
¢gKg 'NnHMR) =Kt 'NnH®R) =1(KNH®)): .
Thus we have Cartan decompositions of H (R) and Ly (R):
HR) = (P N H[R))(K N H(R)),
Lr@R) = (P N Lr(R))(K N Lr(R)).

Since DF is “horizontal” as showed by Step 2 in the proof of Theorem 1.11, we can
deduce that K N H(R) = M N H (R). In particular,

a(u)(K N H®R)a@w)™! = KN HR),

which implies that
KNBs(R)=KnNH(MR).

Therefore
KNLr(R) C Boo(R)N Lr(R) C Lr(R).

Since Ly (R) is simple and noncompact, the subgroup K N Ly (R) is a maximal proper
closed subgroup of Ly (R). Hence we have

B (R) N Lr(R) = Lr(R).

This finishes the proof of the sublemma. m]

Now let us prove the second statement of Lemma 6.1. Let B be a QQ-simple factor of H
such that the projections of Egr to all noncompact R-simple factors of Br are surjective.
If L is a compact R-simple factor of Bg, then Lg = K N Lr = M N Lk and hence Ly is
normalized by a(U!). If L is a noncompact R-simple factor of B, by assumption the pro-
jection of E to Ly is surjective, from which we deduce that B o (R) N L (R) is noncompact,
and thus equal to Lg (R). So Ly is again normalized by a(U!). Therefore B is normalized
by a(U!) and we finish the proof of Lemma 6.1. m)
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Let . be the poset
& ={F C G : F is a semisimple Q-subgroup of type X and E C F C H}

with the partial order given by inclusion.

Lemma 6.3. In order to prove Proposition 5.4, it suffices to assume that H is a minimal
element of ..

Proof. Let F be a minimal element of .. By assumption, T normalizes F. We have
an almost direct product decomposition T = (T N F)T' with T’ centralizes F . The algebraic
subgroup F’ generated by F and T is reductive and has an almost direct product decompo-
sition F' = T'F (F = F'%"). Let D’ be the F'(R)-conjugacy class of «. Note that D' is
automatically “horizontal” as it is contained in DJ,. Hence by the same reasoning as in the last
part of the proof of Theorem 1.11, (F’, D’) is a Shimura datum. It is easy to see that F’ is the
generic Mumford-Tate group of D’. Let o’ be a Hodge generic point of O, and replace the
Shimura datum (G, D) by (F', D’), T by T’ and « by «’. We thus reduce the proof of Propo-
sition 5.4 to the inclusion F C H. After iterating the above procedure finitely many times,
Proposition 5.4 follows. ]

We suppose now H is minimal in the set .% and proceed to finish the proof of the
Proposition 5.4.

LetT'=TNNg(H)® and write T = T'T" as an almost direct product. Suppose that "
is nontrivial. Note that «(U!) = «(S) is not contained in T'(R) E (R) as G is adjoint and G ,,
is the generic Mumford-Tate group of D,". We can choose b = ag € a(U!) with g € E (R)
anda = a’a” € T(R) suchthata’ € T'(R),a” € T"(R) anda” ¢ T'(R) N T"(R).

Since T'(Q) (resp. T"(Q)) is dense in T'(R) (resp.T"”(R)) for the usual topology,
we can find a sequence (a, = aj,a) € T (Q))yen such that a,, € T'(Q) (resp. a,, € T"(Q))
converges to a’ (resp. a”’). We can also assume thata), ¢ T'(R) N T”(R),forall n € N.

Consider H), := (anHa, ' N H)°. As H/, contains E, it is reductive by [9, Lemma 5.1].
We have an almost direct product decomposition

r nc gy
Hn - Hn Hn’

where H') is the almost direct product of Q-simple factors of noncompact type of H, and
H, is the almost direct product of the remaining factors, so in particular H,° € .. Note that
the projection of E to H, is trivial, so

H/(R) CZg(E)(R)C M N HR) = K N H(R).

Therefore
ECH, CH.

By the minimality of H and a], ¢ T'(Q), we have H* = E and
H,=EH/

Letting 7 tend to infinity, we deduce that every element of (¢ H (R)a—' N H(R))" can be
written as a product of an elements of E (R) and an element of M N H (R).
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Let B be a Q-simple factor of H. By Lemma 6.1, there exists a noncompact R-simple
factor Lg of Br which is normalized by a(U1'). Since b € a(U') and

aHR)a ' N HR) =bH®R)b™ ' N HR),

we have
LrR)" c (@HR)a"'n HR))T,

which implies that Er projects surjectively onto Lg. In particular, L is also an R-simple
factor of ER.

Sublemma 6.4. The smallest Q-algebraic subgroup F of G which contains Ly is B.

Proof. Let h € B(Q). Then Lg C hFrh™!. Since hFh™! is a Q-subgroup of G, it
follows that F C hFgrh™'. So F is a normal subgroup of B and hence equals B as B is
Q-simple. m

By Sublemma 6.4, B is contained in E. In particular, the projection of ER to any non-
compact R-simple factor of B is surjective. By Lemma 6.1, «(U!) normalizes B and hence
normalizes Hy, i. e.,

a(UY) ¢ Ng (H)R.

Therefore
G, CNg(H).

In particular, T, C N (H) which contradicts to our assumption that 7', is nontrivial.
This completes the proof of Proposition 5.4.
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