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Abstract — We contemplate the range of convex Fujita numbers for minimal smooth
projective surfaces according to their position in the Kodaira–Enriques classification.
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1. Introduction

1.1. Motivation. Our main goal is to study effective global generation of adjoint line bundles
on minimal surfaces across the Kodaira–Enriques classification. Effective positivity questions
(for instance in the form of conjectures by Fujita, Mukai, and Kawamata) have been around in
birational geometry for several decades now, however, they appear to be beyond our reach in
general. Initiated in [CKMS23], we advocate an approach which aims at more precise information
at the expense of a potentially more modest generality at first.

The center of our investigations is the concept of the convex Fujita number of a smooth
projective variety. Given such a variety X, we define its convex Fujita number FupXq as the
minimal m ě 0 such that for all s ě m and any ample divisors L1, . . . , Ls on X the adjoint
divisor

KX ` L1 ` . . .` Ls

is globally generated.
Convex Fujita numbers are understood as a measure of effective positivity of line bundles on

a smooth projective variety. While Fujita’s freeness conjecture predicts that KX `mL is base-
point free for all m ě dimX ` 1 and all ample divisors L on X, which would roughly translate
to FupXq ď dimX ` 1, our variant of the problem provides means for a finer classification.

The purpose of this work is to understand the range of the convex Fujita number for minimal
smooth projective surfaces in view of the Kodaira–Enriques classification. Reider’s method (cf.
§2.2), relating base points of numerically large adjoint linear systems to Bogomolov unstable
rank 2 vector bundles shows for smooth projective surfaces X the inequalities

0 ď FupXq ď 3.

Focusing on minimal surfaces appears to be justified as we show in Theorem 8.5 that any smooth
projective surface X admits a birational modification X 1 Ñ X such that X 1 has convex Fujita
number FupX 1q “ 3. This supports the idea that blowing up points typically forces Fujita
numbers to become maximal possible. For a background on convex Fujita numbers and the
circle of ideas around Fujita’s freeness conjecture we refer the reader to [CKMS23].
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1.2. Convex Fujita numbers of minimal surfaces. The concrete geometry of algebraic sur-
faces combined with the powerful method of Reider allows us to determine the convex Fujita
number in many cases.

Theorem A. In Kodaira dimension ď 0 the convex Fujita number of a (relatively) minimal
smooth projective surfaces is determined as follows. The convex Fujita number
(Kodaira dim ă 0) (1) of P2 is 3,

(2) of a Hirzebruch surface is 2,
(3) of a ruled surface is 2 or 3,

(Kodaira dim 0) (4) of an abelian surface is 0 or 2,
(5) of a bielliptic surface is 2,
(6) of a K3 surface is 0 or 2,
(7) of an Enriques surface is 1 or 2,

Moreover, there are minimal surfaces
(Kodaira dim 1) of Kodaira dimension 1 and convex Fujita number 2 and 3, and
(Kodaira dim 2) of general type with convex Fujita number 0, 2 and 3.

Remark 1.1. At the moment we cannot decide whether there are minimal smooth projective
surfaces of convex Fujita number n and Kodaira dimension κ for pκ, nq in the list p1, 0q, p1, 1q
and p2, 1q.

However, as shown in Proposition 7.5, certain ramified double covers X of principally polarized
abelian surfaces with Picard number 1 yield smooth projective surfaces that are minimal and of
general type with FupXq “ 1 assuming that the Picard number of X is again 1.

The proof of Theorem A occupies sections §§4–7. The individual results are more precise than
Theorem A in that we can often describe the geometry on a particular minimal surface that
decides the convex Fujita number in case there are options. We list these more detailed results
below.

Proposition B (see Proposition 4.1). Let X “ PpE q be the ruled surface associated to a rank 2
vector bundle E on a smooth projective curve. The convex Fujita number FupXq equals 3 if E is
stable or of odd degree. In all other cases FupXq “ 2.

Proposition C (see Proposition 5.3). Let X be an abelian surface. Then we have

FupXq “ 2 ðñ X has an ample L with pL 2q ď 4.

If the above assertions do not hold, then we have FupXq “ 0.

Proposition D (see Proposition 5.8). Let X be a K3 surface. Then FupXq “ 0 unless there
exist an elliptic fibration ϕ : X Ñ P1 with general fiber E and image of a section S such that
all fibers are irreducible and reduced. In the latter case the line bundle L “ OXpmE ` Sq, for
m ě 3, is ample but not globally generated, so we have FupXq “ 2.

An Enriques surface X is called unnodal, if there is no smooth rational curve on X.

Proposition E (see Proposition 5.9, 5.10 and 5.12). Let X be an Enriques surface.
(1) Then FupXq “ 2 if and only if X admits a genus one fibration f : X Ñ P1 with a bisection

that meets every component of a fibre of f . This applies in particular to unnodal Enriques
surfaces.

(2) Otherwise we have FupXq “ 1, and this occurs for certain pτ, τ̄q-generic Enriques surfaces
(terminology of [BS22]) having the property that all genus one fibrations have at least one
fibre with at least 3 irreducible components.

Surfaces of positive Kodaira dimension are dealt with in sections §6 and §7.

Proposition F (see Proposition 6.3 and 6.4). On minimal surfaces of Kodaira dimension 1. Let
C a smooth projective curve.
(1) An elliptic fibration X Ñ C with a section has FupXq “ 2 if all fibers are irreducible and

reduced and χpX,OXq is even.
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(2) Let E be an elliptic curve, and let C Ñ P1 be a branched cover with Galois group G “ Er2s
with C of genus 2 and such that E is not an isogeny factor of Pic0pCq. Then X “ EˆC{G,
with G acting by translation on E, is an isotrivial elliptic fibration and a minimal smooth
projective surface of Kodaira dimension 1 and convex Fujita number FupXq “ 3.

Proposition G (see Proposition 7.1 Proposition 7.2 and Remark 7.4). On minimal surfaces of
Kodaira dimension 2.

There exist minimal surfaces X of general type with FupXq “ 0, 2, 3. More concretely:
(1) A very general hyperplane X in P3 of degree d ě 5 is minimal of general type with convex

Fujita number FupXq “ 0.
(2) The product X “ C1ˆC2 of smooth projective curves of genus at least 2 is minimal of general

type with convex Fujita number FupXq “ 2.
(3) Let Y be a smooth quintic in P3 with coordinates x “ rx1 : x2 : x3 : x4s cut out by

F pxq “
4
ÿ

i“1

aix
5
i `

4
ÿ

i“1

bix
3
ix3ix9i `

4
ÿ

i“1

pxix2iq
2x4i

with indices considered modulo 5. Then the quotient X “ Y {µ5 has FupXq “ 3 where the
5th-roots of unity ζ acts on rx1 : x2 : x3 : x4s with ζk on the homogeneous coordinate xk.

The example in (2) is an 8-dimensional family of numerical Godeaux surfaces due to Miyaoka
[Miy76, Theorem 5], see also Reid [Rei78].

In order to treat ruled surfaces, we prove a more general result about convex Fujita numbers
of projective space bundles on curves.

Theorem H (see Theorem 3.3 and Theorem 3.5). Let E be a vector bundle of rank n and degree
d on a smooth projective curve C, and let X “ PpE q be the associated projective space bundle.
Then we have

n ď FupPpE qq ď n` 1.

Furthermore,
(1) If E is not stable then FupPpE qq “ n.
(2) Let E be stable. Then the following holds.

(a) If n and d are not coprime, then FupPpE qq “ n.
(b) If d ” 1 pmod nq, then FupPpE qq “ n` 1. In particular, PpE q is Fujita extreme in this

case.

Theorem H relies on a criterion of Butler from [But94] for ample line bundles on PpE q. Global
sections of adjoint line bundles are analysed by computing the direct image along PpE q Ñ C in
combination with a well known slope criterion for global generation of semisimple vector bundles
on curves, see Lemma 3.4.

1.3. Fujita extreme smooth projective surfaces. A smooth projective surface X is called
Fujita extreme if FupXq “ 3, the maximal possible value. If we relax our search from being
constrained to minimal surfaces, we find surprisingly many more examples with convex Fujita
number 3.

We recall that a group π is called projective if it is isomorphic to the (topological) funda-
mental group π1pXq of a smooth projective variety X.

Theorem I (see Proposition 8.5 and Theorem 8.6).
(1) Let X be a smooth projective surface. Then there is a birational modification X 1 Ñ X

such that X 1 has convex Fujita number FupX 1q “ 3.
(2) For every projective group π there is a smooth projective surface X with π1pXq » π and

convex Fujita number FupXq “ 3.

This theorem indicates that the topological invariant π1pXq alone is not sufficient to control
positivity properties of adjoint line bundles.
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2. Conventions and preliminaries

2.1. Conventions. We work over the complex numbers, although our results remain true over
an arbitrary algebraically closed field of characteristic 0 by the Lefschetz principle. A surface is
a variety (i.e. a separated scheme of finite type over C) of dimension two, which we assume to
be smooth projective and connected without exception.

2.2. Revisiting Reider’s method. Convex Fujita numbers are finite by [CKMS23, Proposition
2.5]. Reider’s method gives precise bounds for surfaces as follows.

Proposition 2.1 ([CKMS23, Proposition 2.1]). Let X be a smooth projective surface.
(1) The convex Fujita number of X is bounded by FupXq ď 3.
(2) If FupXq “ 3, then there exists an ample line bundle L on X with L 2 “ 1.
(3) If the intersection pairing on the Néron-Severi lattice NSpXq is even, then FupXq ď 2.
(4) If the canonical bundle is numerically equal to 2ϑ with ϑ P PicpXq, then FupXq ď 2.

Let us revisit the argument in the proof of Reider’s criterion for global generation. A point
P on the surface X is a base point of the adjoint bundle ωX bL associated to an ample line
bundle L if and only if

H1pX,ωX bL bIP q “ 0 . (2.1)
This follows from Kodaira vanishing and the long exact sequence

H0pX,ωX bL q Ñ H0pP, ωX bL |P q Ñ H1pX,ωX bL bIP q Ñ H1pX,ωX bL q “ 0.

By Serre duality, (2.1) is equivalent to the non-vanishing of Ext1pL bIP ,OXq. So P is a base
point if and only if there exists a nontrivial extension

0 Ñ OX
s
ÝÑ E

t
ÝÑ L bIP Ñ 0 , (2.2)

and the sheaf E is necessarily a vector bundle by [GH78, Proposition 1.33]. For a detailed
exposition of Reider’s method we refer to [Laz97, §3].

Griffiths and Harris [GH78] describe (2.2) more canonically as the Koszul resolution of the
residue field at P using L “ detpE q as

0 Ñ OX
s
ÝÑ E

^s
ÝÝÑ detpE q Ñ detpE q bOP Ñ 0.

This uses the fact that P agrees with the vanishing locus Zpsq of the regular section s of E .
A concrete example of the above is described in the following proposition.

Proposition 2.2. Let X be a smooth projective surface with distinct ample effective divisors Ci,
for i “ 1, 2 such that pC1 ‚C2q “ 1. Then the Ci are irreducible and reduced, intersect in a single
point P “ C1XC2, and P is a base point for ωXbOXpC1`C2q. In particular, the convex Fujita
number of X is

FupXq “ 3.

Proof. Since C1 is ample, the intersection number with each component of C2 is positive. It
follows that C2 is irreducible and reduced. By symmetry the same holds for C1. Since C1 and C2

are distinct, they intersect in a scheme Z “ C1 X C2 of dimension 0 such that the length of OZ

equal to C1 ‚ C2 “ 1. It follows that Z “ P is a single reduced point. Moreover, the sequence

0 Ñ OX
s1,s2
ÝÝÝÑ OXpC1q ‘OXpC2q

ps2,´s1q‚
ÝÝÝÝÝÝÑ OXpC1 ` C2q bIP Ñ 0

is exact. Here ps2,´s1q‚ is the map that sends a pair pt1, t2q to s2t1 ´ s1t2. Exactness follows
because the defining equations of C1 and C2 at P form a regular sequence of parameters at P .
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The extension is non-trivial because OXpC1 ` C2q bIP is not a vector bundle. The discussion
preceeding Proposition 2.2 shows that P is a base point of ωX bOXpC1`C2q. This means that
FupXq ě 3. The converse inequality is Proposition 2.1(1). �

2.3. Fujita numbers of products. The following useful result was proven in [CKMS23, Lemma
2.6 and Proposition 2.7].

Proposition 2.3. Let X and Y be smooth projective varieties. Then we have

FupX ˆ Y q ě maxtFupXq,FupY qu,

with equality if the abelian varieties Pic0X and Pic0Y have no common nontrivial isogeny factor.

As a corollary we can determine the convex Fujita numbers of a product of curves.

Corollary 2.4. The convex Fujita number of a product X “ C1 ˆ C2 of two smooth projective
curves equals

FupC1 ˆ C2q “ 2.

Proof. Since curves have convex Fujita number 2, Proposition 2.3 shows that FupC1 ˆ C2q ě 2.
On the other hand, the canonical bundle ωX “ ωC1 b ωC2 is divisible by 2, so that the upper
bound follows from Proposition 2.1(4). �

Corollary 2.5. There are minimal surfaces of convex Fujita number 2 of the following kind:
(1) rational surfaces,
(2) ruled surfaces over an arbitrary smooth projective curve S as a base,
(3) abelian surfaces,
(4) elliptic surfaces of Kodaira dimension 1,
(5) surfaces of general type.

Proof. All of these are realized as products of curves:

P1 ˆ P1, P1 ˆ S, E ˆ E1, E ˆ C, C1 ˆ C2,

where E and E1 are elliptic curves, and C, C1 and C2 are curves of genus at least 2. �

2.4. Pseudosplit irreducible fibrations. We are going to describe a geometric setting which
leads to an ample line bundle such that the adjoint linear system has base points.

Lemma 2.6. Let X be a smooth projective surface with FupXq ď 1. Let D be an ample effective
divisor on X, and let i : C ãÑ X be an irreducible and reduced nef divisor on X. Then we have
pD ‚ Cq ě 2.

Proof. We argue by contradiction and assume that pD ‚Cq “ 1, i.e., D intersects C transversely
in a unique smooth point P . The divisor C`D is also ample, so by assumption ωXbOXpC`Dq
is globally generated. Therefore its restriction to C is also globally generated. By adjunction
(using the resolution OXp´Cq Ñ OX of i˚OC)

ωC “ E xt1pi˚OC , ωXq “ cokerpωX Ñ ωXpCqq “ ωXpCq|C

where ωC is the dualizing sheaf of C, we compute the restriction as

pωX bOXpC `Dqq|C “ ωXpCq|C bOCpP q “ ωCpP q.

The cohomology sequence

0 Ñ H0pC,ωCq Ñ H0pC,ωCpP qq Ñ H0pC,ωCpP q|P q Ñ H1pC,ωCq Ñ H1pC,ωCpP qq Ñ 0

shows that P is a base point of ωCpP q if and only if

H1pC,ωCq Ñ H1pC,ωCpP qq

is not an isomorphism. Serre duality translates this into the dual map

0 “ H0pC,OCp´P qq Ñ H0pC,OCq “ 0 ,

which is not an isomorphism. This shows that P is a base point of ωXpC`Dq, a contradiction. �



vi JIAMING CHEN, ALEX KÜRONYA, YUSUF MUSTOPA, AND JAKOB STIX

Definition 2.7. A pseudosplit irreducible fibration on a smooth projective surface X is a
fibration f : X Ñ B over a smooth curve B such that
(i) all fibres Xb “ f´1pbq are irreducible, and
(ii) there is a fibre Xb, potentially multiple, with underlying reduced fibre F , and
(iii) an irreducible curve S on X with S ‚ F “ 1.

Proposition 2.8. Let X be a smooth projective surface that admits a pseudosplit irreducible
fibration f : X Ñ B with reduced fibre F of multiplicity m and irreducible curve S such that
S ‚ F “ 1. Let D be a nontrivial effective divisor on B of degree degpDq ą ´ 1

mpS
2q. Then

L “ OXpS ` F ` f
˚Dq

is ample, but ωX bL is not globally generated. More precisely, the intersection point P “ SXF
is contained in the base locus of ωX bL .

Proof. We set M “ OXpS ` f˚Dq so that L “ M pF q. We first show that M is ample. We
have M ‚ F “ 1 and M ‚ S “ pS2q ` degpDqm ą 0. Furthermore we also have

pM 2q “ pS2q ` 2 degpDqm ą 0.

For any irreducible curve C on X other than S or F we have pS ‚Cq ě 0 and pf˚D ‚Cq ě 0 with
at least one intersection number strictly positive, because D is effective and because all fibres
of f : X Ñ B are irreducible by assumption. It follows that pM ‚ Cq ą 0, and therefore M is
ample by the criterion of Nakai-Moishezon.

Since F is nef and M ‚ F “ 1 and M is ample effective, we can apply Lemma 2.6 to deduce
that FupXq ě 2. More precisely, the proof of Lemma 2.6 shows that P “ S X F is a base point
of ωX bL as claimed. �

Corollary 2.9. Let X be a smooth projective surface that admits a pseudosplit irreducible fibra-
tion. Then we have FupXq ě 2.

Proof. This follows at once from Proposition 2.8 by choosing an effective divisor on the base of
the pseudosplit irreducible fibration of suitably large degree. �

3. Projective bundles on curves

In this section we study convex Fujita numbers for projective bundles on curves. In a forth-
coming work we will treat projective space bundles on more general varieties.

3.1. Review of ample line bundles on projective space bundles. Let E be a vector bundle
of rank r on a smooth projective variety S. We will study the convex Fujita number of X “ PpE q,
the associated projective space bundle π : PpE q Ñ S. The Picard group of PpE q sits in a short
exact sequence

0 Ñ PicpSq
π˚
ÝÝÑ PicpPpE qq res

ÝÝÑ PicpPr´1q Ñ 0

where res restricts to a fiber and PicpPr´1q “ Z. The sequence splits using the tautological line
bundle Op1q associated to E . Every line bundle on PpE q is uniquely of the form π˚M paq.

We start with a lower bound for the convex Fujita number.

Proposition 3.1. Let E be a vector bundle of rank r on a smooth projective variety S. Then

FupPpE qq ě FupPr´1q “ r.

Proof. Let π : X “ PpE q Ñ S be the natural projection. Let M be an ample line bundle on S
such that M b E is globally generated. Then L “ π˚Mb2p1q is ample on X “ PpE q. Indeed,
given a tuple of n` 1 generating sections On`1

S � M b E , the associated closed immersion

X “ PpE q “ PpM b E q ãÑ PpOn`1q “ Pn ˆ S
has π˚Mb2p1q isomorphic to the restriction of Op1qb M to X, which is ample.

If ωX bL bm is globally generated, then its restriction to a fiber (identified with Pr´1) is also
globally generated and equals

pωX bL bmq|Pr´1 » ωPr´1 bOpmq » Opm´ rq .



Convex Fujita numbers of minimal surfaces vii

It follows that m ě r. �

Recall that a vector bundle E on a smooth projective curve C admits a unique Harder-
Narasimhan filtration

0 “ E0 Ď E1 Ď E2 Ď . . . Ď Et´1 Ď Et “ E

by vector bundles Ei such that Ei{Ei´1 is semistable of slope µi with

µ`pE q– µ1 ą µ2 ą . . . ą µt´1 ą µt — µ´pE q.

Since the slope of an extension is always in the interval of the slopes of its constituents, we find

µ´pE q ď µpE q ď µ`pE q

with equality if and only if E is semistable. We call µ`pE q (resp. µ´pE q) the maximal (resp.
minimal) slope of E . Butler deduced the following observation from [Miy87, Theorem 3.1].

Proposition 3.2. Let π : PpE q Ñ C be the projective space bundle of vector bundle E of rank r
on a smooth projective curve C. A line bundle L “ π˚M paq is ample if and only if a ą 0 and

degpM q ` aµ´pE q ą 0.

Proof. [But94, Lemma 5.4]. �

3.2. Computation of convex Fujita numbers. The following theorem provides examples of
(almost) Fujita extreme varieties.

Theorem 3.3. Let E be a vector bundle of rank n on a smooth projective curve C. Then we
have

n ď FupPpE qq ď n` 1.

If E is not semistable then FupPpE qq “ n.

Proof. We set X “ PpE q and write π : X Ñ C for the natural projection map. The lower bound
was established in Proposition 3.1. For the upper bound let s ě n and let Li “ π˚Mipaiq for
i “ 1, . . . , s be ample line bundles on X. We abbreviate a –

řs
i“1 ai, and M –

Âs
i“1 Mi and

L –
Âs

i“1 Li “ π˚M paq. By Proposition 3.2 we have ai ě 1 and thus a ě s ě n. Recall that
we have

ωX “ Op´nq b π˚pωC b detpE qq.

Fiberwise, ωX bL restricts to Opa´nq and thus is globally generated with trivial higher coho-
mology. Cohomology and base change shows the surjectivity of the ’relative global generation’
map

π˚π˚pωX bL q� ωX bL ,

because for t P C with fiber Xt “ π´1ptq we have

π˚π˚pωX bL q|Xt “ OXt b
`

π˚pωX bL q|t
˘

“ OXt bH0
`

Xt, pωX bL q|Xt

˘

“ OXt bH0
`

Xt,Opa´ nq
˘

� Opa´ nq “ pωX bL q|Xt .

It follows that ωX b L is globally generated if π˚pωX b L q is globally generated. By the
projection formula, we have

π˚pωX bL q “ ωC b Syma´npE q b detpE q bM “: ωC bF ,

where we abbreviate F – Syma´npE q b detpE q bM .
Let E ´ be the quotient of E which is the part of its Harder-Narasimhan filtration with mini-

mal slope. Since symmetric powers and tensor products of semistable vector bundles are again
semistable, see [Miy87, Corollary 3.7 and 3.10], we find

F´ “ Syma´npE ´q b detpE q bM .
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Let n´ be the rank of E ´. By Proposition 3.2, we compute the minimal slope of F as

µ´pF q “ µpF´q “ µpSyma´npE ´qq ` µpdetpE qq ` µpM q

“ pa´ nqµ´pE q ` nµpE q ` µpM q

“ n
`

µpE q ´ µ´pE q
˘

`

s
ÿ

i“1

`

degpMiq ` aiµ
´pE q

˘

ě
s

n´
ě 1.

If either E is not semistable or s ě n ` 1, we have s ą n´ and so µ´pF q ą 1. By the well
known Lemma 3.4 below, the adjoint bundle ωC b F is globally generated, and the proof is
complete. �

Lemma 3.4. Let C be a smooth projective curve, and let F be a vector bundle on C of minimal
slope µ´pF q ą 1. Then ωC bF is globally generated.

Proof. Let P be a point in C. Global sections of ωCbF generate in P if H1pC,ωCbF p´P qq “ 0.
By Serre duality, it suffices to show H0pC,F_pP qq “ 0. The maximal slope of these dual
coefficients is

µ`pF_pP qq “ 1´ µ´pF q ă 0.

Any nontrivial map OC Ñ F_pP q therefore violates the semistability of the filtration quotients
of the Harder-Narasimhan filtration of F_pP q. �

Under suitable hypotheses we are able to determine convex Fujita numbers of projectivized
semistable vector bundles completely.

Theorem 3.5. Let E be a semistable vector bundle of rank n and degree d on a smooth projective
curve C.
(1) If E is not stable, then FupPpE qq “ n.
(2) If n and d are not coprime, then FupPpE qq “ n.
(3) If n and d are coprime, then the following holds.

(i) Let C have genus ě 2. If d ı 1 pmod nq and SymnkpE q has no direct summand that
is a line bundle for all k ą 0, then FupPpE qq “ n.

(ii) If d ” 1 pmod nq, then FupPpE qq “ n ` 1. In particular, PpE q is Fujita extreme in
this case.

Proof. We start with assertion (2) and keep the notation of Theorem 3.3. We need to discuss
the case s “ n for a semistable E and decide whether there are Mi and ai such that ωC bF “

π˚pωXbL q is not globally generated. Note that F is now also semistable and so µpF q “ µ´pF q.
The proof of Theorem 3.3 shows that the only critical case is when µpF q “ 1, and that happens
exactly when

n degpMiq ` aid “ 1, for all i “ 1, . . . , n, (3.1)
This is only possible if n and d are coprime. This shows assertion (2).

Assertion (1) follows immediately from (2) since the slope µ “ d{n of an unstable semistable
E is also the slope of a vector bundle with rank ă n, so d and n must have a common prime
factor. Assertion (1) appears here because it proves part of Theorem H.

We now assume n and d are coprime and prove assertion (3). Then, as just recalled, E is
stable. Moreover, we assume that Mi and ai ě 1 are such that the equations (3.1) hold. It
follows that all the ai are congruent to each other modulo n. Thus a´ n is divisible by n.

For assertion (i) we now also assume that d ı 1 pmod nq. Then ai ě 2 and a´ n ě n. Recall
from the proof of Theorem 3.3 that it suffices to show that ωC bF is globally generated. The
proof of Lemma 3.4 shows that it suffices that for all points P P C the sheaf

F_pP q » Syma´npE _q b detpE q´1 bM´1

has no global sections. By Narasimhan–Seshadri the stable E is described by a unitary represen-
tation of a central extension of π1pCq. Thus, Syma´npE _q corresponds to a direct sum of unitary
representations and therefore is polystable as a vector bundle. The same holds for F_pP q. By
assumption, none of the direct summands is a line bundle (note that n | a ´ n). By the slope
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computation from above, F_pP q is a polystable vector bundle of slope 0, and so any global
section yields a direct summand of the form OC , a contradiction. This shows (i).

We now prove assertion (ii). By assumption d “ 1 ´ kn for some k P Z. Let Mi be line
bundles on C of degree k, and let ai be equal to 1 for all i “ 1, . . . , n. Then (3.1) holds, and in
particular Li “ π˚Mip1q is ample. More precisely we have

ωX bL “ Op´nq b π˚pωC b detpE qq b π˚M pnq “ π˚pωC b detpE q bM q.

It follows that ωXbL is globally generated if and only if ωCbF “ ωCbdetpE qbM is globally
generated on C. Since µpF q “ 1, by an appropriate choice of Mi we may find F “ OCpP q
for a point P P C. In this case ωC bF has P as a base point, and this concludes the proof of
assertion (ii). �

Remark 3.6. Semistable vector bundles of rank n and degree d on a curve C of genus ě 2 exist
by [NR69, Lemma 4.3]. When d and n are coprime, then the semistable vector bundle E is in
fact stable. If E is generic, then SymkpE q is again stable for all k ě 0 by a result of Seshadri,
see Hartshorne [Har70, Theorem 10.5]. So vector bundles satisfying the respective assumptions
of Theorem 3.5 exist in abundance.

Balaji and Kollár define a notion of a holonomy group for a stable vector bundle E on an
arbitrary smooth projective variety S. This is a reductive subgroup of the automorphism group
GLpE pxqq of a fiber E pxq :“ E b κpxq which is minimal to contain all Narasimhan-Seshadri
representations group associated to E |C for curves x P C Ď S, as long as E |C is still stable. In
[BK08, Corollary 6] they prove that if the commutator subgroup of the holonomy group is either
SLpE pxqq or SppE pxqq, then SymkpE q is still stable for all k ě 0. So with this assumption on
holonomy of E the assumptions of the case (i) in Theorem 3.5 holds provided d ı 1 pmod nq.

4. Rational and ruled surfaces

In this section we start our study of how convex Fujita numbers vary across the Kodaira–
Enriques classification of surfaces. In negative Kodaira dimension, minimal surfaces are rational
or ruled.

4.1. Ruled surfaces. We start with ruled surfaces since the result follows at once from the
general discussion in §3.

Proposition 4.1. Let C be a smooth projective curve and let E be a vector bundle of rank 2 on
C. The convex Fujita number of the ruled surface X “ PpE q Ñ C equals

FupXq “

#

3 if E is stable of odd degree,
2 else.

Proof. This is just a special case of Theorem 3.3 and Theorem 3.5. �

4.2. Rational surfaces. A relatively minimal rational surfaces is either the projective plane or
a Hirzebruch surface.

Proposition 4.2. The convex Fujita number of a relatively minimal rational surface is 2 or 3.
More precisely,
(1) we have FupP2q “ 3, and
(2) the convex Fujita number of a Hirzebruch surface equals 2.

Proof. Assertion (1) follows, because an ample line bundle on P2 is isomorphic to Opaq with
a ą 0, and so ωP2 b Opa1q b . . . b Opasq is globally generated if and only if

ř

i ai ě 3. In the
worst case all ai “ 1, and thus we need s ě 3.

(2) Let X “ PpO ‘ Opnqq be a Hirzebruch surface. Proposition 4.1 yields FupXq, because
vector bundles of rank 2 on P1 are never stable. �

Remark 4.3. Since Hirzebruch surfaces are very explicit, convex Fujita numbers can also be
computed directly. We give an elementary argument to illustrate this fact.
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Since X “ PpO ‘ Opnqq is a toric surface, nef and globally generated are equivalent for all
line bundles on X, see [Mus02, Theorem 3.1]. The Picard group PicpXq “ NSpXq is generated
by the class of a fiber F and the class of a section S with self intersection S2 “ ´n. The class
L “ aS ` bF is nef and equivalently globally generated if and only if b ě na ě 0, and the ample
classes are characterized by b ą na ą 0. Recall that the canonical class is K “ ´2S ´ pn` 2qF .

For line bundles Li “ aiS ` biF , for i “ 1, . . .m, we find

K `

m
ÿ

i“1

Li “ p´2`
m
ÿ

i“1

aiqS ` p´n´ 2`
m
ÿ

i“1

biqF .

For the ample line bundles Li “ S ` pn` 1qF this becomes

K `

m
ÿ

i“1

Li “ pm´ 2qS ` ppm´ 1qpn` 1q ´ 1qF ,

which is globally generated if and only if m ě 2. When m ě 2 and Li an ample line bundle, we
have

´n´ 2`
m
ÿ

i“1

bi ě ´n´ 2`
m
ÿ

i“1

pnai ` 1q ě n
`

´ 2`
m
ÿ

i“1

ai
˘

ě 0 ,

and so the corresponding adjoint bundle is globally generated. This yields FupXq “ 2.

5. Kodaira dimension 0

On a minimal surface X of Kodaira dimension 0 the canonical class is numerically trivial.
It follows from Proposition 2.1 that FupXq ď 2. The canonical class is globally generated for
abelian surfaces and for K3 surfaces, but is a nontrivial torsion class hence not globally generated
for Enriques and bielliptic surfaces. Therefore, the options for FupXq of abelian surfaces and K3
surfaces are 0 or 2, while for Enriques and bielliptic surfaces the options are 1 or 2.

Remark 5.1. Before we present our results, we recall that Reider in [Rei88, Proposition 5] reports
on the following result of Beauville: let X be of Kodaira dimension 0 and L a nef line bundle
on X with pL 2q ě 6. Then ωX b L is globally generated precisely if X does not contain a
1-connected effective cycle E with arithmetic genus 0 and E ‚L “ 1.

Our results restrict to ample line bundles and seek to determine the convex Fujita number of
X. Clearly, since our main tool is Reider’s method, there is bound to be some overlap between
our analysis and Beauville’s.

5.1. Abelian surfaces. The convex Fujita number of an abelian variety is always at most two
by a generalization of Lefschetz’ classical theorem by Bauer and Szemberg [BS96, Theorem 1.1]
(cf. [CKMS23, Example 1.8]). Here we deal with abelian surfaces and determine the arising
convex Fujita numbers precisely.

Proposition 5.2. Let L be an ample line bundle on an abelian surface X.
(1) If pL 2q ď 4, then L is not globally generated.
(2) If pL 2q ą 4, then L is globally generated unless

‚ X » E ˆ E1 is isomorphic to a product of elliptic curves E and E1, and
‚ L is isomorphic to M bM 1 with M of degree 1 on E and M 1 of positive degree on E1.

Proof. By Kodaira vanishing and Riemann–Roch, h0pX,L q “ pL 2q{2 ď 2. If L were globally
generated, then the associated map X Ñ PpH0pX,L qq would be finite as L is ample. This
yields a contradiction if pL 2q ď 4 by comparing dimensions. This shows (1).

Moving on to (2), we assume pL 2q ą 4 (more precisely pL 2q ě 6 as the intersection form is
even). Reider’s method shows that an ample L with pL 2q ě 5 is globally generated unless there
is an effective divisor C on X with C2 “ 0 and C ‚L “ 1. Since L is ample, we deduce that
C must be irreducible and reduced. Riemann–Roch computes χpC,OCq “ 0, and since abelian
varieties do not contain rational curves, the curve C is smooth of genus 1. After translation, the
curve C is an abelian subvariety of X that from now on we denote by E. The quotient map
X Ñ X{E — E1 realizes X as an elliptic fibration over an elliptic curve E1.
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The degree of L equals 1 on a general and thus on the generic fiber Xη. By Riemann–Roch
on the curve Xη, there is a point P P Xη of degree 1 with L |Xη » OXηpP q. The Zariski closure
of P in X yields a splitting s : E1 Ñ X of the quotient map X Ñ E1 and an isomorphism
X » E ˆ E1. Note that, by construction, the line bundles L and OXpspE

1qq “ pr˚OEpP0q

with the origin P0 P E agree on Xη (here pr : X Ñ E is the projection). We set M “ OEpP0q

and conclude that the difference L b pr˚M´1 comes from a line bundle M 1 on E1 with thus
L » M b M 1.

It remains to show that in the exceptional case constructed above the line bundle L is not
globally generated. But L |E has degree 1 and thus is not globally generated on E. Hence L
has a base point along E. (This is a special case of Proposition 2.8 because ωX is trivial, the
ample line bundle L “ OXpSq is effective and X Ñ E1 is a pseudosplit irreducible fibration
since S ‚ E “ 1 for the fibre E.) �

Proposition 5.3. Let X be an abelian surface. Then we have

FupXq “ 2 ðñ X supports an ample L with pL 2q ď 4 .

If the above assertions do not hold, then we have FupXq “ 0. Both values 0 and 2 occur:
(1) If X is a principally polarized abelian variety, then FupXq equals 2.
(2) If X is an abelian variety with an isogeny AÑ X – A{G for a principally polarized abelian

variety A with EndpAq “ Z and a finite group G whose odd part of #G is not a square.
Then FupXq equals 0.

Proof. We know that FupXq is either 0 or 2, and that it is 0 if and only if all ample line bundles
are globally generated. The equivalence thus follows at once from Proposition 5.2. If there is an
ample line bundle with pL 2q ď 4 then this L is not globally generated, hence FupXq “ 2. If, on
the other hand, for all ample line bundles pL 2q ě 6 then X is not a product of elliptic curves, as
on such a product we have ample line bundles of self intersection 2. Then the exceptional case of
Proposition 5.2 does not occur, and all ample L are globally generated. This shows FupXq “ 0.

(1) is obvious because a principal polarization L has pL 2q “ 2. It remains to prove (2).
Let π : A Ñ X denote the quotient map. For an ample line bundle L on X we denote by
ϕL : X Ñ Xt the isogeny ϕL pxq “ t˚xL bL ´1. The composition

A
π
ÝÑ X

ϕL
ÝÝÑ Xt πt

ÝÑ At » A

is multiplication by an integer m P Z because EndpAq “ Z. Computing degrees yields

m4 “ degpπq ¨ degpπtq ¨ degpϕL q “ #G2 ¨ degpϕL q .

By Riemann–Roch degpϕL q “ χpA,L q2 “
`

1
2pL

2q
˘2. Combining the two equations yields

2m2 “ #G ¨ pL 2q .

We now choose an odd prime p that occurs in #G with an odd exponent. Since the self-
intersection pL 2q is always even due to Riemann–Roch, it follows that 2p | pL 2q. Since then
pL 2q ě 6, we are done. �

Remark 5.4. The abelian surface X constructed in Proposition 5.3 (2) together with the isogeny
π : AÑ X with a principally polarized abelian surface A give rise to finite étale maps

A
π
ÝÑ X Ñ A

(as in the proof of Proposition 5.3), showing that the convex Fujita number can actually go up
and down along finite étale maps.

5.2. Bielliptic surfaces. Next we consider bielliptic surfaces X “ E ˆ F {G where E and F
are elliptic curves and G is a finite subgroup of E acting on the factor E by translation, and via
an injective representation G ãÑ F ¸ AutpF q on the factor F . There is a short list of possible
groups G, and in most cases F must have complex multiplication by either Zris, or the Eisenstein
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integers Zrζ3s. The projections to the factors are equivariant with respect to the G-action and
so X sits in the two fibrations

A

zz
π
�� $$

E

��

X

h

{{

f

##

F

��

E1 “ E{G F {G “ P1

where h is a smooth projective isotrivial fibration with fiber F , and f is an isotrivial elliptic
fibration with multiple fibers and general fiber E. Let F0 be the reduced fiber of f in the image
of 0 P F in F {G, and let S Ď F be the G-orbit of 0 P F . The line bundle L “ OXph

´1p0q `F0q

pulls back under π to
π˚L “ OEpGqbOF pSq .

It follows that L is an ample line bundle on X, and

pL 2q “ 2#S .

The following groups, stabilizers G0 of 0 P F , and self-intersection of L occur, see [BHPVdV04,
page 199], here µn denotes the group of n-th roots of unity, and ζ3 is a cubic root of unity.

G #G F action of generators G0 pL 2q

µ2 2 arbitrary px, yq ÞÑ px` α,´yq G 2

µ3 3 CM by Zrζ3s px, yq ÞÑ px` α, ζ3yq G 2

µ4 4 CM by Zris px, yq ÞÑ px` α, iyq G 2

µ6 6 CM by Zrζ3s px, yq ÞÑ px` α,´ζ3yq G 2

µ2 ˆ Z{2Z 4 arbitrary px, yq ÞÑ px` α,´yq µ2 4

px, yq ÞÑ px` β, y ` γq

µ4 ˆ Z{2Z 8 CM by Zris px, yq ÞÑ px` α, iyq µ4 4

px, yq ÞÑ px` β, y ` γq

µ3 ˆ Z{3Z 9 CM by Zrζ3s px, yq ÞÑ px` α, ζ3yq µ3 6

px, yq ÞÑ px` β, y ` γq

In the formula describing the action, the elements α, β (resp. γ) always denote a torsion point
of suitable order of E (resp. of F ).

Before we can compute the convex Fujita numbers we need two lemmas for the case where G
is of order 9.

Lemma 5.5. Let G “ Er3s Ď E be the kernel of the map r3s, multiplication by 3. Then the
descent spectral sequence for the G-cover r3s : E Ñ E for coefficients Gm yields an exact sequence

0 Ñ HompG,Cˆq Ñ PicpEq
r3s˚
ÝÝÑ PicpEqG

d
ÝÑ H2pG,Cˆq Ñ 0 .

Moreover, a line bundle M P PicpEq is G-invariant if and only if degpM q is divisible by 3.

Proof. The short exact sequence of low degree terms of the spectral sequence

Ea,b2 “ HapG,HbpE,Gmqq ùñ Ha`bpE,Gmq
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yields

0 Ñ HompG,Cˆq Ñ PicpEq
r3s˚
ÝÝÑ PicpEqG

d
ÝÑ H2pG,Cˆq Ñ H2pE,Gmq .

By Tsen’s theorem and the purity of the Brauer group we find H2pE,Gmq “ 0. This proves the
first assertion.

A line bundle M is G-invariant if and only if for all α P Er3s we have

ϕM pαq “ t˚αM bM´1 “ 0 ,

so if and only if Er3s Ď kerpϕM q. The kernel of the polarization ϕM consists of all degpM q-
torsion points, hence this holds if and only if 3 | degpM q as claimed. �

The second lemma resembles the first but treats the ramified case. For a finite group G acting
on a variety F we denote the orbifold quotient by rF {Gs.

Lemma 5.6. Let G “ Er3s Ď E be the kernel of the map r3s (multiplication by 3), and let G
act on the elliptic curve F as in the bottom line of the table above. Then the spectral sequence
for the orbifold G-cover ψ : F Ñ rF {Gs for coefficients Gm yields an exact sequence

0 Ñ HompG,Cˆq Ñ PicprF {Gsq
ψ˚
ÝÝÑ PicpF qG

d
ÝÑ H2pG,Cˆq Ñ 0 .

Moreover, the restriction of d to the 3-torsion subgroup of PicpF qG is surjective onto H2pG,Cˆq.

Proof. The short exact sequence of low degree terms of the spectral sequence

Ea,b2 “ HapG,HbpF,Gmqq ùñ Ha`bprF {Gs,Gmq

yields

0 Ñ HompG,Cˆq Ñ PicprF {Gsq
ψ˚
ÝÝÑ PicpF qG

d
ÝÑ H2pG,Cˆq Ñ H2prF {Gs,Gmq .

Therefore, the first assertion follows from the second. The Schur multiplier H2pG,Cˆq equals the
exterior square

Ź2G » Z{3Z. Hence it suffices to see that d restricted to the 3-torsion subgroup
of PicpF qG is nontrivial.

The action of the 3-group G on the 3-group Pic0pF qr3s of 3-torsion has always a non-trivial
fixed part. So PicpF qGr3s “

`

Pic0pF qr3s
˘G is non-empty. We now argue by contradiction,

and assume that d annihilates this G-invariant 3-torsion. Then PicpF qGr3s lies in the image
of PicprF {Gsq under ψ˚. More precisely, since kerpψ˚q “ HompG,Cˆq is finite, we even find a
preimage in the torsion subgroup of PicprF {Gsq.

The ramified cover ψ̄ : F Ñ F {G » P1, the coarse version of ψ, is easily seen to be ramified
in three points with ramification index 3, therefore the orbifold fundamental group of rF {Gs has
a presentation

π1prF {Gsq » xa, b, c | a
3 “ b3 “ c3 “ abc “ 1y .

We can therefore compute the torsion subgroup

PicprF {Gsqtors “ Hompπab1 prF {Gsq,Cˆtorsq » Z{3Zˆ Z{3Z,
so that the natural map induced by the homomorphism π1prF {Gsq� G describing the G-torsor
F Ñ rF {Gs

HompG,Cˆq Ñ Hompπab1 prF {Gsq,Cˆtorsq “ PicprF {Gsqtors

is an isomorphism. Therefore ψ˚ applied to torsion classes is zero, a contradiction finishing the
proof. �

Proposition 5.7. Any bielliptic surface X has an ample line bundle L with self-intersection
pL 2q ď 4. In particular, X has convex Fujita number FupXq “ 2.

Proof. We use the notation introduced above. We first deduce the consequence for the convex
Fujita number. Since L is ample and ωX is numerically trivial, Kodaira vanishing for the groups
HipX,ωX b pω

´1
X bL qq and Riemann-Roch show

h0pX,L q “ χpX,L q “ χpX,OXq `
1

2
pL 2q “

1

2
pL 2q ď 2 .
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Arguing as in the proof of Proposition 5.2, if h0pX,L q ď 2 then the ample L cannot be globally
generated. Therefore the adjoint bundle L of the ample line bundle ω´1X bL has a base point.
This means that FupXq ě 2. On the other hand FupXq ď 2 by Proposition 2.1. This proves the
assertion on the convex Fujita number.

It remains to establish the existence of L . For all cases but the last line in the table above,
the line bundle L listed there satisfies the claim about the self intersection number. Hence, it
remains to study the case of G “ µ3 ˆ Z{3Z.

As above we consider the two maps h : X Ñ E{G “ E and f : X Ñ rF {Gs. The exact
sequence of low degree terms of the spectral sequence

Ea,b2 “ HapG,HbpE ˆ F,Gmqq ùñ Ha`bpX,Gmq

can be compared by pulling back along h and f with the sum of the short exact sequences of
Lemma 5.5 and Lemma 5.6 as follows:

0 // H1pG,Cˆq‘2 //

ř

��

PicpEq ˆ PicprF {Gsq

h˚p´qbf˚p´q

��

r3s˚ˆψ˚// PicpEqG ˆ PicpF qG
d //

´b´

��

H2pG,Cˆq‘2

ř

��

0 // H1pG,Cˆq // PicpXq
π˚ // PicpE ˆ F qG

d // H2pG,Cˆq.

Let M1 P PicpEq be of degree 3. By Lemma 5.5 this M1 is G-invariant. By Lemma 5.6 we can
pick a 3-torsion class α in PicpF qG such that

dpM1 b αq “ dpM1q ` dpαq “ 0

Recall that S Ď F is the G-orbit of 0 P F . Thus OF pSq carries a G-equivariant structure and so
dpOF pSqq “ 0. It follows that with M2 “ OF pSq b α the line bundle M1 b M2 descends to X:
we have L P PicpXq with

π˚L “ M1 b M2 .

Clearly L is ample, because π˚L is ample on E ˆ F . Since both Mi have degree 3 we find

pL 2q “
2

#G
degpM1q ¨ degpM2q “ 2 .

This concludes the proof. �

5.3. K3 surfaces. The improvement on Fujita’s freeness conjecture for K3 surfaces is a classical
result by Saint-Donat [SD74, Theorem 8.3]. It says that L b2 is globally generated for an ample
line bundle L . Here we prove a precise criterion for the convex Fujita number (compare Saint-
Donat [SD74, Proposition 8.1] and Mayer [May72, Propositions 5+6] for the equivalence of (a)
and (b) below).

Proposition 5.8. Let X be a K3 surface equipped with an ample line bundle L . Then the
following are equivalent.
(a) L is not globally generated.
(b) X admits an elliptic fibration ϕ : X Ñ P1 with general fiber E and image S of a section

such that all fibers are irreducible and reduced and L » OXpmE ` Sq for some m ě 3.
Both values 0 and 2 of the convex Fujita number occur:
(1) If X does not admit an elliptic fibration, e.g. if X has Picard number 1 (e.g. if X is a very

general K3 surface) then FupXq equals 0.
(2) There are K3 surfaces X that admit the geometry of (b). For these FupXq equals 2.

Proof. Let L be an ample line bundle on a K3 surface X that is not globally generated. It
follows from [Huy16, II, Corollary 3.15] and its proof that L “ OXpmE ` Sq for a smooth
elliptic curve E and a curve S » P1, and some m ě 2, such that S is the base locus of L and
mE is the mobile part. By adjunction we have E2 “ 0 and S2 “ ´2. In particular, the effective
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divisor E is nef. By [Rei97, 3.8] (see also [Huy16, II, Prop 3.10]), the line bundle OXpEq is
globally generated. The proof of [Huy16, II, Prop 3.10] shows that the regular map

ϕ : X Ñ PpH0pX,OXpEqq

is a fibration over a curve, necessarily a projective line, as X is simply connected. Let f : X Ñ P1

be its Stein factorization. Since OXpEq “ ϕ˚Op1q “ f˚Opdq for some d ě 1, it follows that E
is linearly equivalent to a multiple of a general fiber of f . We may replace E by a general fiber
of f without loss of generality, so d equals 1. Now by Kodaira vanishing and Riemann–Roch we
have

mpE ‚ Sq ` 1 “ 2`
1

2
pL 2q “ χpX,L q “ h0pX,L q .

Since mE is the mobile part of L , this equals, by the projection formula applied to f ,

h0pX,mEq “ h0pP1,Opmqq “ m` 1 .

We deduce E ‚ S “ 1 (as observed by Ulrike Rieß, see the footnote in [Huy16, page 31]). This
means that f |S : S Ñ P1 is the inverse of a section of f .

Now L intersects any fiber in a point: L ‚ E “ S ‚ E “ 1. Being ample, L intesects all
components of fibers, hence all fibers are irreducible and reduced. From 0 ă L ‚ S “ m´ 2, we
deduce m ě 3. This establishes the geometry claimed in (b).

For the converse direction1 we need to show that the given L “ OXpmE`Sq is in fact ample
but not globally generated. By computing L ‚ E “ 1, and L ‚ S “ m´ 2 and pL 2q “ 2m´ 2
we deduce that L is ample by the Nakai–Moishezon criterion.

It remains to establish that S is the fixed part of L . The section S meets each fiber in
a smooth point of the fiber. Being irreducible and reduced and of arithmetic genus 0, the
fiber is either an elliptic curve or a rational line with a double point or a cusp. In all cases
it follows that the restriction of OXpSq to the fiber has trivial H1 and h0 equal to 1. By
cohomology and base change this means that OP1 » f˚OXpSq. The projection formula yields
f˚L “ f˚OXpSq bOpmq “ Opmq “ f˚OXpmEq, and consequently the canonical map

H0
`

X,OXpmEq
˘

Ñ H0pX,L q

is an isomorphism. This shows that L is not globally generated, as S is in the (in fact agrees
with the) base locus.

Assertion (1) follows obviously from the proven equivalence because the geometry established
in (b) requires an elliptic fibration, which requires Picard rank at least 2. This is false for a very
general K3 surface.

For the claim (2) we need to construct a suitable elliptically fibered K3 surface with a section.
Such a K3 surface has a Weierstraß form

y2 “ x3 `Aptqx`Bptq

with Aptq of degree 8 and Bptq of degree 12. The type of singular fibers can be read off from the
discriminant ∆ptq “ ´16p4A3 ` 27B2q and the j-function. The generic case will be that ∆ptq
has only simple roots, and these will exactly be the elliptically fibered K3 surfaces that satisfy
(b) with nodal rational curves as singular fibers. The existence of such elliptic fibrations follows
more concretely from [MP89, Lemma 2.4]. �

5.4. Enriques surfaces. We refer to [CD89] as a general source for Enriques surfaces. Any
Enriques surface X admits a genus one fibration f : X Ñ P1, see [Lan83, Thm. 2.1] [CD89,
Thm. 5.7.1] or [BHPVdV04, Thm. 17.5], and any genus one fibration has exactly two multiple
fibres, see [CD89, Thm. 5.7.2] or [BHPVdV04, Lemma 17.1], namely half fibres F and F 1 with
F 1 „ F ` KX , and the fibration being the pencil |2F | “ |2F 1|. The divisors F that give rise
to half fibres in genus one fibrations are characterized as nef effective classes that are primitive

1Note that ϕ : X Ñ P1 is a pseudosplit irreducible fibration in the sense of Definition 2.7 and that pS2
q “ ´2, so

that Proposition 2.8 almost proves what we need.
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and isotrivial in the Néron-Severi lattice NumpXq “ NSpXq{tors with respect to the intersection
pairing. A useful function on the classes of big and nef divisors D is

ΦpDq “ mintD ‚ F ; F is a half fibre of a genus one fibration on Xu.

It is known that D has base points if and only if ΦpDq “ 1, combine [Cos83, Thm. 8.3.1]2 with
[Cos83, Thm. 4.1] or the case k “ 0 of [Knu01, Thm. 1.2].

An irreducible divisor B Ď X is a bisection of a genus one fibration |2F | on X if B ‚ F “ 1.
It is a theorem thanks to the unimodularity3 of NumpXq that every genus one fibration admits
a bisection, see the proof of [Lan83, Thm. 2.2] or [BHPVdV04, Prop. 17.6].

Proposition 5.9. Let X be an Enriques surface. Then 1 ď FupXq ď 2 and the following are
equivalent:
(a) FupXq “ 2,
(b) There is an ample line bundle L that is not globally generated.
(c) There is a genus one fibration f : X Ñ P1 with an ample bisection B.
(d) There is a genus one fibration f : X Ñ P1 with a bisection B such that B meets every

component of a fibre of f .

Proof. We assume (a): If FupXq “ 2, then there is an ample line bundle L 1 such that L “

ωX bL 1 is not globally generated. Since KX is numerically trivial, the line bundle L is also
ample. This shows (b).

Now we assume (b): as recalled above, this means ΦpL q “ 1 and so there is a genus one
fibration f : X Ñ P1 with half fibre F and L ‚F “ 1. By Riemann-Roch and Kodaira vanishing
we have

h0pX,L q “ χpX,L q “ 1`
1

2
pL 2q ě 2.

In particular, L is effective. By [Cos83, Thm. 8.3.1] there is an integral divisor B such that
L » OXpBq. This B cannot be a fibre component of f , hence must be finite over P1 and since
B ‚ F “ L ‚ F “ 1 we find that B is an ample bisection. This shows (c).

Now we assume (c): Since an ample divisor meets any irreducible curve, the ample bisection
in particular meets all fibre components. This shows (d).

Now we assume (d): Let B be a bisection that meets every fibre component of the genus
one fibration |2F |. Let D be an effective divisor on P1 of degree degpDq ą ´1

2pB
2q. We set

L “ OXpB ` f˚Dq. Then L is ample by the Nakai-Moishezon criterion. Indeed, horizontal
curves intersect positively with f˚D while, by assumption, fibre components intersect positively
with B. The self intersection is

pL 2q “ pB2q ` degpDqpB ‚ 2F q “ pB2q ` 2 degpDq ą 0.

The line bundle ωX bL is also ample and has ΦpωX bL q “ 1 as witnessed by the genus one
fibration f . Thus ωX bL is not globally generated and FupXq ą 1. This shows (a) completing
the proof. �

Recall that an Enriques surface is called nodal if X contains a smooth rational curve, and it
is called unnodal if no such smooth rational curves exist. The moduli space of nodal Enriques
surfaces is a divisor in the 10-dimensional moduli space of all Enriques surfaces.

Proposition 5.10. An unnodal Enriques surface X has convex Fujita number FupXq “ 2.

Proof. Any reducible fibre of a genus one fibration consists of smooth rational curves on X. If
X is unnodal, then all genus one fibrations have only irreducible fibres4 and so every bisection
meets all components of fibres. The result thus follows from Proposition 5.9. �

Corollary 5.11. Let X be an Enriques surface.

2Note that Theorem 8.3.1 is misprinted as Theorem 3.3.1 in [Cos83].
3Unimodularity follows in characteristic 0 from Poincaré duality and NumpXq “ H2

pX,Zq{tors, but it also holds
in characteristic p by [Ill79, Cor 7.3.7].
4The genus one fibrations in the unnodal case are all pseudosplit irreducible, hence Corollary 2.9 applies.



Convex Fujita numbers of minimal surfaces xvii

(1) If X admits a genus one fibration with all fibres irreducible, then FupXq equals 2.
(2) If all genus one fibrations of X have a fibre with at least three irreducible components, then

FupXq equals 1.

Proof. Immediately from Proposition 5.9. In case (1) property (d) is satisfied for some genus one
fibration, and in case (2) property (d) is never satisfied. �

In [BS22] the authors study possible ADE-types of p´2q-curves on Enriques surfaces X. A
first interesting fact is that up to AutpXq there are only finitely many genus one fibrations and
that representatives of the AutpXq-orbits can be computed by lattice theoretic algorithms when
asked for pτ, τ̄q-generic Enriques surfaces. For the definition of the latter we refer to [BS22]. The
paper furthermore contains a table [BS22, §6.5]5 listing the ADE-types of singular non-multiple
fibres and of the two half fibres in any possible genus one fibrations of a pτ, τ̄q-generic Enriques
surfaces. Upon inspecting the list we arrive at the following proposition.

Proposition 5.12. There are Enriques surfaces X with convex Fujita number FupXq “ 1.

Proof. Of the list as contained in [BS22, §6.5] we pick two examples of numbers with generic
ADE-types pτ, τ̄q admit only genus one fibrations with some fibre having at least 3 irreducible
components. According to Corollary 5.11, these Enriques surfaces have FupXq “ 1.

No. pτ, τ̄q singular non-multiple fibres singular half fibres

24 pD5, D5q none A3

none A4

A3 ` 2A1 none
A4 none
D4 none
D5 none

47 pE6, E6q none A4

A5 `A1 none
D5 none
E6 none

For 49 of the 155 Enriques surfaces on the list, the argument above relying on Corollary 5.11
decides that FupXq equals 1. �

6. Elliptic fibrations of Kodaira dimension 1

6.1. Preliminaries on elliptic fibrations of Kodaira dimension 1. Smooth projective sur-
faces of Kodaira dimension 1 all admit the structure of an elliptic fibration f : X Ñ C. Here C is
a smooth projective curve, and f is a fibration such that the general fibre has arithmetic genus 1.
For P P C we denote by mP the multiplicity of the fibre f´1pP q and by FP the divisor supported
in the fibre such that f´1pP q “ mPFP . Kodaira’s canonical bundle formula [BHPVdV04, V.
Theorem 12.1] reads

ωX “ f˚f˚ωX bOXp
ÿ

P

pmP ´ 1qFP q , (6.1)

with f˚ωX “ H ompR1 f˚OX , ωCq.
We start with the following result.

Proposition 6.1. Let f : X Ñ C be an elliptic fibration.
(1) If f has multiple fibres, then ωX is not globally generated. The divisors FP where f´1pP q “

mPFP is a multiple fibre are contained in the base locus.

5The list in loc. cit. is truncated and has some artificial page breaks that are hard to follow. The complete list
can be found in http://www.math.sci.hiroshima-u.ac.jp/shimada/K3andEnriques.html, published also in zenodo,
https://doi.org/10.5281/zenodo.4327019.

http://www.math.sci.hiroshima-u.ac.jp/shimada/K3andEnriques.html
https://doi.org/10.5281/zenodo.4327019
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(2) Let us assume that f has no multiple fibre. Then the following holds.
(a) If χpX,OXq ě 2, then ωX is globally generated.
(b) If χpX,OXq “ 1 and C has genus g ď 1, then ωX is not globally generated.

In cases (1) and (2)(b) we have FupXq ě 1, while in case (2)(a) we have FupXq “ 1.

Proof. The projection formula applied to (6.1) shows that all sections of ωX have poles of order
mP ´ 1 along FP . This shows (1).

We now show (2) and assume to this end that f has no multiple fibres. Then

f˚ωX “ ωC bH ompR1 f˚OX ,OCq

where the line bundle L “ H ompR1 f˚OX ,OCq has degree χpX,OXq ě 0 by [BHPVdV04, V.
Corollary 12.3] and [BHPVdV04, III. Theorem 18.2]. Since f˚OX “ OC , the map

H0pC,ωC bL q Ñ ωC bL

controlling generation by global sections for ωC bL pulls back via f˚ to the map controlling
generation by global sections for ωX

H0pX,ωXq bOX “ f˚
`

H0pC, f˚ωXq bOC

˘

Ñ f˚pωC bL q “ ωX .

As f is faithfully flat, global generation for ωX is equivalent to global generation for ωC bL .
Since C as a curve has convex Fujita number FupCq “ 2, the line bundle ωX bL is globally

generated if degpL q “ χpX,OXq ě 2. If χpX,OXq “ 1, then by Riemann–Roch and Serre
duality the line bundle ωX b L is not globally generated if and only if L is effective. If the
genus of C is ď 1, then any line bundle of degree 1 is effective. �

Remark 6.2. As shown in [BHPVdV04, V. Proposition 12.5], an elliptic fibration has indeed
Kodaira dimension 1 if the following δf is positive:

δf “ χpX,OXq ´ 2χpC,OCq `
ÿ

P

p1´
1

mP
q ą 0 , (6.2)

and this follows for example if the genus of C is at least 2.

Proposition 6.3. Let X Ñ C be an elliptic fibration with a section, such that
(i) all fibers are irreducible and reduced, and
(ii) χpX,OXq is even.
Then X has convex Fujita number FupXq “ 2. Moreover, elliptic fibrations of Kodaira dimension
1 as above exist.

Proof. An elliptic fibration with a section does not have multiple fibres. The formula (6.1) thus
simplifies to

ωX “ f˚H ompR1 f˚OX , ωCq .

Since χpX,OXq is even, the canonical bundle ωX is the pull back of a line bundle of even degree.
It follows that X has even intersection form. Hence FupXq ď 2 by Proposition 2.1.

The converse estimate FupXq ě 2 follows from Corollary 2.9 as the projection X Ñ C is a
pseudosplit irreducible fibration in the sense of Definition 2.7.

It remains to construct an elliptic fibration as in the statement of the proposition having
Kodaira dimension 1. In Proposition 5.8 we cite [MP89, Lemma 2.4] for the existence of a K3
surface f0 : X0 Ñ C0 “ P1 with an elliptic fibration with a section and all fibres irreducible and
reduced. We choose a ramified cover C Ñ C0 with genus of C at least 2 and ramified only above
points of C0 where the map f0 is smooth. Then X “ X0ˆC0 C is again smooth with f : X Ñ C
having a section and all fibres irreducible and reduced. By (6.2) this X has Kodaira dimension
1, because χpX,OXq ě 0. Finally, we need to ensure that X has even Euler characteristic.
This will be achieved by a further étale base change X 1 “ X ˆC C

1 with an étale double cover
C 1 Ñ C. The base change is still smooth, and the geometric assumptions are preserved in
the genus one fibration f 1 : X 1 Ñ C 1. But in addition χpX 1,OX 1q “ degpC 1{CqχpX,OXq is
necessarily even. �
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6.2. An isotrivial elliptic fibration. Next, we describe an isotrivial elliptic fibration with
convex Fujita number 3. A considerable amount of the analysis is stimulated by reading [Ser92].

Proposition 6.4. There is a minimal smooth projective surface of Kodaira dimension 1 and
convex Fujita number 3.

More precisely, let E be an elliptic curve, and let C Ñ P1 be a branched cover with Galois
group G “ Er2s and C of genus 2. We assume that E is not an isogeny factor of Pic0pCq. Then
X “ E ˆ C{G with G acting factorwise (by translation on E) is an isotrivial elliptic fibration
that is a minimal smooth projective surface of Kodaira dimension 1 and convex Fujita number
FupXq “ 3.

The proof spans over several lemmas and computations.

Lemma 6.5. A cover C Ñ P1 as in Proposition 6.4 exists.

Proof. By the Riemann–Hurwitz formula there will be 5 branch points in P1, hence we must
show that there is an Er2s-quotient of

π1pP1 ´ tP1, P2, P3, P4, P5uq “ xc1, c2, c3, c4, c5 |
ź

i

ci “ 1y

such that all ci map to nontrivial elements. This is a quick computation in the 2-dimensional
F2-vector space Er2s. �

By choosing C first, we may then choose E which does not occur as an isogeny factor of
Pic0pCq, for example because there are at most countably many such isogeny factors.

We consider the following diagram of maps.

Y “ E ˆ C
π // X “ Y {G

h //

f
��

E{G » E

C{G “ P1

Here f and h are the maps induced by the coordinate projections, and E » E{G is induced by
multiplication by 2. As E Ñ E{G is étale, the map h is a smooth projective isotrivial fibration
with general fiber H isomorphic to C. The general fiber F of f is isomorphic to E. The multiple
fibers of f are the fibers in the branch points P P C{G. Let FP denote the reduced fiber of f in
P . Then the multiplicity of FP equals the ramification index eP . So numerically F ” ePFP .

Lemma 6.6. The classes of F and H form a basis of NSpXq bQ and

π˚ : NSpXq bQÑ NSpY q bQ

is an isomorphism.

Proof. The map π˚ is injective since π is finite. By assumption E and Pic0pCq are disjoint,
hence there are no correspondences and NSpE ˆ Cq “ NSpEq ˆ NSpCq which is spanned by
the respective fiber classes. Since these classes are rational multiples of F and H, the lemma
follows. �

We next compute the class of ωX . Computing in NSpY q bQ yields

π˚ωX “ ωY “ ωE b ωC “
2g ´ 2

#G
π˚F

and therefore ωX ” 1
2F .

Lemma 6.7 (cf. [Ser92, Proposition 1.4]). The class of ωX is primitive in the lattice NSpXq{tors.
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Proof. Step 1. Claim: The class λF with 2λ R Z is not effective.
Assuming the contrary, there would be an effective divisor D ” λF . Then D ‚ F “ 0 shows

that D is a vertical divisor with respect to the elliptic fibration f : X Ñ P1 “ C{G. Since all
fibers are irreducible, we find that numerically

D P xFP ; P P C{Gy “
1

2
Z ¨ F,

a contradiction.
Step 2. Claim: If the class λF with 2λ R Z is the class of a line bundle L , then L has trivial

cohomology HipX,L q “ 0 in all degrees.
Indeed, with L also ωX bL ´1 ” p1{2 ´ λqF satisfies the assumption of Step 1. Therefore

H0pX,L q “ 0 by Step 1, and h2pX,L q “ h0pX,ωX bL ´1q “ 0 by Serre duality and Step 1.
It remains to compute H1pX,L q via Riemann–Roch:

´h1pX,L q “ χpX,L q “ χpX,OXq `
1

2
L ‚ pL ´

1

2
F q “ χpX,OXq.

Since π : Y Ñ X is finite étale, the holomorphic Euler charactersitic multiplies by degpπq, and
it vanishes due to the factor E with χpE,OEq “ 0.

Step 3. Claim: a line bundle L as in Step 2 has trivial cohomology HipF,L |F q “ 0 when
restricted to F .

We consider the exact sequence

0 Ñ L p´F q Ñ L Ñ L |F Ñ 0

and observe that L p´F q also satisfies the assumption of Step 2. The claim thus follows from
the long exact sequence of cohomology and the vanishing computed in Step 2.

Step 4. We now modify L by a numerically trivial line bundle. The conclusion of Step 3
remains valid as the reasoning there only depends on the numerical equivalence class of L . The
composite

h|F : F Ñ E

is isomorphic to multiplication by 2 on E. The pull back map

Pic0pEq
h˚
ÝÑ Pic0pXq

´|F
ÝÝÑ Pic0pF q

is therefore surjective. This means that we can prescribe L |F in its numerical class at will.
In particular, for a specific choice of L we obtain L |F » OF . The trivial line bundle has
nontrivial cohomology in all degrees i “ 0, 1, contradicting Step 3. This completes the proof of
the Lemma. �

Lemma 6.8 (cf. [Ser92, page 194]). The cohomology H2pXq is pure of Hodge type p1, 1q.

Proof. Since we already know that NSpXq bQ is spanned by the basis F,H, the lemma follows
from the computation of the second Betti number as b2pXq “ 2.

Since G “ Er2s acts by translation on E, this group action is the restriction of an action by a
connected algebraic group E. It follows by homotopy invariance of cohomology that this group
action is trivial on cohomology. We now compute using the Künneth formula

H˚pX,Qq “ H˚pY,QqG “
´

H˚pE,Qq bH˚pC,Qq
¯G

“ H˚pE,Qq bH˚pC,QqG “ H˚pE,Qq bH˚pC{G,Qq.

Since C{G » P1, we can read off b2pXq “ 2. �

Lemma 6.9. The intersection pairing on NSpXq{tors is unimodular.

Proof. The Lefschetz-p1, 1q-Theorem and Lemma 6.8 imply that NSpXq{tors “ H2pX,Zq. The
claim now follows from Poincaré duality. �
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Proof of Proposition 6.4. The class ωX “ 1
2F is primitive by Lemma 6.7. Since the intersection

product is unimodular by Lemma 6.9, there exists a line bundle L with 1
2F ‚ L “ 1. By

Lemma 6.6 there are rational numbers α, β with L ” αF ` βH. Since

F ‚H “
1

degpπq
π˚F ‚ π˚H “ #G “ 4

we must have β “ 1
2 . By the adjunction formula the following is an even integer:

L ‚ pL b ωXq “ pαF `
1

2
Hq

`

p
1

2
` αqF `

1

2
H
˘

“ 4α` 1.

Therefore pα´ 1
4qF lies in 1

2FZ, and subtracting this class from L and renaming yields

L ”
1

4
F `

1

2
H with ωX ‚L “ 1.

The classes F and H are fibers of maps, and since NSpXq bQ is of dimension 2, they span the
nef cone. It follows that L is an ample line bundle.

The proof of Proposition 6.4 will be complete when we find a nonempty base locus for

ωX bL b2 ”
1

2
F ` 2p

1

4
F `

1

2
Hq “ F `H.

More precisely, we will shift the second factor L by the numerically trivial class to L 1 such that

ωX bL bL 1 » OXpF `Hq.

Now we claim that OXpF `Hq has 4 base points in the 4 intersection points F XH. First, since
f˚OX “ OP1 we have by the projection formula

h0pX,OXpF qq “ h0pP1,Op1qq “ 2.

Next, let S Ď C be a free G-orbit, and T Ă E the preimage under E Ñ E{G “ E of the point
of E giving rise to the fiber H. Since the G-action on E is fixed point free, we have

H0pE,OEpT qq “ H˚pE,OEpT qq “ CrGs
as a G-representation (Atiyah-Bott fixed point formula). Also note that for a G-module V
with V0 denoting the same vector space with trivial G-action, we have an isomorphism as G-
representations

V b CrGs » V0 b CrGs.
Now we compute

H0pX,OXpF `Hqq “ H0
`

Y, π˚OXpF `Hq
˘G
“ H0

`

Y,OEpT qbOCpSq
˘G

“
`

H0pE,OEpT qq bH0pC,OCpSqq
˘G
“

`

CrGs bH0pC,OCpSqq
˘G

“
`

CrGs bH0pC,OCpSqq0
˘G
»

`

CrGs
˘G
bH0pC,OCpSqq0

» H0pC,OCpSqq0,

and Riemann-Roch for C computes

h0pX,OXpF `Hqq “ h0pC,OCpSqq “ degpSq ` 1´ g “ 3.

Let Z “ F XH be the intersection, a reduced subscheme of degree 4. Now we analyze the base
locus of OXpF `Hq along H using the exact sequence

0 Ñ OXpF q Ñ OXpF `Hq Ñ OHpZq Ñ 0.

Taking global sections yields the exact sequence

0 Ñ H0pX,OXpF qq Ñ H0pX,OXpF `Hqq Ñ H0pH,OHpZqq.

The computation of dimensions above show that global sections of OXpF ` Hq restrict to a
1-dimensional space of sections along H, which cannot generate the line bundle OXpF `Hq|H “
OHpZq of degree 4. So finally we conclude that OXpF ` Hq “ ωX bL bL 1 has non-trivial
base points, and this concludes the proof of Proposition 6.4. �
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7. Surfaces of general type

Minimal surfaces of general type form a vast landscape, and it is therefore certainly not to be
expected that we can uniformly describe the geometry that leads to the various possible convex
Fujita numbers. On the other hand, it is reasonable to expect that all numbers actually occur
in the range allowed by the general result Proposition 2.1, that is 0 ď FupXq ď 3.

We will show that on minimal surfaces of general type the convex Fujita numbers 0, 2, and 3
do occur, leaving the case of FupXq “ 1 open for the time being.

Proposition 7.1. A very general hyperplane X in P3 of degree d ě 5 is simply connected, has
convex Fujita number FupXq “ 0 and is minimal of general type.

Proof. This was proven in [CKMS23, Proposition 3.2]. We recall the proof here for convenience
of the reader.

The hyperplane is simply connected due to the Lefschetz hyperplane theorem for the funda-
mental group. By Noether-Lefschetz [Lef21] and degree d ě 4 (see also [SGA 7II, Exp XIX,
Théorème 1.2]), the Picard group PicpXq is generated by Op1q|X . This is the reason to restrict
to very general hyperplanes.

The line bundle L “ Opaq|X is ample if and only if a ě 1, and it is globally generated if and
only if a ě 0. So all ample line bundles are globally generated. By adjunction and our choice of
d, the canonical bundle ωX equals Opd´ 4q|X and in particular is ample. It follows at once that
X has convex Fujita number 0. �

Proposition 7.2. Let X “ C1 ˆ C2 be a product of smooth projective curves of genus at least
2. Then X is minimal of general type with convex Fujita number FupXq “ 2.

Proof. Curves have convex Fujita number 2, see [CKMS23, Example 1.6]. Thus we have FupC1ˆ

C2q ě 2 by Proposition 2.3. The converse inequality follows from Proposition 2.1 (4), because
X is spin: the canonical class ωX “ ωC1 b ωC2 is divisible by 2. �

Proposition 7.3. The classical Godeaux surface X “ Y {µ5 that is the quotient of the Fermat
quintic

Y “ tx51 ` x
5
2 ` x

5
3 ` x

5
4 “ 0u Ď P3

by the action of µ5 given by

ζ.rx1 : x2 : x3 : x4s “ rζx1 : ζ2x2 : ζ3x3 : ζ4x4s

is minimal of general type and has convex Fujita number 3.

Proof. Let Di “ txi “ 0uXY be the intersection of Y with the respective coordinate hyperplane.
The Di are smooth, connected, and µ5-equivariant. We denote by Ci “ Di{µ5 their image in X.
The divisor D “ D1 `D2 is a divisor with normal crossing in

D1 XD2 “ tr0 : 0 : ζ : 1s ; ζ P µ5u.

Since the quotient map π : Y Ñ X is finite étale, It follows that C “ C1 ` C2 is also a normal
crossing divisor and C1‚C2 “

1
5pD1‚D2q “ 1. We now apply the criterion of Proposition 2.2. �

Remark 7.4. The Fermat quintic used in Proposition 7.3 is actually not particularly special.
Miyaoka [Miy76, Theorem 5] and Reid [Rei78] have constructions an 8-dimensional moduli of
numerical Godeaux surfaces with π1 “ µ5. For our purposes we restrict to those with ample
canonical bundle. Then the universal cover is shown to be a smooth µ5-invariant quintic in P3,
where µ5 acts as in Proposition 7.3. So the quintic is a polynomial of the form

F pxq “
4
ÿ

i“1

aix
5
i `

4
ÿ

i“1

bix
3
ix3ix9i `

4
ÿ

i“1

cipxix2iq
2x4i

with indices considered modulo 5. By rescaling the xi we may assume that ci “ 1 for all
i “ 1, . . . , 4. The 8 remaining parameters ai, and bi form an A8, and a dense open yields a
smooth quintic hyperplane that avoids the µ5-fixed points. Miyaoka shows in [Miy76, Theorem
5] that this space of parameters is quasi-finite over the moduli space of such surfaces obtained
as quotients X by µ5 acting on the hyperplane tF pxq “ 0u.
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For any nontrivial torsion line bundle 0 “ α P πab1 pXq » PicpXqtors, let Cα be the unique
effective divisor in the classKX`α by [Rei78, Proposition 0.4]. Then for nontrivial α, β P πab1 pXq
we have

Cα ‚ Cβ “ pKX ` αq ‚ pKX ` βq “ K2
X “

1

5
pOp1q ‚Op1q ‚Op5qq “ 1.

Again we deduce from Proposition 2.2 that FupXq “ 3.

Proposition 7.5. Let A be an abelian surface with Picard rank 1 and symmetric principal
polarization Θ. Let B be a general smooth divisor in the linear system |2Θ|. Let X Ñ A be the
double cover branched along B.

If X has Picard number 1, then X is a smooth projective minimal surface of general type with
ample canonical bundle ωX » f˚OApΘq and convex Fujita number FupXq “ 1.

Proof. As B is smooth, the double cover is a smooth projective surface X. Let R Ď X be the
reduced preimage of B. Then

ωX “ f˚pωApBqq bOXp´Rq “ f˚OApΘq.

It follows that ωX is ample and so X is a minimal surface of general type. The sections of ωX
are

H0pX,ωXq “ H0pA, f˚ωXq “ H0pA,OApΘq b f˚OXq “ H0pA,OApΘqq ‘H0pA,OAq.

By Riemann-Roch on A and pΘ2q “ 2 we find h0pX,ωXq “ 2. In particular, ωX is not globally
generated, as otherwise there would be a map X Ñ P1 that pulls back Op1q to an ample line
bundle on X, contradiction.

It remains to show that for all ample line bundles L on X the adjoint bundle ωX b L is
globally generated. We claim that the pullback map

f˚ : PicpAq Ñ PicpXq

is an isomorphism. By [Nor83, Cor. 2.7], see also [KK14, Prop. 1] the induced map

f˚ : π1pXq
„
ÝÑ π1pAq

is an isomorphism. It follows that f˚ : Pic0pAq Ñ Pic0pXq is an isomorphism on torsion
elements, hence an isomorphism, and secondly, that the induced map f˚ : NSpAq Ñ NSpXq is an
isomorphism on the torsion subgroup NStors » Homppπab1 qtors,Q{Zq. Therefore NSpXq is torsion
free. By assumption, X has Picard number 1, and so it remains to show that f˚Θ is primitive
in NSpXq, since NSpAq is generated by Θ.

First, for any divisor D on X we have that D ‚ωX “ f˚D ‚Θ P pΘ2qZ is even, because f˚D is
numerically a multiple of Θ. It follows from Riemann-Roch that the intersection form on NSpXq
is even. Now, if f˚Θ ” nD, then n2pD2q “ 2pΘ2q “ 4. As pD2q is even, we must have n “ ˘1.
This completes the proof of the claim that f˚ : PicpAq Ñ PicpXq is an isomorphism.

Any ample L on X now is of the form L “ f˚M for a necessarily ample line bundle M on
A. The adjoint line bundle ωXbL is identified with the pullback of the line bundle M bOApΘq
which is globally generated since FupAq ď 2 by the classical Lefschetz theorem. Hence also
ωX bL is globally generated and the proof of FupXq “ 1 is complete. �

Remark 7.6. At the moment we do not know whether the assumption in Proposition 7.5 that X
has Picard number 1 can be achieved in an example.

8. Fujita extreme surfaces

We recall that a smooth projective surface X is called Fujita extreme if FupXq “ dim X`1 “
3. We already observed in Proposition 2.1 that by Reider’s method FupXq ď 3 holds for all
surfaces X. Certainly, FupXq “ 3 apparently requires a surface with special geometry, at the
same time we will see that such surfaces are birationally cofinal over any given one.
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8.1. Symmetric products of curves. Recall that the symmetric square of a smooth projective
curve C is the smooth projective surface

Sym2pCq “ pC ˆ Cq{S2

where S2 acts by permuting the factors.

Proposition 8.1. For any smooth projective curve C we have FupSym2pCqq “ 3.

Proof. We write π : C ˆ C Ñ Sym2pCq for the quotient map, and let pri : C2 Ñ C be the
projection to the i-th factor. For any point P P C we define a divisor on C ˆ C

HP :“ pr´11 pP q ` pr´12 pP q

which is normal crossing. Moreover, HP is ample and fixed by the involution switching the
factors. Let DP be the quotient of HP by S2, i.e. the image of HP in Sym2pCq. The divisor
DP is an ample effective divisor on X because π is finite and HP “ π˚pDP q. For distinct points
P “ Q in C, the divisor D “ DP `DQ is normal crossing. We compute

pDP ‚DQq “
1

degpπq
pHP ‚HQq “ 1.

The result now follows at once from Proposition 2.2. �

Remark 8.2. (1) Note that Sym2pCq for C “ P1 is just P2. So we recover the convex Fujita
number of this classical example.

(2) For C “ E an elliptic curve, the summation map Sym2pEq Ñ Pic2E » E is a P1-bundle
associated to the vector bundle E “ f˚L where f : E ˆ Pic2E Ñ Pic2E is the projection and
L is the universal line bundle of degree 2. By Proposition 4.1 the vector bundle E must be
stable of odd degree.

(3) If C is of genus at least 2 and not hyperelliptic, then the summation map identifies Sym2pCq
with a closed subscheme of the Jacobian Pic2C » Pic0C . The sequence of maps

C ˆ C Ñ Sym2pCq Ñ Pic0C

shows that the convex Fujita number can go up and down along finite (ramified) maps:
we have FupC ˆ Cq “ 2, while FupSym2pCqq “ 3, but again FupPic0Cq “ 2. The latter
holds because Pic0C is principally polarized, and an ample line bundle inducing the principal
polarization is not globally generated. See Remark 5.4 for a related remark.

8.2. Some rational non-minimal Fujita extreme surfaces. Here we present a construction
that yields rational Fujita extreme surfaces. This serves as a model for the construction in §8.3.

A pencil of plane curves of degree d arises by choosing a line in P
`

H0pP2,Opdqq
˘

. We would like
our pencil to have only irreducible (and reduced) members. This translates to the following: the
chosen line should avoid the products obtained by multiplication of equations of degree a, b ě 1
with a` b “ d, i.e., the images of the finite map that multiplies equations

P
`

H0pP2,Opaqq
˘

ˆ P
`

H0pP2,Opbqq
˘

Ñ P
`

H0pP2,Opdqq
˘

.

This is achieved by any general line by the following dimension count. First recall

dimP
`

H0pP2,Opdqq
˘

“

ˆ

d` 2

2

˙

´ 1 “
dpd` 3q

2
.

Then, using that linear terms cancel, we find

dimP
`

H0pP2,Opdqq
˘

ě 2` dimP
`

H0pP2,Opaqq
˘

` dimP
`

H0pP2,Opbqq
˘

ðñ
dpd` 3q

2
ě 2`

apa` 3q

2
`
bpb` 3q

2
ðñ d2 ě 4` a2 ` b2 ðñ ab ě 2.

So we succeed if d ě 3 which we assume from now on.
With two general planar degree d curves D0 and D8 in P2, we denote by Z “ D0 XD8ztP u

the set of d2 intersection points with a distinguished point P removed. We consider the blow up
X “ BlZpP2q and the further blow up σ : Y “ BlP pXq Ñ X. After blowing up all of D0 XD8,
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a transversal intersection by assumption, we arrive at the pencil f : Y Ñ P1 whose fibers are all
irreducible and reduced plane curves of degree d.

Proposition 8.3. The surface X obtained by blowing up P2 in d2 ´ 1 points of intersection of
general plane curves D0 and D8 of degree d has convex Fujita number FupXq “ 3.

Proof. We use the notation of the construction above. In particular we assume that all curves
in the pencil defined by D0 and D8 are irreducible.

Let C0 and C8 be the strict transform ofD0 andD8 inX. Then the Ci are linearly equivalent,
they intersect transversally in exactly one point P and we are going to show that they are ample.
Since C2

i “ D2
i ´ pd

2 ´ 1q “ 1, we complete the proof in view of the criterion of Proposition 2.2.
Let L be the line bundle associated on X to the Ci, and recall the blow up σ : Y Ñ X

in P which realizes our pencil as a regular fibration f : Y Ñ P1. Let E “ σ´1pP q be the
exceptional fiber, which induces a section of f . We already computed L 2 “ 1, so to apply the
Nakai-Moishezon criterion for ampleness it remains to compute the intersection number with an
arbitrary irreducible curve C in X. Let C 1 be the strict transform of C in Y , and let m be the
multiplicity of C in P . We have σ˚C “ C 1 `mE and C 1 ‚ E “ m. Using σ˚L p´Eq » f˚Op1q
we have

L ‚ C “ σ˚L ‚ pC 1 `mEq “ σ˚L ‚ C 1 “ pf˚Op1q ` Eq ‚ C 1 “ F ‚ C 1 `m

where F is a fiber of f . Since F and C 1 are irreducible and F isotropic, we have F ‚C 1 ě 0, and
m ě 0 anyway. But indeed more is true: if P P C, then m ą 0; while if P R C, then C 1 is not
contained in a fiber (here we need that the fibers of f are irreducible) and therefore F ‚C 1 ą 0.
So the proof is complete. �

Corollary 8.4. A general del Pezzo surface X of degree 1 has convex Fujita number 3.

Proof. A general del Pezzo surface of degree 1 arises by the construction above for d “ 3. �

8.3. Fujita extreme surfaces are birationally cofinal.

Theorem 8.5. Let X be a smooth projective surface. Then there is a proper birational modifi-
cation X 1 Ñ X such that X 1 has convex Fujita number FupX 1q “ 3.

Proof. As a first step we argue that there is a very ample divisor L on X, giving rise to an
embedding X ãÑ PN , such that any hyperplane section D “ HXX in PN is 2-connected. Indeed,
we may choose an ample divisor A on X such that L “ 3A is very ample. By [VdV79, Theorem
1] the hyperplane sections D are 2-connected, because the two exceptional cases of loc. cit. lead
to a divisor C with intersection number D ¨ C ď 2 while all intersection numbers with L are
divisible by 3 (the exceptional cases are (1) two lines in P2 — here C is a line, and (2) one section
plus a sum of fibers — here C is another fiber).

Given the very ample L as above, we study the locus B Ď PpH0pX,Lqq of divisors D in the
complete linear series of L that are reducible as divisors. In order to describe B, we use the dual
PN , denoted by P̌N , of hyperplanes H Ď PN . The total space of tangent hyperplanes

TH :“ tpH,P q ; TP pXq “ TP pX XHqu Ď P̌N ˆX

is a closed subspace in P̌N ˆX. The image under the first projection pr : TH Ñ P̌N is the dual
variety X˚. The second projection TH Ñ X is a Zariski locally trivial PN´3-bundle showing
that TH is in fact connected, smooth and of dimension N ´ 1.

By the case n “ 2 and m “ N ´ 1 of [Zak93, Corollary 2.4] the generic tangent hyperplane
section to X in PN is tangent to X in exactly one point. This means that pr : TH Ñ X˚ is
generically finite with just one point in the fiber. In particular TH Ñ X˚ is in fact a birational
map. Let U Ď X˚ be a dense open such that pr is an isomorphism restricted to U . Then for all
hyperplanes H P U the fiber

pr´1pHq “ tP P X ; TP pXq Ď Hu

consists of a single reduced point. Therefore D “ X X H has only one singular point P , and
if D “ D1 ` D2 is a sum of components, then D1 and D2 meet transversally in P . Therefore
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D1 ¨D2 “ 1 contradicting the fact that L was chosen so that D is 2-connected. It follows that
B, the locus of reducible D P |L| is contained in X˚zU . So we can estimate the dimension of B
as

dimpBq ă dimX˚ “ dimTH “ N ´ 1.

Therefore a general line in PpH0pX,Lqq avoids B. Hence a general pencil of divisors in |L| consists
entirely of irreducible divisors.

Let D0 and D8 be general divisors in |L| such that the pencil spanned by these two divisors
consists only of irreducible curves. Let Z be the complement of a point P of the intersection
D0 X D8, and let σ : X 1 Ñ X be the blow-up in Z. Then the strict transforms D1i of Di for
i P t0,8u in X 1 are ample with D10 ¨D18 “ 1, essentially due to the Nakai-Moishezon criterion
as in the proof of Proposition 8.3. The criterion of Proposition 2.2 completes the proof of
FupX 1q “ 3. �

Theorem 8.6. For every projective group π there is a smooth projective surface X with π1pXq »
π and convex Fujita number FupXq “ 3.

Proof. It is well known that any projective group π can be realized as the fundamental group
of a smooth projective surface. We then dominate this surface birationally by one with convex
Fujita number 3 by Proposition 8.5, noting that the fundamental group is a birational invariant
and thus does not change. �

Remark 8.7. (1) The surfaces constructed in the proof of Theorem 8.6 are not minimal in
general. To determine whether FupXq “ 3 is possible for a minimal smooth projective
surface with given birational invariants is a completely different matter.

(2) Theorem 8.6 describes Fujita extreme surfaces (FupXq “ 3) with given fundamen-
tal group. In [CKMS23, Proposition 4.1] we showed that also Fujita simple surfaces
(FupXq “ 0) and surfaces with convex Fujita number FupXq “ 1 with given fundamental
group exist.
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