Chapter 8

The proximal point algorithm

In this chapter we consider an algorithm for computing minima of a convex function.
Actually, such an algorithm determines a zero of the subdifferential of a convex function.
It benefits from the fact that a subdifferential is a maximal monotone operator. Therefore,
the main part of the considerations in this chapter is devoted to algorithms which can
be used to find zeroes of maximal monotone operators. We exploit the idea of splitting.
This idea unifies a substantial part of decomposition methods for convex programming.

For the larger part of the chapter we study the methods and algorithms in Hilbert
spaces. The subdifferential of convex functions and their properties play an important
role.

The literature concerning the proximal operator and monotone operators is really
immense. We refer without making a claim for the best choice [1, 4, 6, 10, 23, 25, 27, 28,
32, 35, 36.

8.1 The proximal operator: preliminaries

Let X be a Banach space with norm || - || . In the following we use the abbreviation:
Mo(X):={f: X — R:f proper, lower semicontinuous, convex}.

Notice that a function f is called lower semicontinuous iff all level sets N, := {x €
X @ f(x) < tht € R, are closed. This equivalent to the closedness of the epigraph
epi(f) :={(x,t) € X x R:t > f(x)}.

Let X be a Banach space and let f € Th(X). We consider the minimization problem
Minimize f(u) subject tou e X' (8.1)

Even if f is bounded from below, existence und uniqueness of a solution cannot be guar-
anteed. Moreover, unstable dependence upon the function f can be observed. In order to
get a minimization problem with better properties, the idea of regularization is helpfull.
Let us consider

. 1 )

mor; ¢(x) = &gg(f(u) + 2—S||u— x[|9) (8.2)
where x € & is a given point in X and s > 0. The family (mory¢)so is called the Moreau
envelope or the Moreau-Yosida regularization family. s is a scaling parameter. We

set mory := mory ¢ .
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Notice that mor is the inf convolution of f and s™'j where j(x) := 3||x||*,x € X"
mor; = fo s~ (8.3)

Lemma 8.1. Let X be a reflexive Banach space and let f € To(X). Let (mors)sso be the
Moreau-envelope of f. Then we have:

(1) morsy is convex and lower semicontinuous for all s > 0.
(2) #ze X :f(z) + 21—5Hz—x||2 = morss(x)} =1.
(3) dom(morss) = X for all s > 0.

(4) infyex f(u) = infyey morse(x) for all s > 0.

Proof:

Ad (1) Consider the function 1, defined by 1(x,u) := f(u)+ zlsHu—tz . Lis jointly convex
in x and u. Then mor, ¢ is convex since it is the infimum of | with respect to variable u.
Since morg ¢ is the infimum of lower semicontinuous functions mors¢ is lower semicontin-
uous.

Ad (2) We have lim |- (f(u) + 2]—S||u—x||2) = 0o . This follows from the fact that due to
the duality theorem f is bounded from below by an affine function. Therefore mor; ¢(x)
is found by minimizing the mapping u — f(u) + 5 [[u— x||* in a ball B, > 0. Since
bounded sets in reflexive Banach spaces are weakly sequential compact and since f is
lower semicontinuous we obtain the existence of a minimizer z. The uniqueness of the
minimizer z follows from the fact that the mapping g: X > u +—— f(u)+ 5 [[lu—x|]* € R
is strongly convex with modulus 5, i.e. g— 5| - —x||* is convex.

Ad (3) Follows from (2).

Ad (4) Follows from

L 1 . 1 .
inf inf (f(u) + 5 flu—x|") = inf inf (f(u) + 5-flu—x|) = inf f(u).

Definition 8.2. Let X be a reflexive Banach space, let f € To(X) and let s > 0. The
mapping
1
prozge: X 3 x —— argmingcy(f(u) + ZHu—XHZ) eX (8.4)

is called the proximal operator of the function f with scaling parameter s .
We set proz; == proz; ;. U

Lemma 8.3. Let X be a reflerive Banach space with duality mapping Jx, let x € X and
let f € To(X). Then the following statements are equivalent:

(a) w = proz¢(x).

(b) 0 € Jx(w—x)+ sof(w).

Proof:

We know that w minimizes u +—— f(u)+ 5 [[lu—x||* if and only if 8 € d(f+ 5| - —x]?).
Since the norm is continuous in each point, especially in the points of dom(f), we may
apply the sum-decomposition of subdifferentials and obtain that w minimizes u +—
f(u) + 5. |[u—x|* if and only if 8 € 3f(w) + 1Jx(w —x) . Here we have used the fact that
6(%“ -|I*) = Jx; see Theorem 3.33. Now, the equivalence of (a), (b) is clear. [ |
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Lemma 8.4. Let X be a reflexive Banach space and let f € Ty(X). Let x* € X,;s > 0.
Then the following statements are equivalent:

(a) x* minimizes f.
(b) proz,(x*) = x*.

Proof:
Let Jx be the duality map of X .
Ad (a) = (b) We have

1 1
f(x) + o= I —x*|* < f(w) + 5= |[u—x*||* for all w € X'.
2s 2s

Hence prox, jx* = x*.

Ad (b) = (a) w := x* minimizes u +— f(u) + 2l5||u— x*||* and therefore 0 €
sof(w) +Jx(w—x*). Since w = x* we obtain 6 € 9f(x*) due to the fact that J»(0) ={0}.
This implies that x* minimizes f. |

Lemma 8.5. Let ‘H be a Hilbert space and let £ € To(H) with the Fenchel-conjugate * .
Then for all x € H.:

(a) prozg(x) + proxe.(x) =x.
(b) more(x) + mors (x) = 3|x||?.

Proof:
Ad (a) Let x € H. Then

w = prox¢(x) &= x—w € 0f(x) &= x € of (x —w) & x—w = prox;.(x). (8.5)
Ad (b) Let x € H. We have (see (8.3))

_ Doz Ve L fy
mory(x) = inf (F(u) + Sx[[" + S [ul]” = (ux)) = SIx|I* = (£ +5)"(x)
1 ) 1
= §||x||2 —(fFoj)(x) = §||x||2 — morg (x) .
Here we have used the fact that j is selfdual, i.e. j* =j. |

Example 8.6. Consider the function f: R > u —— [u| € R. The prozimal operator and
the Moreau envelope is given as follows:!

S
pTO%s)f(X) = (1 - m)+x> X € R)
11y2
521X x| <s
mO’Iﬂs)f(X) ZS| | . )| |
X3 N>
Notice that morss is differentiable in x = 0. 0

Lemma 8.7. Let X' be a Banach space and let f € To(X). Then morsy is locally Lipschitz
continuous.

lay =a,if a>0,=0 else.
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Proof:
This follows from the fact that morgs is convex with dom(mors¢) = &'; see Theorem
10.10. [ |

Theorem 8.8. Let X be a reflexive Banach space and let f € To(X) . If f is bounded from
below then limg)o mors¢(x) = f(x) for allx € X.

Proof:

Let x € & . Clearly, when f(x) = oo then the result is true since limgg zls||u —x|]* = 00
for all u € X\{x}.

Let x € dom(f) and let b < f(u) for all w € X'. Then

1 1
flw) + 2—S||w —x[*>b+ ZHW —x||* > f(x) if [[w —x|* > 2s(f(x) — b).
Let rg := (2s(f(x) — b))% . Then limgors = 0 and since mor,¢(x) < f(x), we have

, 1
morys(x) = inf _(f(w) + 5fw —x|I")

and hence

mor¢(x) > inf f(w).
WEBg (x)

This implies

f(x) > limsupmorgs(x) > liminfmors(x)

sl0 510
> liminf inf f(w) = liminff(w)
s10 weBy(x) w—x
> f(x)
where we used the fact that f is lower semicontinuous. Thus, the result is proved. |

We now briefly describe some basic interpretations of the proximal operator that we
will revisit in more detail later. Here, we restrict ourselves to considerations in Hilbert
spaces.

Let H be a Hilbert space and let f € Ty(#H). The definition of the proximal operator
indicates that prox;(x) is a point that compromises between minimizing f and being
near to x. In prox, the parameter s can be interpreted as a relative weight or trade-off
parameter between these terms.

When f is the indicator function

0 ,xeC
Sclx) = {oo x ¢ C

where C is a nonempty closed convex set, the proximal operator of f reduces to the
projection onto C, for which we have the denotation

Pc(x) = argmin,cc|[x — u|/?
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Proximal operators can thus be viewed as generalized projections, and this perspective
suggests various properties that we expect proximal operators to obey.

The proximal operator of f can also be interpreted as a kind of gradient step for the
function f. In particular, we have under the assumption that f is differentiable with
gradient Vf (we will consider this in the next sections more detailed) for the minimizer
u* of u — f(u) + 5 [[u— x||* the necessary condition

(sVf 4+ I)(u*) = x or alternatively u* = (sVf+1)7"(x).

From this we conclude that
prox, ¢(x) = x — sVf(x)

when s is small. This suggests a close connection between proximal operators and gradient
methods, and also hints that the proximal operator may be useful in optimization. It also
suggests that the scaling parameter s will play a role similar to a step size in a gradient
method.

Finally, the fixed points of the proximal operator of f are precisely the minimizers
of f; see Lemma 8.4. This implies a close connection between proximal operators and
fixed point theory, and suggests that proximal algorithms can be interpreted as solving
optimization problems by finding fixed points of appropriate operators. Since minimizers
of f are fixed points of prox ¢, we can minimize f by finding a fixed point of its proximal
operator. It turns out that while prox,; need not be a contraction (unless f is strongly
convex), it does have a different property, firmly nonexpansiveness, a sufficient property
for efficient fixed point iteration. Firmly nonexpansive operators are special cases of
nonexpansive operators. This immediately suggests the simplest proximal method

X = prox; ¢(x*)
which is called proximal minimization or the proximal point algorithm. In practice,
the parameter s will be replaced by a sequence (sy)xen, Which should have the property
limy s, = 0. Then we end up with the iteration
X = proxsk)f(xk) , keNg. (8.6)
This is the proximal point algorithm, as introduced by Martinet first [23, 24] and later
generalized by Rockafellar [33]. In the realization of the iteration method (8.6) all the

methods of fixed point iteration and alternate projection methods may be applied. We
will study a few specific methods.

The consideration of the proximal operator may be embedded in a larger context,
namely the theory of monotone and maximal monotone operators. Monotone operators
are setvalued mappings. The minimization of a proper lower semicontinuous convex func-
tion f: X — R may be formulated as follows:

Find x € X with 6 € 0f(x) (8.7)

Since the subdifferential is a maximal monotone operator the problem (8.7) can be gen-
eralized.
Given a mapping A : X = X* find x € X with 0 € A(x) (8.8)

209



In the next section we present results of the theory of monotone operators. These results
are then used to solve the equation (8.8) by an iteration method similar to the proximal
point method above.

Regularization is an important tool to solve problems in a stable way. Problems which
are in general not solvable without regularization are ill-posed problems; see Subsection
5.9. These are problems where the continuous dependence of the solution on the data of
the problem does not hold.

Let be given an equation

Ax =1° (8.9)

where A is a continuous injective mapping from the Hilbert space H into the Hibert space
KC. Suppose that a solution x° exists. The equation is difficult to solve when the range of
the operator A is dense in K but not closed. Then the inverse A~ exists on the range of
A but is not continuous.

If we want to find a solution of (8.9) by minimizing the defect f(x) := ||[Ax—y°||?,x € H,
this minimization is not very stable to errors in the data y°. Regularization along the
lines of the proximal operator is called in the community of ill-poed problems Tikhonov
regularization. We are then lead to the following problem:

Minimize ||Au—y°||* + «flu — x*||* subject to x € H.. (8.10)

Here x* is a given point in H and « is the regularization parameter. In practice,
instead of y° we have at hand only an erroneous data vector y¢ with ||y —y°|| < e. It is
the goal of regularization to find a sequence of regularization parameters (&) such that
for the solution x>* of (8.10) with y¢ instead of y° holds:

lim x5 =, (8.11)
e—0
The choice of the regularization parameter strategy o(e) depends heavily on the ,,degree
of discontinuity“ of A~"; see [3, 22].

Regularization has become an indispensable part of reconstruction of signals and im-
ages, modern machine learning algorithm and pattern recognition. These problems may
be formulated in the euclidean space R™ by an optimization problem like

Minimze l(u) 4+ r(u) subject to u € R™. (8.12)

Here 1 : R* — R is a loss function /cost function and r : R* — R is the
regularization term which may be decomposed into a sum of terms of different qualities.
A loss function is used to measure the degree of a fit for data. In statistics, a loss function
is used for parameter estimation, in machine learning a loss function might be a measure
for the deviation of a real situation from a training set. An often used loss function is the
1, norm in R™:

1 1 & N
l(u) = EHu_XHZ = ziZ]|ui_xi|2) u= (U1,...,1,Ln),X: (Xl)-"vxn) € R"™. (81?))

Here, x is a reference point choosen a priori.
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The regularization term is a function which should induce a quality of the minimzers.
Very popular regularization functions are (u = (uy,...,u,) € R")

n

n—1
r(w) =l =) hwl, Tw) = fullpy = Y e —wil, T(w) = Jufle = max fugl.
i=1 i=1 o

Regularization by the function || -||Ty called total variation regularization has become
a standard method for jump or edge preserving reconstruction of signals and images; see
for instance [38]. Regularization with the l;-norm || - ||; is more robust to noise and to the
presence of outliers than regularization by the l,-norm; see [26].

Suppose we consider the loss function in (8.13). Then with L'-TV regularization we
end up with the following minimization problem:

1
Minimize z|yu—x||2 + |lully + |y subject to u € R™. (8.14)

In practice, various weights are introduced to bring the regularization terms and the
loss function into a balance. As we see, the minimizer of the problem is realized by the
proximal operator prox., .|y - Fortunately, prox).y, 4., can be decomposed as follows:

PTOX|. ||y 4[| |py = PTOX|.|; © PTOXry ) (8.15)

see [14] and [39] where the decomposition problem is considered from a systematically
point of view. In practice, when several weights are introduced this decomposition cannot
be used and one has to use a numerical algorithm to compute the proximal operator.

The discrete models above have their equivalents in the continuous case. We sketch
this (a little sloppy) in the framework of image processing. Suppose we have an image f
in a bounded set Q C R?, i.e. a mapping f: Q) — R. This image f may be corrupted
by noise and we try to reconstruct the ,,clean* image behind.

Let || - ||, denote the norm in L,(Q),1 <p < oo, and let || - ||ty denote the TV-norm
of a sufficient smooth g:

lgllev ::j IVg(E)]dE..
Q

In 1992 Rudin, Osher and Fatemi proposed the so called ROF-model — we call it the
ROF2-model - for image reconstruction/denoising; see [34]:

1
Minimize rof2(u, o; f) := zHu— f||3 + o|lul|rv subject to u € X, (8.16)

where X; is a subspace of L,(Q) such that ||u||Ty is well-defined. In the following, the
fidelity term? ||u — f[|* is replaced by the distance in L;(Q):

Minimize rofl(u, &; f) := ||u — f||; + of|u||pv subject to u € X; (8.17)

where X; is a subspace of L;(Q) such that ||u||ry is well-defined; see [26]. We call this
model the ROF1-model. Both models are convex problems, the ROF2-model has a

2 Tmage fidelity® refers to the ability of a process/model to render an image accurately, without any
visible distortion or information loss. ,,Quality of an image® is a more subjective preference of images
and is much more difficult to evaluate.

211



uniquely determined (global) minimzer, the ROF1-model may have many minimizer since
the function to be minimized is not strictly convex.

To compare the different models test images like f = xg in Q := Bg,0 < 1 < R,
may be used. The efficiency may then be evaluated along of two lines: how good is the
contrast 1 versus 0 and how good is the edge 0B, reconstructed. In general, the ROF1-
model show better results. For example, the ROF1-model has the remarkable property
that a minimizer u of rofl(-, &;f) is the minimizer of rofl(-, o;u): a denoised image u is
considered as ,clean®.

8.2 Monotone operators

Let us begin with a few introductory remarks. We want to solve the equation
f(x) =y (y € R given). (8.18)

whwere f : R — R is a given function. We may formulate the property ,,f is monotone
increasing® as follows:

(f(u) — f(v))(w—v) >0 for all u,v € R. (8.19)
Let additional
f be continuous (8.20)

We know that under assumptions (8.19), (8.20) the range of f is R or a convex interval
of R. So, if we want to have solvability of the equation (8.18) for all y € R we need an
additional assumption. We consider

lim f(x) = +o0, (8.21)

x—Foo

a property which is called coercivity. Now, we conclude that the equation (8.18) is
solvable under the assumptions (8.19), (8.20), (8.21). Under the additional assumption
that f is strictly increasing which may be formulated by

(f(u) — f(v))(u—v) >0 for all u,v € R,u #v, (8.22)

the solution of (8.18) is then uniquely determined. It is the goal to generalize these
observations to the case of nonlinear mappings defined on a Banach spaces. We will see
that this generalization was successful during the last 60 years.

Let X be a Banach space and let A : X = X™* be a setvalued mapping. We set

dom(A) = {xe€ X:A(x)#0}
gra(A) = {(x,\) e X x X" :xe XA e Ax)}
ran(A) = {A € X" : A e A(x) for some x € X'}.
We call dom(A) the effective domain of A. gra(A) is the graph of A and ran(A) is

the range of A . From the definition of gra(A~') we read off the definition of the inverse
of the set-valued mapping A:

ATTA) =xe X A€ AX)}, A e X*.
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Notice
dom(A~") =ran(A), ran(A™') = dom(A).

A simple example of a setvalued mapping is the sign-operator on R:
-1 ,x <0
A(x) =sign(x) =< [-1,1] ,x=0.
1 , x>0
Definition 8.9. Let X be a Banach space and let A : X = X* be a setvalued mapping.

(a) A is called monotone if
A=, x—y) >0 for all A € A(x),n € Ay),x,y € X.
(b) A is called strictly monotone if
A—wyx—y) >0 forall N € A(x),n € Aly),x,y e X, x #y.
(c) A is called strongly monotone if there exists b > 0 such that
A—w,x—y) >b|x—y||* for all A € A(x),n € Ay),x,y € X.

(d) A is called maximal monotone if A is monotone and if its graph is not properly
contained in the graph of any other monotone operator A’ : X = X*, i.e. if A’ :
X = X* is a monotone operator with gra(A) C gra(A’) then A(x) = A’(x) for all
xeX.
(e) A is called coercive if dom(A) is bounded or if dom(A) is unbounded and
inf{(A,x) : A € A(x)}

lim = 00
x| —o0 [[x]]

l

By applying Zorn’s Lemma it is easy to see that every monotone operator posesses
a maximal monotone extension. Notice that in the definition of monotone operators in
Hilbert spaces the canonical pairing (-, -) is replaced by the inner product (:|-). Clearly,
the identity on a Hilbert space is a maximal monotone operator.

We will see that subdifferentials of proper lowersemicontinuous convex functions are
maximal monotone operators. As a rule, whenever a property is valid for subdifferentials
in arbitrary Banach spaces there is some hope that it also holds for all maximal monotone
operators. The following considerations demonstrate this fact quite valid.

The sign-operator is maximal monotone. It is the maximal extension of

-1 ,x<0
Ax):==<0 ,x=0.
1 , x>0

If f:R — R is monotone increasing then we may define a mapping f: R = R by

f(x) := [f(x—), f(x+)] where f(x—) := sup f(t), f(x+) := 1I>1£f(t) , X ER.

t<x

f:R = R is a maximal monotone operator.
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Lemma 8.10. Let H be a Hilbert space and let A : H = H be a mapping. Then the
following statements are equivalent:

(a) A is mazximal monotone operator.
(b)
Ix =yl < |[(x+tu) — (y+tv)|| for all (x,u), (y,v) € gra(A) and t > 0. (8.23)

Proof:
Let (x,u),(y,v) € H x H,t > 0. For t = 0 nothing has to be proved. So, assume t > 0.
Then

1
UG+ tu) = (y + )2 = x —yl?) = 2{u —vix —y) + tfu—v]?*.
Now, the equivalence of (a) and (b) is clear. [ |

The property (8.23) may be interpreted as nonexpansivity of the mapping (I+tA)~".
Notice that this mapping is single-valued due to this property.

Lemma 8.11. Let X be a reflexive Banach space and let A : X = X* be a monotone
operator. Then the followings statements are equivalent:

(a) A is a mazimal monotone operator.

(b) For all (x,A) € X x X* the condition
(A—wy,x—y) >0 for all (y,n) € gra(A) i.e. inf. A—pu,x—y) >0 (8.24)

(y,)Egra(A)
implies A € A(x) .

Proof:

Let (x,A) € X x X*. We set

A(x) == A(x) U{A}, A(z) .= A(z) for z # x.

Then A is an extension of A which is monotone due to (8.24). |

Lemma 8.12. Let X be a reflexive Banach space and let A : X = X* be a mazximal
monotone operator. Then A is strong-weak closed, i.e.

(x",A") € gra(A),n € N,x = limx",A =w — lim A" implies (x,A) € gra(A).

Proof:
Let (y,u) € gra(A). Then due to the monotonicity

(A" — i, x"—y) > 0,n €N, and liT£n<7\“—u,x“—y> =A—wx—y)

since (X")neny converges strongly and (A"),en converges weakly. Since A is a maximal
monotone operator we conclude A € A(x) by Lemma 8.11. [ |

Lemma 8.13. Let X be a reflexive Banach space and let A : X = X* be a mazximal
monotone operator. Then A is weak-strong closed, i.e.

(x",A™) € gra(A),n € Ny;x =w — limx™, A = lim A" implies (x,A) € gra(A).
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Proof:
This can be proved similar to Lemma 8.12. |

Theorem 8.14 (Minty’s trick). Let X' be a reflexive Banach space and let A : X == X* be
a mazximal monotone operator. Let (X™)neny (A" )nen be sequences in X and X* respectively
and let x € X, € X*. Assume

(1) u™ € A(x"),n € N.

(2) x =w—lim, x",u=w — lim, u™.
(3) limsup, (A", x™) < (A, x).

Then A € A(x) and lim, (A", x™) = (A, x) .

Proof:
Let (y,u) € gra(A). Since A is monotone we have

0< (A" = x" —y) = (A", x") — (A", y) — (1, X"™) + (uly) .

Tacking the lim sup we conclude using the reflexivity of X

0< 1imsup<7\n)xn> o <7\)y> o <IJ'|X> + <|J')y> < <7\ — KX _y> .

n

Since A is maximal monotone this implies A € A(x). Moreover,
0 < (A" —AX™ —x) = (A", x™) — (A", x) — (A, x™) + (A, x) .
Tacking the liminf we obtain (A, x) < liminf, (A", x™). Hence, lim, (A", x") = (A;x). N

Lemma 8.15. Let X be a reflexive Banach space and let A : X = X* be a maximal
monotone operator. Let x € X, N € X*, let (X" )nen be a sequence in X, and let (A™)nen
be a sequence in X* such that A™ € A(x"™),n € N;x =w — lim, X", A = w — lim, A", and

lim sup(A™ — A™ x™ —x™) < 0. (8.25)

mmn
Then (x,A) € gra(A) and (A, x) = lim, (A", x") .

Proof:
We folllow [8].
Due to the monotonicity and (8.25)
Hm(A™ — A™ x™ —x™) = 0.
((A™, x™) )nen is bounded since each sequence (X™)nen, (A" )nen is bounded. Let (ny)yen
be a subsequence such that L := limy((A™,x™)) exists. Then

0 = lim li{n(?\“i — AT XM — X
= Hm((A™,x™) — (A, x™) — (A" x) + L)
= 2L —2(\x).
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Hence L = (A, x) and therefore (since L is uniquely determined) lim, (A", x™) = (A, x) . Let
(y, 1) € gra(A) . Then

O\_ H)X_y> = <}\)X> - <}\)y> - <|’L)X> + (H’9>
= Hm@A%x") = (A" y) — (i x™) + (b y)
= HmA" —p,x"—y) > 0

This implies A € A(x) by Lemma 8.11. [ |

Corollary 8.16. Let X be a uniformly convex Banach space with duality mapping Jx .
Let x € X,A € X*, let (x")nen be a sequence in X and let (A")nen be a sequence in X*
with A™ € Jx(x"),n € N. Suppose

limsup(A™ — A, x" —x) < 0. (8.26)

Then A € Jx(x), (A, x) = limp, (A", x™), and x = lim, x™.

Proof:
Jx is a single-valued maximal monotone operator. Then from Lemma 8.15 we obtain
(Jx(x),x) = limp (Jx(x™),x") . Moreover

)2 = (Ja(x™), x"),n € N, (Ja(x),x) = [|x]|*.

Now we have lim, ||x"|| = ||x|| and this implies in a uniformly convex Banach space

lim, x™ = x. u

Let X be a Banach space. We define for A : X = A*,B : X = X* dA (a €
R), A + B,co(A) as follows:

(aA)(x) = dA(x),xe X,
(A+B)(x) = A(x)+B((x),xe X,
@(A)(x) = co(A(x)),xe X.

Here we use the convention that the sum M + N of two sets is empty is one of the sets
M or N is empty.

Lemma 8.17. Let X be a Banach space, A,B : X = X* be monotone operators, and let
a>0. Then aA,A + B and ¢o(A) are monotone.

Proof:
Follows from the definition of monotonicity in a simple way. |

Corollary 8.18. Let X be a reflexive Banach space and let A : X = X* be a maximal
monotone operator. Then aA (a > 0),co(A) are mazimal monotone operators. Moreover,
A(x) is convexr and closed for all x € dom(A).

Proof:

The assertion concerning aA is obvious. Due to Lemma 8.17 ¢6(A) is a monotone oper-
ator. Since x —— ¢o(A)(x) defines an extension of A we conclude A = ¢o6(A) and ¢o(A)
is maximal monotone. Since A = @o(A) all sets A(x) are convex. The closedness of A(x)
for each x € dom(A) follows from an easy application of Lemma 8.13. |
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Corollary 8.19. Let X be a reflexive Banach space and let A : X = X* be a mazimal
monotone operator. Then A7 (A) is convex and closed for all A € ran(A) .

Proof:
Let x,z € A"'(A). Let (y,u) € gra(A) and let t € [0,1]. Then due to the monotonicity
of A we have

A—pmtx+(T-tz—y)=tA—pwx—y)+ (1 —t)A—p,z—y) > 0.

Since A is a maximal monotone operator this implies A € A(tx+(1—t)z),i.e. tx+(1—t)z €
A~7'(A). Thus, the convexity of A~'(A) is proved.
Let A € ran(A) . The closedness of A~'(A) is proved by applying Lemma 8.12. |

Notice, the sum of maximal monotone operators must not be a maximal monotone
operator. A sufficient condition for this property is int(dom(A)) N dom(B) # 0; see [31].

Lemma 8.20. Let X be a uniformly convex Banach space with duality mapping Jx and
let A: X = X* be a mazimal monotone operator. Then for every A € X* the mapping

g:(0,00)3t — (Jx+tA)'A) e X

is continuous. If A = Jx(x) for some x € dom(A), then g is also continuous in t =0 and
we have limy_, g(t) = x.

Proof:
We follow [21].
Suppose to > 0. Let 0 < a < ty < b and set

Xt = UX +tA)_1 (}\)a te (a)b) .
We have A = (Jx + tA)(x¢) = Ja(xe,) + toxe, with e € A(xy), 1, € Alxy,) and this
implies
0 = ((Jabxt) +tie) = (Ja(xeo) + tokee )y Xt — X4o)
= t(Ht — Higy Xt — Xto> + (t— to)(lvltmxt - Xto> + <]X(Xt) - ]X(Xto))xt - Xt0> .

Hence
(el = [xeo 1D < 1t — tol ke [ (e |12 + IA]1%) -

Here we have used (3.4). Now, we obtain (||x¢||)te(ap) is bounded. Letting ¢ be an upper
bound for (||x¢||)tc(ap) We obtain from the inequalities above

(Ja(x) = (Jae (xe0))y xe = xeo) < (€4 [[xeo [t = toll|A]], t € (a.b).

Then by Corollary 8.16 lim_, Xt = Xy, -
The additional result follows by inspection of the proof above. [ |

Definition 8.21. Let X be a Banach space and let A : X — X* be a mapping.?
A s called hemicontinuous if for all x,y € X the mapping

0,115t — (Alty+ (1 —1t)x),y—x) €R

1s continuous int=0. O

3If an operator is not setvalued like A : X — X* then the effective domain of definition is the the
whole space.
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Theorem 8.22. Let X be a reflexive Banach space and let A : X — X* be a monotone
hemicontinuous operator. Then A is a maximal monotone operator.

Proof:
Let (x,A) € X x X* and let

A—Au)yx—u) >0forallue X.
We set u:=x+tw with w € X and t > 0. Then we obtain
+t(A —A(x £ tw),—w) >0

and hence
A—Ax+tw),w) <0, A—A(x—tw),w) >0

Letting t — O we obtain (A — A(x),w) = 0 since A is hemicontinuous. This shows
A = A(x) since w € X is arbitrary chosen. With Lemma 8.17 we obtain that A is a
maximal monotone. [ |

Monotone operators are important objects in modern optimization and analysis. Here
are core examples for monotone operators:

Subgradients Subdifferentials of convex lower semicontinuous functions are examples of
maximal monotone operators; see below. A very important example is the duality
mapping which captures many geometric aspects of Banach spaces. For the duality
mapping we have already schown its monotonicity; see (5) in Lemma 3.6.

Skew linear operators We will see examples of this class of monotone operators below.

Laplacian operators Using monotone operators we are able to find weak solutions in
Sobolev spaces of (nonlinear) elliptic and parabolic partial differential equations.
With these type of operators we may describe physical phenomena like friction,
internal forces, additional constraints, . ...

Example 8.23. Let H be a Hilbert space, lety € H, and let T: H — H be a linear
continuous operator. Then the (affine) mapping A : H > x —— Tx+y € H is monotone
if the symmetric part T4+ T* is nonnegative, i.e.

(T+Tzlz) >0 forallze H.

Actually, A is maximal monotone. This follows by using Theorem 8.22.

The skewsymmetric part St := T — T* is — due to the fact (Stzlz) = 0 for all z € H -
a monotone operator. Actually, St is maximal monotone. Again, this follows by using
Theorem 8.22. U

Example 8.24. Consider?

A(u) == —div(|]VuP2vu)

4This is an example for readers which are familiar with the theory of weak solutions for elliptic
equations in Sobolev spaces.
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for functions w € CP(Q);> with Q C R™. Let WP be the space of functions with a
distributional derivative of order zero and one in L,(Q). This becomes a Banach space
endowed with the sum of L,-norms of all derwatwes The functions in WP with zero
trace on the boundary 0Q) is denoted by W P The dual space ofW P is Wha where
1/p+1/q=1. Then A’ has an extension to the p-Laplacian A, on the space W

Apu = div([VulP™ 2Vu)
Thus the operator describes (for f € W™P(Q))
—div(|VulP2Vu) =f, in Q, u =0 in 0Q. (8.27)

The operator A, (called also the p-harmonic operator) may be used to describe models
for fluids. Three cases are of importance:

p =2 This is the case of newtonian fluids (air, water,...) and A, is the well known
Laplace operator.

p > 2 The viscosity (of oil,...) is a monotone increasing function of the gradient V.

p < 2 The viscosity (of blood,. .. ) is a monotone decreasing function of the gradient Vu .

Another field of application is located in image processing.
It can be shown that Ay is a mazimal monotone operator. To study this some special
inequalities are helpful. Fxpressions like

(IVV[P2Vv — [VulP 2 Vu|Vv — Vu)
can be treated by using inequalities resulting from
(lolP~*b—lalP~alb— a> (oI~ + [lalP) o —all* + (Ilbllp’z— lalP=#) (bl [la]?)
for vectors in R™. Here are two results:
p>2 ([bP?b —laP?alb —a) > 271 (|6l 4 [alP )b —a| > 2°P]b —al’.
p <2 (IbP?b—laP?alb —a) < 3(IbP~2 +|alP?)[b— al’.
A, has different properties depending on the numbers p,n

p=1 We have Ayu = dw( Vi |) Aju describes the mean curvature of w.

p =2 A; is the usual Laplace operator.

p > n Due to embedding theorems for Sobolev spaces solutions of (8.27) show good con-
tinuity properties (if f is smooth).

p =n This is the critical case.

p =00 Asp — oo one encounters the p-Laplacian becomes

du du d*u
Aot = ]Z_ dx; 0% 0%;0%;

It can be used to describe certain phenomena in image processing.

|4 . .
°| .| denotes the euclidean norm in R™
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8.3 Solving equations governed by a maximal mono-
tone operator

Let X be a Banach space and let A : X = X'*. The question whether the equation
0 € A(x) for some x € X (8.28)

has a solution is of interest especially in the case when A is the subdifferential of a function
fel(X).

Theorem 8.25. Let X be a uniformly convex Banach space with duality mapping Jx .
Let A : X = X* be a mazximal monotone operator. Then the following conditions are
equivalent:

(a) O € ran(A).
(b) There exists an open and bounded set G C X and x° € G N dom(A) withS
Ay x —x% >0 for all x € 9G N dom(A), A € A(x).
(c) There exists an open and bounded set G C X and x° € G N dom(A) with
s(Ja(x) = Jx(x%)) & A(x) for all s > 0,x € 0G N dom(A).

Proof:

We follow [21].

Ad (a) = (b) Let 8 € A(x®) with x° € dom(A) and let G be an open set with
x° € G. Suppose x € 0GNdom(A),A € A(x). Since A is monotone we have (A, x —x°) =
A—0,x—x% >0.

Ad (b) = (c) We want to show (c) with the same set G and x° as in (b). Assume that
(c) does not hold. Then there exists s > 0 and x € 0G N dom(A) with

A =s(Jx(x) = Jx(x%)) for some A € A(x).
Since Jx is strongly monotone we obtain by (b) in
0< (A x—x% =s{Jx(x) —Jx(x"),x —x°) < 0

a contradiction.
Ad (¢) = (a) We observe that the mapping

g:[0,00) 3t — ((Jx +tA) T2 (x°) € dom(A) Cc X

is continuous in (0, 00) ; see Lemma 8.20. Then (c) says that g(t) ¢ 0G for any t € (0, c0) .
Since g(0) = x° € G we conclude that g(t) € G,t € [0,00). Due to the boundeness of
G there exists k > 0 with ||g(t)|| < k,t € [0,00). Consider a sequence (t,)nen in (0,00)
with lim, t, = co. Set x" := (Jx + tnA)Jx(x%),n € N. Then we have

x| <k, Jx(x°) € Ja(x™) + toA(x"),n € N.

69G is the boundary of the set G
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Thus, for some A™ € A(x"),n € N, we have

AL =t 1T (™) = T2 (60| < 7" (x + [|x°]),n € N.

Since X is reflexive (x")nen has a weak cluster point; let x’ = w — lim,, x™ . Since
lim, (A", x™ —x') (notice lim,, A™ = 0) we can apply Lemma 8.15 and obtain x’ € dom(A)
and 0 € A(x'). [ |

Corollary 8.26. Let X be a uniformly convex Banach space and let A : X = X* be a
maximal monotone operator. Consider the condition

There exists X° € X,v >0, such that (A\,x —x°) for all (x,\) € gra(A),[x —x°|| > r.

(8.29)
Then © € ran(A).
Proof:
8.29) implies the condition (b) in Theorem 8.25. [ |
(8.29) imp

Corollary 8.27. Let X be a uniformly convexr Banach space and let A : X = X* be
a mazximal monotone operator with a bounded domain of definition dom(A). Then 0 €
ran(A) .

Proof:
The condition (8.29) in Corollary 8.26 is trivially satisfied. [

Lemma 8.28. Let X be a Banach space and let A : X = X* be a mazximal monotone
operator. Then A is locally bounded at x € int(dom(A)), i.e. there exists v >0 and ¢ > 0
such that

sup |[A|| < c forally € B,(y).

AEA(Y)

Proof:
Let x € int(dom(A)). Without loss of generality we may assume x = 0 and 0 € A(0).
Define

f:X¥sy — sup (y—u,v) e R.
(w,v)€gra(A),|[uf <1

Then f € To(X) . Since 0 € int(dom(A)), there exists s > 0 such that B, C dom(f). Let
y € By and w € A(y). Then we have for all (u,v) € gra(A) with [ju|| <1

<y —u,w—v> > O> <1J —u,w) > <1J _u>v>) <1J —u,v) < (HyH +1)||VH < 00.

This implies f(y) < oo, i.e. y € dom(f). This shows B C int(dom(f)). Then there exists
r > 0 with v < min(3, 1s) such that

22
f(y) < f(0) + 1 for all y € By,
Since (0,0) € gra(A) we have f(0) > 0. On the other hand, by the monotonicity of A,
(u,v) = (u—0,v—10) > 0 for all (u,v) € gra(A).
Then we have by the definition of f the inequality f(0) < 0. Alltogether, f(8) = 0. Thus,

(y,v) < (u,v) +1 for all y € By, (u,v) € gra(A), [[uf <.
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Taking the supremum with respect to y we obtain for all (u,v) € gra(A), |[u|| <,
o[yl < Jull + 1T < rlvl+ 1, vl <07
Setting ¢ := 17! the result is proved. |

Maximal monotone opertors and subdifferentials show very similar properties. This
suggests to ask whether the theory of maximal monotone operators and subdifferentials
can be considered under a common point of view. This is nearly the case but subdifferen-
tial have a property which has not every maximal monotone operator: cyclic monotonicity.

Definition 8.29. Let X be a Banach space and let A : X = X* be a mapping. A is
called n-cyclically monotone if the following holds: Y [, (N',x' —x'"1) > 0 whenever
n>2andx% ..., x" e X, X0 =x" Atc A(xl),i=1,...,n.

A is called cyclically monotone if A is n-cyclically monotone for every n € N. O

Clearly, a 2-cyclically monotone operator is monotone. Subdifferentials are cyclically
monotone but not every maximal monotone operator is n-cyclically monotone for n > 3.

Example 8.30. Consider A :R?* > (x,y) — (y,—x) € R%. A is mazimal monotone but
not 3-cyclically monotone. To show this consider the vectors (1,1),(0,1),(1,0),(1,1). O

Let X be a Banach space and let A : X = X* be a monotone operator. Then
(N —wy,x —y) >0 for all (x,A), (y, ) € gra(A).
This implies

ANY) + 1y x) — 1Y) < (A)x) for all (x,A), (y, 1) € gra(A).
From this observation starts the following definition.

Definition 8.31. Let X be a Banach space and let A : X = X* be a monotone operator.
The Fitzpatrick function associated with this operator is the function

Fa:HXHD (xu) = sup  ((v,x)+ (u,y) — (v,y)) € R.
y,v)Egra(A)

U

Fitzpatrick functions have been proved to be an important tool in modern monotone
operator theory; see [12, 13, 29]. It connects the theory of convex functions with the theory
of (maximal) monotone operators. It can be shown that a maximal monotone operator
can be represented by a convex function. Nowadays it is an effective tool to study the
existence problem for stochastic differential equations. This is inspired by the fact that
stochastic differential equations where the nonlinearity is governed by a subdifferential
operator allows existence results; see for instance [27].

In the following we study and use the Fitzpatrick function in a reflexive Banach space
X . Then the pairing between the spaces X x X* and X* x X** may be identified with
the pairing between X x X* and A* x X'. To provide more orientation in the following
we prefer for the analysis and the use of the Fitzpatrick function the notion x*,y*,... for
functionals in X'*.
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Lemma 8.32. Let X be a reflexive Banach space and let A : X = X* be a monotone
operator with dom(A) # (0. Let Fa be the Fitzpatrick function of A. Then:

(1) Fa is proper

(2) Fa is conver.

(3) Fa € To(X x X*) where X, X* are endowed with the strong topologies.
(4) Falx,x*) < (x*,x) for all (x,x*) € gra(A).

(5) If (y*,y) € gra(A) then (y,y*) € OFA(y,y*).

Proof:

Ad 1) If (x,x*) € gra(A) then Fa(x,x*) < (x*,x) < c0.

d (2) Fa is the supremum of a family of affine continuous functions.

d (c) it is easy to see that level sets of Fo are closed.

d (4) See the observation above Definition 8.31. [ |

—~ ——~ —~ —

Theorem 8.33. Let X be a reflexive Banach space and let A : X = X* be a maximal

monotone operator with dom(A) # (0. Let Fa be the associated Fitzpatrick function of A.
Then
Fa(x,x*) > (x*,x) for all (x,x*) € X x X~

and the following statements for (x.x*) € X x X* are equivalent:
(a) (x,x*) € gra(A).

(b) FA x,x):<x,x>.

(c) There ezists (u,u*) € dom(0Fa) with (u* —x*,u—x).
(d) (x*,x) € OFa(x,x*).

Proof:
Let (x,x*) € X x X*. Notice that

Fa(x,x") = (x*,x) — inf (x"—ux—u). (8.30)

(uyu*)egra(A)

*

Assumption: Fa(x,x") < (x*,x). Then inf(, «)egra(a)(X* — u*,x —u) > 0 and hence,
(x,x*) € gra(A). Using (8.30) we obtain Fa(x,x*) > <x* x) contradicting the assumption
above.

It is not difficult to show that (b) =— (a) = (e) = (d) = (a) holds.

Using the Fenchel-Young equality

(x",x) € OFA(x,X") = Falx,x") + Fg(x",x) = ((x,x"), (x",x))

we obtain (a)(and(b)) = (c).
The prove of the implication (¢) = (a) starts from the equality

Fi(x",x) = (x,x") — inf (x"—u",x—u)+ Fa(u,u*) — (u*,u).
(u*)eX x X'*
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This implies
inf  (x*—u',x—u)+ Falu,u*) — (u,u)

(uyu*)exX x X*
and hence,
(x* —u'x —u) > (u,u) — Fa(u,u”) =0 for all (u,u”) € gra(A).
This shows (x,x*) € gra(A). [ |

Definition 8.34. Let X be a Banach space and let A : X = X* be a mapping. A is
called nonexpansive if

A=l < [x =yl for all (x,A), (y, u) € gra(A).
U

Definition 8.35. Let H be a Hilbert space, let A : H = H be a mapping and let s > 0.
Then:
R(A,s): H = H, R(A,s)(x) = (I+sA)"(x),

is called the resolvent of A with parameter s .
We set C(A,s) :=2R(A,s)—1 and call C(A,s) the Caley operator of A with parameter
s>0. O

Corollary 8.36. Let H be a Hilbert space and let A : H = H be a monotone operator.
Then R(A,s), C(A,s) are single-valued nonexpansive mappings for all s > 0.

Proof:
For s = 0 nothing has to proved. Let s > 0 and let x,y,u,v € ‘H with

xEeu+sA(u),y €ev+sA(v).

Then we get x —y € u—v + sA(u) — A(v) and therefore by using the monotonicity
lu—v|* < (x —ylu—v). So when x =y, we must have u = v. This shows that R is a

single-valued mapping and consequentely C too.
We have

CAs) = [[Qu—x)—2v—y)|* = [2(u—v) = (x—y)|’
Al —v[* = 4u—vix —y) + [[x —y|*
< Ix—yl?

R(A, ) is nonexpansive since it is the average of I and C(A,-):

R(A, ) = %1 + %(ZR(A, ) —T).

Theorem 8.37 (Minty, 1963). Let H be a Hilbert space and let Let A : H =2 H* be a
mapping. Then the following conditions are equivalent:

(a) A is mazximal monotone.
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(b) A is monotone and ran(1+ sA) =H for all s > 0.

(c) We have for all s > 0: R(A,s) is nonexpansive, dom(R(A,s)) = H,ran(R(A,s)) =
H.

Proof:

Ad (a) = (b) It is enough to prove this for s = 1 since sA is maximal monoton for all
s > 0. Given z° € H, we want to show that z° belongs to ran(I+ A).

We define B : H = H by B(x) := A(x) —{z°}. Then B is a maximal monotone operator.
Define with the Fitzpatrick function Fg of B

1 1
F:HxH — R, F(x,u):= Fg(x,u) +§HxH2+§HuHZ, (x,u) € H x H.

Since Fg is due to Fg € Gammay(X x X*) bounded from below by a continuous affine
function, F is coercive. Then F has a minimizer, say (y,v), and we have (6,0) € 0F(y,v).
Thus, (6,0) € 0F(y,v) + (y,v) and (—y,—v) € 0Fg(y,Vv). Then

((=y, —v)I(b,w) — (y,v)) < Fg(b,w) — Fg(y,v) for all (b,w) € gra(B),
and by Lemma 8.32
((=y, =v)I(b,w) — (y,v)) < (blw) — (ylv) for all (b,w) € gra(B).
This implies
0 < (blw) — ((yIv)) + (ylb) + (viw) — [[y[|* — [[v||* for all (b,w) € gra(B),  (8.31)
and hence
(b +v,w+y) = (b,w) + (y,b) + (v,w) + (y,v) > ||y +V||* > 0 for all (b,w) € gra(B).

We obtain (—y,—v) € gra(B) since B is a maximal monotone operator. This and (8.31)
implies 0 < —2(y,v) — |ly[|* — |[v||*. Then we have y = —v and (v,—v) € gra(B) and
hence —v € B(v) = A(v) —{z°}. Therefore z° € A(v) + v, which implies z° € ran(I + A).
Ad (b) = (a) Let A’ :'H = H be a monotone extension of A. Let v € A’(y). Choose
x € dom(A) such that y+v € x+A(x). Theny+v € x+A'(x),y+v € y+A’(y). From
Lemma 8.10 we conclude x =y which implies y +v € y + A(y) . Therefore, v € A(y).
Thus, we have shown A = A’.

Ad (a),(b) = (c) Let s > 0. Then sA is a maximal monotone operator and we have
ran(l + sA) = H . From Lemma 8.10 we obtain the assertion in (c).

(c) = (b) This is a consequence of Lemma 8.10 too. [ |

Example 8.38. Consider’ (see Example 8.24) in the Hilbert space H := 1,(Q) the Laplace
operator:
dom(A) := H (Q) N H*(Q), Ax := —Ax,x € dom(A).

Obuviously, A is linear. A is mnotone since

(Axlx) =~ |

XAXdE, = J IVx||d& > 0,x € dom(A).
Q Q

"This is an example for readers which are familiar with the thora of weak solutions for elliptic equations
in Sobolev spaces.
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A 1s mazimal monotone due to Theorem 8.37 if
Ax+x="fF

has a solution x € dom(A) for each f € H. The problem consists in the reqularity: one
has to show that the weak solution of —Ax+x = f which can be ensured to exists in H(l)(Q)
has the property x € H2(Q). This is the case under the assumptions that Q is bounded
and its boundary is sufficiently smooth. 0

Let H be a Hilbert space and let A : H = H be a maximal monotone operator. Then
acording to (c¢) in Theorem 8.37 the inclusion
Yy € x + sA(x) (8.32)

has a solution in H for each y € H and each s > 0. Now, we are interested in a solution
of
y € A(x) (8.33)

Theorem 8.39. Let H be a Hilbert space and let A : H = H be a mazrimal monotone
operator which is coercive. Then ran(A) = H .

Proof:
We know ran(I 4+ sA) =H for all s > 0. Let y € H . Since due to Theorem 8.14

ran(I+sA)=H and sI+ A =s(I+1/sA), s >0,
we have for each s > 0
sxs +ws =y, with x; € H,ws € A(xs). (8.34)

Assume that there exists a sequence (s, )ney with lim, s, = 0 and (x, := Xg, Jnen is not
bounded. Then we obtain

Sn{XnlXn) + (Wnlxn) = (yYlxn), n € N,

with w,, € A(x,) and we conclude that dom(A) is not bounded. Without loss of generality

we may assume that lim, ||x,|| = co. Then we obtain
sullnl + ol — 1 2y e
n||Xn = y .

[peN| [[n]

This is a contradiction since the sum on the left side is unbounded whereas — due to the
coercivity — the term on the right side is bounded.

Let (sn)nen be a sequence with lim, s, = 0. Then (x, := X, Jnen is bounded and as a
consequence of (8.34) (wy, := Ws,_)nen is bounded. Without loss of generality we may
assume that (xn)nen, (Wn)nen converge weakly; notice that closed balls in a Hilbert space

are weakly sequential compact. Let x := w — lim, x,,, w := w — lim, w,, . We have
SnXn +Wn =y with w, € A(x,), n € N, and we conclude that lim, w,, =y . This shows
w € A(x) due to Lemma 8.13. [ |
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Theorem 8.40 (Browder, 1965). Let X' be a reflexive Banach space and let A : H = H*
be a a coercive maximal monotone operator. Then

ran(A) = X*.

Proof:
We do not give the prove; see [9]. |

Remark 8.41. The proof of (a) = (b) in Theorem 8.37 is the harder part of the
Theorem. The proof for the solvability of the equation (14+A)(x) =y can be produced also
along the following five steps: finite dimensional approximations (Galerkin method) of
the equation, solvability in the finite dimensional case by using the fized point theorem of
Brouwer, a priori boundeness of the resulting sequence of the finite dimensional problems,
weak convergence of this sequence of the finite dimensional solutions, use of the Minty
trick when passing to the limit for the finite dimensional approximations. We refer to
U, 7, 9, 40).

A different proof of the part (a) = (b) my be based on the Min-Max Theorem; see
[7]. O

Remark 8.42. The assumption concerning the reflexivity in Theorem 8.40 is essential.
Without reflexivity one can prove under additional assumptions that ran(A( is dense in
X*. This follows from the Theorem of Bishop-Phelps [5]. If A is the subdifferential of a
proper lower semicontinous function then ran(A) is dense in X* without reflexivity. A
counterexample for the density of ran(A) in X* in the general case is given in [16]. O

Theorem 8.43. Let X be a reflevive Banach space and let A : X = X* be a mazximal
monotone operator. Then dom(A), ran(A) are convex.

Proof:

Theorem 8.44 (Rockafellar). Let X' be a Banach space and let A : X = X* be a
mazximal cyclically monotone operator with dom(A) # (). . Then there exists f € Ty(X)
with A = of .

Proof:

8.4 Computing zeros of maximal monotone opera-
tors
Let X be a Banach space and let A : X = X* be a mapping. Then we consider the

(generalized) equation
Find x € X with 6 € A(x). (8.35)

We study this problem in the case when X is a Hilbert space for maximal monotone
operators A. As we know, the solution set of the equation x € A~'(0) is convex and
closed.
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Each zero of A is a fixed point of R(A,s) (and C(A,s)) for all s > 0. Therefore, one
can solve the equation © € A(x) by finding fixed points of R(A,-) or C(A,-) and hence,
the fixed point iteration is appropriate to compute a zero of the maximal operator A:

X1 = R(A, si)(x) = (I+ s,A) 1 (x9), k € Ny (8.36)

Here x° is a given starting point and we assume throughout in the following that sy, k €

Ny, are positive numbers. These numbers play the role of regularization parameters.

Remark 8.45. The iteration scheme in (8.36) can be reformulated as

e AKX, keNy.
Sk

This inclusion can be seen as an implicit discretization of the differential inclusion
u'(t) € —A(u(t)) a.e. on (0,00), u(0) =x°. (8.37)

(A solution is an absolute continuous mapping from (0,00) into H .) In this interpretation
Sy s a discretization parameter and the discretization scheme is called the backward
Euler scheme. 0

Let (x*)ieny be the sequence produced by the iteration (8.36). Associated to this
sequence is the sequence (y*)iey of ,,velocities®:

y="—— " keN, (8.38)
Sk

Lemma 8.46. From the iteration scheme 8.36 we conclude:
(1) y* € —A(x*"),k € Ny.
(2) The sequence (|[y*||)xen is decreasing.
(3) For all (x,y) € gra(A)

[ —x||? > |Ix* — x*)2 4 T —x]]2 = 2si(yxE —x), k € Ny
(4) For allx € A~'(0)

[ —x[|? + sgfly ) < I —x]1?, k € Np.

(5) For allx € A7'(0)

k
I = x| +2 ) sty < 1x = x|, k € No.

i=1
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Proof:
Ad (1) follows from the iteration scheme.
Ad (2) The inequality (y* —y*'|x* —x*! < 0 implies (y* —y*'ly*) < 0 and therefore

ly¥(| <y I
Ad (3) Observe that

k—1

7T = x]2 = T = X2 A =P+ 25— —x)

and (X1 — x¥xk —x) > s (yx* —x).
Ad (4) We have for k € Ny (see (3))

[ = x| =[x = X2 4 [t = x]12
Ad (5) Follows from (4). [ |

Lemma 8.47. The sequence (x*)xen, is Fejer monotone with respect to A71(0), i.e.
X —x|| < [[x* —=x|,n €N, forallx € A7'(0). (8.39)

Proof:
Follows from (5) in Lemma 8.46. [ |

Corollary 8.48. The following statements are equivalent:

(a) © € A(x) for somex € H.
(b) The sequence (x*)xen produced by the iteration (8.36) is bounded.

Proof:
(@) = (b) Let 6 € A(x). By Lemma 8.47 we know that (||x™ — x||3y) is bounded.
Then (x*)xen is bounded.
(b) = (a) We follow [30]. Suppose that x* € B,,k € Ny, for some 1 > 0. Consider the
monotone operator

A':= A+ 0h with h = 83, .

We know B
oh(x) ={6}, if ||z|| < 2r,= By, if ||z]| = 2r,= 0 if ||z|| > 2r.

Then A’(x) = A(x),x € By, T’ is a maximal monotone operator since A’ is the sum of
two maximal monotone operators with dom(A) N int(dom)(0h) # (). Therefore we may
assume X1 = (I + s A’) 71 (x*) where (I 4 s A’)7! is single-valued too. But the domain
of A’ is bounded and by Corollary 8.27 there exists some x € dom(A’) with 6 € A(x).
Since A’(x) = A(x) we have a solution of © € A(x). [ |

Theorem 8.49. Let H be a Hilbert spacea, let A : H = H be a mazximal monotone
operator and let (sy)xen be a sequence with Y -, st = oo. Suppose that the sequence

(x*)xen, produced by the iteration (8.36) is bounded then it converges weakly to a x € H
with 8 € A(x).

Proof:
(x*)ken, is bounded. Let (x™)ien, be a weakly convergent subsequence; x := w—limy x™* .

Due to (5) in Lemma 8.46 the series Y & s2|[y||? is convergent. Since the sequence
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(s2)ken is not summable there must hold lim infy [[y*||?> = 0. Since (||y*||*)xen is convergent
we must have lim,y* = 0. Now, we conclude y™ € A(x™*" k € Ny, and since x =
w — limy x™ we obtain 8 € A(x).

Let x’ be another cluster point of (x*)yen,; X' = w — lim; x™ . With the same argument
as above, 8 € A(x'). Then the sequences (|[x™ — x||2cy), (/X" — x'||3cy) are convergent

due to Lemma 8.47. Due to
(X, x —x') = %(llXk = x|IP =[x = P = [ )1)
((x*,x —x'))xen is convergent. Then
(x|x —x) = li{n<xn‘<lx —x) = li{n<xm|x —x"y =[x —x').

This implies || x —x'|| = 0 and therefore x = x’. Alltogether, this shows that the sequence
(x*)ken, converges to x. [ |

The question whether the algoritm above converges strongly has been decidered by
Giiler [17]. He introduced an example for which the convergence generated by the algo-
rithm (8.36) converges weakly, but not strongly.

Kamimura and Takahashi [19, 20] and Solodov and Svaiter [37] modified the algorithm
(8.36) in such a way that the iteration converges strongly.

Algorithm 8.1 Proximal algorithm of Solodov and Svaiter

Given a maximal monotone operator A : ‘H = ‘H where H is a Hilbert space. This
algorithm computes a sequence (x")neny which converges strongly to a zero of A.

(1) Choose x° € H and set n:=0.
(2
(3
(
(
(

) Find (y™,v") € gra(A) with 6 =v" + L (y* —x").
)
4) Set Wy :={z € H: (z—x"x° —x") < 0}.
)
)

Set Hy, :={z € H: (z—y™"p") <0}.

5) Set XnJr] = PHnﬁWn .

6) Set n:=n-+1 and go to line (2).

8.5 The proximal operator

Lemma 8.50. Let H be a Hilbert spoace and let £ € Ty(H). Let x,w € H. Then the
following conditions are equivalent:

(a) w = prox;(x) .
(b) (y—wlx—w)+f(w) <f(y) forally e H.
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Proof:
Ad (a) = (b) Let y € H. Set wy :=ty+ (1 —t)w,t € (0,1). Then

1 1
flw) < f(wy) + EHWt —x|*— §||X —wl?
tZ
< ty) + (1= Of(w) — tix —wlhy —w) + S |ly —wl?.
Then
(e—wly —w) <fy) + 5 |y —wl*.

Taking t — 0 (b) follows.
Ad (b) = (a) Let y € H. We obtain from (b)

1 1 1
fw) + s lx =Wl < () + 5 lx =W+ (x—wiw —y) + 5wyl

1
= f(y)+ §||X—U||2-

This implies w = prox;(x) . [ |

Lemma 8.51. Let H be a Hilbert spoace and let f € To(H). Then prox¢, 1 — proz,; are
firmly nonexpansive.

Proof:
It is enough to prove the result for s = 1. Let x,y € H and w = prox;(x),v = prox,(y) .
Then

(v—wlx —w) +f(w) < f(v), (w—vly—v)+f(v) < f(w).

This implies w,v € dom(f) and
0<(w—vx—w—(y—v)).
[
Theorem 8.52. Let H be a Hilbert space, let f € To(X) and let s > 0. Then the mapping
morss: H — H is Fréchet differentiable and we have

1
Vmors¢(x) = E(I — proz,¢)(x),x € H.

Proof:
Let x,y € H,w = prox, ¢(x), v := prox, ((y) . Then with the help of Lemma 8.50

mor,(y) —moryg() = 10v) — Fw) + 5y —vIP + e —wip)

> 20 —wix—w) + [y =l =[x —w|?)

1
= (ly—v—x+w|*+2{y —xb—w)) 5

1

2s
1

> g<y —x|x —w).
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In the same way one shows

©»n | —

mors ¢(y) — mors(x) < —(y —x[y —w).

Since the operator prox; is firmly nonexpansive we obtain

0 < mor,¢(y) — mors¢(x) — %(y —x[x —w)
< —(Y—xlly—v)—(x—w))

<

hl—=wn | —

1
(y =xIFF = v =wl") < Zly=x[*.

This implies

lim mor; ¢(y) — morg ¢(x) — (y — x|(x —w)/s)

=0.
Y Iy — x|

Lemma 8.53. Let H be a Hilbert space, let f € Ty(H) and let s > 0. consider fg : H >
u — (sf+j)(u) e R. Then fy is Fréchet differentiable and prox,; = V£ .

Proof:
Since prox, ; = R(s, 0f) we have to show that

prox, ; = R(s, 0f) = (0fy) .
Since f is strongly convex, f} is Fréchet differentiable. [ |

Lemma 8.54. Let H be a Hilbert space and let g € Ty(H) be Fréchet differentiable. Then
for x,y € dom(g) the following conditions are equivalent:

(a) IVg(x) =Vgyll < [x—yl.
(b) g(x) > gly) + (Vgly)x —y) + 1| Vg(x) — Vg(y)|*.
(c) (Vg(x)—Vg(y)lx—y) > [Vg(x) — Vg(y)|*.

Proof:

The implication (a) = (b) is the harder part of the result. Thus, we prove only this
implication.
The function h: H 2 u — J|jul*+ g(u) € R is convey. Then

1
ZIIX—UH2 > g(x) —gly) — (Vix —y).

Fix y and set d(z) := g(z) — g(y) — (V|z—y),z € H. Since g is convex, so is d. Since
Vd(z) = Vg(z) — Vg(y) we have

|VEf(z) = VdXx)| < |lz—x|, %Hz— x| > d(z) — d(x) — (Vd(z)|z — x).

Choose z: x — Vg(x) + Vg(y) . Then

0 < dlz) < dlx) — 5 Vglx) ~ Valy).
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Theorem 8.55. Let H be a Hilbert space, let f € To(H), let p > 0 and set h:=f*—p7'j.
The the following are equivalent.

(a) f is Fréchet differentiable and VT is Lipschitz continuous with Lipschitz constant 3 .
(b) Bj—f is convex.

(c) f*—B7"j is convez.

(d) heTo(H) and f = morg—1y-.

(e) heTo(H) and VI = B(I— prozg-1,.).
(f) f is Fréchet differentiable and

IVE(x) — VE(y)|]* < B{x —ylVf(x) — Vf(y)), x,y € H. (8.40)

Proof:
We follow [4].
Ad (a) = (b) Let x,y € H. By the Cauchy-Schwarz inequality

(x —ylpx — Vf(x) — By + Vf(y)) = Blx—y|*— (x —ylVFf(x) — Vf(x))
> x=yll(Bllx =yl = IVf(x) = VF(x)|) > 0.

Hence, V(Bj —f) = I — VT is a monotone operator and it follows that $j — f is convex.
Ad (b) = (c) Set g:=pj—f. Then g € IH(H) and therefore g = g**. Accordingly,

f=Bj—g=Pp—9" =phji— Sgg((-lu) —g (W)= mf(Bj — () +g"(w). (841)

Hence,

f* = sup(Bj— (-lu) + g*(u))

ueH
= Stelg(ﬁ_lj(- +u) —g*(u)
= B +sup(B((lu) +j(w) —g"(w),

uceH
The last term is a supremum of affine functions and hence convex. Thus, h is convex.
Ad (¢) = (b) Since f € TH(H) and h is convex, we have h, h* € Ty(H) and
f=f"=Mh+p ') =h"0pj= morg-1 p« = Bj — B(I—proxg-1y,.

Ad (d) = (e) Obvious.

Ad (e) = (f) We know, proxg,, is firmly nonexpansive. Hence, the assertion in (f)
follows.

Ad (f) = (a) Apply the Cauch-Schwarz inequality. |

Remark 8.56. The implication (a) = (b) is is the Baillon-Haddad theorem; see [2].
O

Lemma 8.57. Let X' be a Banach space and let f € To(X). Then the subdifferential
of : X = X* is a monotone operator.
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Proof:
Let (x,A), (y, 1) € gra(of) . By definition

fly) = f(x) + Ay —x), f(x) = fly) + (i x —y)
with f(x), f(y) € R. Adding up these inequalities, we obtain
fly) +10x) = f(x) + Ay =% +fly) + (b, x —y)
from which we conclude (A —p,x —y) > 0. ]

Theorem 8.58. Let X' be a Banach space and let f € To(X). Then the subdifferential
of : X = X* is a maximal monotone operator with dom(0f) C dom(f).

Proof:

We know from Lemma 8.57 that of : X = A" is a monotone operator. To prove maximal
monotonicity we want to argue with Lemma 8.11.

Let us suppose (x%,A%) € X x X* is such that

(A =A% x —x% >0 for all A € 3f(x),x € X, (8.42)

holds true. We want to prove that A° € 9f(x°).

Define fo: X — R,j: X — R as follows: fo(x) = f(x +x°) — (A% x),j(x) == Hx]? -
Applying the duality result in Theorem 10.62 to fy and j we conclude that there exists
n e X* such that

inf (fo(x) +3(x)) = ~Fi(1) — 5 (3.43)

xeX

and both sides in the equation above are finite. Then there exists a sequence (Yn)nen
such that for every n € N

1 1
1/mt = folyn) + 5llynll” + (1) + 5l

1 1
> (1 yn) + 5 llYnll” + S Iull®
1
> S(lynll = lluh* = 0 (8.44)

where the second inequality follows from the Fenchel-Young inequality (10.34). This
implies
fO(yn) + f;(u) - <u)yn> < ]/nzan € N.

Hence, p € 04/n210(yn) and by Theorem 10.47 (variational principle of Ekeland) it follows
that there exist sequences (z)nen in X' and (Wn)nen in X* such that

Hn € afO(Zn)» ||P"n_ HH < ]/TL, Hzn_ynn < ]/TL
Using the assumptions (8.42), (8.44) we obtain

tim [y | = [}, tim (1, o) = [ (8.45)

which, combined with the inequalities above yields p = 0. Therefore, lim, y,, = 0. Since
fo is lower semicontinuous, x = 6 minimizes x —— fo(x) + 3[|x[|* and from (8.43) we
have fo(0) + f5(0) = 0. Therefore 0 € 9fy(0) which is equivalent to Ay € 3f(x°). [ |
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Example 8.59. Let H be a Hilbert space, let T : H —— H be a linear continuous
operator and let f,g* : H — R be conver lower semicontinuous functions. Then the
mapping (in a vector-matriz-notation)

Freg: H X H S (x,2) — <_?_ —g) <Z) + (aagf*(zcz))> e HXH

is monotone. Actually, Frsq is maximal monotone. 0

Corollary 8.60. Let H be a Hilbert space and let f € Ty(H). Then we have
R(0f,s) = prox,¢(x), x € H,s > 0.
Proof:

Let us collect some additional results concerning the proximal operator. Let H be a
Hilbert space and let f € To(H). We know already that the subdifferential of : H = H is
a maxmal monotone operator. Moreover,

e 0f(x) # () for all x € dom(f) such that f is continous in x.
e 0f(x) is a closed convex subset of H .
e prox ;= (I + of)~1(0) =R(A,s)(0), s > 0.

Let H be a Hilbert space and let A : H = H be a maximal monotone operator. Then
we know from the results above that the mapping

RA,s):H — H,x — (sI+A) ' (x)
is well defined for each s > 0. In the specific case that the maximal monotone operator
is given as the subdifferential of a function f € TIH(#H) the resolvent of A := 0f is given as

. 1
R(0f, s)(x) = prox ¢(x) := argmin,, 4, (f(u) + 2—S||x —ul|}).

Theorem 8.61. Let X be a reflexive Banach space with duality map Jx and let f € To(X) .
Then
proz, ;(x) = (Jx + s0f) ' (6) (8.46)

Proof:

Let x € X'. Then w = fy(x) if and only if 8 € (0(f + %Hx —|*))(w) . Since the norm is
continuos in each point of dom(f) we may apply the identity for sums of subdifferentials
and obtain

0 € of(w) + %a(%ﬂ - 1*)(w) and hence w = f,(x) € (Jx + sof) ' (0).
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Theorem 8.62. Let H be a Hilbert space and let £ € To(H). Then
(a) prozg(x) = (1+ sof)~'(0).
(b) proxzgs:H — H is firmly nonexpansive for each s > 0, that is
[ proz, ¢ (x) — proz, ;(y)||* < (prow,¢(x) — prozg (y)lx —y) for allx,y € H. (8.47)
(¢c) prozge:H — H is nonexpansive for each s >0, that is
| proz +(x) — proz, (Y| < |[x —y|| for all x,y € H. (8.48)
Proof:

8.6 Minimization by the proximal point method

8.7 Pseudomonotone operators

[18]
Definition 8.63. Let X be a Banach space and let A : X = X* be a setvalued mapping.

a 18 called pseudomonotone if for every (x,A), (y, w) € gra the following tm-
A lled d f ] (%, A), (Y, 1) (A) the foll
plication holds:
A-—mx—y) 20 = (Ky—x) =0.

(b) A is called quasimonotone if for every (x,A), (y, 1) € gra(A) the following impli-
cation holds:
A-mx—y) >0 = (Ky—x) =0.

O

It is clear that every monotone operator is pseudomonotone, and every pseudomono-
tone operator is quasimonotone.

There is an important difference between monotone and pseudomonotone operators. If
A and B are monotone operators then the sum A 4 B is monotone. For pseudomonotone
operators this does not hold in general.

8.8 Splitting methods

Let ‘H be a Hilbert space and let F: H = H be a maximal monotone operator. Again,
we want to solve the inclusion

0 € F(x) for some x € dom(F). (8.49)

The main idea which we exploit in this section is a decomposition of F into a sum of two
maximal monotone operators A,B : H = H, called operator splitting. Then we have
to consider the inclusion

0 € (A + B)(x) for some x € dom(A) N dom(B). (8.50)
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We introduce the resolvent operators

R(s,A):= (I+sA)', R(s,B) := (I+sB)',
and the Caley operators

C(s,A):=1R(s,A)—1I, C(s;B) := 2R(s,B).

Here s is a scaling/regularization parameter. The key observation for the following devel-
opments are the following fact:

Lemma 8.64. Let ‘H be a Hilbert space and let A,B : H = H be a mazimal monotone
operators. Then R(s,A),R(s,B),C(s,A), C(s,B) are nonexpansive mappings and we have
the equivalence of the following conditions:

(a) 6 € (A+B)(x)
(b) x =R(s,B)(z) with z= C(s,A) o C(s,B)(z).

Proof:
The assertions concerning the nonexpansivity of the mentioned mappings see ?7.
Ad (b) = (a) We write

x =R(s,B)(z),z :=2x—z,x' =R(s,A)(z'), z=2x"— 2.
and conclude x = x’. Then 2x =z’ + z and
2x=z"+z € 2x+s(A(x) + B(x)).
Ad (a) = (b) Consider the conputational steps above in reverse order. [ |
Let x° € H be a starting point. Here are the ,big two“of splitting methods:
Peaceman-Rachford
X1 = C(s,A) o C(s,B)(x"), k € N,
This is undamped method. In general, the itaration does not converge; see [].

Douglas-Rachford

Kt .

X (I+C(s,A) 0 C(s,B))(x"), k € N

N —

Here o = % is a damping parameter. Clearly, other damping parameters o € (0, 1)

)
can be applied. This method converges strongly when the inclusion 6 € (A + B)(x)
is solvable; see [].
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The Douglas-Rachford method can be realized as follows:

Algorithm 8.2 Douglas-Rachford splitting

Given maximal monotone operators A,B : H == H where H is a Hilbert space. This
algorithm computes a sequence (x")neny which converges strongly to a zero of A + B.
The sequence (z"' — z"1/2), .y can be considered as sequence of residuals and (X™)nen
is the sequence of the sum of residuals.

Set z™M! = R(s, A)(x™1/2,

Set Xn+1 -— %" + ZnH _ ZnH/Z .

As we see, in the realization of the Douglas-Rachford in Algorithm 8.8 the operators
A, B are handeled separately.

In the case where both A and B in the Douglas-Rachford splitting method are single-
valued, the algorithm 8.8 reduces to the original Douglas-Rachford scheme in [11] for heat
conduction problems. It turns out that the algorithm 8.8 is the root of a number of other
effective methods.

(70 17] 7] [15][7]

Many methods for specific problems can be extracted from the Douglas-Rachford algo-
rithm. Here is a list of methods which may considered under Douglas-Rachford approach.

Alternating direction method Here we want to solve in the Hilbert space H the
minimization problem

Minimize (f + g)(u) subject to u € H (8.51)

where f, g € To(#H) . This can be done by solving the inclusion
0 € (of + 9g)(x) for some x € dom(f) N dom(g), (8.52)
i.e. A =0f,B:=0g. Then R(s,A) = prox,, R(s,B) = prox 4.

Constrained optimization Here the we want to solve in the Hilbert space H the the
contraint optimization problem

Minimize f(u) subject to u € C (8.53)

where f € Th(H) and C is a nonempty closed convex subset of H . This can be done
by solving the inclusion

0 € (of + 90¢)(x) for some x € dom(f) N dom(g), (8.54)
i.e. A =0fB:=05c. Then R(s,A) = prox,, R(s,B) = Pc.
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Dykstra’s algorithm We want to compute a common point of two nonempty closed
convex sets C, D in the Hilbert space H . we consider

Minimize 0 subject tou € C and u € D. (8.55)

Then we have to realize the Douglas-Rachford algorithm with A := 08¢ and B :=
00p . Then R(s,A) = Pc,R(s,B) = Pp and the algoritm becomes Dykstra’s alter-
nating method.

Let us now analyze the convergence of the Douglas-Rachford algorithm. Clearly, x™ €
H solves the problem (8.50) if and only if

x* =R(s,A)(x* —s)

We will measure of the accuracy
We will show that the convergence order

8.9 Exercises

1.) Let X be a Banach space and let f: X — X be strongly convex, i.e. f— |-
is convex for some ¢ > 0. Show that the subdifferential of f is strongly monotone.

2.) Let Q be a positive definite matrix in R™™". Show that for each y € R™ the mapping
A:R">5x — Qx+yeR"

is a strongly monotone operator.

3.) Let Q be a positive semidefinite matrix in R™". Show that for each y € R™ the
mapping
A:R">5x — Qx+yeR"

is a cocoercive operator with parameter ¢ > 0 if the largest eigenvalue of A is not

bigger than c¢7'.

4.) Show that cocoercivity implies Lipschitz continuity.
5.) Show that Lipschitz continuity of a mapping does not imply cocoercivity.

6.) Find a continuous solution of the differentail inclusion
—x' € sign(x), x(0) =1

7.) Let A € R™. Show C(A,s) = R(A, s)R(A, —s).
8.) Consider

5 - 2x x <2
FiRox w5 {7 "SR, f:Rox — {46 x=2¢cR.
3x x>2
3x x> 2

Show hat f defines a monotone operator on R and that f is its maximal monotone
extension.
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10.)

11.)

15.)
16.)
17.)

18.)

19.)

20.)

21.)

22.)

23.)

Compute the Yosida approximation of f in the exercise above.

Let ‘H be a Hilbert space and let f,g € To(H). Find a condition on f,g which
ensures prox, ¢(x) = proxg,(x) for all s > 0,x € H.

Let H be the euclidean space R™. We consider on H the functions

n n—1
f((X],...,Xn)) = Z |Xi|) 9((X1)--->Xn)) = Z |X1_Xi+1|°
i=1 i=1

Verify prox, , = prox; o prox, .

Let H be the euclidean space R™", let y € R",b € R, and let f : R™ 3 x +—
(ylx) +b € R. Compute prox.

Let H be the euclidean space R™ let f be the lj-norm. Prove proxg; =I—Pgn .

Let H be a Hilbert space and let f,g € Ty(H). Consider F : H? > (u,v) +—
f(u) + g(v) € R and show

prox (1, v) = (prox, (w), prox,,(v)) , wv € A.
Let A be the rotation in the euclidean space R? by a an angle ¢ € [—m/2,7/2].
Show that A is a monotone operator on R?.

Let A be the rotation in the euclidean space R? by a an angle ¢ € [—m/2,7/2].
Show that A is a cyclically monotone operator on R?.

Consider in the euclidean space R™ the function f: R"™ 3 x —— (x|Ax) + (b[x) +
c € Rwith A € R™™, b € R", ¢ € R. Compute prox ¢(x),x € R™.

Let ‘H be a Hilbert space, let C be a nonempty closed convex subset of H and let
F: C — C be nonexpansive. Show that A := [ — T is monotone. When is A
maximal monotone?

Let X be a Banach space and let f € TH(X). Show:
(1) prox;, (x) = s7 (proxg (sx +z) — z),x € &, if h(x) := f(sx + z),x € X
(2) proxg.(A) = A —s prox,1;(sTA), A € X*.
Let f: R — R. Compute proxg; for
1
f(t) == th, f(t) := [tl, f(t) :=d117.

Let X be a Banach space and let f € T5(X) . Show: mor}¢(A) = f*(A) +3|IA[15A €
X*s>0.

Let H be a Hilbert space, let C C ‘H be a nonempty closed convex set, and let
F:C — Cbe a nonexpansive operator. Show that A := [—T defines a monotone
operator. When is A a maximal monotone operator 7

Consider f: R — R, defined by

—x? if x <0
f(x:= ) .
x> 4+2 ifx>0

Show that f is not maximal monotone. What is the the maximal monotone exten-
sion?
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24.) Let f: R — R be monotone increasing and continuous. Show: f is maximal
monotone.

25.) Let X be a Banach space and let f € T5(X) . Show for s >

1 1.1
morys = o-|[x| = < (GNP + 5(x), x € X
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