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dedicated to a marvelous cube

ABSTRACT. — The theory of p-divisible groups plays an important role in arithmetic. The
purpose of this course was to carefully lay the foundations for finite flat group schemes and
then to develop enough of the theory of p-divisible groups in order to prove the Hodge—Tate
decomposition for H'.

1. INTRODUCTION

1.1. Examples. Let us begin with a list of the basic examples for p-divisible groups.

(1)

The discrete group
1
Q/Z, =)= 2/z
- P

has a surjective multiplication by p map. How much more "divisible by p" can a group
be? Well, the finite abelian groups of order prime to p share this property, but are not
considered p-divisible in our sense.

The p-primary torsion of Gy,: that is

Hpo>> = U Hpr-
n

Let’s say we work over a field k& with algebraic closure k of characteristic 0, then fpn 1S &
Galy = Gal(k/k)-module, which as a group is free of rank 1 as a Z/p"Z-module. Here jip
is a version of Q,/Z, endowed with a continuous Galois action. But we did not specify
a field or any basis, simply because iy works just over any base scheme S as a union
of finite flat group schemes over S. When S = Spec(k) is a field of characteristic p, then
fpn is infinitesimal for every n, and so the underlying reduced space is just Spec(k). This
shows the importance to study finite flat group schemes in general to capture important
arithmetic of p-primary sort in characteristic p.

A more general version of example (2) replaces Gy, by let’s say an abelian variety A and
considers the p-primary torsion

Ap™] = A"

which is a union of finite flat group schemes of rank p"™ where h = 2dim(A).
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2 JAKOB STIX

1.2. ...and what they are good for. Special properties of p-divisible groups are used in:

(1)  Analysis of the local p-adic Galois action on p-torsion points of elliptic curves, see Serre’s
theorem on open image for non-CM elliptic curves over number fields | |, and more
recently in modularity results.

(2) As a tool for representing p-adic cohomology, for example in p-adic Hodge theory.

(3) To describe local properties of the moduli spaces of abelian varieties. These map to
moduli of p-divisible groups, which are much simpler being essentially a piece of semi-
linear algebra. The map is formally étale due to a Theorem of Serre and Tate.

(4)  Explicit local class field theory: via Lubin—Tate formal groups we can describe the wildly
ramified abelian extensions, see Section §10.4.

(5)  The true(?) fundamental group in characteristic p must include infinitesimal group schemes,
and p-divisible groups enter through their p-adic Tate module.

1.3. Goal and structure of the course. Section §2 and Sections §3 — §8 discuss the founda-
tional material on group schemes and finite group schemes, with a detailed discussion of étale
group schemes in Section §7 and quotients of finite flat equivalence relations in Section §6. After
the introduction of p-divisible groups in Section §9, in Section §10, the discussion of formal
groups that following | | leads in Section §11 towards the main goal of the course: the p-adic
Hodge-Tate decomposition for the Tate-module

T,(G) o K = (ta(K) 0 K) (1) @ (t50 (K) 05 K).

Serious omissions which make the course less about p-divisible groups but rather about finite
flat group schemes are the absence of Witt vectors, the Cartier-ring and Dieudonné theory,
see | I, | |. Quite recently, a truly p-adic proof of the Hodge Tate decomposition and
classification of p-divisible groups have been worked out by Scholze and Weinstein using the
theory of perfectoid spaces.

Another sort of omissions concerns exercises. These should be included in any thorough
version of course notes. Here there are none. Instead, we may refer to exercises on Brian
Conrad’s web page from a course of Andreatta, Conrad and Schoof in Oberwolfach 2005, see
[ACS05] and [Sc00].

1.4. Conventions, intentions and a warning. We usually work over an arbitrary Noetherian
ring R as a base. Whenever convenient (or necessary) we work over a complete Noetherian local
ring, or even a perfect field. We try to avoid to use explicitly scheme theory.

I would like to express my gratitude for feedback from the participants of my course in
Heidelberg in 2009, and especially to Dmitriy Izychev for a thorough reading of these notes.
However, these course notes come with no warranty. Please use at your own risk.
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2. GROUP SCHEMES

References: [ 182, [ | Chapter | + 11

2.1. The functor of points. All rings are commutative with 1. A group functor over a ring
R is a covariant functor

G: g — Yrps
T— G(T)

on the category &/ of R-algebras with values in the category of groups ¥rps. A group scheme
over R is a group functor over R which has special properties, that we need not bother with when
dealing with affine group schemes, to be defined below. They will satisfy them automatically.
For an R-homomorphism ¢ : 7' — S we abbreviate for g € G(T') the image G(¢)(g) by ¢(g).

Here are some examples of group schemes.

The additive group G, with G,(T") = (T, +).

The multiplicative group Gy, with G, (T') = (T,-). Here and in these notes we denote
the group of units in a ring T by T*.

The general linear group GL,, with

GL,(T) = {n x n matrices A with entries in T and det(A) € T*}.
The special linear group SL,, with
SL,(T) ={A € GL,(A) ; det(A) =1}.
The nth roots of unity u, with
pn(T) ={t eT™ ; t" =1}.
When p- R = 0, then we also have the kernel of Frobenius «;, with
ap(T) ={t e (T,+) ; t* =0}.

The constant group scheme: let G be a finite (discrete) group. The associated constant
group scheme G = G over R maps an R-algebra T to the group of partitions of unity
indexed by G:

G(T)={(eg)gec ; g €T, 1= Z eg,  €geh = 0gneg}t,
geG

that is decompositions of 1 € T" into mutually orthogonal idempotents. The group struc-
ture comes from convolution

(eg) - (fg) == ( Z en - fn)g
g=h-h'
with unit
1= (5179)9-

If T is an integral domain, then all e; = 0 except form one. This yields a group homomor-
phism

G(T) =G
in this case. The constant group is more conveniently described by its algebra A =[] s
see below.
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2.2. Affine group schemes. For any category % the functor

¢ — Fun(€, S ets)
X — hx = Homg (X, —)
is contravariant fully faithful. A functor F : ¥ — .Zets isomorphic to Hom(X, —) for an
object X is said to be represented by X and the element fun;y € F(X) corresponding to
idx € Hom(X, X) is the universal element. More precisely, F' is represented by the pair
(X, funiv), which fixes also the isomorphism as a special case of the Yoneda Lemma: We have a
natural identification
F(X)=Hom(hyx, F)
by
fEF(X)— (p: X - T € hx(T) — ¢(f) € F(T))
which holds for any functor F. For F' = hy it shows the assertion of fully faithfulness above.
An affine group scheme over R is a representable group functor G : @/ — ¥rps. So an
affine group scheme over R is given by an R-algebra A as G = h4 and comes endowed with its
universal element gyniv € G(A).
All the examples given in Section §2.1 are in fact affine group schemes. For example, for a
finite discrete group G, we have
G =Hom([[ R,-)
geG
for the constant group functor G over R.

2.3. The Hopf algebra. The pair (A, guniv) only determines G as a functor with values in the
category Zets. What describes its group structure?

Let G = hyg be a group functor on R-algebras. Note that hy x hp : T — Hom(A,T) x
Hom(B,T) is represented by hag,p. By this observation and the Yoneda Lemma we deduce
that
(1) the multiplication G x G — G yields a comultiplication A : A — A Qg A,

(ii)  the unit 1 € G yields a counit map € : A — R, as A — {1} is represented by R, necessarily
surjective;
(iii)  the inverse inv : G — G, g+ g~! yields the antipode S : A — A.

All these maps are R-algebra maps. We leave as an exercise to spell out the various commu-
tative diagrams which encode the laws for multiplication, unit and inverse, namely:
(i)  associativity,

(ii)  being a unit (on both sides),
(iii) being an inverse.

A commutative Hopf algebra over R is by definition an R-algebra A with comultiplication

A, augmentation € and antipode S that make these diagrams commutative.

We work out the example GL,, over Z. It is represented by
A=7Z[Xij; 1 <1, <nl[1/det(X)]

as a functor with values in sets and GL,, obtains its group structure by the following Hopf
algebra structure.

(i)  Comultiplication: let Y; ; (resp. Z; ;) denote the variables in the first (resp. second factor).

AXij) = Yk @ Zy,.
k
(i)  Counit:
e(Xij) = dij-
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(ili)  Antipode: we define (X;;) = (X with 4% row and i*" column omitted) and then the
antipode map is given by
Sij = S(Xij) = (=1)" det(X; ;) - det(X) 1.
Why do these formulas induce a group structure on GL,(7T') for any ring 77 Check well-
definedness of the maps and the axioms for the universal element: the matrix

(X) = (Xi;).
To be well-defined means
A(det(X)) = det(Y) ®det(Z) € (A@r A)*,
e(det(X)) = 1€ AX,
S(det(X)) = det(S)=1/det(X) € A*.
We leave checking the axioms to the reader: associative, unit, inverse. All this may be checked

for the universal matrix and hence in an integral domain or even its quotient field, hence a field,
where this is the topic of a first course in Linear Algebra.

2.3.1. Algebraic affine group schemes. An algebraic affine group scheme over R is an affine
group scheme such that its Hopf algebra is finitely generated as an R-algebra, which means that
‘we have only finitely many coordinates’.

2.3.2. Translation action. For g € G(R) we have the left translation
Ag: G — G,

given on G as functor with values in sets by A¢(T) : G(T') — G(T') mapping for the R-algebra
i:R— T an element t € G(T) to i(g)t € G(T'). The same with right translation

pg 1t ti(g).
There are corresponding automorphisms on the level of representing objects.

2.3.3. Base change. Let R — R’ be a ring homomorphism. Then we have a base change
functor G — G ®r R’ from group functors over R to group functors over R’ by

(Gor R)(T'/R') = G(T'/R),

where we regard the R’-algebra T” as an R-algebra via R — R’ — T’. A handy shorthand
notation for G ® g R’ is G when R is understood from the context.

If G is representable by A then its base change is representable by A’ = A ®r R’ as a Hopf
algebra:

Hompg/ (A®g R, T") = Hompg(A,T").
An example for base change is given by
GL, R ®R R = GLn,R’ .

2.4. Algebraic group schemes in characteristic 0 are reduced. We give the elegant proof
of Oort from | | of the following theorem of Cartier. See also | | Theorem §3.

Theorem 1 (Cartier, Oort). An algebraic group G over a field k of characteristic 0 is reduced.

This means of course in our language that the k-algebra A which represents G is reduced, i.e.,
has trivial nilradical. It follows that G is smooth over k by generic smoothness and homogeneity.

Proof: Step 1: As A C A ®j, k% we may base change to the algebraic closure k8 or assume
that k is algebraically closed to start with.

Step 2: Let N C A be the nilradical. Vanishing N = 0 is by locality of modules and
Nakayama’s Lemma equivalent to N ® 4 A/m = 0 for all maximal ideals m of A. By Hilbert’s
Nullstellensatz, equivalently, N has only to vanish at each k-point in G(k). The translation
by g € G(k) acts transitively on the set of maximal ideals and thus it is sufficient to discuss
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vanishing of N in the localisation Ny, at m = ker(e : A — k) corresponding to the localisation
at 1 € G(k).

Step 3: As Apeq = A/N is a reduced k-algebra of finite type, it is regular at a non-trivial
Zariski-open set of maximal ideals. But G(k) still acts transitive on those maximal ideals of
A/N, hence A,oq is regular everywhere. If N C m?, then in particular we have the inequality

dim(A) = dim(Ayeq) = dimy(m/(m? + N)) = dimy,(m/m?)

showing that A is regular at m as well. A regular ring is an integral domain and thus reduced.
It is therefore enough to know N C m?.

Step 4: Take x € Ny with 2 = 0 but 2"~ # 0 for some n > 2. We consider now the
composite

stAD Aoy A— (A/z" m) @y A/m?.
AsAlz)=z®1+1®z+y with y € m @, m we get

O=s(@")=(s(x))"=2x1l+1x+y)" = (T)x”_l ®z mod 2" 'm ®; m?.

The assumption of characteristic 0 allows us to cancel the binomial coefficient.

Step 5: By Nakayama’s Lemma, 2"~ € 2" 'm would imply "' = 0 in A, contradicting
the assumption on n.

Step 6: Having a vanishing tensor in a tensor product over a field with first factor non-
vanishing, we may conclude that the second factor vanishes: x = 0 in A/m?. As x was arbitrary,
we conclude N C m?, and the proof is complete. O

2.5. Homomorphisms. A homomorphism ¢ : G — H between group functors is a natural
transformation as functors with values in groups. For affine group schemes over R a homomor-
phism corresponds contravariant functorially to an R-algebra homomorphism, which is compat-
ible with the structure of a Hopf algebra in a natural way. The set of all homomorphisms from
G to H is denoted by Hom(G, H).

Proposition 2. The category of affine group schemes over R is contravariant equivalent to the
category of commutative Hopf algebras, with a Hopf algebra A corresponding to the affine group
scheme G = Homp(A, —) that it represents.

Proof: Obvious. O

2.5.1. Kernel. Let ¢ : G — H be a homomorphism of affine group schemes over R represented
by ¢* : A — B. The kernel is the group functor

ker(y) : /g — Yrps
ker(¢)(T) = ker (¢(T) : G(T) — H(T)).

The kernel ker(y) is represented by B ®4 ., R and hence is also an affine group scheme over R.
In more diagrammatic words, the kernel is the following fibre product of group valued functors:

ker(p) —— 1

| iw

G —*% . @

The natural map ker(p) — G is a surjection B — B ®4 R on the level of R-algebras, i.e., a
closed immersion.
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2.5.2. The Frobenius morphism. See | | Chapter 1.9+10. The Frobenius map is a special
feature of positive characteristic, so we have to assume p - R = 0, and we are in characteristic
p > 0. The Frobenius map of an R-algebra A is

FA:A—>A

defined by
a+— Fa(a) = dP.
The base change by Fr : R — R is denoted by A®) = A ®R,Fp R. For an affine R-group scheme

G the base change by Frobenius is G®) = G @ R,Fr . Base change by Frobenius is also called
Frobenius twist. On points we have

GP(R—-T)=GR R—T).

The Frobenius map commutes with any ring homomorphism. We can therefore define the
relative Frobenius as the R-linear map Fy /g : A®P) 5 A by the following diagram

(2.1) A

A A
.
R R

The corresponding map Fg/r : G — G®) for an affine group scheme G is

Fgr

(2.2) G
K
G\P G
]

hRi>hR

In terms of points the relative Frobenius map acts as follows.
Far: G(T) = GP(T) = G(R X% R - 1),

g+ Fr(g),

so Fg/p is a group homomorphism. This also follows from the fact that Frobenius twist, as
a base change preserves products and Frobenius commutes with everything, in particular, the
multiplication map G x G — G of the affine group scheme. If we do a scalar extension — @ R/,
then

(G QR R/)(P) — (G(p)) QR R
and
FG®RR//R’ = (FG/R) ®1d}%

Remember that G ~» G®) raises the coefficients to pth powers, whereas Fg /R raises coordi-
nates to pth powers.
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2.6. Commutative group schemes. A group scheme is commutative if it takes values in the
subcategory of abelian groups «'b.

2.6.1. Sums and differences for homomorphisms into a commutative group scheme. Let , 1) be
homomorphisms from a group scheme G to a commutative group scheme H. Then we can define
@ + 1 (resp. ¢ — ) as the homomorphisms which are given by addition (resp. subtraction) for
each argument 7" € /R, e.g.,

(e +)T) = o(T) +¢(T) : G(T') = H(T).

For an affine group scheme G represented by A and a commutative affine group scheme
represented by B the corresponding map on Hopf algebras is given by

ot BABorB Y AopA— A

and

o—t: BABorB Y% BopB Y AopA A

where A ® g A — A is the multiplication map of the R-algebra A. Clearly, for H commutative,
the set

Hom(G, H)
has thus been equipped with the structure of an abelian group functorially in both arguments.
The 0 morphism is given by

BS5R— A

on the level of Hopf algebras.

2.7. Products and coproducts. The product of two affine group schemes is again an affine
group scheme. On the level of Hopf algebras, this is given simply by the tensor product and for
merely functors to .”ets this was discussed above.

So we have projection maps pr, : G1 X G2 = G, and inclusion maps iy : Go = G1 X Ga.
When the G, are commutative, so is their product. Since then

11 pry +i2 pry = id

the usual abstract nonsense allows to give the categorical product also the structure of a cate-
gorical sum.

Proposition 3. The category of commutative affine group schemes forms an additive category.

2.8. Failure of the naive cokernel. The naive cokernel of a map ¢ : G — H of commutative
group schemes is the group functor

T H(T)/p(G(T))

The naive cokernel is rarely representable, even in situations which are far from pathological.
For example, the map n- : Gy, — Gy, which raises units to their nth power. If the element of
the naive cokernel u € T /(T*)" = G (T)/nGn (T) is nontrivial, then it becomes trivial when
mapped via

T—T =T[V]/(V" —u)
as V € Gy (T") is an nth root of u. If the naive cokernel functor ¢ were representable, then we
would have
(T) = %(1"),
a contradiction.

The solution to this failure comes by relaxing the notion of surjectivity by the introduction
of the fpqc-topology, a Grothendieck topology on o/r to be discussed in Section §6.
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3. FINITE FLAT GROUP SCHEMES

References: [ 183, [ ]

3.1. Examples of finite flat group schemes. A finite flat group scheme G over R is an
affine group scheme, represented by a finite flat R-algebra A. The order of G is the locally
constant function #G with respect to the Zariski topology on Spec(R) = {prime ideals of R}
given at p by the rank of the free R, module A,.

Here are some examples.

(1) The group p, is represented by R[X]/(X™ — 1) with
AX)=X®X, ¢X)=1, SX)=Xx"1

Thus py, is finite flat of order n. In fact, the representing algebra is even a free R-module
of rank n.

(2) The constant group scheme G is represented by [ ] geat and hence finite flat of order the
order of G.

(3) In characteristic p > 0 the affine group scheme «, is represented by R[X]/(X? = 0) with

AX)=X®1+10X, &X)=0, S(X)=-X.

Hence «, is finite flat of order p.

(4) An isogeny is a group homomorphism ¢ : G — H which corresponds to a finite flat map
©* 1 A — B of the corresponding representing R-algebras. The kernel of an isogeny is a
finite flat group scheme, as B ® 4 R is finite and flat over R by the preservation of the
properties finite and flat under base change.

3.2. Cartier duality. Let G be a finite flat group scheme over R represented by A. The R-
algebra A is a commutative Hopf algebra with multiplication y: A®r A — A, unit n: R — A,
comultiplication A : A - A®pg A, counit € : A — R, and antipode S : A — A satisfying various
compatibility conditions.

Let AV = Homp(A, R) be the R-linear dual of A. Using the canonical identification RV = R
and (A@r A)Y = AV ®@r A" we find on the dual again the structure of a Hopf algebra over R
with

pav = (Aa)Y,
nav = (ea),
Agv = (pa),
eav = (na)Y,
Sav = (SA)V

Clearly, this dual Hopf algebra is cocommutative and it is moreover commutative if and only
if A was cocommutative, or what amounts to the same, G is a commutative finite flat group
scheme over R.

The Cartier dual of a finite flat commutative group scheme G represented by A is the finite
flat commutative group scheme group scheme GP represented by the dual Hopf algebra AY. The
following is obvious from the definition.

Proposition 4. A commutative finite flat group scheme is canonically isomorphic to its double
Cartier dual. Cartier duality is a contravariant involutory autoequivalence of the category of
finite flat commutative group schemes over R.
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3.2.1. The constant group scheme revisited. Let E be a finite set and consider the associated
functor Ep : @/ — Sets represented by [[..pR. For an arbitrary representable functor
hp : r — Sets we have

(3.1) Hom(E g, hp) = Homg(B, [[ R) = || Homg(B, R) = Homyes(E, hp(R)),
eeE eEFR

so the covariant functor E — Ep from .“ets to set-valued representable functors @/r — .Zets
is left-adjoint to the functor evaluation at R. Hence E — Ep preserves finite colimits. But we
need products, which are luckily preserved by

(3.2) II 2=(]IR e=(]]R):
(e,f)EEXF eck feF

For a finite group G we thus get a finite affine group scheme Gp with underlying Hopf algebra
A =]],eq R =Maps(G, R). Let e; € A denote the map which has value 1 at g and 0 elsewhere.
The coproduct maps A(eg) =) 7" =g €g' @ €g, the counit £ evaluates at 1 € G and the antipode
does S(ey) = e,-1. The R-dual of A becomes the group algebra AY = Hompg(A, R) = R[G] with
g € R[G] being the dual basis element to e, € Maps(G, R), so g € R[G] is evaluation at g on
Maps(G, R). We have

(3.3) Alg)=g®yg, elg)=1, Sl =g"

3.2.2. Some formulas for Cartier duality. Let G be a finite flat group scheme over R. The
functor of points for the Cartier dual GP is

(3.4) GP(T) = Homp (G @r T, Gmr),

which means that the inner Hom

Hom(G,Gy,)
is representable by a finite flat group scheme, namely the Cartier dual. Indeed, a g € GP(T) is
an R-algebra morphism g : AY — T i.e.,

AV®RA\/LA\/

o |

ToprT LT,

hence an element ¢ € A ®p T, such that (A ® idr)(9) = ¢ ®7r g in (A ®r A) ®r T. That
g: AV — T respects 1 yields g(14v) = 17, i.e.,

(e ®idr)(g) = 1.
Moreover, g € A®pg T is a unit as
(3.5) g+ (S®idr)(g) = po (ida®S ®@idr)g ®r g
= po(idg®@S®idr) o (A®idr)(9) = (14 ®@idr) o (e ®idr)(g) = 1.
So g can also be interpreted as a T-map
TIX,X '] - A®pT
that sends X +— ¢ and commutes with A and ¢ as the corresponding maps for Gy, are
AX)=X®X, ¢X)=1,

and (3.4) follows.
We can write (3.4) as a functorial pairing G(T) x GP(T) — Gu(T), so a pairing of affine
group schemes

(3.6) G x GP = Gy,
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which is perfect by the above in the sense that the natural adjoint maps from one side into the
€ om with values in Gy, of the other side are isomorphisms. The achieved symmetry between
G and its dual GP shows again, that G is canonically isomorphic to its double Cartier dual.
The pairing map (3.6) is given by the map
RIX,X Y= A®r AY
which sends X to the identity element id4 € Endg(A) = A®@gr AY.
We may want to use (3.4) applied to GP and get a description

(3.7) G(T)={9c A" @rT; n'(9) =9®rg, n'(g) =1}

Here G(T) lies even in the units of AY ®g T by (3.5) and the map G(T) — AY ®g T is a group
homomorphism.

g-h=pulg@h)A:A—-T
corresponds exactly to the product in AY @ T of the corresponding elements g,h € AY @ T.
3.2.3. Examples for Cartier duality. We compute the Cartier dual for the three typical examples
of order p.

(1) The Cartier dual of the constant group scheme G = Z/nZ R 18 [in,R, because in
GP = %ﬂom(Z/nZR,Gm)

the image of 1 € Z/nZ I is mapped to an nth root of unity. In terms of algebras, we have
that G is given by the group algebra R[Z/nZ] = R[X]/(X"™ — 1) and comultiplication,
counit and antipode

AX)=X®X, ¢X)=1, SX)=Xx"1

This Hopf algebra represents i, g.
(2) It follows that the Cartier dual of p, g is Z/nZR.
(3) The Cartier dual of «, is a;. Namely, «,, is represented by R[X]/(X? = 0) with

AX)=X®1+1®X, X)=0 SX)=-X.
The dual algebra has a basis Y; dual to the basis X? for 0 < i < p. The multiplication is

given by
p—1 p—1
Yi-v; =) AYieY) XMy, =) VeV (AX")%
k=0 k=0
_ = V.Y, k X% Xt |y, = (H;])Y;-H ifi+j<p,
_kzzoi® J aJ%;k(a) ® k_{O else.

Consequently, with Y = Y; we have AY = R[Y]/(Y? = 0). Moreover,

AY) =) p/MX @ XY, 0V, => V(XY 0,=Y®l+1Y,
a,b a,b

p—1
SY) =) SY(W)(X)Y; =Y (S(X))Y =Y (-X)Y = -,
=0

and indeed, the Cartier dual of «, is again «,,. The pairing map a, x a;, — Gy, is given by
the truncated exponential, not a surprise as we map an additive group into a multiplicative
group, namely

R[U, U] — R[X]/(X?) ®r R[Y]/(Y?)
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p—1
1
U exp(XQY) :ZJX“@)Y“
a=0

because the dual to X® is Y, = %Y“.

Corollary 5. For a ring R with p- R = 0 the group schemes Z/pZR, Hp,r and o, g are mutually
non-isomorphic.

Proof: We may take a fibre in a point and replace R by a field of characteristic p. Then if G
is one of Z/pZ, p, or oy, and GP its Cartier dual, then

G =17/pZ if G isreduced and GP non-reduced,
G=p, if GP is reduced and G non-reduced,

G=q, if Gand GP are non-reduced.

3.3. The order kills the group [after Deligne].

Theorem 6. Let G be a finite flat commutative group scheme over R of order n. Then n kills
G, i.e., the multiplication by n map n-: G = G is the zero map.

We present the proof found by Deligne, see | | §1, apparently in the bus on his way to
service in the Belgian army.

3.3.1. The norm map. Let B — C be a finite flat map of constant rank. The norm map
N : C — B is the multiplicative map given by sending ¢ € C' to the determinant N(c) = detp(A.)
relative B of the left multiplication by ¢ on C' as a B-module. This definition makes sense,
whenever C' is in fact a free B-module of finite rank, which locally on B is the case. The
local norms obtained in such a way glue to define the global norm. Alternative: the B-module
endomorphism A, : C' — C induces an endomorphism detg(\.) : detg C — detp C, but detp C
is an invertible B-module and thus has only the scalars B as endomorphisms. This again defines
the norm.

3.3.2. The trace map. Let G be a finite flat commutative group scheme over R represented by
A, and let f: B — C be a finite flat map of constant rank of R-algebras. The diagram

(3.8) G(C) —— AV @rC
v J/N

G(B) o~ AV ®r B

defines a unique trace map homomorphism

(3.9) try: G(C) = G(B).

Indeed, we calculate

p'(N(g)) = p’'( det (g-: AY®rC — AY @5 C))
AV@RrB

= det (u(9):AY®AY®@rC - AY® AV @5 C)

AVQAY®RB
= AV @AY AV @ AY
Av@c}‘%w(g ®c g RAYQrC — A" @ AY @ C)
_ LAV % Y %
= (A%SIEB(Q AV @rC = A ®RC)) ®B(A\g(§,t{B(g AV RrC — A ®RC’))

= N(g) ®B N(g)
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and
n'(N(g)) = n'( det (g-:AY®@rC— A ®rC))
AV®rB

= det(n“(9)-: C = C)

= dgt(l':C—>C’) = 1
It follows directly from the definition that the composition
(3.10) aB) L ae) s amB)

is multiplication by the rank of C' as a B-module:
(3.11) tr(f(u) = /D)

for w € G(B). Furthermore, if we compose with a B-automorphism = : C' — C, then the trace
does not change: for u € G(C)

(3.12) trp(y(uw) = try(u),

because left multiplication by u and by v(u) = (1 ® v)(u) are conjugate to each other by means
of 1®~:

(3.13) AV @RC —“= AV @R C

il@'y \L1®’y

A epc 2 Avenc

3.3.3. The proof. The proof of Theorem 6 is now fairly easy. Let n be the order of G. We take
f:B — Ctoben: R — A and pick u € G(R) arbitrary. The universal element gpiy is
idg € G(A). The R-automorphism left translation by u

(3.14) Aot A Aop A Y29 A
equals
(3.15) D) - Guniv - A2 Ap A I fgp At 4,

hence in G(R) we have

(3'16) u” - try, (guniv) = trn(n(u)) “try (guniv) = try (n(u) : guniv) = tr??()‘U(guniv)) = try, (guniv)
and cancelling tr, (guniv) yields
u" = 1.
As the order is preserved under base change we can argue in exactly the same manner for the
base change of G to A and the special choice of

U= guniv € G ®r A(A)
which shows that
gﬁniv =1
in G(A) = G ®r A(A). And we are done, as it is clearly sufficient to show that the universal
element is killed by the order of the group.

Remark 7. The result of Theorem 6 is conjectured in SGA 3 to hold also for non-commutative
finite flat groups. This is known over a reduced base from the case of fields. The best known
result over a general base is due to Schoof and can be found in | |.
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4. GROTHENDIECK TOPOLOGIES
References: | ]

4.1. Sheaves for Grothendieck topologies.

4.1.1. Grothendieck topology. A Grothendieck topology on a category %, that for simplicity
we assume has a final object and fibre products, is a collection of coverings Covx for each
object X € ¥, i.e., a collection of families of maps

{ja :Ua — X; a € A}
from % subject to the following list of axioms.
Intersection: If Y — X is a map in ¢ and {j, : Uy — X; a € A} a covering of X, then
the family of fibre products {j, x id: Uy xx Y = Y; a € A} is a covering of Y.

Composition: If {j, : Uy, — X; a € A} is a covering of X and for each o € A we have
coverings {ja,i : Uai = Ua; @ € I} then the composites

{ja°Jai:Uni — X; a€ Ajiel,}

form again a covering of X.
Isomorphism: The family {j : X’ — X} consisting of just one isomorphism is a covering.

For the basic example take a topological space X and form the category Off x of all open subsets
with only inclusions as morphisms. A covering is a collection of inclusions j, : U, — V of opens
such that the union |J, U, equals V. The axioms are modelled on this example and preserve
everything what is necessary for a good theory of sheaves.

4.1.2. Presheaves. The category of presheaves PShv (%, #ets) with values in sets on a category
% is the category of contravariant functors . : € — .ets with values in sets.

The category of presheaves PShv(%) with values in abelian groups on a category € is the
category of contravariant functors .% : € — /b with values in abelian groups.

Variants with other target categories are evident. If the target category is abelian, then the
category of presheaves is abelian as well: kernel and cokernel as presheaves are determined
‘pointwise’, namely for a map ¢ : F — ¥4 of presheaves we have

ker(o)(U) = ker (o : F(U) = 4(U)),
coker(p)(U) = coker (¢p : Z(U) = 4 (U)).

4.1.3. Sheaves. Let € be a category equipped with a Grothendieck topology 7. For a covering
{ja : Uy = U; a € A} of 7 and a presheaf .# on € we may look at the diagram

F (o) Z (pry)
(4.1) FU) — [[,7U) —_ Haﬁﬁ(Ua xy Ug),
Z(pra)

which encodes the sheaf property with respect to the chosen covering. We say that .% satisfies
the sheaf property for {j, : Uy — U; a € A} if (4.1) is exact in the sense that .# (U) via .Z (ja)
is identified with the coequalizer of the two maps denoted .# (pr;) and .# (pry). For presheaves
with values in abelian groups (or abelian categories) this amounts to

(4.2) 0— 7 (U) 2L ] #(U,) Z2ZC T 20, xp Up)
a a,f

being an exact sequence. The category of sheaves Shv(%7,.”ets) with values in sets (resp.
Shv (% 7) with values in abelian groups) on a category ¢ with respect to a Grothendieck topology
T is the full subcategory of those presheaves # € PShv(%,.%ets) with values in sets (resp.
presheaves .# € PShv(%’) with values in abelian groups) on % such that for all coverings in .7
the sheaf property holds for 7.
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4.2. Cech-cohomology. Let X be an object of a category € endowed with a Grothendieck
topology .7 and family of coverings Covx. A refinement of a covering {j, : Uy, — X; a € A}
by a covering {jg : Vs — X; B € B} consists of a map ¢ : B — A and maps pg : Vi — U,
compatible with the maps jg, j,(g) to X. The notion of refinement makes Covx a category.

The functor 0-th éech—cohomology on the category of presheaves on € with values in abelian
groups is defined as

HO(X, 7) = liny ker | [[ (V) 22070, ] 2 (U, xx Up)

Covx e o,B

Note that the functor depends on the topology 7 without being mentioned in the notation. The
transfer map % (¢) along a refinement ¢ with notation as above is induced by the commutative
diagram

F(pr1)—7 (pra)

Hﬁ(Ua) H F (Uay Xx Uq,)

aq,02

iff(saa) iﬁ(soms%)

| EA\D); o) ) [T 7 (Vs xx Va,).
a B1,B2

Proposition 8. The functor FIO(X, —) : PShv(€) — /b is left exact.

Proof: The only problem comes from the fact that the index category Covx of coverings with
refinement is not filtered and thus the left exactness of the functors ligcovx is obscured.

Let ¢, be two refinements from the covering {j, : Uy — X; a € A} to the covering
{jg: Vs = X; B € B}. For (s4) from

ker | ]2 (Ua) 22200, TT (U, xx Us)

o a?IB

we compute the difference of the 8 component of the induced transfer maps as

F(Q)(50)) 5 — F W) (50)) 5 = F(05)(5,8)) — F () (s50(5))

= F(0p,%8) (F (pr1) — F (pr3)) (8a)) = 0
via the detour of .7 (U, z) xx Uy(g)). Consequently, any two refinements between the same

coverings define the same transfer map.
Therefore, the limit hﬂ Covy CAL be computed as a limit over the filtered category of Covx with

unique map whenever there exist a refinement. As two coverings have a common refinement by
exploiting the fibre product, the new category is clearly filtered. We conclude that the ligcoV
X

from the definition of II° (X, —) is indeed exact which proves the proposition. O

For X € ¢ and an abelian group A we define the presheaf A;; by
A= ] A
Home (U,V)
The functor A — Ay is right adjoint
(4.3) Hom,,(# (U), A) = Hompgpy(¢)(F, Ayy)
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(p: 7)) > A)— |z 22 [ 4
j€Hom (U,V) %
to the exact functor of evaluating at U, hence preserves injective objects.

Proposition 9. The category PShv (%) has enough injective objects.

Proof: The category of abelian groups has enough injective objects. We choose for each U € ¥
an injection .# (U) — I(U) into an injective abelian group. The adjointness of (4.3) defines a
map

F -7 :=1]1U),
U

which is clearly injective. The presheaf .# is injective by the above adjointness and the fact that
being injective is inherited in arbitrary products. O

‘We may thus derive the functor I:IO(X, —). The higher derived functors are denoted by

HZ(X ,—) and form the cohomological §-functor of éech—cohomology of presheaves with values
in abelian groups.

4.2.1. Sheafification. We sheafify I:IO(X, —) to the functor #° : PShv — PShv of sheafified
0-th Cech-cohomology by
A(F)U) =1 (U, )
with restriction maps induced from the restriction maps of %. If .% is a sheaf, then the natural
map .# — H#°(F) is an isomorphism.
A separated presheaf is a sheaf such that for every covering {j, : Uy — U; a € A} the map

7(0) 294 T] 2 a)

is injective.
Lemma 10. (1) Let . be a presheaf. Then {“ibo(ﬁ) is a separated presheaf.
(2) Let F be a separated presheaf. Then H#°(.F) is a sheaf.
Proof: (1) Let
{Ja: Uy = U; a € A}
be a covering, and let

s € ANF\U) =1 (U, F)

[[7°F H 1 (Ua, 7).
«
This means that each U, has a covering
{ja,i : Ua,i — Ua? 1€ Ia},

such that s restricts to 0 in each .# (U,,;). The composed covering

map to 0 in

{ja0Jai:Uni—=U; acAjiecl,}
is therefore fine enough to kill s in the limit that defines ﬁO(U, 7). Hence s vanishes itself
proving part (1).

For (2) we only have to prove exactness in the middle of (4.2), as (1) describes exactness on
the left. Let s, € ﬂO(Ua, #) be a compatible family of sections given through s, ; € % (Uy,;) for
coverings {ja,i : Ua,i = Uy; @ € I, }. Being compatible means that the images of .% (pry)(say i)
and .7 (pry)(Sas,i,) agree in I:IO(UOQ,Z-1 XU Ung g, # ), and thus, by .%# being separated, already
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in . (Ua, iy XU Uas,ip). The datum of all s, ; forms a compatible collection of sections for the
composite covering

{ja 0 Jay: Ua,i —=U; a€Ajie Ia}

and thus an element s in HO(U ,#). The element s restricts to so. Indeed, this can be checked
by restricting to the covering {ja,; : Un,i — Ua; i@ € 1o}, because % is separated. This shows
the sheaf property for J#°(.%). O
Theorem 11. (1) The functor sheafification
(=)# : PShv(%) — Shv(€7)
defined by
FH = )
is a left adjoint for the inclusion functori : Shv(€z) — PShv(¥), and (i(F))* = .F canonically
for each sheaf F .
(2) The category Shv(€7) is an abelian category.

(8) The functor sheafification F — F7 is exact.
(4) The category Shv(€) has enough injective objects.

Proof: (1) By Lemma 10, the functor (—)# is well defined. For a presheaf .# the natural map
F — HNF) = A (ANF)) = F*
defines for a sheaf ¢ a natural bijection
Homgpy (¢, ) (F*,9) = Hompgpy () (F,9).

(2) The presheaf kernel of a map of sheaves ¢ : F — ¢ is already a sheaf and thus satisfies
the property of a kernel also for the subcategory of sheaves. The cokernel is given by

coker(p) = (U = 4(U))Z (U))*

the sheafification of the presheaf cokernel, as can be seen by the adjointness in (1). The map
[ coim(p) — im(p)

has trivial kernel and cokernel. Hence for each U € ¥ the map

f(U) : coim(p)(U) — im(p)(U)
is injective.

We will now show that f(U) is even bijective. For s € im(p)(U) there is a covering
{ja :Ua = U; a € A},
such that the restrictions sq = ¥4 (ja)(s) lift to
ta € coim(p)(Uy).

The various t, are compatible, because the difference of restrictions of the t,’s being 0 can be
checked after applying the injective map f, hence it follows from the compatibility of the s,’s.
Therefore the sections t,, glue to an element ¢ € coim(y)(U) which maps to s because it does so
after restriction to the given covering. Hence the map coim(y) — im(¢p) is an isomorphims.

(3) As a left adjoint functor, sheafification is right exact. That (—)# preserves kernels is the
content of Proposition 8.

(4) The existence of enough injective objects follows from delicate set-theoretic considerations
relying on three properties that the abelian category Shv(%’#) has: existence of arbitrary direct
sums over arbitrary index sets (AB3), direct limits of filtered direct systems of subobjects exist
and are subobjects again (AB5), and the existence of a (set of) generators, see | | I.1.10. O
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5. fpqc SHEAVES

We now turn our attention towards the relevant example of a Grothendieck topology for the
theory of finite flat group schemes.

5.1. fpqc topology. We work on the category Affg of affine R-schemes which for us by defi-
nition is the opposite category %Igpp to the category of R-algebras. Our group functors on @7
have thus become presheaves with values in ¥rps on Affp.

An fpqc (fidélement plat quasi-compact) covering of an R-algebra T is given by a finite
family j; : T' — T; for ¢ € I with T; being a flat T-algebra via j; for all ¢ € I and such that a
T-module M vanishes if and only if M; = M ®¢ T; vanishes for all 7 € I. The latter is equivalent
to the map [, Spec(7;) — Spec(T") being faithfully flat, or equivalently flat and surjective.

The category Affg together with fpqc coverings forms a Grothendieck topology, because
flatness and surjectivity are preserved by fibre products and composition. We denote the category
of sheaves on Aff g with respect to the fpqc topology by

Shv (Repqe)-

5.2. Representable presheaves are sheaves. Let % = Hompg(A,—) be a representable
presheaf. As Z([[;Ti) = [[, #(T;) we may replace each covering as above by the covering
T — T = [[; T; which has only one index, but still describe the same sheaf property for
representable presheaves.

Theorem 12. Representable presheaves in PShv(Affg, Sets) are sheaves with respect to the
fpgc topology.

Proof: Let # = Homp(A, —) be a representable presheaf. The sheaf property is equivalent
to the exactness in .#ets of

pry
(5.1) Homp(A,T) —— Homp(A,T") Homp(A,T' @7 T")
pra

for each fpqc covering T'— T’. This follows from the exactness of the Amitsur complex in low
degrees as explained in Proposition 13 below. O

Let B be an A-algebra. The Amitsur complex of A — B is
0>A—+B>B®sB—..BRs..9aB5B®s...04B...

gt 1 q+2
with
q+1 ‘
A(bo @ ... 2 by) :Z(—1)1b0®...®bi_1®1®bi®...®bq.
=0

Proposition 13. The Amitsur complex for a faithfully flat map A — B is exact.

Proof: Exactness may be checked after a faithfully flat base change. If we base change by
A — B itself we encounter that B — B® 4 B admits a retraction B4 B — B via multiplication.
So we have reduced to the case where A — B has a retraction r : B — A to begin with.

The retraction allows us to write down the following homotopy

T'q:B®A...®AB—>B®A...®AB
qurl q
rq(bo @ ... ®bg) =7(by) @1 ® ... ® by

and we compute
T‘q+1a + 37“q =id
so that the identity is null-homotopic, hence the complex is acyclic. U



p-divisible groups 19

5.3. Embedding of affine group schemes in fpqc sheaves. The obvious embedding of
the category of affine group schemes over R to the category of fpqc sheaves on R with values in
abelian groups is compatible with kernel, sums and is fully faithful. This gives us the opportunity
to define a reasonable cokernel, namely the sheaf cokernel in Shv(Rfpqc). The natural question
arises: Is this fpqc sheaf cokernel representable? In this case the representing object would also
be a cokernel in the category of affine group schemes over R.

5.4. fpqc descent. References: | | Exp VI.
Theorem 14. A sheaf F € Shv(Rppqe, L ets) which is representable locally in the fpgc topology
18 representable.

Proof: Let R — R’ be fpqc such that % | g as a sheaf in ShV(Rl’cqu, Fets) is representable by
an R’-algebra B together with the universal element b € % (B). For each fpqc map f: R’ — S
the restriction .#|g is then represented by B ®p/ S and the universal element

(idp ©f)(b) € F(B o 5).
Let R” = R’ ®p R’ with inclusions pr; : R' — R”, dito R” = R’ ® g R’ ® g R’ with inclusions
r; : R — R" and pr;; : R" — R". The restriction .7|gr» via pr; is represented by C; =
B @R/, R and a universal element

¢ = (idp ®pr;)(b) € F(Cy).

We get R” isomorphisms
which yields an isomorphism

Let ¢;; be the base change
prij (QO) . B ®R’,prj Rm = 02 ®R"7Prij R/// — Cl ®R//7prz‘j R/,/ = B ®R’,pri R///'
It satisfies the cocycle condition

P12 © P23 = P13
which is short for the following correct commutative diagram.

(52) hCl@R”,pr23 R = hB@R’,prQ R = hCQ@R”,pr12R/“
023 Cc1 b Cc2
/ ~. P P
CQ@R” prag 1 / 4 |Rm \ Cl®R// wrip
hB®R/ R/// = hc2®R// pr13 op13 hcl®R” pry R/// — hB@R’ R/N

The pair (B, ¢) which satisfies the cocycle condition (5.2) is called a descent datum for algebras
relative R — R’. From Theorem 15 below we conclude that there is an R-algebra A with
B=A®rR and ¢ =idy ®idrr. So A — B is fpqc and the sheaf property gives us an exact
sequence of sets

pry

F(A) —= F(B) — = F(ArR").

E—
pr3

As b € #(B) maps to
Z(pry)(b) = c1 = ca 0 p = ¢z = F (pry)(b),
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the element b descends uniquely to an a € #(A), hence a map a : hy — %#. This map a
becomes the isomorphism b : B — 7 |r/ when restricted to Shv(Rj,.,-”ets). Hence the map
a is an isomorphism already, as being an isomorphism for sheaves can be checked locally in the
respective topology. Indeed, take a map .% — ¢ of sheaves that locally is an isomorphism, then

T = HNF) S ANG) =9,
because t%bo(—) only depends on the input locally. O

Theorem 15. Any descent datum (B, ) for algebras relative an fpgec map R — R’ is canonically
isomorphic to (A ®p R',idg ® idgr) for an R-algebra A.

Proof: Recall that the map ¢ is an R”-isomorphism
@ B ®R’,pr2 R'" = B ®R’,pr1 RN,
that satisfies p12 © w23 = @13 in the sense of (5.2) above, namely

®13

&y

"
B ®Rl7pr2 R

(53) B ®R’,pr3 R B ®R’,pr1 R

commutes. We define
A ={be B; pri(b) = ¢(pra(b))},
which is an R-subalgebra of the R’-algebra B, that sits in the commutative diagram

idg ® pry —ida ® pry

(5.4) 0 A A@p R Aop R
\L: \La@’r’l—mr’ \L
0 A B pr; —@popry B ®R’,pr1 R".

The commutativity of the right scale follows from the calculation:
a®@r = a®r @1 a@p pri(r) = ar’ @r 1 = pry(ar’)

a®@r = a®1@1r = a®@p pry(r') = p(prya)) pra(r’) = (pra(a) pra(r')) = ¢(pra(ar’)).
The second row is exact by definition of A and the first row is exact by Proposition 13 being
the A ®g — of the Amitsur complex of R — R’ in low degrees.

We claim, that the vertical maps in (5.4) are isomorphisms. For this we may perform an fpqc
base change, which preserves the exactness of the bottom row and thus the definition of A. We
may therefore assume without loss of generality that R — R’ admits a retraction p: R’ — R.

Once we have proven the claim, the rest of the theorem follows as B = A ®g R’ and the
glueing map ¢ transforms into the identity by the commutativity of the following diagram.

id

A ®R R/l A ®R Rl/

\ !

1 ¥ i
B ®R/7pr2 R B ®R/7pr1 R

Indeed, for all @ € A and r” € R” we compute by the definition of A that
pla@r”) = p(pry(a)) @ r" = pri(a) @ 1" =a@1r".
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From now on we assume that we have a retraction p : R" — R. The map ¢ when base changed
via id ®p : R” — R’ yields an R’-isomorphism

id ®p(p)
Y : (B®pr,R)®R R =B @R’ (id @p)opr, R aLaH

B ®pr (id 9p)opr, R = B.
We set A:= B® r,p It and get a commutative diagram with exact rows by Proposition 13.

idg@prl—idg®pr2

(5.5) 0 A A®gr R A®rR'
v Z\L@b %\Lprl (Qﬁ):’t/)@)idR//
0 A B pr; —popry B ®R’,pr1 R"

The commutativity of the right scale follows from the trivial equation
¥ @ idgr o(id ; ©pry) = pry ot
and the less trivial equation
pry(¢) o (id ; ® pry) = ¢ 0 pry ot

which we obtain by base changing (5.3) via p3 = id®id®p : R” — R”. It is only here that the
cocycle condition on the gluing isomorphism plays a role. Indeed, we get

A op R id ; ® pry i ®p R" pr (¥)

B QR pr, R
I
> (B®g pr, R") @pon py R

©
p3(p13)

¥ (B @R pry R"™) @ py R =

pry B ®p pr, R
ps(@m I p3(p12)

(B ®R’,pr2 Rm) ®R”’,p3 R/,,

using
p3opryz =pryo(id®p), psoprip =idrs, p3oprog = pryo(id®p).
We conclude that canonically A = A and that (5.5) is identical to diagram (5.4) showing that

in the latter the vertical maps are isomorphisms. This proves the claim and the theorem. O

Corollary 16. Let R — R’ be an fpgc map. The base change functor — @g R’ describes an
equivalence of categories between the category of R-algebras and the category of descent data
relative R — R’ for algebras.

Proof: Theorem 15 shows that the functor is essentially surjective. Being fully faithful follows
from the Amitsur complex:

(5.6) 0 Ay Al ®r R P 7 P2 Al ®r R"
|7 |r fpri(®
0 As As QR R Ph TP As ®R R".

An R-linear f corresponds via F' = f ® idg uniquely to an R'-linear F that commutes with the
descent glueing map, which here means that pr;(F') = pry(F), thus pr;(F) o pryg = pryoF. [
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Corollary 16 allows to construct algebras or more generally modules locally for the fpqc
topology. This justifies to consider the fpqc topology for Aff g, because we are used to exploit-
ing a topology for local constructions. Hence whenever local constructions are possible in a
Grothendieck topology, we should be ok with our usual intuition of a topology.

6. QUOTIENTS BY FINITE FLAT GROUP ACTIONS

References: [ [ ]

6.1. Quotients by finite flat equivalence relations. We work in the category of sheaves on
Aff p with respect to the fpqc topology.

6.1.1. Equivalence relations. An equivalence relation on a sheaf of sets X € Shv(Rgpqc, L ets)
is a sheaf of sets I' € Shv(Rgpqc, - ets) together with an inclusion I' € X x g X, such that for
each T' € /R the set I'(T) in X (T') x X(T) is a graph of an equivalence relation on X (7). This
can be encoded in a list of axioms for I' as follows.
(i)  reflexive: the diagonal A : X — X xp X factors over I'.
(i)  symmetric: we have 7(I') = T" where 7 : X xp X — X X X is the involution which flips
the factors.

(iii)  tramsitive: the map pryg: I' Xpr, x pr, I' = X xpg X factors over I

A strict equivalence relation is an equivalence relation I' C X xp X for a representable

sheaf X = Homp(B, —) with a representable graph I' = Hompg(C, —) such that the induced map
B ®pr B —» C is surjective.

6.1.2. Quotients. The quotient sheaf ¥ = X/I' of an equivalence relation I' C X xp X is
defined as the sheaf associated to the naive quotient

T X(T)/T(T).

By the universal property of the sheafification, the quotient X/I" indeed has the property of a
categorical quotient:

Homgn (X/T,.7)={f: X = .%; fopry=fopry:I' = F}
An effective quotient is a quotient as above which moreover satisfies that the natural map
I' = X XX/F X

is an isomorphism.

6.1.3. Finite flat equivalence relation. A finite flat equivalence relation is a strict equivalence
relation

F:HOHIR(C,—) CX xpX

with X = Homp(B, —) such that the induced maps pr; : B — C are finite and flat for i =1, 2.
In fact, it suffices to know that one projection is finite flat as the other is isomorphic to the first
one via property (ii) and the twist 7.

An R-scheme of finite type is a contravariant functor &/r — .#ets which is representable
by a finitely generated R-algebra.

Theorem 17 (Grothendieck). Let R be a Noetherian ring (as always). The fpgc-quotient sheaf
of an affine R-scheme of finite type X by a finite flat equivalence relation I' C X xp X is
representable by an affine R-scheme Y = X/T" of finite type.

The map X — 'Y 1is finite and faithfully flat and the quotient is effective:

I'=Xxy X CX xpX.
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Proof: Let X be represented by the R-algebra B, and let ' be represented by the R-algebra
C. Then by assumption B®pg B — C is surjective and the induced maps pr,; : B — C' are finite
flat. The proof proceeds in several steps.

Step 1: The candidate. We define the R-subalgebra

A ={a € B; pri(a) =pry(a)}
and the problem essentially is to find enough elements in A. The trick: coefficients of charac-
teristic polynomials.
We consider the following commutative diagram

pry
(6.1) B C
pro
J(prz \Lpr23
pry _Phz
B — C 5 R C®pr1,B,pr1 Ca
T13

where both scales on the right are cocartesian. The maps together with their notation is best
understood by giving the effect on T-valued points described as subsets of T-valued points of
powers of X:

pry
(6.2) to or t3 (tz,tg,)
pT2
jpfz ﬁpr%
pry &{
t1 =— (t1,t2) or (t1,13) —_ (t1,t2,t3).
PT13

As the maps pr; : B — C are finite flat, we conclude that also the maps pr;; : €' — C®py, B pr, C
are finite flat.

We regard C' as a finite flat B-module via pry. For b € B, the characteristic polynomial of
multiplication by pr;(b) on C is given by the norm map for the finite flat map

pra[A] 1 B[A] — C[A]
of polynomial rings as the following element
P(X\) = det (A-id—pri(b)) € B[
pra[A]
From the base change compatibility of the norm map we deduce that when we map with pr; [A]
or pry[A] to C[A] we obtain the same polynomial

(6.3) pri(det (A-id—pri(b))) = det (A-id—prioopry(b))
pra[A] proz[Al

= det (\-id—prygopri(b)) = pro( det (A-id—pry(D))).
Prog[A] pra[A]

Consequently, the polynomial P()) has coefficients in A.
Step 2: B is integral over A. By the Cayley—Hamilton Theorem, the evaluation of P()\) in
A = pr;(b) vanishes in C' C Endp(C), where C has the B-module structure via pry. Hence

0= (*"2P)(pry (b)) = (" P)(pry(b)) = pry(P(b)),

and thus P(b) = 0, because pr; : B — C is injective. As P € A[)] is monic we deduce that
A — B is an integral extension, where each element of B satisfies an integral equation of degree
< rkp(C). In particular, B is a finite A-module, as it is finitely generated as an R-algebra. It
is proven later in step 7 that rkp(C) is constant.

Step 8: A is of finite type over R and thus Noetherian. This follows from a general lemma
due to Artin—Tate. The argument is as follows. Let Ay C A C B be the finitely generated R-
subalgebra which is generated by all the coefficients of the characteristic polynomials as above for
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a finite collection of R-generators of B. Then B is a finite Ag-module, hence, by the Noetherian
property, A is also a finite Ag-module. We conclude that A is a finitely generated R-algebra.

Step 4 — claim I: For any p € Spec(A) and q1,q2 € Spec(B) with q; N A = p we find a
q € Spec(C) with pry(q) = ds.

We argue by contradiction. We assume that q; is not contained in pry (pr; ' (q2)) € Spec(B).
As all these prime ideals lie over p and all maps are finite, the Cohen-Seidenberg Theorems state
that these prime ideals can only be contained one in the other if they in fact agree. Thus prime
avoidance tells us that

weg U

a’€pry (pry ' (d2))

Let b € q; which is not contained in any q’ € pry(pry'(q2)), so b is a function with a zero at
g1 but invertible along all q"’s. We conclude that pry(b) is invertible along the fibre of pr, over
ge and is 0 at the point in the fibre above q; corresponding to the diagonal (q1,q1) € Spec(C)
which is there due to reflexivity A CI' C X xg X.

The element a = detp,, (prl(b)) belongs to A by the argument from (6.3). The determinant
construction commutes with base change. Hence the value of a at g2 is the determinant of
pry(b) in the fibre C' ®p;, p £(q2). This fibre is artinian and the image of pry(b) is a unit by
construction. Thus a lies not in ¢2. In the fibre above q; there is one point at which pr;(b)
vanishes, hence the multiplication operator acts on the corresponding local artinian algebra
by a nilpotent endomorphism. This kills the determinant and thus a € q;. This leads to a
contradiction as

a€EqNA=qaNACqs.
Step 5 — claim II: (i) A — B is fpqc and even finite, (ii) the map

pry®pry: B4 B = C

is an isomorphism.

The assertion of the claim are local on A and can moreover be checked after base change with
an fpqc map A — A’. We first replace A by the localisation A, for a p € Spec(A) and then by
a flat integral local extension with infinite residue field. Thus B and C are now semilocal with
pB and pC contained in the respective radical and A is local with infinite residue field. Before
we continue with step 5, we need two more auxiliary steps.

Step 6: C is a finite flat B-module of constant rank. C as a B-module via pr; is isomorphic
via the flip 7 to C' as a B-module via pry. So the answer does not depend on the choice of the
projection. The rank of C' over B is a locally constant function, so it suffices to compare the
ranks at the finitely many closed points. Let q1, g2 be maximal ideals of B, hence above p. We
choose q € Spec(C) as in step 4. From diagram (6.1) follows that

rkprQ:BHC(ql) = fkpr23:0a0®pr173’prlc(5l) = rkprQ:BﬁC(q2)-

Step 7: C' is a free B-module of finite rank. B/pB is artinian, hence locally free of constant
rank implies free. Thus C/pC is a free B/pB-module. We lift a basis of C'/pC to elements
C1,...,¢p € C which still generate C' as a B-module by the more precise Nakayama Lemma
where the maximal ideal is replaced by an ideal which is contained in the radical. We obtain an
exact sequence

n
0—>K—>EBB'Ci—>C—>0,
i=1
which splits as C' is a projective B module. But C is of constant rank n, so K = 0.
We return to step 5 and the proof of claim II. Because the equivalence relation is strict the
map B ®4 B — C is surjective. The set pr(B) thus generates C' as a B-module via pry. We
claim next that pr;(B) contains a basis of C' as a B-module.
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Because B is semilocal, by the more precise Nakayama Lemma and by quotienting out the
radical of B, we may reduce to the case B is a product [[:", k; of fields, A is an infinite field
k and the generating subset M = pr;(B) of the free B module C' is a k-subspace. The prime
q; € Spec(B) corresponds to the subset of B = [, k; where the it" component vanishes. The
submodule C; = q;C of C' consists similarly of those elements of the B-module C' which vanish
at qs.

We argue by induction on the rank of C' as a B-module. For the induction step it is enough
to find an element

m
veM— U C;
i=1
which then generates a free direct factor. By assumption all k-subspaces M N C; are proper
subspaces of M. As k is an infinite field, the vector space M is not covered by finitely many
proper subspaces, which proves the existence of such a v. Then we proceed by induction with the
complement and the projection of M as the new B-generating k-vector space of the complement.
Thus, we may choose by, ..., b, € B with C = @], B - pr;(b;). We claim that the by,...,b,
form a basis of B as an A—module
Let for b € B be z; € B with pry(b) = >, pro(x;) pri(b;). Then using again diagram (6.1)
we get

Z Pra3 (Pfl(afi)) ) Pl"12 pry (b Z PT12 pro(; ) " PTi2 (prl(bi)) = prys(pry (b))
= pry3(pry (b)) = Zprls (pfz(mi)) *Pri3 (prl(bi)) = Zpr23 (sz(l'i)) *Prig (prl(bi))
i=1 =1

and comparison of coefficients yields pros (prl(:ni)) = Pry3 (prQ(xi)). As the finite flat pryg is
injective, we see that pry(z;) = pry(z;) hence z; € A. Now

pry (b Zprz () pry (b Zprl (@s) pry(bi) = pry (Z T l>

and pr; being injective we deduce b =Y.' | x;b;. So indeed the b; generate B as an A-module.
The b; actually form a basis, as 2?21 x;b; = 0 implies

0=pr, (Z xb> = 3 pra(as) pry ()
=1 =1

and from pr; (b;) being a basis of C' we conclude pry(z;) = 0, hence z; = 0 for all 1 < i < n.
This proves that B is a flat A-module, in fact with the extra information that a basis by, ..., b,
remains a basis of C' after base changing to B, ergo the map B ®4 B — C is an isomorphism.
This proves claim II.
Step 8: A represents the quotient X/T'. Let # be an arbitrary fpqc-sheaf. From claim II it
follows that
pri

pr3
is exact in .“ets. Via Yoneda this interprets as
Homgyy (ha, #)={f:hp — F; fopry=fopry: hc — F}

which shows that A — B represents a categorical quotient X — X/T". Furthermore the claim
states that X — X/T" is finite flat and that the quotient is effective: I' = X x x,p X in X xg X,
This finishes the proof of the theorem. U
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As a warning we give the following example. Let B be the semi-local ring Fs x F5 x F5 and
let C' = B be the free B-module of rank 1. The Fa-vector subspace M given by

(1,1,0), (1,0,1), (0,1,1), (0,0,0)
generates C' as a B-module but does not contain a basis of C' as a B-module.

Proposition 18. Let Y be the quotient by a finite flat equivalence relation on the affine R-
scheme X. If X is finite (resp. fpqc) over R, then'Y is finite (resp. fpqc) over R.

Proof: finite: Let X — Y be represented by the map A C B of R-algebras. Recall that we
assume that R is Noetherian! Hence A is a sub-R-module of the finite R-module B, hence also
finite.

frqc: R — A is fpqc if and only if for each R-module M the A-modules Tor}é(A, M) vanish
for i > 0 and do not vanish for i = 0 and M # (0). Note that the Tor’s can be computed as the
derived functors of A ®pr — : Mod(R) — Mod(A). Now the assertion follows from A C B being
fpqc by Theorem 17 and the resulting formula

Torly (A, M) ®4 B = Tor'y(B, M)
from the composite of the functor A ® g — with the exact functor B ® 4 —. O
6.2. Group actions. A (right) group action of a group scheme G on a scheme X over R is
a map of sheaves m : X x G — X such that for each U € Affp the induced map on sections over
U is an action of the group G(U) on the set X (U) from the right. We give a few examples. Note

that the formulas express the action on the coordinates of the generic elements. All examples
are commutative, which makes it unnecessary to distinguish between right and left actions.

(1) The group Gy, acts on A" by scaling
R[Xy,...,X,] = R[T, T~ @ R[X1, ..., X,]
Xi—=T®X;.
The action is compatible with the inclusion
U={zecA"z; € Gy} CA"

represented by R[Xl,Xl_l,Xg, ooy Xnl
(2) The group Z/27Z & 1s represented by

Maps(Z/27Z, R) = R[T]/(T? - T)
with 7' = 0 defining 0 € Z/2Z and T = 1 defining 1 € Z /27 and thus multiplication given
by
R[T]/(T® = T) — R[T]/(T* = T) @g R[S]/(5* - 9)
T—T®1-9)+1-T)®S.

It acts on A! represented by R[X] by X + —X. The associated map on representing
objects is
R[X] — R[T)/(T* - T) ®r R[X]

X—»>1-T)eX-T®X.
(3) The group ug acts on Al also by X + —X with associated multiplication map
R[X] — R[T]/(T* — 1) ®r R[X]

X—=TX.
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(4)  The group g represented by R[T]/(T% — 1) acts on the scheme X given by
X(4) ={(z.y) € A% y* =2° — 1}
represented by R[X,Y]/(Y? = X3 — 1) by the formula
R[X,Y]/(Y?=X?—1) = R[T]/(T° - 1) ®g R[X,Y]/(Y* = X* - 1)
X T?@ X,
YT QY.

Note that for the action itself no restriction on the characteristic of R is necessary.
(5) The group g4 represented by R[T]/(T* — 1) acts on the scheme X given by

X(A) ={(x,y) € A% y* =2° —x}
represented by R[X,Y]/(Y? = X3 — X) by the formula
RIX,Y]/(Y?= X3~ X)— R[T)/(T* - 1) ®p RIX,Y]/(Y? = X* - X)
X—T?®X,
Y—=TQRY.
Note that for the action itself no restriction on the characteristic of R is necessary.

A free (right) group action is a group action m : X x G — X such that the map
I'=XxG—-XxX

defined on points as (z,g) — (z,m(x,g)) is a closed immersion.
It follows immediately from the definition that a free group action of a finite flat group G
over R on an affine R-scheme X defines via the above map

rcxxX
a finite flat equivalence relation on X. Indeed, the projection map
Ir=XxG—-X

is a base change of G — hp and thus finite flat if G is a finite flat R-group scheme. The I
is anyway a graph of a strict equivalence relation and thus the flip of coordinates yields an
isomorphism from the first projection to the second projection showing that

m: X xG—X

is also finite flat in this case.
A quotient X — X/I' for this group action is a quotient X — X /G which satisfies the
following universal property
Homgy  (X/G, F)={f: X = F; fopri=fom: X xG— F}
which describes G-invariant maps X — .%. We discuss the examples above.
(1) The map
Gp x A" — A" x A"
is not a closed immersion. No negative powers of T" are in the image of
R[X,Y] - RIT,T~"] @r RIX],
X; = X,
Yi—»T®X,.
But if we invert X; and move on to U C A", then we get a surjection
RIX, X7 LY. Y17 > R[T, T ®r RIX, X; ]
X; = X,
Yi—»T®X,.
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Anyway, Gy, is not finite flat, so this example is only of marginal interest to the course.
(2) The action of the finite flat Z/QZR on A! yields

R[X,Y] — R[X,T]/(T* - T),
X — X,
Y — X -2TX

and is visibly not free if 2 is not invertible in R. But also when 2 is invertible, the point
X = 0 causes problems (not surjective mod (X)). When one removes 0 € A!, then the
action of 7 /27 R becomes free on Gy, C Al away from characteristic 2.

(3)  The action of the finite flat us given by R[T]/(T? — 1) on A yields
R[X,Y] — R[X,T]/(T* - 1),
X — X,
Y —=TX

and is not free at X = 0. But removing 0 € A' gives us a free action of s on G, C Al,
also when 2 is not invertible in R.
The action of Z/27 I and of po are isomorphic, when 2 is invertible, but we see that the

extension as pg compared to as Z/27Z R yields the better action, when 2 is not invertible.
(4)  The action of ug above is not free at X =1,Y = 0.
(5) The action of u4 above is not free at X =0,Y = 0.

6.2.1. Exercise: Inseparable 2-descent. Work out an example in characteristic 2 of an ordinary
elliptic curve E acted upon via translation by its infinitesimal 2-torsion FE[2] in the spirit of
examples (4), (5) above. Leads to a free finite flat group action on the affine £ — {0}, the
quotient of which should be made explicit.

Theorem 19. Let G be a finite flat group scheme over R which acts freely from the right on
an affine R-scheme X of finite type. Then' Y = X/G is representable by an affine R-scheme of

finite type.

The map X — 'Y is finite and faithfully flat and G xg X C X xp X is identical to X xy X.
Moreover, if X is finite (resp. fpgc) over R, then'Y is finite (resp. fpqc) over R. And if G has
order n then the quotient map X — Y s finite flat of degree n.

Proof: This follows from Theorem 17 and Proposition 18 with the exception of the assertion
about the degree. But that is obvious from

deg(X/Y) = deg(X xy X/X) =deg(G x X/X) = #G
as the quotient is an effective quotient. O

The examples (1)—(5) do not satisfy the assumptions for Theorem 19. Let us discuss for
(1)—(3) what still holds and what goes wrong. In particular we compute the R-algebra

A ={be B; pry(b) = pry(b)}
of the hypothetical quotient.
(1)  The group Gy, is not finite. The hypothetical quotient is represented by
A={f(X) € RIX]; f(X)=f(TX)}=R.

The closure of the orbits meet in 0 € A™, hence there is no Gy-invariant function other
than the constants. If we remove the origin, we find the quotient

A" — {0}/Gy, = P L,
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An affine chart of this is given by the quotient U/G,. The corresponding hypothetical
quotient is
— X2 Xn
A= (X € RX X ) = FT0} =R 3]
1 1
which describes a reasonable quotient. The map U — U/Gy, is flat and
U XU/Gm U= Gm x U.

The assumption finite in Theorem 19 prevents this phenomenon of non-closed orbits with
bad orbit closures.
(2) The G = Z/27 action on A! is not free. The hypothetical quotient is

A={f € RIX]; f(X)= f(X - 2TX) in RIX,T}/(T* ~ T)}
={f € RIX]; f(X)=f(-X)inR[X]} 2 R[X?
with equality if 2 is invertible. In that case we still get a good finite flat quotient map for
the category of R-schemes
qg: Al » Al
X = X2
But
Gx A" = Al @, p1 , Al
is not an isomorphism over X = 0, where the group action has a fixed point, so is not free.
(3) The G = s action on Al is not free. The hypothetical quotient is
A={f€R[X]; f(X)=f(TX)}=R[X?

regardless of the role of 2 € R. We still get a good finite flat quotient map for the category
of R-schemes

g: Al — Al
X — X2
But
Gx A" = Al @, g1, Al

is not an isomorphism over X = 0, where the group action has a fixed point, so is not free.
6.3. Cokernels.

6.3.1. Quotient groups by finite flat normal subgroups. Let H be a finite flat normal subgroup
of an affine algebraic group G over R. The restriction of multiplication to

GxH—-G
defines a free group action of H on G. Indeed, the corresponding map
GxH—=-GxG

is a closed immersion by H being finite over R and thus being a closed subgroup of G. The
quotient G/H which exists by Theorem 19 inherits a group structure by the universal property
of the quotient and the assumption, that H is a normal subgroup. So the sheaf cokernel G/H
is representable and Theorem 19 translates into the following theorem.

Theorem 20. Let H be a finite flat closed normal subgroup of the affine algebraic R-group G.
Then the quotient group sheaf G/H is representable by an affine algebraic R-group, which is a
categorical cokernel for the inclusion H C G.

The map G — G/ H s finite and faithfully flat and H x G C G xgrG is identical to GXq/pG.
Moreover, if G is finite (resp. fpqc) over R, then G/H is finite (resp. fpgc) over R.
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6.3.2. Failure over arbitrary base R. It is not true that the category of finite flat group schemes
over R is an abelian category in general.

Lemma 21. Let R be a ring with p- R = 0.The functor on R-algebras
T +— End(oy,1)

is representable by the ring scheme O which is G, = Al with the usual underlying structure of
addition and multiplication.

Proof: We recall that a, is represented by R[X]/XP? with comultiplication given by
AX)=X®1+1®X.
Any endomorphism h over T is determined by its value h(X) on X, which must satisfy
Ah(X)=h(X)®1+1® h(X).

It follows that h(X) = AX for a unique A € T and h simply scales by . Addition (resp.
composition) of endomorphisms correspond obviously to addition (resp. multiplication) of the
scaling factors, hence the assertion. O

Let R be a discrete valuation ring of equal characteristic p > 0 with uniformiser ¢. The

endomorphism

[t]:ap =
corresponding to X — tX is an isomorphism in the generic fibre but the zero map in the special
fibre, hence its kernel is not a finite flat group scheme over R.

Nevertheless, within the category of finite flat R-group schemes the map [t] has kernel and
cokernel, namely the trivial group scheme 1. But [t] is not an isomorphism. So it is the more
subtle axiom of abelian categories — that a bijective map has an inverse — that is violated.

More generally, if cokernels exist in the category of finite flat group schemes, then the order
has to be locally constant and forming the cokernel has to commute with base change. But

Endp(og™) =M,

is the ring scheme of n X n matrices, which allows sections of non-constant rank, hence the
fibre-wise order of the cokernel jumps.

6.3.3. When the base is a field. References: | ] or [ | Chapter 11.6.

Theorem 22. The category of finite flat commutative group schemes over a field k is an abelian
category.

Proof: The schematic image ¢(H) of a map ¢ : H — G of finite flat commutative group
schemes over k inherits a group structure which makes it into a normal subgroup p(H) C G.
Over a field this subgroup is automatically finite flat and Theorem 20 guarantees the existence
of a cokernel.

The map coim(y) — im(y) is bijective, so it remains to argue that a bijective map ¢ : H — G
of finite flat commutative group schemes over k is an isomorphism. Let ¢* : Aq — Ap be the
underlying map of Hopf algebras. The image ¢(H) corresponds to the image ¢*(Ag).

We have G/p(H) = 1 is a strict quotient, hence p(H) x G = G x; G and thus the order of
G equals the order of ¢(H). Consequently, dimy(Ag) = dimg(¢*(Ag)) and the map Ag — Ay
on Hopf algebras is injective. It follows that the Cartier dual GP — HP is a closed immersion
which has a quotient Q = HP/GP. As the map QP — H — G vanishes and ker(¢) = 1 we
deduce that QP — H and moreover H” — @ vanish. Hence Q = 1 and the argument above
shows that the natural map AY, — A}, of Cartier dual Hopf algebras is injective as well. So
Ag — Apg is an isomorphism which proves the theorem. U
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6.4. Exact sequences. In this section we discuss what it means to be an exact sequence of
group schemes from the point of view of fpqc sheaves.

6.4.1. Surjective. Just to make it crystal clear we note the following.

Proposition 23. Let 7 : G — G” be a map of affine groups whose underlying map ©* : A” — A
of representing R-algebras is fpgc. Then T is surjective as a map of fpgc sheaves.

Proof: Let g € G"(T) be a T-valued point corresponding to g : A” — T. Then the base
change h: A = T' = A®a» T of g is an element h € G(T") lifting the element g|7+ fpqc locally,
because T'— T" is fpqc as a base change of 7 : A” — A. O

The converse to Proposition 23 fails. For example if G’ is not flat over R, then the projection
of G =G x G" to G” is not flat.

6.4.2. Representability. We discuss an exact sequence
1-G0 5656 =1
of fpqc sheaves on Ry,qc with values in (not necessarily abelian) groups.

Proposition 24. Let G” be representable by an fpgc R-scheme, e.g., G" is finite flat over R.

(1)  fpgc locally G = G' x G” as R-schemes.
(2) G is representable if and only if G' representable.
(8) In particular, extensions of finite flat sheaves are representable by finite flat group schemes.

Proof: (1) Let A be an R-algebra representing G”. There is an fpqc map A — A’ and an
element ¢’ € G(A’) lifting the restriction to A’ of the universal element idy € G”(A). The
element ¢’ defines a scheme theoretic section s : G”|4» — G| 4 of the restriction of 7: G — G”
to A’. Using the group structure we define an isomorphism G — G’ x G” via

g+ (s(n(9)) " 9. 7(g))-
(2) By Theorem 14, it is enough to check representability locally in the fpqc topology. If G’
and G” are representable, then also G = G’ x G” locally in fpqc. Otherwise, if G and G” are

representable, then G’ is representable as the kernel of 7 : G — G”.
(3) obvious from (1) and (2). O

For matters of completeness we restate the contents of Theorem 20.

Proposition 25. If G’ and G are representable by algebraic groups over R and moreover G’ is
finite flat, then G" is representable.

6.4.3. Properties. We now assume that in the exact sequence
1-G 560656 —1
as above all three sheaves G', G and G” are representable by R-algebras of finite type.

Proposition 26. (1) ¢ is a closed immersion.
(2) G is finite flat over R if and only if w is finite flat.
(3) If two out of three from G',G and G" are finite flat over R, then the third is as well.

Proof: (1) is obvious. (2) The kernel G’ over R is a base change of 7, hence also finite flat if
m is. The converse is part of Theorem 20 above.

(3) Being finite flat can be checked fpqc locally. If G’ and G are finite flat, then, by Theorem 20
above, G — G" is finite flat cover of G” by a finite flat R-scheme and hence G” is also finite flat
over R.

If G” is finite flat, then fpqc locally G = G’ x G”. The first projection G — G’ is a base
change of G” over R and thus G is finite flat if and only if G’ is finite flat. O
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6.4.4. Criterion for exactness.

Corollary 27. For a sequence 1 — G' = G 5 G"” — 1 of finite flat R-groups the following are
equivalent.

(a)  The sequence is exact in fpqc sheaves on R.

(b) G =ker(w) and 7 is finite flat.

(¢c) s a closed immersion with image a normal subgroup and G" = coker (1) is the quotient
G/G" via .

Proof: (a) implies (b) by Proposition 26 (2). The converse follows from Proposition 23.
(a) implies (c¢) by Proposition 26 (1). The converse follows from sheafification being exact.
Namely we have an obvious short exact sequence of presheaves

1 =G 5 G (GG naive — 1

whose sheafification is the short exact sequence under discussion. O

Fo sake of clarity we stress that a short exact sequence of finite flat R-groups in Shv(Rgpqc) is
also short exact as a sequence in the additive category of finite flat R-groups. But not necessarily
conversely, see the discussion in Section §6.3. But if R is a field k, then life is good and the
inclusion of finite k-groups into the category of fpqc sheaves on k with values in groups is an
exact inclusion, compare Theorem 22 and its proof.

6.4.5. Multiplicativity of the order. The index of a finite flat group G’ as a closed subgroup in a
finite flat group G is the locally constant function (G : G') on Spec(R) given by the degree over
R of the quotient R-scheme X = G/G’. The right translation action of G’ on G has a finite flat
quotient by Theorem 19.

The analogue of Lagrange’s theorem holds, see | |.

Proposition 28 (Lagrange equation). Let G’ be a finite flat closed subgroup of the finite flat
R-group G. Then the following equation of locally constant functions on Spec(R) holds

#G' - (G : G') = #G.

Proof: Let X = G/G’ be the quotient. By Theorem 19 the quotient map G — X is finite
flat of degree #G’. Thus the formula follows from the fibre-wise multiplicativity of the rank in
a composite of finite flat maps. O

6.4.6. The Cartier dual is an exact functor.

Proposition 29. The Cartier dual of a short exact sequence of finite flat group schemes is again
a short exact sequence of finite flat group scheme.

Proof: A contravariant additive autoequivalence transforms existing kernels into cokernels and
vice versa. The problem here is, that exactness is defined in Shv(Rgqc), whereas the duality
functor G — GP lives only in the full subcategory of finite flat group schemes. So we have to
be more careful. Let

(6.4) 1-G 56056 -1
be a short exact sequence of finite flat group schemes. Then for each R-algebra T we have an
isomorphism
o ﬂ'D
ker (GP — G'P)(T) = ker (Hom(G7, Gyn) = Hom(GY, G)) = Hom(G7, Gyy) = G"P(T)

by the quotient property and the fact, that (6.4) remains short exact after arbitrary base change
— ®pr T. Hence the Cartier dual of a cokernel is a kernel.

It remains to prove that 2 : GP — G'P is surjective in the fpqc topology, or, that ¢ is the
quotient map to the inclusion 7. It follows from Theorem 20, that 7 : G"P — GP has a
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finite flat cokernel GP/G"P and by the universal property ¢ gives us a map G”/G"P — G'P,
which is an isomorphism because its Cartier dual map

G’ — ker ((GP)P — (G"P)P) =ker(r : G — G")
is an isomorphism. O

6.4.7. An example. We present a well known example of a finite flat group of order p? in char-
acteristic p which is a semi-direct product, see | | end of §3. Let R be a ring with p- R =0
and let E be the subgroup scheme of GLo over R defined by

E(T) = {( 0 1 ) € GLy(T); a? =1, ¢ = } C GLy(T)
for each R-algebra T'. The group sits in an obvious short exact sequence
l—=ap = FE—pp—1

which is split and thus defines the semidirect product of p, with oy, coming from the canonical
action p, — Gm = Aut(ay).

This example is important because it is not commutative but still of order p?, which cannot
happen for abstract groups. We deduce that therefore ' does not admit a lifting into charac-
teristic 0, where the lift would be an étale group of order p?, see Section §7 below, and thus

commutative, forcing commutativity also for E.
We can check the validity of ’order kills group’ also in this non-commutative example by

x Yy p2_ 2 oyt +2PH N (1 pyl+a+. 42\ (10
01 - 0 1 ~\ 0 1 V0 1

working with the universal element. As E has a filtration with commutative subquotients, the
result follows anyway by induction on the length from the abelian case.

7. ETALE FINITE FLAT GROUP SCHEMES

References: [ ] §3.

7.1. Etale maps.

7.1.1. Kdhler differentials. An R-derivation of an R-algebra A with values in an A-module M
is an R-linear map
0:A—>M
such that
o(xy) = x6(y) + yo(x)
for all z,y € A (Leibniz-rule), in particular 6(R) = 0. There is a universal derivation
d:A—Qyp
which one gets as the quotient of the free A-module on symbols da for each a € A by the
requested relations among them. The module Qi\ /R is the module of Kahler differentials of

A over R. Under base change R — R’ with A’ = A ®r R’ we have from the universal property
that
Q}A/R ®R RI = QAI/R/.
In particular, Q}q /R behaves well under localisation in R — and also under localisation in A by
the rule for differentiation of fractions
a b-da—a-db
d(+) = ————
( b ) b2 P
which implies
5—192/}2 = Qg*lA/R-
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There are two fundamental short exact sequences. First, for a map A — B of R-algebras
(7.1) QQ/R®AB—>Q}3/R—>Q}B/A—>O

is exact. Secondly, let A — A/I be the quotient of an R-algebra A by the ideal I. Then the
following is exact:

(7.2) I/1? = QY @a AJT = Uy = 0.

7.1.2. Definition and some sorite for étale maps. An étale map is a ring homomorphism A — B
that is flat, of finite presentation and such that Q}B /A vanishes.

It follows from Section §7.1.1 that A — B being étale is local on A and on B, is preserved
under composition and under base change. Moreover, we may test being étale locally in the fpqc
topology of the base, again a hint that the notion of the fpqc topology behaves as a topology.

By the assumption of finite presentation, the module 9}3 /A is a coherent B-module. The
Nakayama Lemma and the base change compatibility for Kéahler differentials then give immedi-
ately the following proposition.

Proposition 30. Let h: A — B be a flat map of finite presentation. Then h is an étale map if
and only if for each p € Spec(A) the fibre B ®4 k(p) is an étale k(p)-algebra.

7.1.3. Etale algebras over fields. As we are primarily interested in finite maps, we resist the
temptation to avoid the finiteness assumption in the following theorem.

Theorem 31. Let A be a finite algebra over the field k. Then the following are equivalent.

(a) A is k-isomorphic to a finite product [ [, ki of finite separable field extensions k;/k.
(b) A®y K is reduced for all field extensions K /k.

(c) ARy kY8 is reduced.

(d) A® k8 is isomorphic as a k™8-algebra to a finite product of copies of k.

(e) Q= (0).

(f) A is an étale k-algebra.

Proof: (a) implies (b) by

k[X]/(f) ox K = K[X]/(f) = HK[X]/(fi)

for a separable polynomial f and its irreducible factors f; in K[X]. (b) implies (c) is obvious.
(c) is equivalent to (d) by the structure theorem on artinian rings.

Property (e) which by definition is equivalent to (f) can be checked after scalar extension, e.g.
to k*& where it is an immediate consequence of (d).

It remains to prove (a) from (e). We first prove that A is reduced. For that matter we may
assume that k& = k28 and that if A is not reduced we have a quotient A — k[g]. Then (e) implies
Q,lg[s] k= (0) which contradicts the computation

Qi = (Kle)/(22)) - de # (0).

Hence A is reduced and so a product of fields. We may assume that A = K is a field and have
to contradict the existence of a k-subfield Ky C K with K = Ko[X]/(X?P — a). But then (e)
implies again Q%( Ko = (0), while the computation reveals

Vi, = (K/(d(XP —a)) - dX = K - dX # (0),

and this contradiction finishes the proof. O
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7.2. The étale fundamental group. The standard reference for the étale fundamental group
is | |. Here we content ourselves with just the main result. Let {2 be a separably closed field.
The category of finite étale maps over Spec(2) can be naturally identified with the category of
finite sets by Theorem 31.

Let X be a connected scheme with a geometric point

x : Spec(2) — X.

The fibre functor F, associates to a finite étale map ¥ — X its fibre F,(Y) =Y xx z. The
fibre functor maps the category Revx of finite étale covers of X to finite sets. As such, the
automorphism group

m (X, x)

of F, is naturally a pro-finite group with topology given by the stabilisers of points y € F,.(Y)
for all 4, Y.

Theorem 32 (| | Exp V). The fibre functor F, naturally enhances to an equivalence of
categories of Revx with the category of finite sets equipped with a continuous m (X, x) action.

7.2.1. Ezample. When the base scheme X is the spectrum of a field Spec(k), Theorem 31 above
tells us that connected finite étale covers are just finite separable field extensions. We choose a
geometric point z : Spec(k*P) — Spec(k) which corresponds to a separable closure of k. The
main results on Galois theory then easily translate into an isomorphism of the fundamental
group 71 (X, z) with the absolute Galois group Gal, = Gal(k*P/k).

When the base scheme is X = Spec(R) for a complete (resp. henselian) local Noetherian ring
(R,m), then idempotents lift uniquely from & = R/m to R by (a generalisation of) Hensel’s
Lemma (resp. more or less by definition) which essentially shows that the category of finite étale
covers of Spec(R) and Spec(k) agree and with z : Spec(k*P) — X being a geometric point above
the closed point we find

7T1(X,.T) = Galk.

In case R is even a henselian discrete valuation ring with field of fractions K this translates into
the isomorphism of the Galois group Gal(K™ /K) of the maximal unramified extension K™ /K
with the absolute Galois group Galy of the residue field.

7.3. Description of finite étale group schemes. References: | ] 1.2

A finite étale group scheme over R is a finite flat group scheme G over R which is represented
by an étale R-algebra. The multiplication map pu : G X G — G, the inverse inv : G — G and
the unit Spec(R) — G are maps between finite étale Spec(R) schemes. Thus Theorem 32 has
the following immediate consequence.

Theorem 33. Let S = Spec(R) be a connected base with a geometric point s € S. There is a
faithful and exact embedding

{ finite groups with a } < { finite flat group schemes }

continuous (S, s) action over S = Spec(R)
The essential tmage exactly consists of the finite étale group schemes over S.

In this equivalence the constant group schemes correspond to groups with trivial action by
m1(S,s). Moreover, the étale group schemes over S are exactly those group functors which
become constant after restricting to a suitable finite étale cover. Indeed, such a group scheme
is representable by Theorem 14 and whether the representing algebra is étale may be checked
after an fpqc base change.
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7.3.1. Construction. Let G be a finite group with a continuous (.S, s) action
p:mi(S,s) = Autg,ps(G).

Let R — R’ be a finite étale map corresponding to a finite quotient 71 (.S, s) — I' such that the
action on G factors through I'. That means that we have a left R-linear I'-action on R’ and

R'=ReopR =][R a®b- (a-v(0))er.
yel’

For an fpqc-sheaf .Z the set .Z (T ®@gr R') carries a left I'-action such that .#(T) equals the
invariants .7 (T ®r R')' due to the sheaf property for

pry
T —= TRrR r R’
pro H
diag
TerR —__ Ter|[R
a—y(a) ~yer

We define the associated finite étale group scheme G, as the group of invariants with respect to
the diagonal T" action: on G via p and on R’ as above

(7.3) G,(T) = G(T @ R)" = Hompp ([ R. T ©r R).
geG

Because taking invariants is left exact G, as in (7.3) describes an fpqc-sheaf, which when
restricted to R/, hence finite étale locally (fpqc locally),

(7.4) Glw(T) = G(T or R) = G(T @r (R ®r R))" = G(I[D" =¢Glr(D)
yel’

is isomorphic to the constant group scheme G. We conclude by Theorem 14 that G, is repre-
sentable. Moreover G, is finite étale because being finite étale is fpqgc-local. The fibre above
s :Spec(2) — S'is
Fu(G,) = Gp(s) = G(Q@r RN = (][ D" = Mapsp (T, G) = G.
~yel
The last isomorphism is by evaluation at 1 € I'. The fundamental group acts through
m1(S,5) = ' = Autg(R'),
hence o € I" acts on [ Q via

0(2y) = (Ty0)
and thus via translation on f: T' — G by o.f(y) = f(y0). If follows that

(0.f)(1) = f(o) = p(o) (£(1))

and thus the action of 71(S, s) on the fibre of G, above s is via p as expected.

Another interpretation for the I'-action on G,|rr = G is the structure of a descent datum
relative R — R’. So a finite étale group scheme is a twisted form of a constant group scheme.
The R-algebra representing G, can be obtained as follows. The base change via R — R’ of
G, is constant and G — G, is a quotient by the action of I'. The representing algebra is thus
the I' invariants
(H RY = Mapsp (G, R').
geG



p-divisible groups 37

Indeed we have

G,(T) = Hompry(] [ R, T ®r R') = Homg(Mapsy(G, ), T)
geG
by

/T
Cr G,

R B

Spec(R') L Spec(R).

Tor R

I'—invariant .~

7.4. Finite flat group schemes of invertible order are étale.

Theorem 34. Let G be a finite flat group scheme over R with order invertible in R. Then G is
a finite étale group scheme.

Proof: Being étale for a flat R-group is decided fibre by fibre. Hence we may assume that
R =k is a field, and even that k is algebraically closed.
Let A be the k-algebra representing G and let m C A be the maximal ideal at 0. It then
suffices to prove
Qh/k ®4 A/m=m/m*=0.
As the multiplication of G reads for x € m in linear order as
Alz) cz®1+1@r+mem,

we see that multiplication by n on the group G acts as multiplication by n on the cotangent
space Qi&/k ®4 A/m at 0.

Commutative case: If we take for n the order of GG, then multiplication by n is an isomorphism
on O ke ©A A/m by assumption and factors as

by Deligne’s theorem (Theorem 6, case of commutative finite flat groups). Hence 9}4 i ®A A/m
vanishes.

In characteristic 0: an algebraic group scheme in characteristic 0 is reduced by Theorem 1,
hence our finite group scheme is étale by the criterion from Theorem 31. This proves the Theorem
in the characteristic 0 case. U

We will provide a proof for the missing case of characteristic p and G not commutative later
in Corollary 50.

7.4.1. Ezample. The non-commutative extension of p, by «, over a ring of characteristic p
cannot be lifted to characteristic 0. Otherwise, in characteristic 0, the lift would be étale and
thus commutative, as all groups of order p? are commutative. The decoration of an action by the
fundamental group does not alter the situation. As the generic fibre of characteristic 0 would
be dense in the total space of the deformation, also the original group must be commutative, a
contradiction.

Corollary 35. Let R be a Noetherian ring that has a connected Spec(R).

(1)  The category of finite étale commutative R-group schemes is an abelian full subcategory of
the category of all finite flat R-group schemes.

(2)  The full category of commutative finite flat R-groups of order invertible in R is abelian.
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8. CLASSIFICATION OF FINITE FLAT GROUP SCHEMES

References: | [ ]

8.1. The connected component. In this section we work entirely over a Noetherian local ring
(R, m) which moreover is henselian, e.g., m-adically complete. We now consider group schemes
over S = Spec(R). The closed point m is denoted by s with residue field k¥ = R/m.

Lemma 36. Let (R,m) be a henselian local ring, e.g. m-adically complete, and let G be a flat
affine algebraic group scheme over S = Spec(R). The connected component GO of G containing
the locus of the unit section e € G(S) is a normal open and closed affine algebraic subgroup
which is flat over R.

Proof: The idempotent equation X? — X is separable and thus Hensel’s Lemma allows for
unique lifting of idempotents. We conclude that

7T0(G8) - 7T0(G)

and
7T0(GS Xk GS) Q ﬂ'o(G Xg G)

Let G° C G be the connected component of G that contains the image of the unit section
e € G(8). Its special fibre (G%), equals the connected component (G)° of the image of the unit
section e € G4(k), which therefore is denoted by G9.

As in the proof of Theorem 1 (Cartier) the reduced special fibre G is geometrically regular and
contains a k-rational point. Thus G? is geometrically connected and G x ;, G remains connected
and open in G x; G making it the connected component (G x G)? of (e, es) € G xp Gs(k).
The upshot of these connectedness considerations is, that multiplication, inverse and unit of G
induce corresponding structure of a group on G°. Moreover G° C G becomes a normal affine
algebraic subgroup which is flat over R. U

The subgroup G° of G as in the Lemma 36 is called the connected component of G.
Taking the connected component is functorial, as a group homomorphism ¢ : G — H maps the
connected component G° to a connected subset of H which contains the locus of e € H(S),
hence is contained in HY.

8.1.1. The connected—étale exact sequence.

Proposition 37. Let R be a henselian local ring, e.g. m-adically complete, and let G be a finite
flat group scheme over R.

en ere 1s an exac Sequence [0) nite a group scnemes over
1 Then th ) t 1t t h R
1G>G —G* =1

with GO the connected component of G and G finite étale over R.

(2)  Any group homomorphism ¢ : G — H to a finite étale R-group scheme H factors uniquely
through G — G*.

(8) Any group homomorphism ¢ : H — G from a connected R-group H factors uniquely
through GY = G.

Proof: (1) From Lemma 36 we know that G is a normal geometrically connected subgroup of
G. The quotient G /G? exists by Theorem 20 and is a finite flat group scheme. As G°/G° =1 is
the trivial group scheme and an open subgroup of G/G° we see that the quotient G¢ = G /G°
is étale over R at 1 and thus is a finite étale group by homogeneity.

(3) follows immediately from the functoriality of the connected component

olgo =" H=H"— G°.
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(2) It remains to prove that any group homomorphism ¢ : H — G from a connected group
H to a finite étale group G is trivial. But again this factors over
o:H=H"->G'caG
which dies because of G = Spec(k), since G is étale. O

Corollary 38. A flat affine algebraic group scheme G over R is finite étale (resp. connected) if
and only if the connected component G° (resp. the mazximal étale quotient G ) is trivial.

Proof: Obvious. U

Proposition 39. Let G be finite flat group over a perfect field k. Then the connected-étale
sequence splits canonically by the subgroup Greq.-

Proof: Taking the reduced subscheme G,.q C G is compatible with products because the
residue fields are perfect, and moreover is functorial. It follows that G..q C G is a closed
subgroup. The induced map Greq — G is an isomorphism as can be seen by base changing to
an algebraic closure k2'2: we have Greq N G? = 1 and Gyeq — G surjective as each component
of G now contains a k*8-valued point. O

Ezercise 8.1. Find an example of a finite flat group over a non-perfect field such that the
connected-étale sequence does not split.

For an answer to this exercise see | | §15. Namely, let k& be a non-perfect field with
u € k\ kP. Let

A; = k[T]/(TP — ub)

and G = Spec(A) and G; = Spec(A4;). We define a multiplication by
Gi(R) x Gj(R) = Giy;(R),
(tiatj)Htitj fori+57<p-—-1
(ti,tj) = titj/u  fori+j>p.

This makes GG into a group over k which sits in a non-split extension

for 0 <i<p-—1 and set

1= pup—G—Z/pL — 1.
An additive version is given by
G; = Spec(k[T]/(T? — i - u)
with composition
(ti,tj) =ttt
which makes G =[], G; be a group that fits the short exact sequence

1—=oap—G—=Z/pZ — 1.

Proposition 40. Let (R,m) be a henselian local ring, e.g. m-adically complete.

(1) The functors G +— G° and G — G defined by Proposition 37 on the category of finite flat
R-groups are exact.

(2) An extension of connected finite flat R-groups is connected.

(3) An extension of finite étale R-groups is finite étale.

(4) An extension of a connected finite R-group by a finite étale R-group is split as a product
of the two.



40 JAKOB STIX

L

Proof: (1) Let 1 — G’ & G 5 G” — 1 be an exact sequence of finite flat R-groups. The
map 7 : GY — G is finite and flat as a restriction of the flat 7 to open subgroups. Hence 7°
is faithfully flat because G is connected. The kernel of 7° is connected, contains G’° and is
contained in G/ C G. Thus ker(7%) = G" and the sequence

0 0
1-G° 560 6" -1
is exact by 27(b). The exactness of the functor G — G now follows from the 3 x 3-Lemma.

(2) and (3) follow from (1) and Corollary 38. The splitting and even a retraction in case (4)
is given by the maps of the connected-étale short exact sequence. U

8.2. The tangent space. References: | ] §13.

Proposition 41. Let G = Spec(A) be a finite flat commutative group over a field k. The tangent
space at e € G(k) 1is given by the k-vector space

T.G = Hom(GP,G,)
with respect to the vector space structure on Hom(GP,G,) from k = End(G,) (k).

Proof: Let m C A be the kernel of the augmentation € : A — k corresponding to the unit
e € G(k). Then the tangent space T G, is the k-linear dual of m/m? = Qh/k ®4 A/m, or the
kernel of

G(k[e]) — G(k).

Indeed, k[e] = k @ k - € and so an element v in the kernel is a map (g,9,) : A = k@ k - €, where
Oy is a derivation on A with values in k- & = k = A/m, hence a k-linear form on Qi/k ®a A/m.
The k-vector space structure comes from scaling and adding the linear forms.

In dual terms, 9, determines the image of T and thus a k-algebra map

fo: k[T) — AY, fo(T) = 0.
The equation 9,(ab) = €(a)0y,(b) + (b)0,(a) translates into:
o f(AT)=fu @ fuTR1+1RT)=0,®e+e® 0, = ((a,b) — €(a)dy(b) + (b)dy(a))
coincides with
A(fo(T)) = A(0y) = ((a,b) = Oy(ab)) .

Hence f, : GP — G, is a group homomorphism. The mapping v — f, is clearly bijective and
k-linear, as the action of k = Endy(G,) is by adding and scaling the parameter 7T'. U

We obtain another proof, that finite flat commutative groups of invertible order are finite
étale. Namely, we may reduce to geometric fibres, hence a finite flat commutative group over
an algebraically closed field k. Then G étale is equivalent that T G, vanishes, which by Propo-
sition 41 just means that there are no nontrivial group homomorphisms G” — G,. Indeed, the
image of such a map G” — G, is torsion of order prime to p, whereas G, has as endomorphism
ring k& in which the order of GP is invertible. Hence there is no such torsion and any group
homomorphism GP — G, is trivial.

8.3. (Split) diagonalizable group schemes. References: [ ] §2.6.
Let X be an ordinary finitely generated commutative group. The group ring
A=R[X] =P Ra
zeX

is a commutative finitely generated R-algebra, which represents the group valued functor D(X)
given by
D(X)(T) = Hompg(R[X],T) = Homg,,s(X,T™).
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Hence D(X) is an algebraic affine flat commutative R-group scheme, the diagonalizable group
scheme associated to the group of characters X, see below. A diagonalizable group with a
finite group of characters is a finite flat group scheme. The name ,diagonalizable” comes from
the possibility to embed D(X) into GL,, for suitable n and to then simultaneously diagonalize
the image.

The formulas for the group structure of D(X) are as follows.

Alz) = 2@z,

e(x) = 1,
inv(z) = 27!
The group of characters of a group G is X (G) = Hom(G, G, ), and

X(D(X)) =Hom(D(X),Gy) = X,
because a homomorphism ¢ : D(X) — Gy, is a map of Hopf algebras
¢* : RU, U™ = R[X]
and thus uniquely determined by the image a = ¢*(U) € R[X] subject to the conditions
Ala) =a®a, ¢e(a)=1.
These conditions are only valid for a = x € X C R[X]. As an example we note
D(Z) = G, D(Z/nZ)= pn,

and the general case is a product of these by the structure theorem of finitely generated abelian
groups and

D(X xY) = D(X) xg D(Y).

Corollary 42. Let G be a finite abstract abelian group. The Cartier dual of D(G) is the constant
group scheme G.

8.3.1. Multiplicative finite flat group schemes. A multiplicative (finite flat) group scheme is

the Cartier dual to a finite étale group scheme. Because taking the Cartier dual behaves well

under base change, we see that a multiplicative group scheme is a group scheme which finite étale

locally is isomorphic to the diagonalizable group of a finite commutative group of characters.
Let S = Spec(R) be connected. Let G/S be a multiplicative group, then the characters

X(G) = limHom(G x g R, Gy ) = lim G (R'),
R’ R’

where the limit ranges over connected finite étale extensions R — R’, is naturally a finite
71(9, s)-module. Namely, the limit stabilises as soon as the finite étale group G becomes
constant.

Corollary 43. The association G — X (G) describes a contravariant equivalence between mul-
tiplicative groups over S and finite abelian groups with an action by w1 (S, s).

The algebra representing the multiplicative group with the finite 71 (S, s)-module X is given
by

A(X) =Hm (S, s), R'[X]),

where R’ is a connected finite étale extension of R that is large enough to trivialise the Cartier
dual, resp. the action on X.
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8.4. The canonical filtration: connected multiplicative, bi-infinitesimal, étale.
References: [Gr74], | | Chap. 11.7-9.

A bi-infinitesimal group scheme over a henselian local ring (R, m) is a finite flat R-group G
such that G and its cartier dual GP are both connected.

Theorem 44. Let (R,m) be a henselian local ring, e.g. m-adically complete, and let G be a
finite flat commutative group scheme over S = Spec(R).

(1)  We have a natural filtration
0cG,CcG'caG
such that G, is the mazimal connected multiplicative subgroup, GV is the connected compo-
nent of G, the quotient Gn; = GD/G” is bi-infinitesimal, and G** = G /G is the mazimal
étale quotient.

(2)  The filtration is respected by group homomorphisms.
(3) If R is a perfect field, then the filtration is canonically split and G = G, x Gy X G*.

Proof: We apply Proposition 37 to the Cartier dual (G°)” of the connected component and
set

G = (((G)P)HP
which is obviously multiplicative and contained in G°, hence connected, and also maximal with

these properties. It follows from the exactness of Cartier duality that G,y = G°/ G, has Cartier
dual

G = ker ((G°)P — ((G°)P)*) = ((G")P)")
which shows that Gy,; is indeed bi-infinitesimal. The theorem follows now from Proposition 37
and Proposition 39. O

Remark 45. The filtration 0 C G, C G° C G is not strictly preserved by group homomorphisms.
For example for G of order p any nontrivial g € G(R) gives rise to a non-trivial map Z/pZ R G

which gives for G = p,, (resp. G = ) — over R = k[e| we can take g =1+4¢ (resp. g =¢) — a
nontrivial map from an étale group to a multiplicative connected (resp. bi-infinitesimal) group.
8.5. Characteristic p > 0. References: | | Chapter 11.5.

In this Section we work over a basis S = Spec(R) in characteristic p.

8.5.1. Frobenius. References: | | §14.
The Frobenius map
F:Fg/s : G—)G(p)

of an affine algebraic S-group G/S is the group homomorphism defined by raising to pth power
on coordinates. By induction we set

(G(pi)>(1’) —a®™

and write the composites of the respective Frobenius maps by abuse of notation as powers of
the Frobenius map.

The Frobenius height of an affine algebraic S-group is the smallest number n € N, if such
a number exists, such that the n-fold iterated Frobenius

Fig:G— GV — .. -Gt
is the 0 homomorphism. Otherwise the Frobenius height is infinite.

Lemma 46. The Frobenius height of an affine algebraic group G/S is finite if and only if G is
finite over S and G is connected after base change to any algebraically closed base Spec(k) — S.
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Proof: Let G be represented by
A=R[X1,...,X,]/J

with kernel of counit € : A — R, the augmentation ideal, generated by the X;. The nth iterated
Frobenius maps

X; = X2
If G has a finite Frobenius height, then all X; are nilpotent and thus A is finite as an R-module.

Moreover, this property is preserved by base change and A is connected whenever R is.
Conversely, if A is finite and A ®pg k is connected for any algebraically closed k, then we see

by Noetherian induction on the support of Xi(p ") (base change to an algebraically closed field
dominating a generic point of the support) that for n > 0 all these have to vanish. O

Lemma 47. Let G/S be an affine group scheme over S = Spec(R) represented by the R-algebra
A. Then we have a canonical isomorphism

Qs = €045 05 O,
or
Q,lél/R = (QIA/R @4 R) ®p A.
Proof: Let mg : G x G — G be the multiplication in G. We use the diagram

¢ 199 ayg ) g Ml g

o o
G

G S.

The map (id, m¢) is an isomorphism. The behaviour of differentials under base change leads to
Qg5 = (pra(id, me)(id, €)) " Qg 5 = ((id, me)(id, €)) Qwa/apr, = (45 e /apr,

= (pry(id, e))*Qé/S = e*Qé/S ®og Oa.
(]

Proposition 48 (Structure of Frobenius height 1). Let G = Spec(A) be a finite flat group over
a field k of Frobenius height 1. Then there is an isomorphism of k-algebras

A=k[Xy,..., X ]/ (X, 1<i<r).

Proof: By Lemma 46, A is a finite local artinian k-algebra. We choose lifts x1,...,z, of a
basis of m/m?, where

m=ker(e: A —» k)

is the augmentation ideal. Then by Nakayama and the Frobenius height being 1 we have
A=k[Xy,...,X,]|/J

with z; = X; + J and XZP € J for all 1 <14 <r. By Lemma 47 the differentials

Vi = DA dXi/(dfs f )

are free of rank r as an A-module. Hence the dX; form a basis and for any f € J the partial
differentials 0f/0X; are again in J.

Let f € J be a polynomial not in (X?,..., X¥) containing a monomial X% of minimal total
degree deg(a) = ), o among all such f. Clearly 0 < a; < p—1 and not all a; = 0. But df =0
means that for all ¢ the components 0f/9X; of df lie in J, a contradiction to minimality. O
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Theorem 49. Let R =k be a perfect field, and let A be the finite k-algebra which represents a
connected finite flat k-group G. Then there is a k-isomorphism

AKXy, .. X )/(XP 1<i<r)

for some r € N and a tuple e = (e1,...,e,) € N, which are well-defined invariants of G up to
permutation of e.

Proof: We proceed by induction on the Frobenius height. The case of Frobenius height 0 is
obvious and the case of Frobenius height equal to 1 was done in Proposition 48.

For the induction step we look at the image of the Frobenius map. The Frobenius twist is
again Spec(A) but with a different k-structure, nevertheless, the image of Fg/, : G — G is
described by the subalgebra AP C A, that makes A a finite flat AP-algebra by Theorem 20.

As the Frobenius height of im(F;/g) = Spec(AP) is one less than the Frobenius height of G,
we may choose a presentation

AP =Yy, Y (VP 1< <),

We choose elements z; € A with 2 =Y;. Then we consider the Frobenius map (—)? : A — AP
on tangent spaces at the unit, i.e., the kernel of the augmentation m4 (resp. map).

O—>m?4—>mA—>mA/m?4—>O

f Jor f

0 > m} —— ma —— map/md, —— 0

By the snake lemma we find that
ker((—)P : ma/m?% — map/m%,)

has a basis of elements that can be lifted to z1,..., 2 € my with z? = 0. It follows, that

eitl . .
(81) B := k[le"'aX&Zl?"'aZt]/(Xi(p )aZ]p7 1§Z§571§]§t)

has a natural surjection (Nakayama) B — A that maps X; — z; and Z; — z; and moreover is
a map of finite flat AP algebras, where AP acts on B via Y; — X?.

As AP is local artinian, flat equals free and the surjection is an isomorphism if it is a surjection
modulo mgp. We get the map

(8.2) Bk =k[X,Z]/(X}7, 27,1 <i<s5,1<j<t)» AR k= O(ker(Fg/s))
with target the k-algebra representing the kernel of Frobenius of G. Because
mypr C (my)?

the tangent spaces for G and ker(F;/g) agree and are of dimension r = s + ¢. Applying
Proposition 48 to ker(F/s) we see that the surjection in (8.2) and thus (8.1) is indeed an
isomorphism.

The uniqueness of r and the tuple e up to permutation comes from » = dim T, G and induction
by Frobenius height: the image G of F/g has ez =eq — (1,...,1). O

A counter-example to Theorem 49 when the base k is not perfect can be found in | | §4.
For a € k\ kP and a k-algebra T we define a finite flat k-group by

G(T) = {(z,y); o =0, 2P = ayP}.

The group G has order p3 and is an infinitesimal subscheme of G, x G,. The problem with the
theorem comes from the absence of elements

2 € A=k[X,Y]/(X", XP— aY?]
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such that z? = 0 and which are nontrivial in m4/(m?% + (X)). The mapping G — «,, defined by
(z,y) — «P determines a short exact sequence

0—=ap®@ap—G—ap—0.

Corollary 50. (1) The order of a connected finite flat group over a field of characteristic p
s a power of p.

(2)  The order of a finite flat group G over S = Spec(R) for an arbitrary R such that G/S is
not finite étale is divisible by a residue characteristic.

(3) A finite flat group scheme of order invertible in the base is finite étale.

Proof: Connectedness means Spec of a local artin ring with residue field k and is preserved by
base change to the algebraic closure, hence (1) is obvious from Theorem 49, while (2) and hence
(3) exploits the fact that for a flat map being étale is a fibre-wise matter that can be checked
even on geometric fibres. O

8.5.2. Verschiebung. References: | ] §14.

The Cartier dual of Frobenius of a finite flat commutative group G/S, more precisely the
Cartier dual of the Frobenius of the Cartier dual finite flat group

FC?D/S . ((GD)(P))D s (GD)D
is by definition the homomorphism Verschiebung
V=Vgs:GP -G

We give a second definition of the Verschiebung map which is valid also for affine group schemes,

see | | VII 4.2-3. Let M be an R-module. The symmetrization operator is the R-module
homomorphism
(8.3) N : M®P — (M®P)5
m1®...®mp»—> Z m0(1)®...®mg(p).
oSy
The map
(84) o M &R, Frob R — <M®p)sp/im(N)

MAIA—= A MRD...0m
is a natural additive transformation because
p—1 1

(a+b)®...®(a+b):a®...®a+b®...®b+zi'(

———N@®...0ab®...Qb).
— il(p —1)! ,

7 p—1i

Both sides of (8.4) are compatible with direct sums (the mixed terms of the right hand side are
in the image of N), and with filtered direct limits. For M = R we get

N(a1®...®ap):p!-Hai:0
i

and thus (8.4) is an isomorphism in this case. It follows that (8.4) is even an isomorphism for
all modules M which are filtered inductive direct limits of free R-modules. These are exactly
the flat R-modules by a theorem of Lazard. For flat R-modules M of finite rank we may also
argue Zariski-local, where M becomes free.

Now we treat (8.3) and (8.4) in the case of M equal to an R-algebra A. The image of N is
an ideal and (8.4) is an R-algebra map. Let

pr: A®P — SymP(A)
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denote the quotient map of the Sp-coinvariants. Then we compute
proN(a1 ®...®ap) =p!-pria1 ®...®ap) =0

and so we get for a commutative and cocommutative Hopf algebra A the following commutative
diagram of R-algebra maps.

(8.5) A a A

} / \ /H«
~_ /

(A@p

(A%)Ss / im(N)

}ea
AP) = A®p b R
The top row is the map which induces the multiplication by p map [p] : G — G on the associated
affine group G = Spec(A). The right edge leads to
Tovops: AP - 4
ARQA A a®...Qa—pr(A-a®...®a)— \-aP

which is easily identified with the relative Frobenius Fg/p : G — G®) . For A representing a flat
R-group G the left edge leads to the Verschiebung Vg /p : G® — G by

Vi =(pa)tomoA: A— AP,
Because ¢4 is natural with respect to maps of R-algebras and tensor products, we get
VGXG/R oA = (VG/R X VG/R) oA = A(p) o VG/R

and the Verschiebung turns out to be a group homomorphism. With this definition we get
immediately the following proposition.

Proposition 51. V o F = [p] (resp. F oV = [p]) is multiplication by p on G (resp. GP).)

Proof: Vg o Fgyr = [p] follows from the defining diagram (8.5). For the other composition

we compute in the diagram
Vc/% YR
\ / (

because Frobenius is natural with respect to the base change by Frob : R — R and the Ver-
schiebung is preserved under base change. O

P=V ), r

It remains to verify that both definitions of the Verschiebung agree for A representing a
finite flat commutative R-group G. The Hompg(—, R)-dual of (the right edge of) diagram (8.5)
turns out to be canonically (the left edge of) diagram (8.5) for the Cartier dual group, hence
Voo /g = F g /R Indeed the maps A and p are interchanged by the definition of the Cartier dual
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via the duality of Hopf algebras. The Hompg(—, R)-dual of the defining short exact sequences
for the coinvariants

[T A% = 4% 2 SymP 4 — 0
oES)
is the defining sequence for the invariants but for the dual algebra AV = Hompg(A, R)
0= ((AY)®P)5r & (4¥)®P 7= TT (4")®,
0ES)

hence the Hompg(—, R)-dual of pr and @ are i and A. It remains to check the commutativity of
the following diagram

(¢4 00)V

(8.6) (Sym? A)" (A @Rrpob R)”

ey o
((AV)=P)5r o (AY) @R Frob R.

Let fo;: A — R € AY be such that
Zfa,l X...R fa,p S (A\/)®p

is Sp-invariant. It follows from the computations after (8.4) that there are hg € AY and A\g € R

with

Zfa,l ®...Q fap = Z)\gh?p mod im(NV),
@ B
which means that

e oD fa1 @ ... @ fap) =D hg®Xg € A @ppron R
a 8

On the other hand, the form >, fa1 ® ... ® fa,p maps in (Sym? A)Y to
a1 Q... ap+— ana,i(ai)
a g

and via (¢t 0¢)V to
a®@1e Y [[ail@) =D Ashs(a)” | € (A®Rpon )"
a g B

The latter agrees with > 5 hp® Ag under the identification (A @R, Frob R)v = AY ®R Frob R which
shows the commutativity of (8.6).

Ezxample 52. We compute the Frobenius and Verschiebung for the three typical examples of
groups of order p.

(1) The group o, is connected and thus of finite Frobenius height. Hence the Frobenius
F:a,—aq
is the homomorphism 0, and by Cartier duality also the Verschiebung
Via, = aqp

vanishes.
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(2) By the same argument the Frobenius
Espp = pap
vanishes, and thus by Cartier duality also the Verschiebung
V:Z/pZ — Z/pZ

is the homomorphism O.
(3) The Frobenius
F:7Z/pZ — Z/pZ

is the identity map because on representing R-algebras it is given by

H R=( H R) ®R mrob R — H R

9E€L/pZ 9EL/PL 9€L/pL
(ag)gec = Y _(0,...,1,...,0)@ag > > ag-(0,...,1,...,0)" = (ag)gec.
|
9 latg 9 latg

Consequently, the Verschiebung
Vo — pp
is the identity map by Cartier duality.

Proposition 53. Let R =k be a field and let G/k be a finite flat group.

(1) G is étale if and only if its Frobenius F' : G — G® is an isomorphism.

(2) G is connected if and only if the Frobenius F : G — G® is nilpotent.

(3) G is multiplicative if and only if its Verschiebung V : G®) = G is an isomorphism.
(4) G is bi-infinitesimal if and only if Frobenius and Verschiebung are nilpotent.

Proof: (2) has been dealt with in Lemma 46. (1) If G is étale, then G° = 1 and G has no
connected non-trivial subgroup, hence the kernel of Frobenius is trivial. Thus Frobenius is an
isomorphism by comparing the order of the image F'(G) with that of G. On the contrary, if
G° # 1, then the Frobenius has non-trivial kernel because it already has non-trivial kernel on
GY. (3) follows from (1) by Cartier duality. And (4) follows from (2) applied to G and GP. O

8.5.3. Simple objects. In characteristic 0, the simple objects in the category of finite flat group
schemes over a connected base S correspond to the irreducible continuous (S, s)-modules.

Theorem 54. Let k be an algebraically closed field of characteristic p > 0. The simple objects
in the abelian category of finite flat commutative group schemes over Spec(k) are

p, O, Z/PZ, and Z/UZ for all £ # p.

Proof: A simple object is either étale, connected multiplicative or bi-infinitesimal. In the
étale case the simple group must be Z/nZ for some prime number n. A connected multiplicative
simple group is Cartier dual to an étale simple group of order p, hence p,,.

A bi-infinitesimal simple group G must be of Frobenius height 1, with Cartier dual of Frobenius
height 1. Hence Frobenius and Verschiebung kill G. Let the group homomorphism f, : G — G,
correspond to a non-trivial tangent vector in

’UETeGD

as in Proposition 41. The map f, must be injective with image contained in the kernel of
Frobenius on G,, hence f, induces an injective map

fo:G = ap

which must be an isomorphism by comparing the order of the groups. U
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Corollary 55. The group vy, is the only simple object in the category of bi-infinitesimal finite
flat group schemes over a field of characteristic p.

Proof: The proof of Theorem 54 in the bi-infinitesimal case did not make use of the fact that

the field was assumed algebraically closed. O

We conclude that the complexity of the category of finite flat group schemes comes primarily
from the complexity of non-trivial extensions of «,, with itself and secondarily from monodromy
via Galois action for the étale and multiplicative part.

8.6. Classification of group schemes of order p.

8.6.1. Warm-up: group schemes of order 2. References: [ ] §3.2 or | ]

Let G be a group scheme of order 2 over R represented by A. The counit € : A — R splits
the structure map R — A so that with I = ker(¢) we have

A=IaR,

and [ is a line bundle on R, i.e., a projective module of rank 1. Let us assume for simplicity
that I is free. Let X be a generator of I. Then there is a unique a € R with

A= RIX)/(X? — aX),
and a unique b € R such that the comultiplication reads
A R[X]/(X?—aX) — R[Y,Z]/(Y? —aY, Z* — aZ)
X—AX)=Y+Z+0bYZ.
The parameters a, b are subject to the constraint of a well defined comultiplication.

0=AX?-aX)=Y +Z+bY2)? —a(Y + Z+bY Z)

= (a*b* —ab+ 2+ 4ab)Y Z = (ab + 1)(ab + 2)Y Z.

The inverse map is given by X + cX for a unique ¢ € R. The constraint from g-¢g~! = 1 reads
0=X +cX + beX?
or
0=1+c+abc=1+c(1+ ab).
Hence 1 + ab is a unit and thus ab = —2 and ¢ = 1. Associativity is satisfied automatically:

Y + (1+bY)(Z 4+ W +bZW)

=Y+ Z+WH+bYZ+YW + ZW) +b*Y ZW

= (Y +Z+bYZ)(1+bW)+ W.

The resulting group scheme represented by R[X]/(X? — aX) with comultiplication as above is
denoted by G and exists for each factorisation ab = —2. Special cases are

Gi,—2 = Z/QZR, G_21 = 2.

The Cartier dual of Gy is Gpq.
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8.6.2. The classification result by Oort and Tate. References: [ ]

We fix a prime number p and choose a primitive (p — 1)-th root of unity ¢ = (,—1 € Z,. The
resulting embedding Z[(p—1] < Z, determines a place p|p in Q({p—1). We set

1
p(p—1)
with respect to this embedding. In other words, A is the Dedekind ring of S-integers of Q({p—1)
with S the set of all primes dividing p(p — 1) except p. The residue field at p is

A/pA =T,

We sketch the content of | | which contains the classification of group schemes G of order
p over a base R which is a A-algebra. The first result is the following theorem.

A= Z[Cpfl, ] M Zp

Theorem 56 (| | Theorem 1). Every finite flat R-group of order p is commutative.

Proof: 1t is clearly enough to work over a local ring (R, m) with algebraically closed residue
field. The fibre over m is a group of order p over an algebraically closed field and thus one of the
three choices Z/pZ, p, or ay, see | | Lemma 1. In each case, the dual Hopf algebra is again
the algebra of one of Z/pZ, j1,, or o, and thus is generated by one element | | page 6, hence
this holds also for the Hopf algebra over R by Nakayama’s Lemma. But monogenic algebras are
commutative, and thus the group is commutative. O

Let A be the R-algebra representing G. We can split off the augmentation ideal I = ker(e) as
A = R® 1 via the counit € : A — R and unit  : R — A. The multiplication action Z — End(G)
factors over F,, and induces a representation of (distinguished generator ()

FX =Z/(p—1)Z

on A, respecting the decomposition A = R @ I. As A contains the (p — 1)th roots of unity, this
action can be simultaneously diagonalized. Let

=1,
X

be the decomposition in isotypical components according to the F;—action, e.g., by the idempo-
tents

1 _
ex = p—l Z X(m) l[m])
meFy

which project onto I, = e, I because of [m]e; = x(m)e;. The choice of { € A, or more precisely
the place p above, determines a generator

X By = (A/pA) = ppa(A) = A”

for the group of characters with values in A. We set I := I,; and e; = e, ;.

Lemma 57. The R-modules I are locally free of rank 1 and I; = 1—1®j for1<j<p-1.

Proof: 1t is enough to consider the case where the base is an algebraically closed field k, in
which case x = id : Fy — £ and the lemma follows from the inspection of the only three cases:
(1) Z/pZ: The algebra is

p—1
A =[]k =Maps(Z/pZ, k)
i=0
with F;—act‘ion by [m]f(n) = f(mn). So I; C Maps(Z/pZ, k) is generated by the contin-
uation of x/ on F) C Z/pZ by 0. The different characters are linearly independent and
span Maps(F ', k) C Maps(Z/pZ, k), which is the augmentation ideal.
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(2)  pp: The algebra is
A= k[X]/(XP = 1) = k[T]/T?,
where X =1+ T, with Ff-action by [m](X) = X™. We have
[m](T) = (1+T)" —1=mT mod I*
and [/ = (Tj). We compute
. 1 P , 4
e;j 77 = — Z m](T7) = o1 Z x(m)m/T? =T mod (T7F1)
melFX meFy
The element ejT] € I; is nontrivial which shows I; is locally free of rank at least and
thus exactly 1. Because (e;T)7 = T7 mod (T7+') we have that the image of I — I; is
nontrivial.
(3)  yp: The algebra is
A = E[X]/(XP)
with FX-action by [m](X) = mX. So I; contains the nontrivial X7 which therefore
generates I;.

O

In the sequel we assume for simplicity that I; is free of rank 1 as an R-module, and we choose
a generator « € I;. Then there is an element a € R with A = R[X]/(X? — a), where x is the
image of X.

Let us examine the case of y, o with more details. The algebra is A = A[X]/(X? — 1) and
I=A1—-X)+...A(1 — XP71) is the augmentation ideal. We set

yi=@p-De(1-X)= > x7(m)(1-X")

mE]F><
and get
1 p—1 -1l p—1
pTl ZXJ (m)y; = X (m)e; | (1-X) = [m]e; | (1-X)
j=1 J=1 J=L mery

p—1

= e | (1-X")=1-X".
j=1

Consequently, we have with y = y; that I; = Ay; = Ay’ and so for some uniquely defined units
w; € A we get

Y = w;y;
for 1 < j <p—1. Of course wi; = 1 and we set wy = 1 as well. The collection of the w; is a
partial divided power structure.
Proposition 58 (| | page 9). The algebra of py a is A[X]/(XP —1) = Aly]/(yP — wpy) with

(1)  wp = pwp_1,
(2) [m](y) =x(m)y  for m € Fy,
(3) wj=j! modp forl<j<p-—1,

—1 4 P—J
(4) A =yel+loy+ 53 Lol
—1 J
(5) p+(1-pX=3"%,
(6) inv(y) = —y, except for p =2 when inv(y) = y.
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Proof: (2) is clear and for (4) we compute

Ag)=A | > xtm)'m](1-X) ) = > x(m)"'[m] ® [m]A(L - X)

meFy meFy
=3 xm)mleml-XeX)= Y xm) (- X" e X™)
meFy meFy

Hence,
Aly) —y®1-10y=— > xm)(1-X"e@1-Xm)

mGIF><
= 2 X Zx my; @4 = 1 QZ%%Z x(m)
mery 1,j=1 ,j=1 mery
Z yy yp J
U’p J
(5) follows from
p—1 1 p—1
Jj=1 J=1

Modulo p we have y? = 0, so

(A/pAXT])/(XP = 1) = (A/pAlyl) /"
Now we compare the coefficients at 3/ @ y for 1 < j <p —1 in

(A/pAW)/ (' @75 i+ j > p)

of the equation

L bt p—1 .
1 p 7 1 J ! A ]
L= e |1t D | =XeX =AM =1+—>" (y)
Pi=o v Pi=o ™ T
. p—i\J
1 p—1(y®1+1®y+ﬁ2§=1i—j®i;}—j)
=1+
L-p & a
which implies
1 j+1

and shows (3). Next we show (1):
v =y ) = ywpatp-1) =ywp1 Y x(m) TPA-X") =yuw, o Yy (1-XT)

meFy meFy
=wy 1 (p—Der(1-X)(p—1-X-X?— ... = XP N =pw,_1(p — De1(1 — X) = wpy.
And now we compute the formula for the inverse
inv(y) = (p — 1)erinv(1 — Z x Hm)(1 - Z X (m)(1—-X™) = —y,
meFy meFy
except for the case p = 2 when inv(y) = y. O

The examples: The description of j, yy+1) with the Hopf algebra
A= AU yl/(y” = wyy)
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as above becomes after the change of variables Y = U ™!y the presentation
A =AU Y]/(YP — w,UPY)

with Hopf algebra structure determined by £(Y) = 0, and inv(Y) = —Y for odd p and inv(Y') =
Y for p =2, and

pgr-1 Pty yri
1 = w_J Wp—j
This Hopf algebra is defined over the (see below Lemma 59) subalgebra
Runiv = A[A, B]/(AB — w,) C A[UH]
generated by A = w,U'"P and B = UP™! as the universal finite flat Hopf algebra of order p by
Auniv = Runiv[Y]/(Y? — AY)
via €(Y) =0, and inv(Y) = =Y for odd p and inv(Y') =Y for p = 2, and

AYV)=Y@1+1QY +

—1 . .
B Y_vyi ypri
AY)=Y®1+10Y +— ) —® .

L=pi=gwj  wp-

J=1

All necessary formulas hold because they hold in the algebra A = Auniy ®g,,.. A[UT!]. Let
a,b € R be such that ab = w),. The finite flat R-group G, of order p is defined as

Ga,b = SpeC(R[X]/(Xp - (ZX)),
[ Xp—i

b 22
AX)=XR14+10X+——Y — :
(X) 1‘1’2“’1‘ Wp—i

which is the specialisation of Gypnivy = Spec(Auniv) by base change via Rypniy — R mapping A — a
and B — b.

Lemma 59. The map A[A, B]/(AB — w,) — A[UY] defined by sending A — wpU'™P and
B — UP™L s injective.

Proof: After inverting p the map becomes injective with image A[UF®~D]. As A[UF!] does
not contain p-torsion, and by Nakayama’s Lemma, it suffices to prove injectivity after base
change to A - A/pA = F,. The Laurent polynomials ), a;U"P=1) belong to the image if and
only if a; € A for ¢ > 0 and a; € wzjiA for ¢ < 0. It follows that the map

A[A, B]/(AB — w,) ® A/pA = F,[A, B]/(AB) — Alw,U' P, UP" ] @ A/pA

is an isomorphism. U

Theorem 60 (| | page 12-15). Let R be a A-algebra with Pic(R) = 0.
(1)  Any finite flat R-group G of order p is isomorphic to a group Ggy for some ab = wy, in R.
(2)  Two such groups Gap and G g4 are isomorphic if and only if there is a unit u € R* such
that ¢ = uP~la and d = u'~Pb.
(8)  The moduli space for group schemes of order p over A-algebras is the Artin-stack quotient
(SpecA[A, B]/(AB — wp)) /G,
where the Gy, action is by u.(A, B) = (uP~1A,u!"PB).
(4) The Cartier dual to G, is the group Gy o with explicit formula for the pairing given by
RIT, T — R[X]/(XP — aX) ®r R[Y]/(Y? — bY)

—1 .
1 = (X®Y)
T— 1+ .
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9. p-DIVISIBLE GROUPS

References: [ 1 ]

9.1. Definition. A p-divisible group over the base S = Spec(R) is an inductive system
G = hﬂ Gy

indexed by the natural numbers v € N of finite flat commutative groups G, over S such that
there is a natural number h, called the height and such that

(1) G, has order p™*, and
(ii)  for each v we have an exact sequence
0— Gv 1_1,> GU+1 m) GU+1.

Note that G = lim G,, is not a scheme but an ind-scheme, or a formal R-scheme, which we
will discuss in Section §10. We treat it here as a functor of points on R-algebras

G:T v G(T) = lim Gy (T).

Because each covering in Sppqc has a refinement with finite index set, the direct limit of sheaves
as a presheaf, so argument-wise, is again a sheaf. Consequently, the group G can be viewed as
an fpqc-sheaf. Grothendieck prefers to call p-divisible groups Barsotti-Tate groups.

9.1.1. Torsion. The composite of the i, gives closed immersions @, : G, = G4 and we will
frequently identify G, with its image.

Lemma 61. The kernel of [p¥] : Gytt — Gygt is the subgroup Gy. The group G = li_n}Gv 18
p-primary torsion with p¥-torsion equal to G[p] = Gy

Proof: We prove this by induction on ¢, with £ = 1 being part of the definition. Assume the
lemma to be true up to ¢, then for v > 1 we find

Gott+1[P"] = Gostr1[P" ] N Goyrs1[p'] = Gost N Goyri1[p'] = Gort[p’] = Go.
O

9.1.2. Homomorphisms. A homomorphism of p-divisible group is a homomorphism of inductive
systems of groups. Namely a

f: ligGv — hg H,
is given by a compatible collection of

fv : Gv — Hv“l‘tv'

But as the levels G, (resp. H,) coincide with the p'-torsion, any such f has to be automatically
compatible with the indexing and the description of homomorphism simplifies to

Hom (thv,li_n;Hw) = lim lim Hom (G, Hyy) = lim Hom(Gy, Hy).

9.1.3. Multiplication by p. The image of [p’] : Gyt — Gyt is killed by [p'] and hence factors
uniquely over a map

j’v,t : Gv+t — Gt.
Proposition 62. The sequence
O%Gvit—)Gv_Hﬂi)Gt—}O

18 exact.
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Proof: Tt is left exact, because G, is the kernel of [p¥] = i;, o j, With iz, injective. We get
an induced injective map

Gv-l—t/iv,t(Gv) — Gt

of finite flat S-groups of the same order p™, which must therefore be an isomorphism by the
following helpful lemma. O

Lemma 63. Let R be a Noetherian ring and M a finitely generated R-module. Then any
surjective endomorphism of M is bijective.

Proof: Let ¢ : M — M be a surjective R-module homomorphism. The sequence of submod-
ules M; = ker(y?) is increasing and thus stabilises. So for i > 0 we have M; = My;. The map
¢ being surjective we find that ¢’ : M; = My; — M; is surjective as well. But this map is also
the 0 map, so that M; = (0), which proves that ¢ is in fact injective. O

Corollary 64. Let G = (G,) be a p-divisible group. The map multiplication by p
pl:G— G

or more precisely the map induced by the ji ., : Gyr1 — Gy is finite faithfully flat (fpgc) of degree
p" = #ker[p]. In particular, multiplication by p is surjective on the fpqc-sheaf defined by G.

The last property explains the name p-divisible groups. A group homomorphism f: G — H
between p-divisible groups which has finite flat kernel and is surjective as map of fpqc sheaves
is called an isogeny, the degree of which is the order of its kernel. So [p] : G — G is an isogeny
of degree deg[p] = p", where h equals the height of G.

9.2. Examples.
(1) The constant p-divisible group
G=Q/Zy
with level v given by G, = %Z/Z has height h = 1.
(2) If a projective system (G,) of discrete groups satisfies the axioms for p-divisible groups,
then we find by induction on v that G, is a free Z/p*Z-module of rank h. Indeed,
Gy /pGy = Gy

shows that G, is a Z/p"Z-module with h generators and cardinality p"v. The projective
system for Isom (G, (Qp /Zp)h) is level-wise finite and nonempty, so that the projective
limit is itself nonempty. So G = liﬂGv is isomorphic to

(Qp/Zp)".

(3) If Gy is finite étale, then by induction all G, are finite étale. Let S be connected with
geometric point s € S. The fibre G, in s of the p-divisible group G/S is a discrete
p-divisible group as in (2) and G is determined by the induced continuous representation

(S, 8) = Aut(Gs) = Aut ((Qp/Zy)") = GL1(Z,),

where h is the height of G.
(4) The p-divisible group
pp>> = Gm[p™]
has level groups G, = pyw = Gy[p¥] with transfer maps induced by the inclusions into
Gm. The height of py~ is 1. The group is étale if p is invertible and then corresponds to
the p-adic cyclotomic character

X :7m1(S,8) = Z,.
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(5) In general, over a local henselian base S = Spec(R) the natural filtration on the finite
levels G, of a p-divisible group G induces the structure of p-divisible groups G,, = (G ),
G? = (RY), Gpi = (Ghip) and G = (G%') on the connected multiplicative, the connected,
the bi-infinitesimal and the étale part of G. The condition on the correct group orders
comes from Lagrange’s theorem, Proposition 28, and exactness of the étale part (resp. the
connected component, Proposition 40, and also from Cartier duality Proposition 29). We
have a filtration

0CG,CG'Caq

of p-divisible groups with quotients G, Gy,; and G® respectively. If R is a perfect field,
then the filtration splits canonically.

(6) The motivating example. Let A/S be an abelian scheme of dimension g. Then multi-
plication by p? is an isogeny of A/S of degree p?9*, hence the kernels G, = A[p’] lead to
a p-divisible group

G = A]p™]
of height h = 2¢g. If p is invertible on S, then the associated representation is the action
(S, s) = Aut(A[p™]) = GL(T, As)

on the p-adic Tate-module of the fibre A5 of A/S in s.

9.3. Cartier duality. There is a notion of the Cartier dual p-divisible group to a p-divisible
group G = (G,) as follows. We set (GP), = (G,)” and use the Cartier duals of the diagram

Ju w

0 — > Gv $ Gv+1 [p] GU+1 Jv=J1v GU 0

to get inclusions j” : GP — Gﬂ_l with the correct properties. Note that only the layers of G
and GP are dual. There is no reasonable duality for the whole ind-groups. The Cartier dual
group GP has the same height as G.

Example 65. (1)  The p-divisible groups Q,/Z, and p,~ are Cartier duals of each other.

(2) Let A/S be an abelian scheme and A'/S = @%/S the dual abelian scheme. As sheaves

on Sgpqc we find that A'/S = Euti, (A, Gm), whereas S omepqe(A, Gm) = 0. It follows
that the sheaf-Ext sequence associated to

0—>A[p”]—>Ai>A—>0
leads to
0 — A om(Ap'],Cm) = Eth (A, Cm) L5 Eath (A, Gm) = 0

which identifies canonically the Cartier dual A[p¥]P = A![p¥] as the torsion in the dual
abelian scheme. It follows that A[p>] and A![p>] are Cartier dual p-divisible groups.

9.4. Frobenius and Verschiebung. Let S = Spec(R) be of characteristic p > 0. Frobenius
and Verschiebung are natural with respect to group homomorphisms in characteristic p and thus
define maps of p-divisible groups over R

Fo:G—=GP and Vg:GW 5 @G,

the composites of which in either way are the multiplication by p map. If follows that ker Fiz C

ker[p] = G and ker Vi C ker[p] = Ggp ) are finite group schemes. Moreover, as multiplication by
p is surjective on the corresponding fpqc-sheaves, the same holds for Fg and V. Over a field
of characteristic p > 0 Frobenius and Verschiebung are thus isogenies, which are Cartier dual to
each other in an appropriate sense.
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10. FORMAL GROUPS

References: | 11 11 ]

10.1. Formal functors and formal schemes. References: | | Chapter |.6.

Let A be a local complete Noetherian ring and 42%1{ the category of finite length artinian

A-algebras. A A-formal functor is a functor . : 42%/{ — Lets.
Recall that o7, is the category of A-algebras. The formal completion of a functor

F .y — PLets

is the A-formal functor
F: ,Q%/{ — Lets
given by restriction of F' to
] C ).

For A € @7[( we denote the A-formal functor Sﬁec(A) by Spf(A4). We can now give three
definitions of A-formal schemes. These form a full subcategory of A-formal functors 2" which
are the filtered direct limits @Spf (A;), or more precisely the corresponding ind-object, for a
projective system A; € 42%/{ . Equivalently, a A-formal scheme is given by a pro-finite A-algebra
A= @Ai with A; € J , or more precisely the corresponding pro-system, and the A-formal
functor

Spf(A) = (R — Hom(A, R) = liﬂHom(Ai, R)).
It is a consequence of the representability theorem of Grothendieck | |, that the A-formal
schemes are exactly the left exact A-formal functors, i.e., those which commute with arbitrary
finite projective limits.

Let X = Spec(A) be a representable functor on A-algebras. The formal completion X is then
left exact and thus representable by Grothendieck’s theorem. Indeed we find

X = Spf(lim Oy),
ZCX

where the limit ranges over all closed subschemes Z C X that are artinian and proper over A.
Indeed, Oy is an object of sz/{

10.2. Formal group schemes. References: | | Chapter 11.4.
A A-formal group is a A-formal scheme that enhances to a functor with values in groups.
For Spf(A) with A = @Ai to be a formal group asks for a continuous comultiplication
A:A—>A®A:T£1A¢®AA1'7
a continuous inverse inv : A — A and a continuous counit € : A — A. A A-group scheme G has
a formal completion along the 0 section G that is a A-formal group, namely

G:R— G(R) =ker (G(R) — G(Ryeq))

for R € 42%1( . The connection with the formal completion above of the underlying set-valued
functor X = G is as follows. The completion of G at 0 is simply the connected component
G = (X)% of 0 € X in the formal completion X.

Ezample 66. (1) The formal completion G, is represented by A[[X]] with comultiplication
AX)=X®1+1®X.

A~

The corresponding formal functor maps a finite length local A-algebra (R, m) to G4(R) = m
with addition as composition.
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The formal completion G, is represented by A[[X]] with comultiplication
AX)=X014+13X+XeX=1+X)o(1+X)—-1.
The corresponding formal functor maps a finite length local A-algebra (R, m) to
Gum(R)=14m

with multiplication as composition.

Let G = (Gy) be a p-divisible group over A with G, = Spec(A4,). The inclusions of G

define a pro-finite projective system A = 1&1 A, for which the comultiplications of the A,

define a comultiplication A : A — A®A, so that we get an associated A-formal group

Spf(A).

Let E//A be an elliptic curve. The formal completion F is represented by the completion
Op.e = A[IX]].

If A is a Q-algebra, then the following holds.

Theorem 67. Let A be a Q-algebra. Then any commutative connected formal group over A
is 1somorphic to a direct sum of copies of G,, including the infinite dimensional case.

Following Theorem 67 there must be an isomorphism Ga = Gy, if the constants A are a
Q-algebra. We choose local coordinates

Ga = Spf A[[X]]
with A(X) =X ®1+1® X and
Gum = Spf A[[Y]]
with A(Y)=(14Y)® (1 +Y) — 1. Then an isomorphism is is given on the functors of
points by .
exp : Gy — G, exp(z) = Z;) %x" =1+y,

and on the representing algebras by

hE

" . 1.,
exp” : A[IY]] > A[IX]], exp™(¥) = exp(X) ~ 1= 3 X",
n=1"""
and, again on the functor of points by
s r € = ()"
log : Gy a, log(1 = — n— g,
og: Gy — G og(l+vy) ; o x
while on the representing algebras by
. . = (=D)" .,
log” : ATIX]] + A[[Y]], log"(X) =log(1 + ) = -3 Ly
n=1

The usual computation shows that these are group homomorphisms:
Aexp*(14Y)) = Aexp(X)) = exp(A(X)) =exp(X ® 1+ 1® X)
=exp(X) ®exp(X) =exp* ®@exp"(1+Y)® (1+Y))
— exp” @ exp™(A(1 + V),
and
A(log"(X)) = A(log(1+Y)) =log(A(1+Y)) =log((1+Y)® (1+Y))
=logl1+Y)®1+1®log(1+Y)=log"®@log"(X ®1+1® X)
= log* ®log" (A(X)).
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(7)  The formal completion of the Witt vectors determines an infinite dimensional (or a pro-
system of finite dimensional) connected formal group that plays a key role in the classifi-
cation of formal groups and thus of p-divisible groups.

10.2.1. Cartier duality revisited. References: [ | Chapter 11.4.
The Cartier dual group functor to a group G is the functor

GP : R+ GP(R) = Homg,ps(GR, G r)

Theorem 68 (| | Chapter 11.4). The functor G ~ GPD is a contravariant equivalence of
categories between commutative affine A-groups and commutative A-formal groups.

From Theorem 68 we deduce that for a field £ = A the commutative A-formal groups form
an abelian category | | Chapter I1.6.

10.2.2. Formal Lie groups and formal group laws. References: | ] Chapter 11.10, | |

A formal Lie group over A is a connected smooth, more precisely formally smooth, A-
formal group. Being connected and formally smooth for ¢ = Spf(A) with a unit Spec(A) — ¢
is equivalent to an isomorphism A = A[[X7,...,X,]] of pro-finite A-algebras. The number n
is uniquely defined as the A-rank of the tangent space I/I?, where I is the augmentation ideal
I =(Xi,...,X,), after linear shift of variables, and is called the dimension of .

Ezample 69. Let A be a field k and G/k be a reduced connected algebraic group. Then the
completion G is a formal Lie group over k of dimension dim(G) as a k-variety, because reduced
groups are smooth.

The group structure on Spf(A) is given by a map
A A[[Xy, ., X = A[[X, . X OAY, L Y] = A[X, . X, Y, Y

or more explicitly by a tuple of power series A(X;) = ®;(X,Y) that satisfy the following axioms:
() X, (Y, 2)) = (2(X,Y),Z),
(i) @(X,0) =X =(0,X).
And, if the formal Lie group is commutative, then we have also
(iii) ¢(X,Y)=2Q(Y,X).
It turns out that (i) and (ii) automatically imply the existence of an inverse map inv : A — A
given by power series inv,;(X) such that
(iv) @(X,inv(X)) =0= P¢(inv(X), X).

Proof: We will construct tuples of power series A(X) and p(X) by induction on the order, such
that X\ (resp. p) is a left (resp. right) inverse to ®. It then follows as usual by the computation
AMX) = 2(A(X),0) = 2(MX), (X, p(X)) = ©(R(MX), X), p(X)) = ©(0, p(X)) = p(X)

that A and p agree and are unique.
By symmetry it is enough to construct A. Up to monomials of second order we have
A(X) = —X + higher order terms,
because by (ii)
?(X,Y)=X+Y + higher order terms.
If for m > 1 we have constructed A, so that ¢(A,,(X),X) = 0 up to an error of order higher
than m. Then the next approximation is given by
with equation for §(X) homogeneous of degree m + 1 given by

DA (X) +0(X), X) = P(\p(X), X) +0(X) =0 mod (X1,...,X,)""?
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which can be solved by
5(X) = —2(\p(X),X) mod (Xy,...,X,)""?
The left inverse A is the well defined limit lim,, o0 A € A[[X]]. O

10.3. Theorem of Serre—Tate on connected p-divisible groups. A p-divisible formal
Lie group is a commutative formal Lie group ¢ = Spf(A[[X1, ..., Xy]]) such that multiplication
by p is a finite flat map on representing power series rings, i.e., the map

[PI" - Al[X1, . Xl = A[[X, - Xa]

makes A[[X7,...,X,]] a free module of finite rank over itself. The degree of [p] is the order
of the finite flat group ker[p] which is connected because it is represented by a quotient of
A[[X1, ..., X,]]. We conclude that the degree of [p] is a power of p and non-trivial at most if the
residue characteristic of A is p > 0. The exponent is called the height of the p-divisible formal
Lie group.

10.3.1. The p-divisible group associated to a p-divisible formal Lie group.
References: [ | Chapter 1111, | ]

Let ¢ be a p-divisible formal Lie group of height h. With [p] also the maps [p”] are finite flat
and of degree p™, hence the kernels G, = ker[p¥] = ¢[p"] form an inductive system of connected
finite flat groups over A of order p". Moreover, as obviously the following is exact

0= Gy = Gt 25 @y,

We conclude that %~ = (G,) is a connected p-divisible group associated to the p-divisible
formal Lie group of the same height.

Theorem 70 (Serre-Tate). Let A be a local complete Noetherian ring with residue characteristic
p > 0.

The functor G ~ 9y is an equivalence of categories between p-divisible formal Lie groups
over A and connected p-divisible groups over A.

~

As an example we stress that Gm corresponds to Gy, po = ppe and that on representing
algebras we have with T'=1+ X

lim A[T)/(T" ~ 1) = Jim AX)/ (67X + ...+ X7") = A[[X])

the analogue of which for an arbitrary connected p-divisible group we will encounter below in
the proof.

Proof: Let 4 = Spf(A[[X1,...,Xy]]) be a p-divisible formal Lie group. Let m be the maximal
ideal of A, so that with the augmentation ideal I = (Xi,...,X,) the maximal ideal of A =
A[[Xq, ..., Xp]]is M =mA+ 1.

The algebra A, for the subgroup G, = ¥[p"] is A, = A/[p]"(I), which is finite flat over A and
thus m-adically complete. Moreover, the algebra A/([p]"(I) +m‘) = A,/m’A, is local artinian
and so for w > 0 we find M™ C ([p]*(I) + m?). We have furthermore

[p](X;) = pX; + higher order terms,

hence
[p|(I) C pI + 1% C MI,

by induction [p]’(I) € M"I and so [p|’(I) tends M-adically to 0. We conclude that the natural
map A — @Av is in fact an isomorphism because

A= I’%nA/Mw = 1%1/1/([}9]”([) +m') = %Av/miAv = 1'%1141,.
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It follows that & ~» ¥, is fully faithful:
Homy (4,9') = Homp _pope(A', A) = @HomA_Hopf(A;, Ay) = HomA(%poo,g;oo).

It remains to construct for each connected p-divisible group G = (G,) a p-divisible formal Lie
group ¢ with %, = (Gy). In example 66(3) we have constructed a formal group ¢ associated
to (Gy). Once we can show that ¢ is smooth and connected, i.e., that ¢ = Spf A[[X1,..., X,]],
we are done. The map [p] : 4 — ¢ is the direct limit of the maps

Got1 2% Gy,
hence surjective with finite flat kernel ¢ [p] = G4, so that ¢ is a p-divisible commutative formal
Lie group. Moreover, ¢4 [p"] = Gy, so that % = (Gy).

Let A, be the local A-algebra representing G, and A = l'&lAU the local A-algebra formally
representing &4 = Spf(A). As each A, is finite flat over A we get that l'glAv is a surjective
system of free A-modules of finite rank. Therefore @Av = [L,en A = A[[T]] as a A-module.
We conclude that A is A-flat, and that a continuous homomorphism

(10.1) foA[Xy,. X)) A
which is an isomorphism mod m C A must be an isomorphism itself. Indeed, the projection
pr, : A[[X1,...,X,]] = Ay

induced by f is then surjective by Nakayama’s Lemma for the local A-algebra A,. Let I =
(X1,...,Xpn) be the augmentation ideal of A[[X1,..., X,]], let a; ; be the ideal

mA[[Xy,. .., X+ T
and set a, = ker(pr, ). Then the short exact sequence of systems of A-modules of finite length
0= (a5 +av)/aiz), = (X1, Xall/aig), ., = (Au/aijAu), =0
over the index system (4, j,v) € N3, which has a cofinal index system isomorphic to N with its

natural ordering, so that the theory of the Mittag-Leffler condition applies, remains exact after
performing the projective limit. We deduce that f which is nothing but

A[[Xl, PN ,XnH = @A[[Xl, PN ,Xn]]/aiyj — @Av/ai,jAv = I&HAU =A

Z7J7U Z7]7/1)

Z7]7U

is surjective. Then due to A-flatness of A
ker(f)/mker(f) =ker(f mod m),

and again Nakayama’s Lemma for the A[[X7, ..., X,]]-module ker(f) shows that ker(f) = (0).
We thus may assume that A = k is a field of characteristic p, because an isomorphism

7o KXy, X)) = A/mA = lim A, /mA,

lifts to a morphism f as in (10.1).

We define H, = ker(F" : Gy — G,E””)) for ¢ > 0. Because of V¥ o F = [p"| we find H, C G,
as a closed subgroup independent of t. Conversely, G, C H,, for w > 0 because G, is of finite
Frobenius height. We conclude that A = l'&lAU = l'&le where H, = Spec B,,.

Let I, be the augmentation ideal of B, and fix elements X1,...,X, € [ = @Iv such that
the images form a basis of I;/I?. As

0— Hy — H, & H®

is exact for v > 1, we find Iy = I, mod I} and thus I,/I? — I;/I} is an isomorphism. We
deduce that the images of the Xi,..., X, in I, generate the augmentation ideal I, C B, for
each v. The map

k([ X1,...,X,]] — l'ngv =A
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defined by the X; is the projective limit of the corresponding surjective maps
E[[X1, ..., Xa]l/(XP"; 1 <i<n) > B,.
It remains to prove that
#H, = dimy B, equals p"" = dimyk[[Xy,... ,Xn]]/(XZ-pU; 1<i<n).

By the structure theory of finite flat groups of Frobenius height 1, Proposition 48, we have
#H, = dimy B; = p™ and we only need to show that

(10.2) 0 H —» H, 5 H?, >0

is exact in order to conclude by induction on v; note that #H, = #Hqu ) = #(H (p))v. The
multiplication by p map [p] : G® — G for the Frobenius twisted p-divisible group G® is
surjective as a map of fpqc sheaves. From [p] = F oV we deduce that also F' : G — G is
surjective as a map of fpqc sheaves. Consequently, the map F' : H, — Hq(]Ii)1 is surjective as map
of fpgc-sheaves, and (10.2) is exact, which concludes the proof of the theorem. U

Ezxample 71. Let A/A be a smooth connected commutative algebraic group. The completion A
is a formal Lie group over A of dimension dim(A). If the multiplication by p map [p] : A — A
is finite flat, then Ais a p-divisible formal Lie group of dimension dim(A) and height h with p”
equal to the order of (ker[p])°.

(1) A= G,, then [p] : Gu — G, is the zero map in the special fibre and thus neither finite nor
flat.

(2) A = Gy, then [p] : G, — Gy, is finite flat and G, is a p-divisible formal Lie group of
dimension 1 and height h = 1. Multiplication by p is given by X +— (1 + X )P — 1 with
respect to the standard coordinate X € A[[X]] with A(X)=(1+X)® (1+ X) — 1.

(3) A = E an elliptic curve over A. Then [p] : E — E is finite flat of degree p?, so Eisa
p-divisible formal Lie group of dimension 1. The connected component of E is of height 1
if F has ordinary reduction, and is of height 2 if £/ has supersingular reduction.

10.3.2. Dimension of a p-divisible group. The dimension of a p-divisible group G is the di-
mension of the formal Lie group associated to the connected component G°. It follows from
the proof of Theorem 70 that for a p-divisible group over a field k£ of characteristic p > 0 the
dimension computes as

dim(G) = dim(GO) = log,, # ker (FGO[p]®Ak) = log,, # ker (FG®A;€).

The last equality comes from the fact that the kernel of Frobenius is connected and contained
in the p-torsion, see Proposition 53.

Theorem 72. Let G be a p-divisible group over a local henselian ring R with residue character-
istic p > 0. Then we have

dim G + dim GP = height(G).

Proof: The numerical invariants only depend on the closed fibre of G. We may thus assume
that R = k is a field of characteristic p > 0. Because Vi o Fiz = [p] and because F is surjective,
we have a short exact sequence of finite flat k-group schemes

0 — ker Fg — ker|[p] L ker Vg — 0.

The order of ker[p] = Gy is p where h = height(G). The order of ker Fg equals p@™(&), Asg
FeVe = [p] we have ker Vg = ker Vg, and an exact sequence

v
0— ker Vg — G4 BACEN G1 — coker Vg, — 0.
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Thus the order of ker Vg is
# ker Vg = # coker Vg, = # ker FG? = #ker Fop = pdim(GD)
which proves the theorem. O

Example 73. The p-divisible group G, [p>°] = ppe is of height 1 and dimension 1 and has Cartier
dual Q,/Z, of height 1 and dimension 0.

10.4. Application: Local class field theory via the Lubin—Tate formal group.
References: [ ]

10.4.1. Lubin-Tate formal groups. Let K be a finite extension of Q, or Fy((X)), let
O=9 Kk CK
be the ring of integers with uniformiser 7, residue class field O /79O = F, of cardinality g¢.

Theorem 74. There is a unique connected commutative formal Lie group 4, = Spf O[[T]] of
dimension 1 over O such that T — «T 4+ T is an endomorphism of 9.. For any o € O there
is a unique endomorphism o] : 9 — & such that

[a](T) = aT + higher order.
The endomorphism ] is the endomorphism T +— 7T + T? required in the definition of Yy.

Proof: Step 1: The equation for F' € K[[X,Y]]
(10.3) F(rX + X% 7Y +Y9) = 7F(X,Y) + F(X,Y)"

has a unique solution of the form F(X,Y) = X +Y + higher order. Indeed, F»(X,Y) =X +Y
is a solution modulo quadratic terms. Let F;, be a solution modulo terms of order > n, and let
F = F, + 6§, with § homogeneous of degree n, be an Ansatz for a solution Fj, 11 modulo terms
of order > n + 1. Then the condition on § is

(Fp +0)(mX + X9, 7Y +Y9) = 7(F, +6)(X,Y) + (F, +6)*(X,Y) mod (X,Y)" ™

or

E(rX + X4 nY +Y7) — (nFo(X,Y) + Fo(X,Y)?) = (r — 7")5(X,Y) mod (X,Y)"H!
which has a unique solution ¢ € K[[X, Y]] that is homogeneous of degree n, because 7w # 7" for
n > 2 and because

Fo(rX + X9, 7Y + YY) — (7F,(X,Y) + F,(X,Y)?) € (X,Y)".

Step 2: The formal multiplication F' is commutative. Indeed, F(Y, X) also solves (10.3), thus
F(X,Y) = F(Y,X).

Step 3: The solution F from step 1 is a power series in O[[X,Y]]. Let F = > >, F,, be the
decomposition of F' with respect to the total degree of its monomials. The linear coefﬁ(:lents

of Fl are 1 € ©. Let us assume that all coefficients of F; for ¢ < n are in ©. Then modulo
7O[[X, Y]] + (X, Y)""! we have in (10.3)

n—1

Y F(X9YY) + 7" Fy(X,Y) = F(X9,Y?) + Fo(nX,7Y) = F(nX + X%, 7Y + YY)

i=1

=F(X,Y)+ F(X,Y)! = 1F,(X,Y) + F(X,Y)! = nF,(X,Y) + (Z Fy(X, Y))

which implies

(7" — ) F, (ZF XY) ZF (X9,Y%) =0,

=1
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because the last identity holds in O/79O[[X,Y]]. Thus
1

™ -7

F, €

mO[[X,Y]] = O[[X,Y]].

Step 4: The formal multiplication F' is associative. As in step 1 we can see that the equation
in K[[X,Y, Z]]
G([m)(X), [7](Y), [7](Z) = [7](G(X,Y, Z))
has a unique solution, namely F(X, F(Y,Z)) and F(F(X,Y),Z) which must therefore agree.
The formal group ¥, is now defined using the formal group law given by F.
Step 5: For av € O there is a unique solution [o](T) = oT + ... € O[[T]] for

[a)(nT +T%) = 7[a](T) + ([a(1))".

This follows by induction on the degree word by word as in step 1 and 3.

Step 6: For a, B € O we have [o|([8](T)) = [aB](T). Indeed, []([8](T")) solves the correct

equation
[eB]([](T)) = [x]([aB(T))
and starts with the correct linear term.

Step 6: The power series [a(T) defines an endomorphism of %;.

Clearly [r] is an endomorphism of ¢;. Every a can be written as a o = un™ for some n € N
and a unit u € O*. So it remains to check the case of a = u. Let v be the inverse of u. Because
[1)(T) = (T') and by step 5 we find [u]([v](T)) = T. The power series [v](F([u](X),[u](Y)))
solves (10.3) because

[] F([u][7](X), [u][7](Y)) = [0} F([r][u](X), [7][u] (V) = [o][x]F([u](X), [u](Y))

= [a] (W) (F([u)(X), [u](Y))))
with the correct linear terms, hence agrees with F. On applying [u] we find that [u] is in fact
an endomorphism of 4.
Step 7: The map a +— [a] is an injection of rings O — End(%;). The map is injective as
the evaluation in linear order shows. The map is multiplicative by step 6 and additive because
addition in End(%;) is defined via

which solves

[T F ([e)(T), [B)(T)) = F([x][a)(T), [7][BI(T)) = F([a][x](T), [B[7)(T)) = F([a], [8) ([x](T))

with the correct linear term (o + )T + ... which determines [« + 3] uniquely. O

A Lubin—Tate formal group is a formal group of the form ¥, as in Theorem 74. With this
definition Gy, is not a Lubin-Tate group. But note that when K = Q, is we can pick 7 = p and
find an isomorphisms of formal groups

A~

Gm =%
X — X + higher order

by the method of inductively approximating up to higher and higher order. The Lubin—Tate
formal group ¥,/Z, comes equipped with a Zj-action that extends the action on the tangent

space, while G, a priori is not equipped with this extra structure.

Proposition 75. Let K/Q), be a finite extension. The Lubin-Tate formal group 9, over Ok is
a p-divisible commutative formal Lie group of height [K : Qp).
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Proof: The map [n] : 9 — %, is finite flat of rank ¢ being given by
O[[X]) FFTES [[X))

In K we can factor p = 7« with a unit u. As [u] is an automorphism, the map [p] is finite flat
of rank
¢ = #90 /pO = plE®l,
O

Proposition 76. Let K/Q, be a finite extension. The Lubin—Tate formal group 9, = Spf O g [[T]

over O becomes isomorphic to G, = Spf K[[X]] when restricted to K as formal groups with
O i -action, i.e., there is a logarithm

logy, : G QK — @a,K
corresponding to
10g2}7r K[[X]] = K[[T]], Xw—logy (T)=T+...
with
logy, (T') + loggy, (S) = logy, (F(T,5))
and for every o € O
logg, ([0)(T)) = alogg, (T).
Proof: The logarithm is uniquely determined by the requirement of
logy (7T +T17) = mlogy_(T).

This is evident modulo quadratic terms and if ¢,,(7T") solves for oder < n, then the correction
d € K for which ¢,,(T") + dT™ solves for order < n must satisfy the equation

Uo(7T +T9) — 7l (T) = §(z — 7™)T™ mod (T™)
which has a unique solution § € K. The rest follows as in the proof of Theorem 74. U

10.4.2. Dependence on w. We keep the notation as above and assume from now on that K
is a finite extension of Q,. Let O™ be the p-adic completion of the integers in the maximal

unramified extension of K. We have O™ /7O" = Fglg is an algebraic closure of Fy = O/79O.

Proposition 77. Let /', m be uniformisers of O and let v € O™ with © = vr.

(1)  There is a unit u € O™ with o(u) = vu, where o is the Frobenius map of O™.
(2)  Over O™ there is an isomorphism

G -9, T—ul+...
with w as in (1).
Proof: Step 1: We first prove (1) by m-adic approximation. Modulo 7O™ the equation reads
ul =uv
which admits a non-zero solution in O™ /7O = Fglg I uy, € O™ solves modulo 7™O™, then
the equation for the correction § € O™ that w1 = u, + 7" solves modulo 7" T1O™ ig
o(ty + 07") = (up + 07™)v  mod 1 + 7" O™

which yields

o(un) 14"

1+ Sqn ) J
= 5 = 5 =1+ —a"—(—)%" mod 14 7"O™.
UV o(l+ ") 14 ()i tn tn

This yields the following equation for ¢:

67 —vd = uf ——="~ mod O™
™
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which again admits a solution because the residue field of O™ is algebraically closed.
Step 2: We deduce from Proposition 76 and Theorem 74 that over K™ = O"[1] there is a
unique isomorphism
G GOK™ = Gy = G QK™
that is Ok linear and in the standard coordinates is given by T+ ¢(T) = uT + .. ..
Step 8: The isomorphism ¢ has integral coefficients, i.e., g € O™[[T]]. By construction we
have a commutative diagram

gﬂ_@Knr i> gﬂ/@Knr
logg7r J/ i/lOgsqﬁ,

Ga,K“Y v Ga,K“r .

As the logarithms are defined over K we find 7¢g = (loggﬂ,)*l[a(u)] logg,_, where ?g is the power
series g with o applied to the coefficients. It follows that

7g=go [v].

The index 7 in [v]; reminds us that the corresponding power series realises the O g-action on
“.. We conclude that

[]wog=go[n]ls=gov]zo[rl.= Tgolnls

which means that g satisfies the functional equation
(10.4) 7' g(T) + g(T)! = g(xT + T7).

Now we argue by induction on the order that g has coefficients in O™. Let g = >, - a, 7" then

a1 =u € O™ and if a; € O™ for i < n we look at (10.4) modulo 7O™ = 7/O™ and (T"*1) to
obtain

n—1 q n—1
a, T + (Z aZ-Ti> =o(ap)m"T" + Z o(a;)T
=1 =1

Hence
anm — o(an)m" = an (7' — @ﬂ”) e 7O
which means a,, € O". !
Step 4: The morphism g is an isomorphism
G QO™ =2 G QO™

This follows because g has an invertible linear term. O

10.4.3. Torsion points of Lubin—Tate groups. The multiplication map [7] : % — ¥, is finite flat
of order g, hence the kernel ¥4, [7"] of multiplication by 7" is a finite flat group over O of order
q°. The m-adic Tate-module of ¥, is

Tr gﬂ' = mgﬂ [ﬂ-v] (Kalg)

with transfer maps given by multiplication by [x]. The group T, = T %, has an O g-module
structure by functoriality and carries an O g-linear Galg-action.
As an O x-module T is free of rank 1. Indeed, the transfer maps are surjective and

# e[| (KM) = #D g /7"

so that T, is pro-finite, hence a finitely generated O g-module with T, /7 T, = %, [r](K?#) =
F, = Ok /mOK. So by Nakayama we have a surjection O — T, which must be an isomorphism
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by the counting argument above. We deduce that the Galois action gives a representation, or
rather a character,
xx : Galg — GL(T,) = GL;(Ok) = O%.

Lemma 78. The character xr is surjective.

Proof: The [r] torsion is given by solutions of 77+ 79 = 0, hence by ¢ = 0 and (g — 1)*® roots

of —m. Let 21 be a non-trivial [r]-torsion point. Then K(z1)/K is totally but tamely ramified
of degree ¢ — 1.

We construct inductively [r¥]-torsion points xz, such that x, solves 7T + T9 = z,_1. This
is an Eisenstein equation over K(z,_1), hence irreducible and K (x,)/K is totally ramified of
degree ¢" (g — 1) = #(O /7" Ok )*.

The Galois action on % [7"](K®#) is via x, modulo 7?9 through a group of order at most
[K(x,) : K]. Hence we must have equality and y, is surjective. O

10.4.4. Local class field theory. The surjective character y, realises a totally ramified abelian
extension of K with Galois group DIX<. Local class field theory constructs a reciprocity map
recg : K* — Gal2”? with dense image that fits in a diagram

1 —— OF% K* —= Z 1

\L \LTGCK \Ll»—)Frobq

1 —— Igayg — Cal2b SRS Galp, — 1.

The composite
orec 0% = OF
X K ‘ ox K K

is therefore surjective and thus even an isomorphism.

Corollary 79 (local existence result). The reciprocity map recg : K* — Gal?? 1s injective with
dense image.

In order to complete the description we compute the composition x o recg|qx .
K

Proposition 80. The composition X © recK|Dlx< : 0% — Ok equals the inverse map u — u!

and ker(x, orecy) = 72 C K*.

Proof: The field extension associated to y, is the compositum of all K(x,) as in Lemma 78
above. The defining equations :c'f_l +7=0and 2! + 71X, = x,_1 show

Ni(@)/r(—z1) =7 and  Ng(z,)/K(z,_1)(—%0) = —Tp-1.
The norm residue property of reck then shows that x(reck (7)) = 1 which implies the assertion
on the kernel.

The isomorphism g : %, QO™ — Z O™ from Proposition 77 shows that as a module under
the inertia subgroup Ix we have g : T, = T, which shows that y, = x,» when restricted to
inertia. From ?g = g o [v]; we deduce that for general 7 € Galg with pr(r) = ¢™ we find for
x € T, that

g0 xa (T)]n(2) = [Xw ()] (9(2)) = 7(9(2)) = "9(7(2)) = g o [v]7 [Xx(7)] ()
and therefore
X/ (T) = 0" X (7).
We deduce that the unramified character x.//x~ equals 7 = 6™ — v™ € Op. It remains to
compute for an arbitrary v € Dﬁ with the two uniformisers 7’ = v and 7 that

1

™) (e (7)) = v7L

XW(I“GCK(’U)) = XW(I"GCK(W'U)) = U_V(
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11. HODGE-TATE DECOMPOSITION

References: | ] §3+4 [Fa01] [ ] §6.

The aim of this chapter is the discussion of the p-adic Hodge—Tate decomposition for the Tate
module of a p-divisible group. There are at least four different proofs, see | | §5 and | |.
We will present the original approach due to Tate | | §4, see also | ] §6.

In this chapter we will work over a complete discrete valuation ring A with perfect residue
field k = A/m of characteristic p > 0 and field of fractions K of characteristic 0. The valuation
on K and all its prolongations are denoted by v. Note that some prolongations may take values
in a non-discrete subgroup of Q and thus have non-Noetherian valuation rings.

11.1. Points. Let G = (G,) be a p-divisible group over A. For the p-adic completion L of an
algebraic extension of K with p-adically completed ring of integers o, =V = l&nZ V/m'V the
set of V-valued points of GG is defined to be the Z,-module

G(V) =1lim G(V/m'V) = lim lim G, (V/m'V) = Homa forma1 (SpE(V), 4),

where ¥ = liglv G, is the formal group associated to G. It is dangerous to interchange the limits
as

0= Gu(V/miV) = lig Gy (V/m'V) 5 lim G, (V/mi V')

is exact and leads to
0 lim G, (V/m'V) — G(V) 2 a(v)

2

and thus
G(V)iors = lim Lim G, (V/m'V)

gives exactly the torsion part of G(V).

Example 81. (1) Let my be the maximal ideal of V. For G = p,~ we get
G(V) = lim fiyee (V/m'V) = lim(1 +my) /(1 +m'V) = 1 +my,

)

the group of 1-units. A
(2) For an étale p-divisible group G we have unique lifting of points and thus G,(V/m'V) =
Gy(ky) for all i with ky the residue field V/my of V, hence

G(V) = limlim G (V/m'V) = lim lim Gy, (ky) = i Gy (kv) = G(kv)

is a torsion group.
(3) Let G be a connected p-divisible group and ¢ the associated p-divisible formal Lie group
with G = ¥pec. Then ¢ = Spf A[[X, ..., X ]] for d = dim G and

G(V) = Homp _formal (Spf(V'),¥) = Homp cont (A[[X1, ..., X4]], V)

which equals mﬁl, as a set. The (formal) group law of ¢ defines the structure of a p-adic
analytic group on G(V) = m¢, defined over A. The filtration F° G(V) = m¢, » with

mys ={z €V ; v(z) >0}
is a filtration by subgroups as
F'G(V) = ker (G(V) — G(V/my),

and
p]*(F° G(V)) CF T G(V)
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with € = min{d, v(p)}, because
[p]*(Xi) = pX; + higher order.
Lemma 82. Let G be a p-divisible group. The map G — G has a formal section, i.e., the

associated map G — G between formal groups admits a section as maps of formal schemes.
Consequently, the sequence

0—G' (V)= G(V) = G*(V) =0
1S exact.
Proof: Let A, A and A% represent the formal groups ¢,%° and ¢¢*. Then
AO = AHX17 s Xd]]
and
A@p k= (A" @p k)[[X1, ..., Xd]]
because the sequence
0-G"—=G—G*—0
splits canonically modulo m due to the reduced subgroups G, ;cq. Lifting the variables we find
a continuous map
f : Aét[[le B 'aXdH — A
that is an isomorphism modulo m and thus an isomorphism as in the proof of Theorem 70. The
projection A — A® sending X; > 0 yields the required formal section. The rest is clear. (]

Corollary 83. For xz € G(V) there is a finite extension L' of L with ring of integers V' and a
y € G(V') such that py = x.

Proof: The multiplication by p map [p] : 4° — 4 is finite flat, so that the corollary holds for
r € GO%(V). By Lemma 82 we may therefore assume G = G, If then z € G, (V) C G(V) we
find y from the fpqc surjectivity of [p] : Gy41 — Gy O

Corollary 84. If the fraction field L of V is algebraically closed, then G(V) is p-divisible. [

11.2. The p-adic Tate module and Tate comodule. Let K28 be an algebraic closure of K
and let Galg be the absolute Galois group Gal(K®8/K) of K. The p-adic Tate module of G
is the Zy[Galg]-module

T,(G) = lim G, (K™*)

v

with transfer maps induced by multiplication by p maps [p] : Gy4+1 — G,. The p-adic Tate
comodule of G is the Z,[Galx]-module

®,(G) = lim G, (K™®).

Because the generic fibre Gg of G over Spec(K) is an étale p-divisible group, we see that
®,(G) only depends on the generic fibre of G and moreover is equivalent to Gx. From the
structure of discrete p-divisible groups we deduce that as a Z,-module we have T),(G) = ZZ and

®,(G) = (Qp/Zy)" where h is the height of G. We have
Tp(G) = Homg, (Qp/Zy, Pp(G)),

Pp(G) = Qp/Zp Rz, Tp(G),
so that any of the three data T)(G), ®,(G) or Gi determines the other two.
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11.2.1. The Tate twist. The Tate module of pipec = Gy, is by definition
Zp(1) = Tp(pp>=) = Tp(Gm)
the corresponding character is the cyclotomic character
x : Galg = Z) = Autg, (Z,(1)).
For a Z,[Galg] module M and n € Z we define
M(n) = M ® Z,(1)°"

which for n < 0 means M (n) = Homg, (Z,(—n), M). These modules M (n) are addressed as the
nth Tate twist of M.

11.2.2. Cartier duality revisited. Let G = (G,) be a p-divisible group over A. The Cartier
duality pairings G, x GP — e for varying v are compatible in the sense of pairings

D
Giw X G, ——

\th,v Tiv,t inClT

G, x GP —

because by definition igp ,, ; = (jg’tyv)D. Cartier duality thus induces a perfect pairing
Tp(G) x Tp(GP) = Tp(Gm) = Zy(1)
because for (z,,) € T,(G) and (y,) € Tp(GP) we have

. . . . t
(T, yo) = <]t,v(xt+v)7]t,v(yt+v)> = (Tt 1v, Zv,t]t,v(yt+v)> = <$t+v,Ptyt+v> = (Tt4v, Ytyo)?

in ppe C pye+o and thus

((z0), (Yo)) = ((2v; Y))v € Tp(Gm)
is well defined and level-wise a perfect pairing.

Corollary 85. We have an isomorphism of Galgx modules T,(G) = T, (GP)(-1).
11.3. The logarithm.

11.3.1. Review of tangent space. Let G = (G,) be a p-divisible group over A and
A = AHX17 R Xd]]

with augmentation ideal I = (X1,...,Xy) be the A-algebra representing the p-divisible formal
Lie group associated to G°. The tangent space of G at 0 with values in a A-module M
is the A-module of continuous A-derivations

tq(M) = Dery (A%, M) = Homy (I/1?, M)
with respect to the A%-module structure on M by the counit € : A — A. If M is an R-module for

some A-algebra R then tg (M) is naturally an R-module. If M is free of rank 1 as an R-module,
then tg(M) is free of rank d = dim(G) as an R-module. In particular

tq(L) = Derp(A°, L) = Homy (I/12, L)

is an L-vector space of dimension d = dim(G).
The cotangent space of G at 0 with values in a A-module M is the A-module repre-
senting te(—), namely t%, = I/I* so that

th(M) = I/1* @5 M,
and tZ(L) = Homy (t¢(L), L).
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11.3.2. The logarithm. The logarithm of G is the map
logg : G(V) — ta(L)
defined by the formula
"lz) — f(0
loga(z) = (f € A% (logg())(f) == lim Hp)z) = 1) € L) )

r—00 pr
The fraction in the limit is well defined for 7 > 0 as G¢*(V) is torsion. The sequence [p"](x) €
G (V) converges to 0, thus in order to check that the limit exists it is enough assume that
x € FO G(V) for some § > 0. We choose § > v(p) = e. Then [p"](z) € F**™ G(V) which says
that v(X;([p"]z)) > § + re. We find
fp™ ) — £(0) _ f(p"]x) — £(0)

1 L
s - o = o ( > quadratic in the X;([p"]z))

which yields an estimate

, (f([p’"“]ﬂf) — f(0) _ f(p"]=) = f(0)

pr+1 pr

) > —(r+1e+2(0+re) =25+ (r—1)e.

The estimate shows that the w form a Cauchy sequence in L. The formula

(loge ) (x)(fg) = f(0)(logg ) (x)(g) + 9(0)(loge ) ()(g)

follows because f — (logG(:v)) (f) is A-linear in f, vanishes on I? by an estimate as above and
thus is nothing but a A-linear map /1% — L.

The logarithm is a group homomorphism logq(z -¢ y) = logg(z) + loga(y) as

flz-cy) = f(x) + f(y) + quadratic and higher order terms in X;(z) and X;(y).

Moreover, the logarithm is continuous with respect to the p-adic topology on L and the filtration
topology by F® G(V) on G(V). Hence, log; is Z,-linear. The logarithm loge : G(V) — ta(L)
is natural in the variable V' and thus in particular Galois equivariant.
Lemma 86. The logarithm logg : G(V) — tg(L) is a local homeomorphism. More precisely,
for each § > IV% in Q we have a homeomorphism

loge @ FOQ(V) S {retg(l); v(r(Xy) >0, alli=1,... d}.
Corollary 87. (1) The kernel of logg is the torsion subgroup G(V )iors of G(V).
(2)  The logarithm induces an isomorphism logg : G(V) ®z, Q, = ta(L).

Proof: (1) As tg(L) is torsion free, the torsion subgroup belongs to the kernel. On the other
hand, any « € G(V) has [p"](z) for r > 0 belonging to the source domain where log, becomes
a local homeomorphism, hence can only be killed by log if [p"]x = 0.

(2) This follows from (1) and

{reta(l); v(7(Xy)) >0, alli=1,...,d} ®z, Q, = tq(L).
U

11.4. The p-adic complex numbers. The field of the p-adic complex numbers is the field
C = Ko,

the p-adic completion of K?& which by Krasner’s Lemma is again algebraically closed. The
ring of integers in C is the ring o¢ that is the p-adically completed integral closure A& of A in
K?2_ The group Galg acts on K28 preserving A?!# so that the action extends to a continuous
action of Galg on C' that preserves oc. We will use below the following fundamental theorem
of Tate | | §3.3, see also | | §1, and more recently | | Theorem 2.2.7.
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Theorem 88 (Tate-Sen). If the image of the cyclotomic character x : Galx — Zj, is infinite,
then we have canonical isomorphisms

7; N fori=2orj#0,
H(K,C’(]))—{K fori=0,1and j=0.

11.5. Pairings.
11.5.1. The fundamental pairings o la Tate. Cartier duality yields isomorphisms
(11.1) Gy (0¢) = Homoe, —groups (Gv Xa 0C Hpv oc.).
By the valuative criterion and the fact that the generic fibre of G is étale we get identifications
GP(K™8) = GP(C) = G (oc)
that together with (11.1) leads to an isomorphism
Tp(GP) = Wm Homo . —groups (G XA 0C, fip o) = Homy_givisible groups (G XA 0¢, fipe oc)
v

of Zy[Galg]-modules. Applying the functor of oc-valued points and the functor tangent space
over C' we get Galg-equivariant maps

(11:2) T,(G) — Hom (G(00), 1y (o))
and
(11.3) Tp(GD) — Hom (tG(C’),tuPoo (0)).
Proposition 89. We have a map of exact sequences of Z,|Galk|-modules
0 ,(G) Gloc) e ta(C) 0
| ecasties e log | da

0O

0~ Hom(T,(G?), &, (1)) — Hom (Tp(GP), pryee (00)) 2 Hom ( Tp(GP), t,0 (C)) =0,
where QCartier 1S induced by the Cartier pairing

0(G) x Tp(GP) = Qp/Zp(1) = By (1)
and « (resp. da) is the other adjoint map for the pairings corresponding to (11.2) (resp. (11.3)).

Proof: The Tate comodule ®,(G) equals lim G, (K?8) = lim Gy(oc) = G(0¢)tors. 1t follows
from Corollary 87 and Corollary 84 that for any p-divisible group the sequence
(11.4) 0= @,(G) = Gloc) 5% te(C) — 0

is exact. The bottom row is Hom(T,(GP), —) applied to (11.4) for G = pp and thus also exact.

The right square commutes because the logarithm map is a natural transformation and due
to the very definition of the adjoint maps a and da. The left square commutes by the definition
of a coming from the Cartier duality isomorphism (11.1). O

11.5.2. The pairing on W. We define now a Galg-semilinear pairing on C-vector spaces which
resembles a continuous H},. We set

W =Homg, (T,(G),C) and wP = Homz, (TP(GD), C).
Cartier duality gives us natural identifications
WP = Homg, (T,(GP),C) = Tp(G) ®z, C(—1) = Home(W, C(-1))
or in other words the perfect C' — Gali-semilinear pairing
W x WP — C(-1)
that is the scalar extension to C of the dual to the Cartier pairing T,(G) x Tp(GP) — Z,(1).
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11.6. Hodge—Tate representations.

Lemma 90 (Tate, see | | §2 Prop 4). Let V be a Galg -representation on a finite dimensional
Qp vector space. The natural C-linear map

@HO (K,V ®qQ, C(—j)) @k C(j) — V ®q, C
JEZL
18 1njective.
Proof: Let z; ; be a K-basis of
H? (K,V ®q, C(—j)) @k K(j) C V ®q, C.

If the claim of the lemma fails then we have ¢; j € C' with 3, ; ¢; jz;; = 0. We choose a relation
of minimal length and with ¢;, j, = 1. Now for o € Galg

0= U(Z Ci,ﬂfi,j) — x(0) ( > Cz‘,sz‘,j> => (U(Ci,j)X(U)j - X(U)jOCi,j):vi,j
2 i,J ij

gives a shorter relation due to cancellation for the term for (i, jo). Hence all terms must cancel
and so

o(ciz) = x(0)"eiy
for all (¢,7). For j # jo this implies ¢;; = 0 by Theorem 88, while for j = jo Theorem 88

forces ¢; ; € K. But then a nontrivial relation contradicts the choice of the x; ; being K-linearly
independent. O

Let Bur be the C-algebra €5 C(j). The functor

Galg
Vs Zin(V) = (Veg, Bar) - = EDH (K. V &g, C(-))
JEL
takes values in finite dimensional graded K-vector spaces with the bound

(11.5) dimg Zur(V) < dimg, V.

The representation V' is a Hodge—Tate representation if the corresponding map from Lemma 90
is an isomorphism and if and only if the bound in (11.5) is an equality. So V' is Hodge—Tate if
and only if V ®q, C decomposes into a sum of Tate twists. The twists which appear together
with their multiplicity are unique by Theorem 88. Together they describe the tuple of Hodge—
Tate weights of V. The multiplicity mpr(j) = mpur(V,J) of the Hodge-Tate weight j in the
representation V is given by

mur(j) = dimg H® (K, V ®q, C(—j))

and is the dimension of the j** graded piece of Zgr (V).

11.7. Hodge—Tate decomposition for p-divisible groups.
Theorem 91 (Tate). The maps
ap : G(A) = Homga, (Tp(GD),upoo (@),

doy : tg(K) — Homgay, (Tp(GP), tp, (C)),

which are the restriction of « (resp. da) from Proposition 89 to the invariants under Galg, are
isomorphisms.
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Proof: Step 1: The map acartier Of Proposition 89 is an isomorphism due to Cartier duality.
By the snake lemma we find ker(a)) = ker(da) and coker(a) = coker(da) are C-vector spaces.

Step 2: The map ap = a(G), is functorial in G and exact for the connected étale sequence
by Lemma 82, so that we have an exact sequence

0 — ker(a(G%)p) — ker(a(G)a) — ker(a(G®),).
To prove injectivity of ay we may assume that G is either connected or étale. From Theorem 88
it follows that G(A) = H*(K,G(o¢)), and
ker(ay) = HY(K, ker(a)) = HY(K, ker(da))
is a K-vector space. As the valuation of A is discrete we find [p] F? GO(A) ¢ FO+1 GO(A), and
moreover (), [pU]G°(A) = 0, so that G°(A) does not contain p-divisible elements.
So in either case, whether G is connected or étale, we find that G(A) does not contain a

K-vector space. Thus ay is injective for arbitrary G.
Step 3: The map day is injective because

ker(day) = HY(K, ker(da)) = HO(K, ker(a)) = ker(ay) = 0.
Step 4: As da : tq(C) — Hom (Tp(GD),tupoo (C)) factors as

to(K) @ ¢ 22499, 1o (K Hom (Tp(GP), tyu (C))) ©x C — Hom (T,H(GP), b, « (C))
with the second map being injective by Lemma 90, even da and thus « is injective.
Step 5: Taking invariants being left exact and by the snake lemma we find
coker(ay) C coker(day) € H° (K, coker(a)) = H° (K, coker(da))

so that in order to conclude we may restrict to the case of day, which is linear.

Step 6: We identify t,, o (C) = C and thus da maps tg(C) — wPp.

Step 7: In the pairing W x WP — C(—1) the spaces of invariants H°(K, W) and H(K, WP)
pair to H°(K,C(—1)) which vanishes by Theorem 88. Using Lemma 90 and the C-linearity
of the pairing, it follows that the subspace HY(K, W) @, C C W is orthogonal to the sub-
space HY(K,WP) @k C C WP. Because the dimension count for the subspaces tg(C) C
HY(K,WP) @ C and tep(C) CHY(K, W) @k C yields

dim¢ tg(C) + dime top (C) = dim(G) + dim(GP) = height(G) = dime W

we find that t(C) and t;p(C) are exact mutual annihilators and day is surjective. O

11.7.1. p-adic Hodge theory for p-divisible groups.

Corollary 92. (1) The Galg-representation V,(G) = Tp(G) ®z, Qp is Hodge-Tate with
Hodge—Tate weights 0 and 1.
(2)  We have a natural isomorphism of graded vector spaces in degrees 0, 1

It (Vp(@)) =t (K) @ ta(K)

so that the multiplicity of the Hodge—Tate weight 1 (resp. 0) is dim(G) (resp. dim(GP)).
(3)  The Galg-module T,(G) determines the dimension of G and of GP.

Proof: (1) follows from (2) and the equality
dimg, (V,(G)) = height(G) = dim(G) + dim(GP) = dimg tg(K) 4 dimg ten (K).

And (3) is obviously encoded in (2). Let us prove (2). We have t, .. (C) = C and thus using
dap and Cartier duality

tG(K) = Homgay, (T,(G"),C) = B’ (K, Ty(G) @z, C(~1)).
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From the proof of Theorem 91 we know that t5(C) C WP and tgp(C) C W are orthogonal
complements for the pairing W x WP — C (—=1). We deduce an exact sequence

0= t(C) 2% WP = Hom(T,(GP),C) — Hom(tgn(C),C(—1)) = 0
of Galg-modules. Twisting by C(1) and by Cartier duality T,(G) = Hom ( T,,(G?),Z,(1)) we
obtain the exact sequence

(11.6) 0= ta(C) @ (1) LU T,(6) @z, € — thn(C) — 0.

By Theorem 88 we can compute the cohomology sequence and find
1O (K, Ty(G) @z, C) = t5(K).
O

Corollary 93. The semilinear Galg -representation V,(G) ®q, C has a unique natural decom-
position

V,y(G) ®q, C = (th(K) K 0) o (tG(K) ®K C<1))

Proof: By Lemma 90 this holds for every Hodge—Tate representation. The uniqueness comes
from the fact that there are no homomorphisms between different Hodge—Tate weights due to
Theorem 88.

As an alternative we may show the existence of the decomposition due to (11.6) being neces-
sarily split as ExtéalK(C, C(1)) = HY(K, C(1)) = (0). O

Corollary 94. There is an tsomorphism of Galg -representations
det (V,(G) ®q, C) = C(dim(G)).

11.7.2. p-adic Hodge theory for étale H'. Let X/K be a smooth, proper geometrically connected
variety with Albanese map tx : X — Albx = A. We assume that the abelian variety A/K has
good reduction over A, e.g., if X is projective and has good reduction over A. The p-adic Tate
module T,(A) is the p-adic Tate module for the p-divisible group A[p>°] over A. Hence the
Galg-representation

W = Hom(T,(4),0) = Hy (4, Q) © C = Hg (X, Q) ® C
with A = A xx K*® and X = X xg K*# has a Hodge Tate decomposition

W e (t*G(K) Rk 0(—1)) & (th(K) DK c).

The space t§(K) can be identified with the space of A-invariant differentials on A, or
HO(A, Q}L‘ / i), whereas the space tgp(K) is the tangent space at 0 for the dual abelian vari-
ety A = Pic’ /i Which by deformation theory equals HY(A, O04).

The pullback by ¢x yields isomorphisms

HO(A7 9114/1() = HO(X’ Q_lX/K)
and
H'(A,04) = H(X,Ox)
which finally leads to the Hodge—Tate decomposition of p-adic Hodge theory:
HL(X,Qp) @ C = (H(X, 0% ) @ C(-1)) @ (H'(X,0x) @ C)
or
Zur(HL(X, Q) = HO(X, Q) ® H! (X, Ox)

so that Py transforms étale cohomology into Hodge cohomology. More generally we know now
by work of Bloch/Kato, Fontaine/Messing, Faltings, Tsuji, ...the following result conjectured
by Tate | | §4.1.
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Theorem 95. Let X/K be a smooth proper geometrically connected variety. Then the Galg -
representations H"(X,Qp) of p-adic étale cohomology are Hodge-Tate and thus

Zur(HL(X,Qp) = @D H(X, %),

a+b=n

(X, Q) ®Kx C= @ HYX, 0% k) @K C(-D).
a+b=n

We have given a proof of Theorem 95 for abelian varieties A/K of good reduction as

H*(Z, Qp) = /\Hl(za Qp)

following Tate in | | and the exposition of Tate’s work by Shatz | |. Raynaud extended
Tate’s Theorem to the case of arbitrary abelian varieties.
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