LINES TANGENT TO 2n − 2 SPHERES IN R^n

FRANK SOTTILE AND THORSTEN THEOBALD

Abstract. We show that for n ≥ 3 there are 3 · 2^{n−1} complex common tangent lines to 2n − 2 general spheres in R^n and that there is a choice of spheres with all common tangents real.

1. Introduction

We study the following problem from (real) enumerative geometry.

Given: 2n − 2 (not necessarily disjoint) spheres with centers c_i ∈ R^n and radii r_i, 1 ≤ i ≤ 2n − 2. Question: In the case of finitely many common tangent lines, what is their maximum number?

The number of 2n−2 spheres guarantees that in the generic case there is indeed a finite number of common tangent lines. In particular, for n = 2 the answer is 4 as two disjoint circles have 4 common tangents.

The reason for studying this question – which, of course, is an appealing and fundamental geometric question in itself – came from different motivations. An essential task in statistical analysis is to find the line that best fits the data in the sense of minimizing the maximal distance to the points (see, e.g., [3]). More precisely, the decision variant of this problem asks: Given m, n ∈ N, r > 0, and a set of points y_1, . . . , y_m ∈ R^n , does there exist a line l in R^n such every point y_i has Euclidean distance at most r from l. From the complexity-theoretical point of view, for fixed dimension the problem can be solved in polynomial time via quantifier elimination over the reals [5]. However, currently no practical algorithms focusing on exact computation are known for n > 3 (for approximation algorithms see [3]).

From the algebraic perspective, for dimension 3 it was shown in [1, 14] how to reduce the algorithmic problem to an algebraic-geometric core problem: finding the real lines which all have the same prescribed distance from 4 given points; or, equivalently, finding the real common tangent lines to 4 given unit spheres in R^3 . This problem in dimension 3 was treated in [9].

Proposition 1. Four unit spheres in R^3 have at most 12 common tangent lines unless their centers are collinear. Furthermore, there exists a configuration with 12 different real tangent lines.

Date: 15 November 2001.

2000 Mathematics Subject Classification. 14N10, 14P99, 51N20, 52A15, 68U05. Research of first author supported in part by NSF grant DMS-0070494. 1

The same reduction idea to the algebraic-geometric core problem also applies to arbitrary dimensions, in this case leading to the general problem stated at the beginning.

From the purely algebraic-geometric point of view, this tangent problem is interesting for the following reason. In dimension 3, the formulation of the problem in terms of Plücker coordinates gives 5 quadratic equations in projective space P^5_R, whose common zeroes in P^5_C include a 1-dimensional component at infinity (accounting for the “missing” 2^5 − 12 = 20 solutions). Quite remarkably, as observed in [2], this excess component cannot be resolved by a single blow-up. Experimental results in [16] for n = 4, 5, and 6, indicate that for higher dimensions the generic number of solutions differs from the Bézout number of the straightforward polynomial formulation even more. We discuss this further in Section 5.

Our main result can be stated as follows. Theorem 2. Suppose n ≥ 3.

(a) Let c_1, . . . , c_{2n−2} ∈ R^n affinely span R^n , and let r_1, . . . , r_{2n−2} > 0. If the 2n − 2 spheres with centers c_i and radii r_i have only a finite number of complex common tangent lines, then that number is bounded by 3 · 2^{n−1}.

(b) There exists a configuration with 3 · 2^{n−1} different real common tangent lines.

Moreover, this configuration can be achieved with unit spheres.

Thus the bound for real common tangents equals the (a priori greater) bound for complex common tangents, so this problem of common tangents to spheres is fully real in the sense of enumerative real algebraic geometry [15, 17]. We prove Statement (a) in Section 2 and Statement (b) in Section 3, where we explicitly describe configurations with 3 · 2^{n−1} common real tangents. Figure 1 shows a configuration of 4 spheres in R^3 with 12 common tangents (as given in [9]).

Figure 1. Spheres with with 12 real common tangents.

In Section 4, we show that there are configurations of spheres with affinely dependent centers having 3 · 2^{n−1} complex common tangents thus the upper bound of Theorem 2 also holds for spheres in this special position. Megyesi [11] has recently shown that all 3 · 2^{n−1} may be real. We also show that if the centers of the spheres are the vertices of the crosspolytope in R^{n−1} , there will be at most 2^n common tangents, and if the spheres overlap but do not contain the centroid of the crosspolytope, then all 2^n common tangents will be real. We conjecture that when the centers are affinely dependent and all spheres have the same radius, then there will be at most 2^n real common tangents. Strong evidence for this conjecture is provided by Megyesi [10], who showed that there are at most 8 real common tangents to 4 unit spheres in R^3 whose centers are coplanar but not collinear.

In Section 5, we put the tangent problem into the perspective of common tangents to general quadric hypersurfaces. In particular, we discuss the problem of common tangents to 2n − 2 smooth quadrics in projective n-space, and describe the excess component at infinity for this problem of spheres. In this setting, Theorem 2(a) implies that there will be at most 3 · 2^{n−1} isolated common tangents to 2n − 2 quadrics in projective n-space, when the quadrics all contain the same (smooth) quadric in a given hyperplane. In particular, the problem of the spheres can be seen as the case when the common quadric is at infinity and contains no real points. We conclude with the question of how many of these common tangents may be real when the shared quadric has real points. For n = 3, there are 5 cases to consider, and for each, all 12 lines can be real [16]. Megyesi [11] has recently shown that all common tangents may be real, for many cases of the shared quadric.

2. Polynomial formulation with Affinely Independent Centers

For x, y ∈ C^n , let x · y := ∑_n i=1 x_iy_i denote their Euclidean dot product. We write x^2 for x · x.

We represent a line in C^n by a point p ∈ C^n lying on the line and a direction vector v ∈ P^{n−1}_C of that line. (For notational convenience we typically work with a representative of the direction vector in C^n \ {0}.) If v^2 ≠ 0 we can make p unique by requiring that p · v = 0.

By definition, a line ℓ = (p, v) is tangent to the sphere with center c ∈ R^n and radius r if and only if it is tangent to the quadratic hypersurface (x − c)^2 = r^2, i.e., if and only if the quadratic equation (p + tv − c)^2 = r^2 has a solution of multiplicity two. When ℓ is real then this is equivalent to the metric property that ℓ has Euclidean distance r from c.

ℓ c r For any line ℓ ⊂ C^n , the algebraic tangent condition on ℓ gives the equation

[v · (p − c)]^2 v^2

− (p − c)^2 + r^2 = 0 .

For v^2 ≠ 0 this is equivalent to

(2.1) v^2p^2 − 2v^2p · c + v^2c^2 − [v · c]^2 − r^2v^2 = 0 .

To prove part (a) of Theorem 2, we can choose c_{2n−2} to be the origin and set r := r_{2n−2}. Then the remaining centers span R^n . Subtracting the equation for the sphere centered at the origin from the equations for the spheres 1, . . . , 2n − 3 gives the system

(2.2) p · v = 0 , p^2 = r^2 , and

2v^2p · c_i = v^2c^2_i − [v · c_i]^2 − v^2(r^2_i − r^2) , i = 1, 2, . . . , 2n−3 .

Remark 3. Note that this system of equations does not have a solution with v^2 = 0. Namely, if we had v^2 = 0 then v · c_i = 0 for all i. Since the centers span R^n , this would imply v = 0, contradicting v ∈ P^{n−1}_C . This validates our assumption that v^2 ≠ 0 prior to (2.1).

Since n ≥ 3, the bottom line of (2.2) contains at least n equations. We can assume c_1, . . . , c_n are linearly independent. Then the matrix M := (c_1, . . . , c_n)^T is invertible, and we can solve the equations with indices 1, . . . , n for p:

(2.3) p = 1 2v^2 M^{−1} v^2c^2_1 − [v · c_1]^2 − v^2(r^2_1 − r^2) . . v^2c^2_n − [v · c_n]^2 − v^2(r^2_n − r^2) . Now substitute this expression for p into the the first and second equation of the system (2.2), as well as into the equations for i = n + 1, . . . , 2n − 3, and then clear the denominators. This gives n − 1 homogeneous equations in the coordinate v, namely one cubic, one quartic, and n − 3 quadrics. By Bézout’s Theorem, this means that if the system has only finitely many solutions, then the number of solutions is bounded by 3 · 4 · 2^{n−3} = 3 · 2^{n−1}, for n ≥ 3. For small values of n, these values are shown in Table 1. The value 12 for n = 3 was computed in [9], and the values for n = 4, 5, 6 were computed experimentally in [16].

n 3 4 5 6 7 maximum # tangents 12 24 48 96 192 Table 1. Maximum number of tangents in small dimensions.

We simplify the cubic equation obtained by substituting (2.3) into the equation p·v = 0 by expressing it in the basis c_1, . . . , c_n. Let the representation of v in the basis c_1, . . . , c_n be v = n∑ i=1 t_ic_i with homogeneous coordinates t_1, . . . , t_n. Further let c^′_1, . . . , c^′_n be a dual basis to c_1, . . . , c_n; i.e., let c^′_1, . . . , c^′_n be defined by c^′_i · c_j = δ_{ij} , where δ_{ij} denotes Kronecker’s delta function. By elementary linear algebra, we have t_i = c^′_i · v.

When expressing p in this dual basis, p = ∑ p^′_ic^′_i, the third equation of (2.2) gives

p^′_i = 1 v^2 ( v^2c^2_i − [v · c_i]^2 − v^2(r^2_i − r^2) ) .

Substituting this representation of p into the equation

0 = 2v^2(p · v) = 2v^2 (_n ∑ i=1 p^′_ic^′_i ) · v = 2v^2 n∑ i=1 p^′_it_i , we obtain the cubic equation n∑ i=1 (v^2c^2_i − [v · c_i]^2 − v^2(r^2_i − r^2))t_i = 0 .

In the case that all radii are equal, expressing v^2 in terms of the t-variables yields ∑ 1≤i≠j≤n α_{ij} t^2_i t_j + ∑ 1≤i<j<k≤n 2β_{ijk}t_it_jt_k = 0 , where

α_{ij} = (vol_2(c_i, c_j ))^2 = det ( c_i · c_i c_i · c_j c_j · c_i c_j · c_j ) , β_{ijk} = det ( c_i · c_j c_i · c_k c_k · c_j c_k · c_k ) + det ( c_i · c_k c_i · c_j c_j · c_k c_j · c_j )

+ det ( c_j · c_k c_j · c_i c_i · c_k c_i · c_i ) , and vol_2(c_i, c_j) denotes the oriented area of the parallelogram spanned by c_i and c_j . In particular, if 0c_1 . . . c_n constitutes a regular simplex in R^n , then we obtain the following characterization.

Theorem 4. Let n ≥ 3. If 0c_1 . . . c_n is a regular simplex and all spheres have the same radius then the cubic equation expressed in the basis c_1, . . . , c_n is equivalent to

(2.4) ∑ 1≤i≠j≤n t^2_i t_j + 2 ∑ 1≤i<j<k≤n t_it_jt_k = 0.

For n = 3, this cubic equation factors into three linear terms; for n ≥ 4 it is irreducible.

Proof. Let e denote the edge length of the regular simplex. Then the form of the cubic equation follows from computing α_{ij} = e^2(1 · 1 − 1/2 · 1/2) = 3e^2/4, β_{ijk} = 3e^2(1/2 · 1 − 1/2 · 1/2) = 3e^2/4.

Obviously, for n = 3 the cubic polynomial factors into (t_1 +t_2)(t_1+t_3)(t_2+t_3) (cf. [13, 9]). For t ≥ 4, assume that there exists a factorization of the form ( t_1 + n∑ i=2 ρ_it_i ) ( ∑ 1≤i≤j≤n σ_{ij} t_it_j )

with σ_{12} = 1. Since (2.4) does not contain a monomial t^3_i , we have either ρ_i = 0 or σ_{ii} = 0 for 1 ≤ i ≤ n.

If there were more than one vanishing coefficient ρ_i, say ρ_i = ρ_j = 0, then the monomials t^2_i t_j could not be generated. So only two cases have to be investigated.

Case 1 : ρ_i ≠ 0 for 2 ≤ i ≤ n. Then σ_{ii} = 0 for 1 ≤ i ≤ n. Furthermore, σ_{ij} = 1 for i ≠ j and ρ_i = 1 for all i. Hence, the coefficient of the monomial t_1t_2t_3 is 3 which contradicts (2.4).

Case 2 : There exists exactly one coefficient ρ_i = 0, say, ρ_4 = 0. Then σ_{11} = σ_{22} = σ_{33} = 0, σ_{44} = 1. Further, σ_{ij} = 1 for 1 ≤ i < j ≤ 3 and ρ_i = 1 for 1 ≤ i ≤ 3. Hence, the coefficient of the monomial t_1t_2t_3 is 3 which is again a contradiction. □

3. Real Lines

In the previous section, we have given the upper bound of 3 · 2^{n−1} for the number of complex solutions to the tangent problem. Now we complement this result by providing a class of configurations leading to 3 · 2^{n−1} real common tangents. Hence, the upper bound is tight, and is achieved by real tangents.

There are no general techniques known to find and prove configurations with a maximum number of real solutions in enumerative geometry problems like the one studied here. E.g., for the classical enumerative geometry problem of 3264 conics tangent to five given conics (dating back to Steiner in 1848 [19] and solved by Chasles in 1864 [4]) the existence of five real conics with all 3264 real was only recently established ([12] and [7, §7.2]).

Our construction is based on the following geometric idea. For 4 spheres in R^3 centered at the vertices (1, 1, 1)^T , (1, −1, −1)^T , (−1, 1, −1)^T , (−1, −1, 1)^T of a regular tetrahedron, there are [9]

• 3 different real tangents (of multiplicity 4) for radius r = √ 2; • 12 different real tangents for √ 2 < r < 3/2; • 6 different real tangents (of multiplicity 2) for r = 3/2.

Furthermore, based on the explicit calculations in [9], it can be easily seen that the symmetry group of the tetrahedron acts transitively on the tangents. By this symmetry argument, all 12 tangents have the same distance d from the origin. In order to construct a configuration of spheres with many common tangents, say, in R^4 , we embed the centers via (x_1, x_2, x_3)^T −→ (x_1, x_2, x_3, 0)^T

into R^4 and place additional spheres with radius r at (0, 0, 0, a)^T and (0, 0, 0, −a)^T for some appropriate value of a. If a is chosen in such a way that the centers of the two additional spheres have distance r from the above tangents, then, intuitively, all common tangents to the six four-dimensional spheres are located in the hyperplane x_4 = 0 and have multiplicity 2 (because of the two different possibilities of signs when perturbing the situation). By perturbing this configuration slightly, the tangents are no longer located in the hyperplane x_4 = 0, and therefore the double tangents are forced to split. The idea also generalizes to dimension n ≥ 5.

Formally, suppose that the 2n − 2 spheres in R^n all have the same radius, r, and the first four have centers c_1 := ( 1, 1, 1, 0, . . . , 0)^T , c_2 := ( 1, −1, −1, 0, . . . , 0)^T , c_3 := (−1, 1, −1, 0, . . . , 0)^T , and c_4 := (−1, −1, 1, 0, . . . , 0)^T at the vertices of a regular tetrahedron inscribed in the 3-cube (±1, ±1, ±1, 0, . . . , 0)^T . We place the subsequent centers at the points ±ae_j for j = 4, 5, . . . , n, where e_1, . . . , e_n are the standard unit vectors in R^n .

Theorem 5. Let n ≥ 4, r > 0, a > 0, and γ := a^2(n − 1)/(a^2 + n − 3). If (3.1) (r^2 − 3) (3 − γ) (a^2 − 2) (r^2 − γ) ( (3 − γ)^2 + 4γ − 4r^2 ) ≠ 0 , then there are exactly 3 · 2^{n−1} different lines tangent to the 2n − 2 spheres. If

(3.2) a^2 > 2, γ < 3, and γ < r^2 < γ + 1 4 (3 − γ)^2 ,

then all these 3 · 2^{n−1} lines are real. Furthermore, this system of inequalities defines a nonempty subset of the (a, r)-plane.

Given values of a and r satisfying (3.2), we may scale the centers and parameters by 1/r to obtain a configuration with unit spheres, proving Theorem 2 (b). Remark 6. The set of values of a and r which give all solutions real is nonempty. To show this, we calculate

(3.3) γ = a^2(n − 1) a^2 + n − 3

= (n − 1) ( 1 − n − 3 a^2 + n − 3 ) , which implies that γ is an increasing function of a^2. Similarly, set δ := γ + (3 − γ)^2/4, the upper bound for r^2. Then d dγ δ = d dγ ( γ + (3 − γ)^2 4 ) p = 1 + γ − 3 2 , and so δ is an increasing function of γ when γ > 1. When a^2 = 2, we have γ = 2, so δ is an increasing function of a in the region a^2 > 2. Since when a = √ 2, we have δ =^9_4 > γ, the region defined by (3.2) is nonempty.

Moreover, we remark that the region is qualitatively different in the cases n = 4 and n ≥ 5. For n = 4, γ satisfies γ < 3 for any a > √ 2. Hence, δ < 3 and r < √ 3. Thus the maximum value of 24 real lines may be obtained for arbitrarily large a. In particular, we may choose the two spheres with centers ±ae_4 disjoint from the first four spheres. Note however, that the first four spheres do meet, as we have √ 2 < r < √ 3. For n ≥ 5, there is an upper bound to a. The upper and lower bounds for r^2 coincide when γ = 3, so we always have r^2 < 3. Solving γ = 3 for a^2, we obtain a^2 < 3(n−3)/(n−4). When n = 5, Figure 2 displays the discriminant locus (defined by (3.1)) and shades the region consisting of values of a and r for which all solutions are real.

a r

0

1

1 2 3 r = √ 3

r = √ δ

r = √ γ a = √ 2 γ = 3 (a = √ 6) all solutions real

Figure 2. Discriminant locus and values of a, r giving all solutions real.

Proof of Theorem 5. We prove Theorem 5 by treating a and r as parameters and explicitly solving the resulting system of polynomials in the coordinates (p, v) ∈ C^n × P^{n−1}_C for lines in C^n . This shows there are 3 · 2^{n−1} complex lines tangent to the given spheres, for the values of the parameters (a, r) given in Theorem 5. The inequalities (3.2) describe the parameters for which all solutions are real.

First consider the equations (2.1) for the line to be tangent to the spheres with centers ±ae_j and radius r:

v^2p^2 − 2av^2p_j + a^2v^2 − a^2v^2_j − r^2v^2 = 0, v^2p^2 + 2av^2p_j + a^2v^2 − a^2v^2_j − r^2v^2 = 0.

Taking their sum and difference, (and using av^2 ≠ 0), we obtain p_j = 0, 4 ≤ j ≤ n, (3.4) a^2v^2_j = (p^2 + a^2 − r^2)v^2, 4 ≤ j ≤ n.

(3.5) Subtracting the equations (2.1) for the centers c_1, . . . , c_4 pairwise gives 4v^2(p_2 + p_3) = −4(v_1v_3 + v_1v_2) (for indices 1,2) and analogous equations. Hence,

p_1 = − v_2v_3 v^2

, p_2 = − v_1v_3 v^2

, p_3 = − v_1v_2 v^2 . Further, p · v = 0 implies v_1v_2v_3 = 0. Thus we have 3 symmetric cases. We treat one, assuming that v_1 = 0. Then we obtain

p_1 = − v_2v_3 v^2

, p_2 = p_3 = 0.

Hence, the tangent equation (2.1) for the first sphere becomes v^2p^2_1 − 2v^2p_1 + 3v^2 − (v_2 + v_3)^2 − r^2v^2 = 0 .

Using 0 = v^2p_1 + v_2v_3, we obtain (3.6) v^2 + v^2_3 = v^2(p^2_1 + 3 − r^2) .

The case j = 4 of (3.5) gives a^2v^2_4 = v^2(p^2_1 + a^2 − r^2), as p_2 = p_3 = 0. Combining these, we obtain v^2 + v^2_3 = a^2v^2_4 + v^2(3 − a^2) .

Using v^2 = v^2 + v^2_3 + (n − 3)v^2_4 yields (a^2 − 2)(v^2 + v^2_3 ) = v^2_4 (3(a^2 + n − 3) − a^2(n − 1)).

We obtain (3.7) (a^2 − 2)(v^2 + v^2_3 ) = v^2_4 (a^2 + n − 3)(3 − γ) , where γ = a^2(n − 1)/(a^2 + n − 3).

Note that a^2 + n − 3 > 0 as n > 3. If neither 3 − γ nor a^2 − 2 are zero, then we may use this to compute

(a^2 + n − 3)(3 − γ)v^2 = [(a^2 + n − 3)(3 − γ) + (n − 3)(a^2 − 2)](v^2 + v^2_3 ) = (a^2 + n − 3)(v^2 + v^2_3 ) , and so (3.8) (3 − γ)v^2 = v^2 + v^2_3 . Substituting (3.8) into (3.6) and dividing by v^2 gives (3.9) p^2_1 = r^2 − γ . Combining this with v^2p_1 + v_2v_3 = 0, we obtain (3.10) p_1(v^2 + v^2_3 ) + (3 − γ)v_2v_3 = 0 . Summarizing, we have n linear equations v_1 = p_2 = p_3 = p_4 = · · · = p_n = 0 , and n − 4 simple quadratic equations v^2_4 = v^2_5 = · · · = v^2_n , and the three more complicated quadratic equations, (3.7), (3.9), and (3.10).

We now solve these last three equations. We solve (3.9) for p_1, obtaining p_1 = ± √ r^2 − γ . Then we solve (3.10) for v_2 and use (3.9), obtaining

v_2 = − 3 − γ ± √ (3 − γ)^2 − 4(r^2 − γ) 2p_1 v_3 .

Finally, (3.7) gives

v_4 √ a^2 + n − 3 = ± √ a^2 − 2 3 − γ (v^2 + v^2_3 ) .

Since v_3 = 0 would imply v = 0 and hence contradict v ∈ P^{n−1}_C , we see that v_3 ≠ 0. Thus we can conclude that when none of the following expressions

r^2 − 3 , 3 − γ , a^2 − 2 , r^2 − γ , (3 − γ)^2 + 4γ − 4r^2

vanish, there are 8 = 2^3 different solutions to the last 3 equations. For each of these, the simple quadratic equations give 2^{n−4} solutions, so we see that the case v_1 = 0 contributes 2^{n−1} different solutions, each of them satisfying v_2 ≠ 0, v_3 ≠ 0. Since there are three symmetric cases, we obtain 3 · 2^{n−1} solutions in all, as claimed.

We complete the proof of Theorem 5 and determine which values of the parameters a and r give all these lines real. We see that

(1) p_1 is real if r^2 − γ > 0.

(2) Given that p_1 is real, v_2/v_3 is real if (3 − γ)^2 + 4γ − 4r^2 > 0. (3) Given this, v_4/v_3 is real if (a^2 − 2)/(3 − γ) > 0.

Suppose the three inequalities above are satisfied. Then all solutions are real, and (3.8) implies that 3 − γ > 0, and so we also have a^2 − 2 > 0. This completes the proof of Theorem 5. □

4. Affinely Dependent Centers

In our derivation of the Bézout number 3 · 2^{n−1} of common tangents for Theorem 2, it was crucial that the centers of the spheres affinely spanned R^n . Also, the construction in Section 3 of configurations with 3 · 2^{n−1} real common tangents had centers affinely spanning R^n . When the centers are affinely dependent, we prove the following result. Theorem 7. For n ≥ 4, there are 3 · 2^{n−1} complex common tangent lines to 2n − 2 spheres whose centers are affinely dependent, but otherwise general. There is a choice of such spheres with 2^n real common tangent lines.

Remark 8. Theorem 7 extends the results of [9, Section 4], where it is shown that when n = 3, there are 12 complex common tangents. Megyesi [10] has shown that there is a configuration with 12 real common tangents, but that the number of tangents is bounded by 8 for the case of unit spheres. For n ≥ 4, we are unable either to find a configuration of spheres with affinely dependent centers and equal radii having more than 2^n real common tangents, or to show that the maximum number of real common tangents is less than 3 · 2^{n−1}. Similar to the case n = 3, it might be possible that the case of unit spheres and the case of spheres with general radii might give different maximum numbers. Remark 9. Megyesi [11] recently showed that there are 2n − 2 spheres with affinely dependent centers having all 3 · 2^{n−1} common tangents real. Furthermore, all but one of the spheres in his construction have equal radii.

By Theorem 2, 3 · 2^{n−1} is the upper bound for the number of complex common tangents to spheres with affinely dependent centers. Indeed, if there were a configuration with more common tangents, then—since the system is a complete intersection—perturbing the centers would give a configuration with affinely independent centers and more common tangents lines than allowed by Theorem 2.

By this discussion, to prove Theorem 7 it suffices to give 2n − 2 spheres with affinely dependent centers having 3 · 2^{n−1} complex common tangents and also such a configuration of 2n − 2 spheres with 2^n real common tangents. For this, we use spheres with equal radii whose centers are the vertices of a perturbed crosspolytope in a hyperplane. We work with the notation of Sections 2 and 3.

Let a ≠ −1 and suppose we have spheres with equal radii r and centers at the points ae_2, −e_2, and ± e_j , for 3 ≤ j ≤ n .

Then we have the equations p · v = 0, (4.1) f := v^2(p^2 − 2ap_2 + a^2 − r^2) − a^2v^2 = 0,

(4.2) g := v^2(p^2 + 2p_2 + 1 − r^2) − v^2 = 0,

(4.3) v^2(p^2 ± 2p_j + 1 − r^2) − v^2_j = 0, 3 ≤ j ≤ n .

(4.4)

As in Section 3, the sum and difference of the equations (4.4) for the spheres with centers ±e_j give p_j = 0, v^2(p^2 + 1 − r^2) = v^2_j . 3 ≤ j ≤ n . Thus we have the equations

(4.5) p_3 = p_4 = · · · = p_n = 0, v^2_3 = v^2_4 = · · · = v^2_n.

Similarly, we have f + ag = (1 + a) [ v^2(p^2 − r^2 + a) − av^2 ] = 0, f − a^2g = (1 + a)v^2 [ (1 − a)(p^2 − r^2) + 2ap_2 ] = 0.

As before, v^2 ≠ 0: If v^2 = 0, then (4.3) and (4.4) imply that v_2 = · · · = v_n = 0. With v^2 = 0, this implies that v_1 = 0 and hence v = 0, contradicting v ∈ P^{n−1}_C . By (4.5), we have p^2 = p^2_1 +p^2, and so we obtain the system of equations in the variables p_1, p_2, v_1, v_2, v_3:

(4.6) p_1v_1 + p_2v_2 = 0, (1 − a)(p^2_1 + p^2 − r^2) + 2ap_2 = 0, v^2(p^2_1 + p^2 − r^2 + a) − av^2 = 0, v^2(p^2_1 + p^2 − r^2 + 1) − v^2_3 = 0.

(For notational sanity, we do not yet make the substitution v^2 = v^2_1 + v^2 + (n − 2)v^2_3 .)

We assume that a ≠ 1 and will treat the case a = 1 at the end of this section. Using the second equation of (4.6) to cancel the terms v^2(p^2_1 + p^2) from the third equation and dividing the result by a, we can solve for p_2:

p_2 =

(1 − a)(v^2 − v^2 ) 2v^2 . If we substitute this into the first equation of (4.6), we may solve for p_1:

p_1 = −

(1 − a)(v^2 − v^2 )v_2 2v^2v_1 . Substitute these into the second equation of (4.6), clear the denominators (4v^2_1 v^4), and remove the common factor (1 − a) to obtain the sextic

(4.7) (1 − a)^2(v^2_1 + v^2 )(v^2 − v^2 )^2 − 4r^2v^2_1 v^4 + 4av^2_1 v^2(v^2 − v^2 ) = 0 .

Subtracting the third equation of (4.6) from the fourth equation and recalling that v^2 = v^2_1 + v^2 + (n − 2)v^2_3 , we obtain the quadratic equation

(4.8) (1 − a)v^2_1 + v^2 + [(n − 3) − a(n − 2)] v^2_3 = 0 .

Consider the system consisting of the two equations (4.7) and (4.8) in the homogeneous coordinates v_1, v_2, v_3. Any solution to this system gives a solution to the system (4.6), and thus gives 2^{n−3} solutions to the original system (4.1)—(4.4).

These last two equations (4.7) and (4.8) are polynomials in the squares of the variables v^2_1 , v^2 , v^2_3 . If we substitute α = v^2_1 , β = v^2 , and γ = v^2_3 , then we have a cubic and a linear equation, and any solution α, β, γ to these with nonvanishing coordinates gives 4 solutions to the system (4.7) and (4.8): (v_1, v_2, v_3)^T := (α^{1/2}, ±β^{1/2}, ±γ^{1/2})^T , as v_1, v_2, v_3 are homogeneous coordinates.

Solving the linear equation in α, β, γ for β and substituting into the cubic equation gives a homogeneous cubic in α and γ whose coefficients are polynomials in a, n, r^†. The discriminant of this cubic is a polynomial with integral coefficients of degree 16 in the variables a, n, r having 116 terms. Using a computer algebra system, it can be verified that this discriminant is irreducible over the rational numbers. Thus, for any fixed integer n ≥ 3, the discriminant is a nonzero polynomial in a, r. This implies that the cubic has 3 solutions for general a, r and any integer n. Since the coefficients of this cubic similarly are nonzero polynomials for any n, the solutions α, β, γ will be nonzero for general a, r and any n. We conclude:

For any integer n ≥ 3 and general a, r, there will be 3 · 2^{n−1} complex common tangents to spheres of radius r with centers ae_2, −e_2, and ± e_j, for 3 ≤ j ≤ n .

†Maple V.5 code verifying this and other explicit calculations presented in this manuscript is available at www.math.umass.edu/~sottile/pages/spheres.

We return to the case when a = 1, i.e., the centers are the vertices of the crosspolytope ±e_j for j = 2, . . . , n. Then our equations (4.5) and (4.6) become

(4.9) p_2 = p_3 = · · · = p_n = 0, v^2 = v^2_3 = · · · = v^2_n, p_1v_1 = 0, v^2(p^2_1 − r^2 + 1) − v^2 = 0.

As before, v^2 = v^2_1 + (n − 1)v^2. We solve the last two equations. Any solution they have (in C^1 × P^1_C ) gives rise to 2^{n−2} solutions, by the second list of equations v^2_3 = · · · = v^2_n. By the penultimate equation p_1v_1 = 0, one of p_1 or v_1 vanishes. If v_1 = 0, then the last equation becomes (n − 1)v^2 (p^2_1 − r^2 + 1) = v^2 .

Since v_2 = 0 implies v^2 = 0, we have v_2 ≠ 0 and so we may divide by v^2 and solve for p_1 to obtain

p_1 = ± √ r^2 − 1 + 1 n − 1 . If instead p_1 = 0, then we solve the last equation to obtain v_1 v_2 = ± √ 1 1 − r^2 + 1 − n . Thus for general r, there will be 2^n common tangents to the spheres with radius r and centers ±e_j for j = 2, . . . , n. We investigate when these are real.

We will have p_1 real when r^2 > 1 − 1/(n − 1). Similarly, v_1/v_2 will be real when 1/(1 − r^2) > n − 1. In particular 1 − r^2 > 0 so 1 > r^2. Using this we get

1 − r^2 < 1 n − 1 so that r^2 > 1 − 1 n − 1 , which we previously obtained.

We conclude that there will be 2^n real common tangents to the spheres with centers ±e_j for j = 2, . . . , n and radius r when √ 1 − 1 n − 1 < r < 1 . This concludes the proof of Theorem 7.

5. Lines Tangent to Quadrics Suppose that in our original question we ask for common tangents to ellipsoids, or to more general quadric hypersurfaces. Since all smooth quadric hypersurfaces are projectively equivalent, a natural setting for this question is the following:

“How many common tangents are there to 2n − 2 general quadric hypersurfaces in (complex) projective space P^n_C ?”

Theorem 10. There are at most

2^{2n−2} · 1 n ( 2n − 2 n − 1 )

isolated common tangent lines to 2n − 2 quadric hypersurfaces in P^n_C . Proof. The space of lines in P^n_C is the Grassmannian of 2-planes in C^{n+1} . The Plücker embedding [8] realizes this as a projective subvariety of P(^{n+12} )^{−1}_C of degree 1 n ( 2n − 2 n − 1 ) . The theorem follows from the refined Bézout theorem [6, §12.3] and from the fact that the condition for a line to be tangent to a quadric hypersurface is a homogeneous quadratic equation in the Plücker coordinates for lines [16, §5.4]. □ In Table 5, we compare the upper bound of Theorem 10 for the number of lines tangent to 2n−2 quadrics to the number of lines tangent to 2n−2 spheres of Theorem 2, for small values of n. The bound of 32 tangent lines to 4 quadrics in P^3_C is sharp, even under the

n 3 4 5 6 7 # for spheres 12 24 48 96 192 # for quadrics 32 320 3580 43008 540672 Table 2. Maximum number of tangents in small dimensions.

restriction to real quadrics and real tangents [18]. In a computer calculation, we found 320 lines in P^4_C tangent to 6 general quadrics, thus the upper bound of Theorem 10 is sharp also for n = 4, and indicating that it is likely sharp for n > 4. The question arises: what is the source of the huge discrepancy between the second and third rows of Table 5?

Consider a sphere in affine n-space (x_1 − c_1)^2 + (x_2 − c_2)^2 + · · · + (x_n − c_n)^2 = r^2 .

Homogenizing this with respect to the new variable x_0, we obtain (x_1 − c_1x_0)^2 + (x_2 − c_2x_0)^2 + · · · + (x_n − c_nx_0)^2 = r^2x^2_0 .

If we restrict this sphere to the hyperplane at infinity, setting x_0 = 0, we obtain (5.1) x^2_1 + x^2 + · · · + x^2_n = 0 , the equation for an imaginary quadric at infinity. We invite the reader to check that every line at infinity tangent to this quadric is tangent to the original sphere.

Thus the equations for lines in P^n_C tangent to 2n − 2 spheres define the 3 · 2^{n−1} lines we computed in Theorem 2, as well as this excess component of lines at infinity tangent to the imaginary quadric (5.1). Thus this excess component contributes some portion of the Bézout number of Theorem 10 to the total number of lines. Indeed, when n = 3, Aluffi and Fulton [2] have given a careful argument that this excess component contributes 20, which implies there are 32−20 = 12 isolated common tangent lines to 4 spheres in 3-space, recovering the result of [9].

The geometry of that calculation is quite interesting. Given a system of equations on a space (say the Grassmannian) whose set of zeroes has a positive dimensional excess component, one method to compute the number of isolated solutions is to first modify the underlying space by blowing up the excess component and then compute the number of solutions on this new space. In many cases, the equations on this new space have only isolated solutions. However, for this problem of lines tangent to spheres, the equations on the blown up space will still have an excess intersection and a further blow-up is required. This problem of lines tangent to 4 spheres in projective 3-space is by far the simplest enumerative geometric problem with an excess component of zeroes which requires two blow-ups (technically speaking, blow-ups along smooth centers) to resolve the excess zeroes.

It would be interesting to understand the geometry also when n > 3. For example, how many blow-ups are needed to resolve the excess component?

Since all smooth quadrics are projectively equivalent, Theorem 2 has the following implication for this problem of common tangents to projective quadrics. Theorem 11. Given 2n − 2 quadrics in P^n_C whose intersection with a fixed hyperplane is a given smooth quadric Q, but are otherwise general, there will be at most 3 · 2^{n−1} isolated lines in P^n_C tangent to each quadric.

When the quadrics are all real, we ask: how many of these 3 · 2^{n−1} common isolated tangents can be real? This question is only partially answered by Theorem 2. The point is that projective real quadrics are classified up to real projective transformations by the absolute value of the signature of the quadratic forms on R^{n+1} defining them. Theorem 2 implies that all lines can be real when the shared quadric Q has no real points (signature is ±n). In [16], it is shown that when n = 3, each of the five additional cases concerning nonempty quadrics can have all 12 lines real.

Recently, Megyesi [11] has largely answered this question. Specifically, he showed that, for any nonzero real numbers λ_3, . . . , λ_n, there are 2n − 2 quadrics of the form

(x_1 − c_1)^2 + (x_2 − c_2)^2 + n∑ j=3 λ_j (x_j − c_j )^2 = R

having all 3 · 2^{n−1} tangents real. These all share the same quadric at infinity

x^2_1 + x^2 + λ_3x^2_3 + · · · + λ_nx^2_n = 0 ,

and thus the upper bound of Theorem 11 is attained, when the shared quadric is this quadric.

Acknowledgments: The authors would like to thank I.G. Macdonald for pointing out a simplification in Section 2, as well as Gabor Megyesi and an unkwown referee for their useful suggestions.

References

[1] P.K. Agarwal, B. Aronov, and M. Sharir, Line transversals of balls and smallest enclosing cylinders in three dimensions, Discrete Comput. Geom. 21 (1999), 373–388.

[2] P. Aluffi and W. Fulton, Personal communication.

[3] T.M. Chan, Approximating the diameter, width, smallest enclosing cylinder, and minimum-width annulus, Proc. ACM Symposium on Computational Geometry (Clear Water Bay, Hong Kong), 2000, pp. 300–309.

[4] M. Chasles, Construction des coniques qui satisfont à cinque conditions, C. R. Acad. Sci. Paris 58 (1864), 297–308.

[5] U. Faigle, W. Kern, and M Streng, Note on the computational complexity of j-radii of polytopes in R^n , Math. Program. 73A (1996), no. 1, 1–5.

[6] W. Fulton, Intersection theory, Ergebnisse der Math., no. 2, Springer-Verlag, Berlin, 1984. [7] , Introduction to intersection theory in algebraic geometry, 2nd ed., CBMS 54, AMS, 1996. [8] S.L. Kleiman and D. Laksov, Schubert calculus, Amer. Math. Monthly 79 (1972), 1061–1082. [9] I.G. Macdonald, J. Pach, and T. Theobald, Common tangents to four unit balls in R^3 , Discrete Comput. Geom. 26:1 (2001), 1–17.

[10] G. Megyesi, Lines tangent to four unit spheres with affinely dependent centres, Discrete Comput.

Geom. 26:4 (2001), 493–497.

[11] G. Megyesi, Configurations of 2n − 2 quadrics in R^n with 3 · 2^{n−1} common tangent lines, 2001. [12] F. Ronga, A. Tognoli, and Th. Vust, The number of conics tangent to 5 given conics: the real case, Rev. Mat. Univ. Complut. Madrid 10 (1997), 391–421.

[13] H. Schaal, Ein geometrisches Problem der metrischen Getriebesynthese, Sitzungsber., Abt. II, Österr.

Akad. Wiss., vol. 194, 1985, pp. 39–53.

[14] E. Schömer, J. Sellen, M. Teichmann, and C. Yap, Smallest enclosing cylinders, Algorithmica 27 (2000), 170–186.

[15] F. Sottile, Enumerative geometry for real varieties, Algebraic Geometry, Santa Cruz 1995 (J. Kollár, R. Lazarsfeld, and D. Morrison, eds.), Proc. Sympos. Pure Math., vol. 62, Part 1, Amer. Math. Soc., 1997, pp. 435–447.

[16] , From enumerative geometry to solving systems of polynomial equations with Macaulay 2, in Computations in Algebraic Geometry with Macaulay 2, ed. by D. Eisenbud, D. Grayson, M. Stillman, and B. Sturmfels, Algorithms and Computations in Mathematics, vol. 8, Springer-Verlag, Berlin, 2001. 101–129.

[17] , Enumerative real algebraic geometry, in preparation for Proceedings of the DIMACS workshop on Algorithmic and Quantitative Aspects of Real Algebraic Geometry in Mathematics and Computer Science, Ed. by S. Basu and L. Gonzalez-Vega, for DIMACS book series, AMS, 2001.

[18] F. Sottile and T. Theobald, Work in progress.

[19] J. Steiner, Elementare Lösung einer geometrischen Aufgabe, und über einige damit in Beziehung stehende Eigenschaften der Kegelschnitte, J. Reine Angew. Math. 37 (1848), 161–192.

Department of Mathematics, University of Massachusetts, Lederle Graduate Research Tower, Amherst, Massachusetts, 01003, USA

E-mail address: sottile@math.umass.edu URL: http://www.math.umass.edu/~sottile

Zentrum Mathematik, Technische Universität München, D–80290 München, Germany E-mail address: theobald@mathematik.tu-muenchen.de URL: http://www-m9.mathematik.tu-muenchen.de/~theobald/