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Abstract

M otivation Thetopic of this paperis the estimationof alignmentsandmutation
ratesbasedon stochasticsequencewmmlution modelsthat allow insertionsand
deletionsof subsequencgsfragments”)andnotjust singlebasesThe modelwe
proposeis a variantof a modelintroducedby Thorne,Kishino, and Felsenstein
(1992). The computationatractability of the modeldependon certainrestric-
tionsin theinsertion/deletiorprocesspossibleeffectswe discuss.
Results The proces®f fragmentinsertionanddeletionin thesequencewslution
model inducesa hiddenMarkov structureat the level of alignmentsand thus
makespossibleefficientstatisticallignmenitalgorithms.As anexamplewe apply
asamplingprocedurdo assesghevariability in alignmentandmutationparame-
ter estimatedor HVR1 sequencesf humanandorangutanimproving resultsof
previouswork. Simulationstudiesgive evidencethat estimationmethodsbased
on the proposedmodel also give satishctory resultswhen appliedto datafor
whichtherestrictionsn theinsertion/deletiorprocesgio not hold.

Availability The sourcecodeof the softwarefor samplingalignmentsandmuta-
tion ratesfor a pair of DNA sequencesaccordingto the fragmentinsertionand
deletionmodelis freely availablefrom

www. mat h. uni - fr ankfurt. de/ ~st och/ sof t war e/ ntcntsal ut
underthetermsof the GNU publiclicense(GPL, 2000).

Contact dnet zl er @mat h. uni -frankfurt. de
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1 Introduction

To find agoodalignmentfor a pair of DNA (or protein)sequencegjneneeddo have
anideaof themutationrates.Thisis trueevenwhenusingscoreoptimizingalignment
algorithms(cf. NeedlemanWunsch1970)that do not explicitly referto a model of
the insertion-deletiorprocesssinceprior opinionsaboutmutationratesarereflected
in the choiceof the mismatchandgappenalties. On the otherhand,mutationparame-
tersareusuallyestimatedrom alignedsequencesThusthe choiceof parameters$or
alignmentalgorithmscanbiasmutationparameteestimategcf. Fleil3neretal., 2000).
Givenastochasti@alignmentmodelonecanavoid this dilemmaby estimatingghe mu-
tation parametergrom unalignedsequencesThe likelihoodsare then computedby
summingthe posteriorprobabilitiesof all possiblealignments,usinga dynamicpro-
grammingapproach(Thorneet al. 1991). In Metzler et al. (2001) alignmentsand
mutationparametersire estimatedsimultaneouslyanda Markov chainMonte Carlo
samplingstratagy is appliedto assesshe variability of suchestimates.Like several
other“statisticalalignment” proceduregseefor exampleThorneet al., 1991,1992,
Heinetal., 2000,Hein, 2001,HolmesandBruno, 2001)this procedurds basedon a
modelproposedy Thorne,Kishino, andFelsensteirf1991),the TKF1 model,which
generatea pairHMM structure(Durbin etal. 1998)on the level of alignments.Thus
it is compatiblewith someefficient algorithmsfor sequencealignmentand mutation
parameteestimation.

In the presentpaperwe shov how, for example,the samplingmethodof Metzler
etal. (2001)canbeadaptedo amoregeneraimodelto overcomethe majordravback
of the TKF1 model,namely thatit allows insertionsanddeletionsof no morethana
single nucleotideat a time. Sincethis seemsaunrealisticfor mary datasets,Thorne
et al. (1992) have extendedthe TKF1 modelto the TKF2 model, which describes
theinsertionanddeletionprocesof longerfragments.Surprisingly the TKF2 model
has not becomeas popularas the TKF1 model. We can only speculateaboutthe
reasons.Oneof themmight be the assumptiorof indivisible fragments:a fragment
that hasoncebeeninsertedcan only be deletedasa whole, and no otherfragments
canbe insertedin betweenit. We shall argue that one shouldnot too much worry
abouttheseassumptionswhich arenecessaryo obtaina pairHMM structureon the
alignmentsandthusmalke possibleefficient computation Computersimulationsshav
thatmutationparameteestimationproceduresvhich areoptimizedfor amodelusing
theseassumptionglsowork quite well when appliedto datageneratedvithout the
fragmentatiomrestrictions.

Anotherdravbackof the TKF2 modelmightbeseenn thefactthatit needsanex-
traparameterin additionto thetwo parametersf the TKF1 model(insertionrateand
deletionrate), TKF2 needsathird one theaveraggragmentength.in bothmodelsthe
deletionrate mustbe slightly higherthantheinsertionrate,but whenappliedto data,
thedifferencedetweerthe estimatedor thetwo parameterarenggligible. Therefore
we usea variantof the TKF2 modelwith oneparametefor the meanfragmentiength
andonly onemoreparametefor theinsertionanddeletion(indel) rate(cf. section2).
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For simplicity we focuson DNA sequencedyut theinsertion-deletion-modelksnd
themethodsarealsoapplicableto proteinsequences.

2 Modd

Our modelof fragmentinsertionsanddeletiong(FID) hastwo parametersy > 1, the

expectedfragmentlength,and A > 0, theindel rateper site. The fragmentinsertion
anddeletionprocesoperate®n sequencesf “sites”. Therightmostsitein theances-
tral sequences markedas“fragmentend”. Eachothersitein theancestrabequences

markedas“fragmentend” independentlyith probability1/~. In thisway, theances-
tral sequences partitionedinto fragments In the courseof evolution, eachfragment
endis selectedatrate2\. Whenthis happensfair coinis tossed With probability 1/2

thefragments deleted.Otherwisea new fragments insertedo its right. In addition,
new fragmentsareinsertedwith rate A to theleft of thefirst site. Thelengthof the new

fragmentis geometricallydistributedwith expectatioryy, i. e. the probability thatthe

fragmentlengthequalsk is (1 — y71)¥~1y~1 for £ > 1. Therightmostsite of the new

fragmentis marked asfragmentend.

2.1 TheFID-model and the TKF2-model

TheFID-modelis aslightmodificationof the TKF2-model(Thorneetal.,1992). Some
of theresultingdifferencesareonly apparentthe samereality is modelledin slightly
differentways. In the FID-modelinsertionand deletionratesare equalandthuswe
have no equilibrium distribution on the spaceof finitely long sequencesWhense-
guencealataaregiven,we assumehatthe sequencewerecut outof very muchlonger
sequencebetweenknown homologouspositions. In the TKF modelsit is assumed
thatthe ancestrabequencés taken from the stationarydistribution of the processof
the TKF model. Thus,its lengthis geometricallydistributed. In the FID model it
is only assumedhat the basetypesof the ancestrakequencarein the equilibrium
of the substitutionprocess.The lengthsof the given sequenceare consideredo be
non-randomWe will comebackto this attheendof section3.2.

2.2 Alignmentsand homology structures

Like Thorneetal. (1991,1992)we considelinsertionsashappeningo theright of po-
sitionsratherthanbetweerpositionsandconsiderthe insertedfragmentsasoffspring
of their left neighbors Sowhennotatingalignmentsve applythe “TKF-convention”:
We write insertedfragmentsdirectly to the right of their “ancestors”. For example,
if in thesequenc&TTAGAA thefragmentTT is deletedanda fragmentGCC is inserted
later at its place(andthe G in the first sequences deletedandthe lastA substituted
by a C), the resultingalignmentmustbe denotedas jz5z "2%¢ insteadof ™ ozza%¢.
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Thisresultsin a pairHMM-structure(from left to right) in thealignmentsandmalkes
it possibleto usesomeefficientalgorithms,aswe shallseein section3.2.

Usually, the orderof gapsbetweentwo homologouspairsof sitesis not relevant.
We candescribehe homologystructureby the numbersof unalignedpositionsin the
sequencebetweereachpair of homologoussites. Thusthe homologystructureof the
alignment Iﬁggijﬂﬂé' is givenby the sequencef numbermpairs(2,3),(1,0),(0,0),(0,0)
meaninghattwo unalignedsitesin theancestratequencandthreeunalignedsitesin
the othersequencédollow the first homologousair andafterthe seconchomologous
pair thereis only oneunalignedsite in the ancestrakequence The homologystruc-
ture of the alignment }ﬁggigff} is (2,4),(1,0). Note that the homologystructuresof
sequencgairswhich have evolved accordingto the FID-modelarei. i. d. sequences
of numberpairsandthe distribution on the numberpairscanbe computedefficiently
usingthe pairHMM structure(cf. section3.2).

In the limit of (infinitely) long sequencesthe FID evolution modelis time re-
versible. Note thatthe TKF-corventionbreaksthis reversibility on the level of align-
ments,but the homologystructuresarestill time reversible:whenwe jump randomly
into along homologystructureandconsiderthe next £ numberpairs,then
(n1,mq), (ng, ma), ..., (ng, my) is asprobableas(my, ny), (mg, n2), ..., (Mg, ng) in
the FID model. Sincethe homologystructureis theinterestingobject,we canalways
actasif onesequencevasthe ancestoof the otherone,evenif both sequencestem
from somecommonancestar

2.3 Substitution modelsto go with FID

As long asthe substitutionrmodelis not specifiedthe FID modelonly inducesa prob-
ability distribution on the bare alignments,which ignore the basetypes. The bare
alignmentsfor the above examplesare B:5:"°R°5F and pzz:" a°, whereB standsfor
“base”.

The substitutionmodel shouldbe Markovian andreversiblein time, andall sites
shouldevolve independentlyand with identicaldistributions. Whena new siteis in-
sertedjts basetypeis dravn randomlyfrom the equilibriumdistribution of the substi-
tution process Giventhe homologystructure the substitutionprocesss independent
of the alignment. The basetypes(or aminoacid residualsin the caseof proteinse-
guencesat all sitesin the ancestrakequencareassumedo be dravn independently
from theequilibriumdistribution. Exampledor substitutiormodelsfulfilling thesere-
quirementarethe JukesCantormodel,Kimura’s models andthe modelof Hasegawa,
KishinoandYano(cf. Hasgavaetal., 1985,Swofford etal., 1996,Zharkikh,1994).

3 Algorithm

In Metzleretal. (2001)it wasshavn thatthe variability in mutationparametesesti-
matescanbe stronglyunderestimated the estimatedalignmentis assumedo bethe
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trueone.In orderto assessheactualvariability in the parameteestimate®nehasto

take into accountthatthe true alignmentis unknavn and probablydifferentfrom the
mostplausibleone. In addition,the useof “optimal” alignmentscancausea biasin

mutationrateestimategcf. Fleil3neretal., 2000). Thealgorithmdescribedn Metzler
et al. (2001) wasbasedon the TKF1 model (Thorneet al., 1991), allowing only in-

sertionsanddeletionsof singlenucleotides Herewe adaptthe samplingalgorithmto

the FID model. Thisis possiblesincethe FID modelinducesa pairHMM structure
on the alignments,aswe will shav in section3.2. This meansthat one could gen-
eratea barealignmentaccordingto the FID-induceddistribution by building it from

left to right accordingto certainMarkov chaintransitionprobabilitiesP(z — y) for

z,y € {3}, B, g} insteadof simulatingthe insertiondeletionprocess. The aligned
sequencearethen“emitted” from the positionsin the barealignmentaccordingo the
substitutionmodel.

Let sequences; ands, of lengthsn andm begiven.

At firstwe assumehatthemutationparameterarealsogiven. We canthensample
alignmentsaccordingto their posteriorprobability by the following procedure. For
0 <i<nand0 < j < mlet f(i,j,z) bethe probability that a barealignment
generatedaccordingto FID begins with an alignmentof i positionswhich coincide
with the first 7 positionsin s; against;j positionswhich coincidewith j positions
in s9, andthat the last barealignmentstatein this partial alignmentis z. Sincewe
assumehatthe obsenedsequences; ands,; arecutoutof longersequencebetween
homologougpositionswe set f(0,0,z) = 1 forz = § and f(0,0,z) = 0 otherwise.
ThepairHMM structurémplies f (4, j, %) = 3" cqe s f(1—1,5,2)-P(z = %)-e;

and f(i, 4, 3) = Ypeqz s, oy fi— 1,7 —1,2) - ]g(a_: o B) - e;, Wheree; ande;;
dependon the substitutionmodel: e; is the emissionprobability of the baseat the ith
positionin sequence; ande;; is a probability thata pair of homologoussitesemits
thebasestsitei in s; andatsitej in s,. With theanalogousormulafor f (i, j, 5), we
canefficiently computeall valuesfor f(., ., .) iteratively while increasing and; from
i =j =0upto(i,5) = (n,m). Sinceweassumehattherearehomologousitesto the
right of our obseredsequencesyesetf(n +1,m+1,3) =Y f(n,m,z)P(x —
5). For the computationof f(4, j, =) we needthe mutationparametervalues,since
P(z — y) depend®n A\ and~y andthe emissionprobabilitiese; ande;; dependnthe
substitutiorrates.Oncewe have f(., ., .) we caneasilysampleanalignmentaccording
to its conditionalprobability given the sequencesWe generatat from right to left,
startingwith a triple (n, m, X'), wheretherandomX € { }, 8 :} is chosento bez
with probability f (n, m,z)P(z — })/f(n+ 1,m + 1, }). We iteratethis procedure:
Given that the last chosentriple was (i, j, z) we drawv the next one accordingto a
probability distribution thatreflectsthe relative contrikutionsto f (i, 7, z) in theabove
sums.Thealignmentis completewhenwe draw atriple (i, j, z) with 4, j < 1.

If thealignmentis givenandvaluesof the mutationparameterareto be sampled,
we can apply a Metropolis-Hastingsstratg)y (cf. Gamerman,1997): We startwith

initial estimatesf the mutationrates. New valuesfor themare proposedandomly
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from geometriaistributionswith theold valuesasmeanandacceptedr rejectedwith

a probability dependingon the lik elihoodratio andprior probabilitiesof the newv and
theold values,suchthattheiterationsof this stepform a Markov chainthatcorvemges
to the posteriorprobability distribution of the parameters.

When-asusual- neitherthealignmentnor the parameteraregiven,we applythe
ideaof Gibbssampling(cf. Gamermari997)to combinethe two samplingschemes:
We startwith estimate®f the mutationratesandsampleanalignment.Thenwe apply
a Metropolis-Hastingstepto the mutationparametersThenwe randomlypick a part
of thealignmentof, say about30 bp andresampleghealignmentin thissectionrelying
on the currentparametewalues. (We could alsoresamplethe alignmentcompletely
butwewouldthenhaveto calculateD (nm) valuesof f(, , ) alwayswhentheparameter
valueschange.)Thuswe obtaina Markov chainon thetuplesconsistingof alignments
andparameteraluesthatcornvergesto their joint posteriorprobability distribution.

3.1 Example: HVR-1 from human and orangutan

TheFID modelshedsew light onthe HVR-1 examplein Metzleretal. (2001)where
we analyzedthe humansequencéD 1244 (Andersonet al. 1981)andthe orangutan
sequencdD 389 (Xu et al. 1996) from the HVRBASE (Handtet al. 1998, seealso
http://db. eva. npg. de/ Hvr base ) onthebaseof the TKF1 model.

The samplingstratgy is now basedon the FID modeland Felsensteirs substi-
tution model“F84” (Swofford et al., 1996, FelsensteinChurchill, 1996): the rate of
transitionsis increaseccomparedo trans\ersionsby allowing transitionsin addition
to a generaltype of substitutionthat could changea nucleotideinto any otherbase
type (accordingto the basetype probabilities). The ratesof generalsubstitutionsand
of transitionswere sampledjointly with the indel processparameters\ and~y and
the alignmentsaccordingto their posteriorprobability usinga Metropolis-Hastings-
strategy. Fromthe obsenedbasefrequenciesve estimatedhe basetype probabilities
my = 0.3,m¢ = 0.35,7¢ = 0.15 andn; = 0.2. Using the freedomof time scaling
we assumehatthetime distancebetweernthe sequencess ¢ = 1, suchthatthe muta-
tion ratesarethe expectednumbersof mutationsper site. We usedexponentialprior
distributionson the generalsubstitutionrate, the transitionrate andindel rate A with
expectationl. This makesthe probabilitiesthat no mutationoccursat a given site
uniform on the interval [0,1] for eachof the threemutationtypes. We alsousedan
exponentialprior for v — 1, the expectednumberof gapextensions.Sincetherewas
no suchnaturalchoicefor its expectationaswith the mutationrateswe tried threedif-
ferentvalues:0.5,5 and50. We call the latter choicea nearlyflat prior sincein this
casethedensityof theprior is almostflat nearrelevantvaluesfor ~.

As initial alignmentfor the Markov chain Monte Carlo (MCMC) procedurewe
usedthe alignmentgiven in the database. The initial valuesof the mutationrates
were0.05for the generalsubstitutionrateand0.01 for A andthe transitionrate. For
theinitial valueof v we chosethe expectationvalueof its prior. After aninitial run
of 10000steps(“burnin”) we sampledl000alignmentsandcorrespondingnutation
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parametergperforming1000stepshetweereachtwo samples.

It is not our aim to comeup with only onealignmentand/orsetof mutationpa-
rametervalueswhich oneshouldbelieve in. We ratherwantto assesshe variability
inherentin suchestimates.

Figurel shavs thatin somepositionsmorethan80% of the sampledalignments
(usingthe mostuninformatve of the priorsfor ) do not coincidewith the mostprob-
ableof the sampledalignments (With otherpriorsfor v we obtainedslightly different
most probablealignmentsbut the regions of uncertaintywere essentiallythe same.)
For thealignmentgivenin the databasethe non-coincidencevasevenslightly higher
(seeFigureA on
www. mat h. uni - frankfurt. de/ ~stoch/ sof tware/ ncncsal ut/figures. htnl).

Figure2 shavsthemutationparameterghatweresampledsimultaneouslyvith the
alignments.Obviously, the choiceof the prior for v hasan effect on the distributions
of the sampledvaluesfor A\ and-~. Thisis no surprisebecausehe datafor estimating
A and~ areraresincethereare only a few gapsin the probablealignmentsof the
sequencesT he effectinfluenceamainly the lengthof theright tail of the distributions
andis ratherweakaroundthe modes.

3.2 TheMarkov property of alignmentsin the FI D-model

Thealignmentof two sequencethathave evolvedaccordingo the FID model(or one
of the TKF models)is a Markov chainon the states; (insertion), ® (deletion)and }
(homologoussites). Oneway to understandhis Markovian structureis to useideas
from thetheoryof GaltonWatsonprocessegHarris, 1963,Geiger 1996). In fact,the
offspring populationof a fragmentin the FID modelforms a GaltonWatsonprocess
which s critical (i. e. the expectedpopulationsizeis constanin time) becausef the
equalityof theratesof insertionsanddeletions.Giventhatthe offspring populationof
afragmentis notextinct atsometime ¢ > 0, its sizeis geometricallydistributed.

This caneasilybeseen:if thereareary survivors,take theleftmostof them,where
the left-right schemefollows the TKF-alignmentnotationcornvention. Considerthe
branchb; from the ancestoto this survivor in the phylogenetidree of the offspring
population(thedashedinesin theleft of Figure3). Nothingsurvivesto theleft of by,
which haslengtht. It producesffspringto theright (the grey areain Figure3). If
oneof themsurvives,consideragaintheleftmostof themandcall the branchfrom the
roottoit b, (thedashedinesin themiddleof Figure3). Giventhatthis b, exists, it has
lengtht againandstartstogethemwith b, attime 0. Thereforewe areagainin thesame
situationasbefore.lteratingthis agumentwe seethatif X is thesizeof the offspring
population,thenthe distribution of X — n, given X > n for somen > 1, doesnot
dependonn. This“lack of memory”characterizethe geometriadistribution.

We still have to answertwo questions:what is the parameterof the geometric
distribution andwhatis the probabilitythat X > 0? Both areeasyto answerbecause
the expectedgenerationsize of a critical Galton Watsonprocessis a constantover
time: EX = 1. Giventhatthe leftmostsurvivor exists (for instanceif the ancestor
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Tablel: Thetransitionprobabilitiesfor alignmentstatedrom left to right in the FID-
model(for t = 1).

itself is not deleted)the expectednumberof birth eventsthathappenon its branchis

At. Eachof thebornindividualshasan offspring populationof expectedsizel at ary

latertime. ThisimpliesE(X | X > 0) = 1 + At. Thusthe parameteof thegeometric
distributionis 1/(At + 1). From

1 = EX =Pr(X >0)-E(X|X > 0)+Pr(X =0)-E(X|X =0)
= Pr(X >0)-(1+Xt)+Pr(X=0)-0

we getPr(X > 0) = 1/(M + 1). Sinceeachfragmenthasgeometricallymary

siteswith expectationy andsincethe sumof geometricallymary i. i. d. geometrically
distributed randomvariablesis also geometricallydistributed, we get the following

result. Let Y be the numberof sitesin the offspring populationof somefragmentat

time ¢, thengivenY > 0, Y is geometricallydistributedwith EY = (At + 1) - 7.

Sincethe offspring populationsof differentfragmentsareindependenbf eachother
andsincethe geometricdistribution is memorylessye obtainthe Markov propertyof

thealignmentdn the FID model.

Thecomputatiorof thetransitionprobabilitiesbetweerthestatesg, ® and § is not
very difficult, asthefollowing examplesshow. (As in section3.1we sett = 1). If we
arein 3, the probability thatthe next stateis ; is the productof the probability that
the currentfragmentendsandthe probabllltythatthefragmenthasanothersurviving
offspring: P(2 — ;) =~+"1-(1—-(A+1)7).

P(3 — B)istheproductof the probability for the endof the fragment,the prob-
ability that it hasno further offspring and the probability of the deathof the next
fragmentbeforetimet = 1. Theresultisy™' - (A +1)7! - (1 — exp(=2)).

Let p bethe probability for a fragmentthatdiesbeforet = 1 to have anoffspring
att = 1. Thenwe have P(® — ;) = v ! - p. Togethewith 1/(A +1) = Pr(X >

0)=e?+(1—e?)- pthlSlmpllesP( — )= %

All transmonprobabllmesareglven|n tablel. Note thattheseprobabllltlesare
thelimits of thosein the TKF2 modelwhenthedeletionratecorvergesto theinsertion
rate\.

As alreadymentionedn section2.1,we assumehatthe sequencearetakenfrom
a region betweenknown positions. Thereforewe let the Markov chainstartin a }

state(that doesnot emit basetypesto the sequences)Unlike the TKF models,the
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FID modelprovidesno END statefor the Markov chain. Instead this is coveredby
conditioningon the data: Given sequencesf lengthn andm, the Markov chainis
conditionedon emitting the basetypesandto jump to } after the total numberof
jumpsto } and ® wasn andthetotal numberof jumpsto § and ; wasm. Thisdiffers
slightly from the original pairHMM conceptbut is still compatiblewith the dynamic
programmingalgorithms,aswe saw before.

4 Robustness

To achieve computationatractability the FID modelmakesan unnaturalassumption:
whena fragmenthasbeeninsertedinto a sequenceit canonly be deletedasa whole
andnew fragmentscanonly be insertedleft or right of the first fragmentbut not into
it. This assumptiormight be unrealisticin principle; its effectin practiceis unclear
Wethereforeexplorehow well mutation-parameterstimatordasecdnthe FID model
work for datageneratedvithout theserestrictions.

4.1 A moregeneral insertion deletion (GID) mode

Sety := A/v. TheGID modelis like FID but without fixed fragmentation Eachsite
is selectedwith rate 24, thena coin is tossedto decideif randomlymary sitesare
deleted endingwith the selectedne,or insertedto theright of the selectecbne. The
numberof insertedor deletedsitesis geometricallydistributedwith expectationy.

The GID modelis time reversiblein the samesenseasthe FID model. As in the
caseof the FID model, the TKF-corvention breaksthis reversibility on the level of
alignmentsout noton the level of homologystructuresNote thatthe homologystruc-
tureis alsoani.i.d. sequencef numberpairswhenthe sequencesvolvedaccording
to the GID model,but it seemdhardto computethe probability of eachnumberpairin
this case.

To simulatea pair of sequencess;, s2) of adesiredapproximatdengthn, we first
generatea sequences; of lengthn + 2k (for sufiiciently large k) accordingto the
equilibrium of the substitutionprocessandlet it evolve to a sequence,. From site
n + 1 of sequence&; we move left andfrom positionn + k£ we move right until we
cometo positionsthatarehomologoudo positionsin $;. The subsequencdsetween
thesehomologougairsares; andss.

4.2 Robustnessof the ML estimator for the mutation parameters

Supposeve wantto estimatemutationparameterg)\ and~ and/orsubstitutionrates)
from a pair of unalignedsequencedf the sequenceweregeneratedccordingto the
FID-model,we could usethe maximumlik elihood(ML) estimatorasin Thorneetal.
(1991,1992).How goodis the estimatorif the sequencesereactuallygeneratedy
a GID insteadof a FID process?As a first step,we checled the robustnesf the
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FID-ML-estimatorfor A and~ basednthe homologypatterninsteadof the sequence
pairs. Someof the resultsareshavn in Figures4, 5, and6. Again we usedthetime
scalingt = 1 suchthatmutationratesarethe expectednumbersof mutationspersite.
The FID-ML-estimatorworks for GID-generatechomologystructuresalmostas
well asfor thosethatweregeneratedccordingto FID exceptfor very high valuesfor
Aandy (A = 0.5, v = 3, cf. Figure6). But keepin mind that we usually do not
obsene homologystructuresut only sequenced-or amountsof mutationdik e those
mentionedabove, mostinformationis lost on the way from the homologystructures
to the sequencesThusthe parametervalueswhereFID andGID leadto substantially
differentestimatescould be irrelevant becausehey cannotreasonablybe estimated
from sequencalataanyway. To illustrate this we appliedthe FID-ML-estimatorto
sequencegairsthatweregeneratedvith the sameparameters\ = 0.5 andy = 3 as
in Figure6 anda substitutionrateof s = A = 0.5. For unalignedpositionswe drew
the baseuniformly from {A, C, G, T} andfor homologougpositionswe chosethe base
of the ancestrakequenceainiformly andlet it evolve accordingto the Jukes Cantor
model: Substitution®ccurwith rates, andthenthenew bases dravn uniformly from
{A, C, G T}. Theleft sideof Figure7 shows the resultof anexperimentwhere100
pairsof sequencesf length~1000weregeneratedor the FID modelandthe FID-
ML-estimatorfor A and~y was appliedto the unalignedsequencepairs. The same
wasdonein theright sideof Figure7 with sequencegeneratecccordingto the GID
model. (For optimizationwe usedNelderandMead’s simplex algorithmassuggested
in Thorneet al. 1991,seealsoPresset al. 1988.) We seethatif the true parameters
(s, A,y) areashigh as(0.5,0.1, 3), the FID-ML-estimatoris so variablethatit does
not becomemuchworsewhenit is appliedto datageneratedby GID insteadof FID.

4.3 Robustness of the sampling algorithm

Now we checkhow much differenceit makeswhenthe FID samplingalgorithmis
appliedto datageneratedy GID. We generate@0 pairsof sequencesf length1000
accordingto the FID modelwith Jukes Cantorsubstitutiondynamicswith parame-
tersvalues(s, A, y) = (0.5, 0.1, 3) andsampledor eachsequenceair 50 alignment-
mutationparametecombinations.Thenwe did the sameagainwith sequencegen-
eratedaccordingto GID. For s and\ we usedexponentialpriorswith expectationl.0
andfor v an exponentialprior with expectation100.0. The resultsfor the GID data
werehighly similar to thosefor the FID data(see

www. mat h. uni -frankfurt. de/ ~stoch/software/ ncncsal ut/figures. htm).
Also for simulationswith otherparameteralues((0.1, 0.1, 3) and(0.5, 0.5, 3)), there
was a high similarity betweenthe resultsin the FID andthe GID cases(datanot
shown).

Fromtheseobsenationswe cannotconcludethatthe samplingmethodis robustas
an estimatorfor the posteriordistribution of the parametersTo shav thatwe would
needto comparethe resultsfrom the FID datato posteriordistributionsin the GID
model, which we cannotefficiently compute. Whatwe cansayis the FID sampling
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methodwasnot completelythrown off the scentby the GID sequencegairs. Thiswas
to beexpectedsincethe posteriordistributionsin the GID modelareprobablynotvery
differentfrom thosein the FID model,from which we sampled.

5 Implementation

The software that was usedfor simultaneousamplingof alignmentsand mutation
parameter$or a pair of DNA sequencess freely availablefrom

www. mat h. uni -frankfurt. de/ ~stoch/ sof tware/ ncncsal ut/i ndex. ht m
underthe termsof the GNU Public License(GPL, 2000). The programis written in

C++. Optionaluserinterfacesfor comfortableparameteinput and graphicalrepre-
sentatiorof resultsareimplementedn Tcl/Tk. The programallows a large variety of
basesubstitutionmodelsto be combinedwith the FID model,including, for instance,

the optionof resamplingof theratio of trans\ersionandtransitionrates.

6 Discussion

The FID modelmakespossibleefficient algorithmsfor statisticalalignmentand mu-
tationrateestimationfor a pair of DNA or proteinsequencesT he resultsseemmore
realisticthanthosegivenin Metzleretal. (2001),which arebasednthe TKF1 model.
Thefixedfragmentatiorstructuren the FID model(asin the TKF2 model,cf. Thorne
etal. 1992) might be unrealistic.If we dropthis assumptionthe FID modelchanges
into theGID model. Sincethis modellacksthepairHMM structurewe cannotexpect
to find efficientexactalgorithms.However, ourcomputersimulationstudiesencourage
usto hopethatmutation-parameterstimatiorandsamplingprocedureshatwereopti-
mizedfor theFID modelalsogive goodresultsf thedatastemfrom theGID model. A
possibleexplanationis thatdifferencesetweerthe modelsonly matterwhena newly
insertedfragmentis hit by anotherinsertionor deletion. This probablyoccursrarely,
exceptwhenthenumberof mutationsbetweerthesequencess very high. In thelatter
casehowever, ary estimatds quiterough.

Whenthe probablealignmentsf the givensequencesontainonly afew gapsthe
fragmentlengthparametery is difficult to estimate In section3.1the posteriordistri-
bution of v dependsn the prior. In casedik e this it might be reasonabléo estimate
~ (or atleastaninformative prior for v) from similar sequencelata,if available,since
the parametery probablydoesnot dependon the evolutionarydistanceandis thought
to beconstane.g. amongthe HVR-1 sequences.

Oftenmorethantwo sequenceareto bealigned.If theaim s the estimationof a
phylogery oneis in thesamedilemmaasin the caseof mutationparameteestimation:
onecould estimatehe phylogely if thesequencewerealignedandfor thealignment
of the sequence# would be helpful to know the phylogery. Heretoo, a way out
might be to estimatemultiple alignmentsand phylogeniesimultaneouslyFor recent

11
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work in this directionseeMitchison (1999),HolmesandBruno (2001),andFleil3ner
etal. (2002). Thesemethodgoo canprobablybe broughta stepcloserto reality with
thehelpof the FID model.
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Figurel: Themostprobableof 1000sampledalignmentgwith almostflat prior) of a
human(top sequenceandan orangutarHVR-1 sequencébottomsequenceandthe
percentag®ef sampledalignmentghatdiffer from it in eachposition.
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Figure2: Eachrow shaws the distributionsof 1000substitutionrates(generalsubsti-
tutionrate+ transitionrate),indelrate A, andmeanfragmentengthy betweerHVR-1
of humanandorangutansampledogethemwith possiblealignmentsof sequenceac-
cordingto their joint posteriordistribution. For the exponentialprior ony — 1 we set
the expectationto 0.5 (top row), 5 (middle),and50 (bottomrow). (In thethe bottom
row we cut thetails of the distributionsof the sampledvaluesfor A and+ in orderto
have the samescalesasin thefirst two lines. In fact, 2.3% of the valuesfor A were
greatethan0.3and2.9%of thevaluesfor v weregreatethan15whentheexpectation
of theprior for v — 1 wassetto 50.)
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Figure 3: The processof insertionsand deletionsto the right of a fragmentin the
ancestrakequencdtime 0) is a Galton Watsonprocesg(“F” standsfor “fragment”
and“_" for a seriesof gaps). Giventhatthe ancestryof thek = 1,2, 3, ... leftmost
survivorsof a GaltonWatsonprocessattime t, therestof thetreebranchedreely out
of abranchfrom 0 to ¢ (dashedine). Thisimplies: Giventhatthe numberof survivors
isnotO0, it is geometricallydistributed.
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Figure4: 1500homologypatternswith ancestrakequencéength~ 1000 weregen-
eratedaccordingto the FID (left) andthe GID (right) modelwith A = 0.1 andy = 3.
The point cloudsshowv the ML-estimatorsin the FID modelfor (), ~y) basedon the
homologypatterns.
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Figure5: 1500homologypatternswith ancestrabequencéength~ 1000 weregener
atedaccordingto the FID (left) andthe GID (right) modelwith A = 0.1 andy = 10.
The point cloudsshowv the ML-estimatorsin the FID modelfor (), ~y) basedon the
homologypatterns.
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Figure6: 1500homologypatternswith ancestrabequencéengtha 1000 weregen-
eratedaccordingto the FID (left) andthe GID (right) modelwith A = 0.5 and~y = 3.
The point cloudsshav the ML-estimatorsin the FID modelfor (), ) basedon the
homologypatterns.
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Figure7: 100 sequenc@airsof length~ 1000 weregeneratediccordingto the FID
(left) andthe GID (right) modelwith substitutionrates = 0.5, A = 0.5 and~y = 3.
The point cloudsshowv the ML-estimatorsin the FID modelfor (), ) basedon the

sequenceairs.
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