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Abstract

Motivation Thetopic of this paperis theestimationof alignmentsandmutation
ratesbasedon stochasticsequence-evolution modelsthat allow insertionsand
deletionsof subsequences(“fragments”)andnot justsinglebases.Themodelwe
proposeis a variantof a modelintroducedby Thorne,Kishino, andFelsenstein
(1992). The computationaltractability of the modeldependson certainrestric-
tionsin theinsertion/deletionprocess;possibleeffectswe discuss.
Results Theprocessof fragmentinsertionanddeletionin thesequence-evolution
model inducesa hiddenMarkov structureat the level of alignmentsand thus
makespossibleefficientstatisticalalignmentalgorithms.As anexampleweapply
asamplingprocedureto assessthevariability in alignmentandmutationparame-
ter estimatesfor HVR1 sequencesof humanandorangutan,improving resultsof
previous work. Simulationstudiesgive evidencethatestimationmethodsbased
on the proposedmodel also give satisfactory resultswhen appliedto datafor
which therestrictionsin theinsertion/deletionprocessdo nothold.
Availability Thesourcecodeof thesoftwarefor samplingalignmentsandmuta-
tion ratesfor a pair of DNA sequencesaccordingto the fragmentinsertionand
deletionmodelis freely availablefrom
www.math.uni-frankfurt.de/ � stoch/software/mcmcsalut
underthetermsof theGNU public license(GPL,2000).
Contact dmetzler@math.uni-frankfurt.de
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1 Introduction

To find a goodalignmentfor a pair of DNA (or protein)sequences,oneneedsto have
anideaof themutationrates.This is trueevenwhenusingscoreoptimizingalignment
algorithms(cf. Needleman,Wunsch1970) that do not explicitly refer to a modelof
the insertion-deletionprocess,sinceprior opinionsaboutmutationratesarereflected
in thechoiceof themismatchandgappenalties.On theotherhand,mutationparame-
tersareusuallyestimatedfrom alignedsequences.Thusthechoiceof parametersfor
alignmentalgorithmscanbiasmutationparameterestimates(cf. Fleißneretal., 2000).
Givenastochasticalignmentmodelonecanavoid thisdilemmaby estimatingthemu-
tation parametersfrom unalignedsequences.The likelihoodsarethencomputedby
summingtheposteriorprobabilitiesof all possiblealignments,usinga dynamicpro-
grammingapproach(Thorneet al. 1991). In Metzler et al. (2001) alignmentsand
mutationparametersareestimatedsimultaneously, anda Markov chainMonte Carlo
samplingstrategy is appliedto assessthe variability of suchestimates.Like several
other“statisticalalignment”procedures(seefor exampleThorneet al., 1991,1992,
Hein et al., 2000,Hein, 2001,HolmesandBruno,2001)this procedureis basedon a
modelproposedby Thorne,Kishino,andFelsenstein(1991),theTKF1 model,which
generatesa pair-HMM structure(Durbin et al. 1998)on thelevel of alignments.Thus
it is compatiblewith someefficient algorithmsfor sequencealignmentandmutation
parameterestimation.

In thepresentpaperwe show how, for example,thesamplingmethodof Metzler
etal. (2001)canbeadaptedto amoregeneralmodelto overcomethemajordrawback
of theTKF1 model,namely, that it allows insertionsanddeletionsof no morethana
singlenucleotideat a time. Sincethis seemsunrealisticfor many datasets,Thorne
et al. (1992) have extendedthe TKF1 model to the TKF2 model, which describes
theinsertionanddeletionprocessof longerfragments.Surprisingly, theTKF2 model
hasnot becomeas popularas the TKF1 model. We can only speculateabout the
reasons.Oneof themmight be the assumptionof indivisible fragments:a fragment
that hasoncebeeninsertedcanonly be deletedasa whole, andno other fragments
can be insertedin betweenit. We shall argue that oneshouldnot too much worry
abouttheseassumptions,which arenecessaryto obtaina pair-HMM structureon the
alignmentsandthusmakepossibleefficientcomputation.Computersimulationsshow
thatmutationparameterestimationprocedureswhich areoptimizedfor a modelusing
theseassumptionsalsowork quite well whenappliedto datageneratedwithout the
fragmentationrestrictions.

Anotherdrawbackof theTKF2 modelmightbeseenin thefactthatit needsanex-
traparameter:in additionto thetwo parametersof theTKF1 model(insertionrateand
deletionrate),TKF2 needsathird one,theaveragefragmentlength.In bothmodelsthe
deletionratemustbeslightly higherthantheinsertionrate,but whenappliedto data,
thedifferencesbetweentheestimatesfor thetwo parametersarenegligible. Therefore
weuseavariantof theTKF2 modelwith oneparameterfor themeanfragmentlength
andonly onemoreparameterfor theinsertionanddeletion(indel) rate(cf. section2).
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For simplicity we focuson DNA sequences,but theinsertion-deletion-modelsand
themethodsarealsoapplicableto proteinsequences.

2 Model

Our modelof fragmentinsertionsanddeletions(FID) hastwo parameters:����� , the
expectedfragmentlength,and � �	� , the indel rateper site. The fragmentinsertion
anddeletionprocessoperatesonsequencesof “sites”. Therightmostsitein theances-
tral sequenceis markedas“fragmentend”. Eachothersitein theancestralsequenceis
markedas“fragmentend” independentlywith probability ��
�� . In this way, theances-
tral sequenceis partitionedinto fragments. In thecourseof evolution, eachfragment
endis selectedat rate �� . Whenthishappensafair coin is tossed:With probability1/2
thefragmentis deleted.Otherwise,anew fragmentis insertedto its right. In addition,
new fragmentsareinsertedwith rate � to theleft of thefirst site.Thelengthof thenew
fragmentis geometricallydistributedwith expectation� , i. e. theprobability that the
fragmentlengthequals� is � ����������������������� for � ��� . Therightmostsiteof thenew
fragmentis markedasfragmentend.

2.1 The FID-model and the TKF2-model

TheFID-modelis aslightmodificationof theTKF2-model(Thorneetal.,1992).Some
of theresultingdifferencesareonly apparent:thesamereality is modelledin slightly
differentways. In the FID-model insertionanddeletionratesareequalandthuswe
have no equilibrium distribution on the spaceof finitely long sequences.Whense-
quencedataaregiven,weassumethatthesequenceswerecutoutof verymuchlonger
sequencesbetweenknown homologouspositions. In the TKF modelsit is assumed
that theancestralsequenceis taken from thestationarydistribution of theprocessof
the TKF model. Thus, its length is geometricallydistributed. In the FID model it
is only assumedthat the basetypesof the ancestralsequencearein the equilibrium
of the substitutionprocess.The lengthsof the givensequencesareconsideredto be
non-random.Wewill comebackto this at theendof section3.2.

2.2 Alignments and homology structures

LikeThorneetal. (1991,1992)weconsiderinsertionsashappeningto theright of po-
sitionsratherthanbetweenpositionsandconsidertheinsertedfragmentsasoffspring
of their left neighbors.Sowhennotatingalignmentswe applythe“TKF-convention”:
We write insertedfragmentsdirectly to the right of their “ancestors”. For example,
if in thesequence�! " "�"#!�$� the fragment $ is deletedanda fragment#$%$% is inserted
later at its place(andthe # in the first sequenceis deletedandthe last � substituted
by a % ), the resultingalignmentmustbe denotedas & '�'�&�(�&�&&�(�)�) & &�) insteadof &�'�' &�(�&�&& (�)�)*& &�) .
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This resultsin a pair-HMM-structure(from left to right) in thealignmentsandmakes
it possibleto usesomeefficientalgorithms,asweshallseein section3.2.

Usually, theorderof gapsbetweentwo homologouspairsof sitesis not relevant.
We candescribethehomologystructureby thenumbersof unalignedpositionsin the
sequencesbetweeneachpairof homologoussites.Thusthehomologystructureof the
alignment + & '�' + &�( + & + & ++ &�(�)�) + & + & + ) + is givenby thesequenceof numberpairs(2,3),(1,0),(0,0),(0,0)
meaningthattwo unalignedsitesin theancestralsequenceandthreeunalignedsitesin
theothersequencefollow thefirst homologouspair andafter thesecondhomologous
pair thereis only oneunalignedsite in theancestralsequence.Thehomologystruc-
ture of the alignment + & '�' + &�( ++ &�(�)�) ( + & + is (2,4),(1,0). Note that the homologystructuresof
sequencepairswhich have evolved accordingto the FID-modelarei. i. d. sequences
of numberpairsandthedistribution on thenumberpairscanbecomputedefficiently
usingthepair-HMM structure(cf. section3.2).

In the limit of (infinitely) long sequences,the FID evolution model is time re-
versible.Note that theTKF-conventionbreaksthis reversibility on the level of align-
ments,but thehomologystructuresarestill time reversible:whenwe jump randomly
into a longhomologystructureandconsiderthenext � numberpairs,then
�-, �/.102� � . �-,43 .10 3 � .6575756. �-, ��.108� � is asprobableas � 02�/. , � � . � 0 3 . ,93 � .757575�. � 08��. , � � in
theFID model.Sincethehomologystructureis theinterestingobject,we canalways
actasif onesequencewastheancestorof theotherone,evenif bothsequencesstem
from somecommonancestor.

2.3 Substitution models to go with FID

As longasthesubstitutionmodelis notspecified,theFID modelonly inducesaprob-
ability distribution on the bare alignments,which ignore the basetypes. The bare
alignmentsfor the above examplesare : :�:�:�:�:�::�:�:�: : :�: and : :�: :�::�:�:�: :�: , where ; standsfor
“base”.

The substitutionmodelshouldbe Markovian andreversiblein time, andall sites
shouldevolve independentlyandwith identicaldistributions. Whena new site is in-
serted,its basetypeis drawn randomlyfrom theequilibriumdistributionof thesubsti-
tution process.Giventhehomologystructure,thesubstitutionprocessis independent
of the alignment. The basetypes(or aminoacid residualsin the caseof proteinse-
quences)at all sitesin theancestralsequenceareassumedto bedrawn independently
from theequilibriumdistribution. Examplesfor substitutionmodelsfulfilling thesere-
quirementsaretheJukesCantormodel,Kimura’smodels,andthemodelof Hasegawa,
KishinoandYano(cf. Hasegawaet al., 1985,Swofford et al., 1996,Zharkikh,1994).

3 Algorithm

In Metzler et al. (2001)it wasshown that the variability in mutationparameteresti-
matescanbestronglyunderestimatedif theestimatedalignmentis assumedto bethe
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trueone.In orderto assesstheactualvariability in theparameterestimatesonehasto
take into accountthat the truealignmentis unknown andprobablydifferentfrom the
mostplausibleone. In addition,the useof “optimal” alignmentscancausea biasin
mutationrateestimates(cf. Fleißneret al., 2000).Thealgorithmdescribedin Metzler
et al. (2001)wasbasedon the TKF1 model(Thorneet al., 1991),allowing only in-
sertionsanddeletionsof singlenucleotides.Herewe adaptthesamplingalgorithmto
the FID model. This is possiblesincethe FID model inducesa pair-HMM structure
on the alignments,aswe will show in section3.2. This meansthat onecould gen-
eratea barealignmentaccordingto the FID-induceddistribution by building it from
left to right accordingto certainMarkov chaintransitionprobabilities<=�?>�@ A � for
> . ACBEDF:: . : . :

G
insteadof simulatingthe insertiondeletionprocess.The aligned

sequencesarethen“emitted” from thepositionsin thebarealignmentaccordingto the
substitutionmodel.

Let sequencesH � and HI3 of lengths, and 0 begiven.
At first weassumethatthemutationparametersarealsogiven.Wecanthensample

alignmentsaccordingto their posteriorprobability by the following procedure.For�KJMLNJ , and �OJQPRJ 0 let ST� L . P . > � be the probability that a barealignment
generatedaccordingto FID begins with an alignmentof L positionswhich coincide
with the first L positionsin H � againstP positionswhich coincidewith P positions
in H73 , andthat the last barealignmentstatein this partial alignmentis > . Sincewe
assumethattheobservedsequencesH � and H73 arecutoutof longersequencesbetween
homologouspositionswe set ST� � . � . > �VUW� for > U :: and ST� � . � . > �XUY� otherwise.
Thepair-HMM structureimplies ST� L . P . : �ZUC[]\7^�_a``�b ` b `6c ST� Ld�e� . P . > �$f <g�h>=@ : �!fji6k
and ST� L . P . :: �lUm[]\7^�_a`` b ` b ` c ST� Ln��� . P=�o� . > �pf <=�?>K@ :: �pfqi6ksr , where i6k and i6ktr
dependon thesubstitutionmodel: i6k is theemissionprobabilityof thebaseat the L th
positionin sequenceH � and i6ktr is a probability thata pair of homologoussitesemits
thebasesatsite L in H � andatsite P in H73 . With theanalogousformulafor Su� L . P . : � , we
canefficiently computeall valuesfor Su� 5v.75w.65 � iteratively while increasingL andP fromLxUyPzU]� upto � L . P"�nU �-, .10 � . Sinceweassumethattherearehomologoussitesto the
right of our observedsequences,we set ST�-,={ � .10 { � . :: �VUY[]\ ST�-, .10|. > � <=�?>}@
:: � . For the computationof ST� L . P . > � we needthe mutationparametervalues,since
<g�h>~@ A � dependson � and � andtheemissionprobabilitiesi6k and i6ktr dependon the
substitutionrates.Oncewehave ST� 5v.75v.75 � wecaneasilysampleanalignmentaccording
to its conditionalprobability given the sequences.We generateit from right to left,
startingwith a triple �h, .10|.�� � , wherethe random� BCD�:: . : . :

G
is chosento be >

with probability ST�-, .10|. > � <g�h>�@ :: ��
 ST�h,g{ � .10 { � . :: � . We iteratethis procedure:
Given that the last chosentriple was � L . P . > � we draw the next one accordingto a
probabilitydistribution thatreflectstherelativecontributionsto ST� L . P . > � in theabove
sums.Thealignmentis completewhenwedraw a triple � L . P . > � with L . P=Jo� .

If thealignmentis givenandvaluesof themutationparametersareto besampled,
we can apply a Metropolis-Hastingsstrategy (cf. Gamerman,1997): We start with
initial estimatesof the mutationrates. New valuesfor themareproposedrandomly
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from geometricdistributionswith theold valuesasmeanandacceptedor rejectedwith
a probabilitydependingon the likelihoodratio andprior probabilitiesof thenew and
theold values,suchthattheiterationsof thisstepform aMarkov chainthatconverges
to theposteriorprobabilitydistributionof theparameters.

When– asusual– neitherthealignmentnor theparametersaregiven,weapplythe
ideaof Gibbssampling(cf. Gamerman1997)to combinethetwo samplingschemes:
Westartwith estimatesof themutationratesandsampleanalignment.Thenweapply
aMetropolis-Hastingsstepto themutationparameters.Thenwerandomlypick apart
of thealignmentof, say, about30bpandresamplethealignmentin thissection,relying
on the currentparametervalues. (We couldalsoresamplethe alignmentcompletely,
but wewouldthenhaveto calculate�~�-, 0 � valuesof Su� .7. � alwayswhentheparameter
valueschange.)ThusweobtainaMarkov chainon thetuplesconsistingof alignments
andparametervaluesthatconvergesto their joint posteriorprobabilitydistribution.

3.1 Example: HVR-1 from human and orangutan

TheFID modelshedsnew light on theHVR-1 examplein Metzleret al. (2001)where
we analyzedthe humansequenceID 1244(Andersonet al. 1981)andthe orangutan
sequenceID 389 (Xu et al. 1996) from the HVRBASE (Handtet al. 1998,seealso
http://db.eva.mpg.de/Hvrbase ) on thebaseof theTKF1 model.

The samplingstrategy is now basedon the FID modelandFelsenstein’s substi-
tution model“F84” (Swofford et al., 1996,Felsenstein,Churchill, 1996): the rateof
transitionsis increasedcomparedto transversionsby allowing transitionsin addition
to a generaltype of substitutionthat could changea nucleotideinto any otherbase
type(accordingto thebasetypeprobabilities).Theratesof generalsubstitutionsand
of transitionswere sampledjointly with the indel processparameters� and � and
the alignmentsaccordingto their posteriorprobability usinga Metropolis-Hastings-
strategy. Fromtheobservedbasefrequencieswe estimatedthebasetypeprobabilities� & U�� 5���. � ) U�� 5����q. � ( U�� 5 � � and � ' UM� 5  . Using the freedomof time scaling
we assumethat thetime distancebetweenthesequencesis � U	� , suchthat themuta-
tion ratesaretheexpectednumbersof mutationspersite. We usedexponentialprior
distributionson thegeneralsubstitutionrate,the transitionrateandindel rate � with
expectation1. This makes the probabilitiesthat no mutationoccursat a given site
uniform on the interval [0,1] for eachof the threemutationtypes. We alsousedan
exponentialprior for �N�R� , theexpectednumberof gapextensions.Sincetherewas
nosuchnaturalchoicefor its expectationaswith themutationrateswetried threedif-
ferentvalues:0.5, 5 and50. We call the latterchoicea nearlyflat prior sincein this
casethedensityof theprior is almostflat nearrelevantvaluesfor � .

As initial alignmentfor the Markov chainMonte Carlo (MCMC) procedurewe
usedthe alignmentgiven in the database. The initial valuesof the mutationrates
were0.05for thegeneralsubstitutionrateand0.01for � andthe transitionrate. For
the initial valueof � we chosethe expectationvalueof its prior. After an initial run
of 10000steps(“burn in”) we sampled1000alignmentsandcorrespondingmutation
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parameters,performing1000stepsbetweeneachtwo samples.
It is not our aim to comeup with only onealignmentand/orsetof mutationpa-

rametervalueswhich oneshouldbelieve in. We ratherwant to assessthe variability
inherentin suchestimates.

Figure1 shows that in somepositionsmorethan80%of thesampledalignments
(usingthemostuninformativeof thepriorsfor � ) do not coincidewith themostprob-
ableof thesampledalignments.(With otherpriorsfor � weobtainedslightly different
mostprobablealignmentsbut the regionsof uncertaintywereessentiallythe same.)
For thealignmentgivenin thedatabasethenon-coincidencewasevenslightly higher
(seeFigureA on
www.math.uni-frankfurt.de/ � stoch/software/mcmcsalut/figures.html).

Figure2 showsthemutationparametersthatweresampledsimultaneouslywith the
alignments.Obviously, thechoiceof theprior for � hasaneffect on thedistributions
of thesampledvaluesfor � and � . This is no surprisebecausethedatafor estimating
� and � are raresincethereare only a few gapsin the probablealignmentsof the
sequences.Theeffect influencesmainly thelengthof theright tail of thedistributions
andis ratherweakaroundthemodes.

3.2 The Markov property of alignments in the FID-model

Thealignmentof two sequencesthathaveevolvedaccordingto theFID model(or one
of theTKF models)is a Markov chainon thestates : (insertion), : (deletion)and ::
(homologoussites). Oneway to understandthis Markovian structureis to useideas
from thetheoryof GaltonWatsonprocesses(Harris,1963,Geiger, 1996). In fact,the
offspringpopulationof a fragmentin theFID modelforms a GaltonWatsonprocess
which is critical (i. e. theexpectedpopulationsizeis constantin time) becauseof the
equalityof theratesof insertionsanddeletions.Giventhattheoffspringpopulationof
a fragmentis notextinct at sometime � �K� , its sizeis geometricallydistributed.

Thiscaneasilybeseen:if thereareany survivors,taketheleftmostof them,where
the left-right schemefollows the TKF-alignmentnotationconvention. Considerthe
branch � � from the ancestorto this survivor in the phylogenetictreeof the offspring
population(thedashedlinesin theleft of Figure3). Nothingsurvivesto theleft of � � ,
which haslength � . It producesoffspring to the right (thegrey areain Figure3). If
oneof themsurvives,consideragaintheleftmostof themandcall thebranchfrom the
root to it ��3 (thedashedlinesin themiddleof Figure3). Giventhatthis ��3 exists,it has
length � againandstartstogetherwith � � at time0. Thereforeweareagainin thesame
situationasbefore.Iteratingthis argumentweseethatif � is thesizeof theoffspring
population,thenthe distribution of � � , , given � � , for some , ��� , doesnot
dependon , . This “lack of memory”characterizesthegeometricdistribution.

We still have to answertwo questions:what is the parameterof the geometric
distribution andwhat is theprobability that � � � ? Both areeasyto answerbecause
the expectedgenerationsize of a critical Galton Watsonprocessis a constantover
time: � � U�� . Given that the leftmostsurvivor exists (for instanceif the ancestor
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<=�?>e@�A � A U :: A U : A U :
> U :: ��� �����7�"���I��I� �����/� ��I� �����/� ���"������I� �����/�
> U : � ����I� �����/� �I� �����/������I� �����/� ���"� ����I� �����/�
> U : � � ����I� ���"� ��� � � �����/� ���"���I� � �����/��I� ���"� �I� � � ������� �I� �����/������I� �����/�

Table1: Thetransitionprobabilitiesfor alignmentstatesfrom left to right in theFID-
model(for � U�� ).

itself is not deleted)theexpectednumberof birth eventsthathappenon its branchis
��� . Eachof thebornindividualshasanoffspringpopulationof expectedsize1 at any
latertime. This implies �¡� �£¢���� ���nU¤� {y��� . Thustheparameterof thegeometric
distribution is ��
 �j���¥{ ��� . From

� U � � UR¦Z§ � ��� �!�uf �¡� �¨¢ � � �!� { ¦Z§ � � UR�!�uf �¡� �©¢ � U]�!�
U ¦Z§ � �ª� �!�uf � � {y��� � { ¦«§ � � UR�!�uf��

we get ¦«§ � � � �!�¬U ��
 �j���p{ �I� . Sinceeachfragmenthasgeometricallymany
siteswith expectation� andsincethesumof geometricallymany i. i. d. geometrically
distributedrandomvariablesis also geometricallydistributed,we get the following
result. Let  be thenumberof sitesin theoffspringpopulationof somefragmentat
time � , thengiven  � � ,  is geometricallydistributedwith �x U �j���n{ ���pf"� .
Sincethe offspring populationsof differentfragmentsareindependentof eachother
andsincethegeometricdistribution is memoryless,we obtaintheMarkov propertyof
thealignmentsin theFID model.

Thecomputationof thetransitionprobabilitiesbetweenthestates : , : and :: is not
verydifficult, asthefollowing examplesshow. (As in section3.1weset � U®� ). If we
arein :: , the probability that thenext stateis : is the productof the probability that
thecurrentfragmentendsandtheprobability that thefragmenthasanothersurviving
offspring: <=� :: @ : �«UK�����uf � ��� �j�¯{ ���1����� .<=� :: @ : � is theproductof theprobability for theendof thefragment,theprob-
ability that it hasno further offspring and the probability of the deathof the next
fragmentbeforetime � U�� . Theresultis �����uf �j�°{ �������xf � ����± ²q³ � � � ��� .

Let ´ betheprobability for a fragmentthatdiesbefore � UE� to have anoffspring
at � Uµ� . Thenwe have <g� : @ : �XU®�¶���nf ´ . Togetherwith ��
 ���g{ ���XUE¦Z§ � � ��!�ZURid�"� {R� ���·id�"���uf ´ this implies <g� : @ : �nU

���"� ��� � �����/��I� ���"� ��� � � �����/� .
All transitionprobabilitiesaregiven in table1. Note that theseprobabilitiesare

thelimits of thosein theTKF2 modelwhenthedeletionrateconvergesto theinsertion
rate � .

As alreadymentionedin section2.1,weassumethatthesequencesaretakenfrom
a region betweenknown positions. Thereforewe let the Markov chainstart in a ::
state(that doesnot emit basetypesto the sequences).Unlike the TKF models,the
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FID modelprovidesno END statefor the Markov chain. Instead,this is coveredby
conditioningon the data: Given sequencesof length , and 0 , the Markov chain is
conditionedon emitting the basetypesand to jump to :: after the total numberof
jumpsto :: and : was , andthetotalnumberof jumpsto :: and : was 0 . Thisdiffers
slightly from theoriginal pair-HMM conceptbut is still compatiblewith thedynamic
programmingalgorithms,aswesaw before.

4 Robustness

To achieve computationaltractability theFID modelmakesanunnaturalassumption:
whena fragmenthasbeeninsertedinto a sequence,it canonly bedeletedasa whole
andnew fragmentscanonly be insertedleft or right of thefirst fragmentbut not into
it. This assumptionmight be unrealisticin principle; its effect in practiceis unclear.
Wethereforeexplorehow well mutation-parameterestimatorsbasedontheFID model
work for datageneratedwithout theserestrictions.

4.1 A more general insertion deletion (GID) model

Set ¸º¹ U � 
�� . TheGID modelis like FID but without fixedfragmentation.Eachsite
is selectedwith rate d¸ , thena coin is tossedto decideif randomlymany sitesare
deleted,endingwith theselectedone,or insertedto theright of theselectedone.The
numberof insertedor deletedsitesis geometricallydistributedwith expectation� .

TheGID modelis time reversiblein thesamesenseastheFID model. As in the
caseof the FID model, the TKF-conventionbreaksthis reversibility on the level of
alignmentsbut noton thelevel of homologystructures.Notethatthehomologystruc-
ture is alsoan i.i.d. sequenceof numberpairswhenthesequencesevolvedaccording
to theGID model,but it seemshardto computetheprobabilityof eachnumberpair in
this case.

To simulateapairof sequences��H ��. H73 � of adesiredapproximatelength , , wefirst
generatea sequence»H � of length ,|{��� (for sufficiently large � ) accordingto the
equilibrium of the substitutionprocessandlet it evolve to a sequence»H73 . From site
,N{ � of sequence»H � we move left andfrom position ,N{¼� we move right until we
cometo positionsthatarehomologousto positionsin »H73 . Thesubsequencesbetween
thesehomologouspairsare H � and H73 .

4.2 Robustness of the ML estimator for the mutation parameters

Supposewe want to estimatemutationparameters( � and � and/orsubstitutionrates)
from a pair of unalignedsequences.If thesequencesweregeneratedaccordingto the
FID-model,we couldusethemaximumlikelihood(ML) estimatorasin Thorneet al.
(1991,1992).How goodis theestimatorif thesequenceswereactuallygeneratedby
a GID insteadof a FID process?As a first step,we checked the robustnessof the
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FID-ML-estimatorfor � and � basedon thehomologypatterninsteadof thesequence
pairs. Someof the resultsareshown in Figures4, 5, and6. Again we usedthe time
scaling� U�� suchthatmutationratesaretheexpectednumbersof mutationspersite.

The FID-ML-estimatorworks for GID-generatedhomologystructuresalmostas
well asfor thosethatweregeneratedaccordingto FID exceptfor veryhighvaluesfor
� and � ( � Uª� 5�� , �CU � , cf. Figure6). But keepin mind that we usuallydo not
observehomologystructuresbut only sequences.For amountsof mutationslike those
mentionedabove, mostinformationis lost on the way from the homologystructures
to thesequences.ThustheparametervalueswhereFID andGID leadto substantially
differentestimatescould be irrelevant becausethey cannotreasonablybe estimated
from sequencedataanyway. To illustrate this we appliedthe FID-ML-estimatorto
sequencepairsthatweregeneratedwith the sameparameters� UW� 5½� and �yU � as
in Figure6 anda substitutionrateof H U � U	� 5�� . For unalignedpositionswe drew
thebaseuniformly from D�� . % . # .  G andfor homologouspositionswe chosethebase
of the ancestralsequenceuniformly and let it evolve accordingto the JukesCantor
model:Substitutionsoccurwith rate H , andthenthenew baseis drawn uniformly from
D A,C,G,T G . The left sideof Figure7 shows theresultof anexperimentwhere100
pairsof sequencesof length � 1000weregeneratedfor the FID modelandthe FID-
ML-estimatorfor � and � was appliedto the unalignedsequencepairs. The same
wasdonein theright sideof Figure7 with sequencesgeneratedaccordingto theGID
model.(For optimizationwe usedNelderandMead’s simplex algorithmassuggested
in Thorneet al. 1991,seealsoPresset al. 1988.) We seethat if the true parameters
�jH . � . �9� areashigh as � � 5��q. � 5 � .�� � , the FID-ML-estimatoris so variablethat it does
notbecomemuchworsewhenit is appliedto datageneratedby GID insteadof FID.

4.3 Robustness of the sampling algorithm

Now we checkhow muchdifferenceit makeswhen the FID samplingalgorithm is
appliedto datageneratedby GID. We generated30 pairsof sequencesof length1000
accordingto the FID modelwith JukesCantorsubstitutiondynamicswith parame-
tersvalues �jH . � . �9�¾U � � 5��q. � 5 � .�� � andsampledfor eachsequencepair 50 alignment-
mutationparametercombinations.Thenwe did thesameagainwith sequencesgen-
eratedaccordingto GID. For H and � we usedexponentialpriorswith expectation1.0
andfor � an exponentialprior with expectation100.0. The resultsfor the GID data
werehighly similar to thosefor theFID data(see
www.math.uni-frankfurt.de/ � stoch/software/mcmcsalut/figures.html).
Also for simulationswith otherparametervalues( � � 5 � . � 5 � .1� � and � � 5½�". � 5��q.�� � ), there
was a high similarity betweenthe resultsin the FID and the GID cases(datanot
shown).

Fromtheseobservationswecannotconcludethatthesamplingmethodis robustas
an estimatorfor theposteriordistribution of the parameters.To show thatwe would
needto comparethe resultsfrom the FID datato posteriordistributions in the GID
model,which we cannotefficiently compute.What we cansayis the FID sampling

10
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methodwasnot completelythrown off thescentby theGID sequencepairs.This was
to beexpectedsincetheposteriordistributionsin theGID modelareprobablynotvery
differentfrom thosein theFID model,from which wesampled.

5 Implementation

The software that was usedfor simultaneoussamplingof alignmentsand mutation
parametersfor apair of DNA sequencesis freelyavailablefrom
www.math.uni-frankfurt.de/ � stoch/software/mcmcsalut/index.html
underthe termsof theGNU PublicLicense(GPL, 2000). Theprogramis written in
C++. Optionaluserinterfacesfor comfortableparameterinput andgraphicalrepre-
sentationof resultsareimplementedin Tcl/Tk. Theprogramallows a largevarietyof
basesubstitutionmodelsto becombinedwith theFID model,including,for instance,
theoptionof resamplingof theratio of transversionandtransitionrates.

6 Discussion

TheFID modelmakespossibleefficient algorithmsfor statisticalalignmentandmu-
tationrateestimationfor a pair of DNA or proteinsequences.Theresultsseemmore
realisticthanthosegivenin Metzleretal. (2001),whicharebasedontheTKF1 model.
Thefixedfragmentationstructurein theFID model(asin theTKF2 model,cf. Thorne
et al. 1992)might beunrealistic.If we dropthis assumption,theFID modelchanges
into theGID model.Sincethismodellacksthepair-HMM structure,wecannotexpect
to find efficientexactalgorithms.However, ourcomputersimulationstudiesencourage
usto hopethatmutation-parameterestimationandsamplingproceduresthatwereopti-
mizedfor theFID modelalsogivegoodresultsif thedatastemfrom theGID model.A
possibleexplanationis thatdifferencesbetweenthemodelsonly matterwhenanewly
insertedfragmentis hit by anotherinsertionor deletion.This probablyoccursrarely,
exceptwhenthenumberof mutationsbetweenthesequencesis veryhigh. In thelatter
case,however, any estimateis quiterough.

Whentheprobablealignmentsof thegivensequencescontainonly a few gaps,the
fragmentlengthparameter� is difficult to estimate.In section3.1 theposteriordistri-
bution of � dependson theprior. In caseslike this it might bereasonableto estimate� (or at leastaninformativeprior for � ) from similarsequencedata,if available,since
theparameter� probablydoesnot dependon theevolutionarydistanceandis thought
to beconstante.g. amongtheHVR-1 sequences.

Oftenmorethantwo sequencesareto bealigned.If theaim is theestimationof a
phylogeny oneis in thesamedilemmaasin thecaseof mutationparameterestimation:
onecouldestimatethephylogeny if thesequenceswerealignedandfor thealignment
of the sequencesit would be helpful to know the phylogeny. Here too, a way out
might beto estimatemultiple alignmentsandphylogeniessimultaneously. For recent

11
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work in this directionseeMitchison(1999),HolmesandBruno(2001),andFleißner
et al. (2002).Thesemethodstoo canprobablybebroughta stepcloserto reality with
thehelpof theFID model.
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Figure1: Themostprobableof 1000sampledalignments(with almostflat prior) of a
human(top sequence)andanorangutanHVR-1 sequence(bottomsequence)andthe
percentageof sampledalignmentsthatdiffer from it in eachposition.
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Figure2: Eachrow shows thedistributionsof 1000substitutionrates(generalsubsti-
tutionrate+ transitionrate),indel rate � , andmeanfragmentlength � betweenHVR-1
of humanandorangutan,sampledtogetherwith possiblealignmentsof sequencesac-
cordingto their joint posteriordistribution. For theexponentialprior on �e�K� we set
theexpectationto 0.5 (top row), 5 (middle),and50 (bottomrow). (In thethebottom
row we cut thetails of thedistributionsof thesampledvaluesfor � and � in orderto
have the samescalesasin the first two lines. In fact, 2.3%of the valuesfor � were
greaterthan0.3and2.9%of thevaluesfor � weregreaterthan15whentheexpectation
of theprior for �=�O� wassetto 50.)
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Figure 3: The processof insertionsand deletionsto the right of a fragmentin the
ancestralsequence(time 0) is a Galton Watsonprocess(“F” standsfor “fragment”
and“ ” for a seriesof gaps). Given that the ancestryof the � UM� .  .���.757565 leftmost
survivorsof a GaltonWatsonprocessat time � , therestof thetreebranchesfreely out
of abranchfrom 0 to � (dashedline). This implies: Giventhatthenumberof survivors
is not 0, it is geometricallydistributed.
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Figure4: 1500homologypatternswith ancestralsequencelength � �I���Ò� weregen-
eratedaccordingto theFID (left) andtheGID (right) modelwith � Uo� 5 � and �ÓU � .
The point cloudsshow the ML-estimatorsin the FID model for ��� . �¥� basedon the
homologypatterns.
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Figure5: 1500homologypatternswith ancestralsequencelength � �I����� weregener-
atedaccordingto theFID (left) andtheGID (right) modelwith � U®� 5 � and ��UÔ�7� .
The point cloudsshow the ML-estimatorsin the FID model for ��� . �¥� basedon the
homologypatterns.
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Figure6: 1500homologypatternswith ancestralsequencelength Õ �I���Ò� weregen-
eratedaccordingto theFID (left) andtheGID (right) modelwith � Uo� 5�� and �ÓU � .
The point cloudsshow the ML-estimatorsin the FID model for ��� . �¥� basedon the
homologypatterns.
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Figure7: 100sequencepairsof length Õ �I����� weregeneratedaccordingto theFID
(left) andtheGID (right) modelwith substitutionrate H UÔ� 5�� , � UW� 5½� and �yU � .
The point cloudsshow the ML-estimatorsin the FID model for ��� . �¥� basedon the
sequencepairs.
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