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Abstract. The standard randomization of Ramsey’s theorem [11] asks for a
fixed graph F and a fixed number r of colors: for what densities p = p(n) can we
asymptotically almost surely color the edges of the random graph G(n, p) with r
colors without creating a monochromatic copy of F . This question was solved in
full generality by Rödl and Ruciński [12, 14]. In this paper we consider a different
randomization that was recently suggested by Allen et al. [1]. Let RF (n, q) be
a random subset of all copies of F on a vertex set Vn of size n, in which every
copy is present independently with probability q. For which functions q = q(n)
can we color the edges of the complete graph on Vn with r colors such that no
monochromatic copy of F is contained in RF (n, q)? We answer this question for
strictly 2-balanced graphs F . Moreover, we combine both randomizations and
prove a threshold result for the property that there exists an r-edge-coloring of
G(n, p) such that no monochromatic copy of F is contained in RF (n, q).

1. Introduction
Ramsey theory dates back to a seminal paper by Frank P. Ramsey [11] from
1930. In the context of graph theory his fundamental theorem reads as follows.
For all integers k ≥ 2 there exists an integer R(k) such that no matter how one
colors the edges of the complete graph KR(k) with two colors, there will always be a
monochromatic copy of Kk . We use the standard arrow notation for this property:
for two graphs F and G we have G → (F )er if every edge-coloring of G with r colors
contains a monochromatic copy of F . (For vertex-colorings we write v instead of
e.) Ramsey’s theorem was generalized in various ways, see [7] for an overview.
Loosely speaking one can say that the core of Ramsey theory are statements of the
form: every sufficiently large structure contains certain substructures so robustly
that they show up monochromatically in every coloring; or formulated intuitively:
complete disorder is impossible. Random graphs on the other hand describe structures that are, at least intuitively, as unordered as they can possibly get. Studying
Ramsey type phenomena in random graphs is thus a natural and, as it turned out,
a challenging task.
This study was initiated by Luczak, Ruciński, and Voigt [9] who for a given
graph F and an integer r ≥ 2 found the threshold for the vertex case, i.e., the
threshold for the property G(n, p) → (F )vr . Here G(n, p) denotes the usual binomial
random graph G(n, p) with edge probability p. They also established the threshold
for the property G(n, p) → (K3 )e2 . Thereupon, in a series of papers Rödl and
1The author was supported by the Swiss National Science Foundation, grant 200021-120284.
1

2

Ruciński showed lower bounds for the density threshold of G(n, p) → (F )er [12],
extended the known result about triangles to an arbitrary number of colors [13] and
solved the problem in full generality [14]. Formally, their result reads as follows.
For every graph G we use V (G) and E(G) to denote its vertex and edge set and
by v(G) and e(G) their sizes. For every graph G on at least 3 vertices we set
d2 (G) = (e(G) − 1)/(v(G) − 2) and d2 (K1 ) = 0, d2 (2K1 ) = 0 (where 2K1 denotes
the empty graph on two vertices), and d2 (K2 ) = 1/2. We write m2 (G) for the
so-called 2-density, formally defined as
m2 (G) = max d2 (H) .
H⊆G

Theorem 1 ([12, 14, 8]). For all integers r ≥ 2 and for every non-empty graph F
which is not a forest of stars and paths of length 3 there exist constants c > 0 and
C > 0 such that
(
0 if p < cn−1/m2 (F ) ,
e
lim Pr [G(n, p) → (F )r ] =
n→∞
1 if p > Cn−1/m2 (F ) .
Note that p = n−1/m2 (F ) is the density where we expect that every edge is
contained in roughly a constant number of copies of F . This observation can be
used to provide an intuitive understanding of the bounds of Theorem 1. If c is
very small, then the number of copies of F is a.a.s. (asymptotically almost surely,
i.e., with probability 1 − o(1) if n tends to infinity) small enough that they are
so scattered that a coloring without a monochromatic copy of F can be found. If
on the other hand C is big then these copies a.a.s. overlap so heavily that every
coloring has to induce at least one monochromatic copy of F . Extending this work,
Friedgut and Krivelevich [4] proved the thresholds of Theorem 1 to be sharp for
most trees, and later Friedgut, Rödl, Ruciński and Tetali [5] showed that this is
also the case for F being a triangle.
In this paper we follow up on a different way to introduce randomness into
Ramsey theory that was suggested in a recent paper by Allen, Böttcher, Hladký,
and Piguet [1]. Note that the setup from Theorem 1 essentially studies the question
of how many edges we need to remove from the complete graph (in a random
fashion) such that the remaining graph can be colored without a monochromatic
clique of size k. (For simplicity we here just consider the case F = Kk .) Allen et al.
suggest to study the question for the case that we do not care about all cliques Kk ,
but only want to avoid certain cliques. More formally, assume we have a k-uniform
hypergraph H = (Vn , E(H)) and we ask: does every coloring of the edges of the
complete graph Kn on vertex set Vn with r colors induce a monochromatic k-clique
H
that forms a hyperedge in H? We use the notation Kn −→ (Kk )er to denote this
property. The question asked in [1] is the following. Assume H (k) (n, q) is a binomial
k-uniform hypergraph with edge probability q. What is the threshold q = q(n) for
H (k) (n,q)

the property Kn −→ (Kk )er . In [1] the authors study the corresponding question
for Turán’s Theorem [17]? Our first main result not only solves this problem, but
– similar as in [1] – also combines it with the classical probabilistic approach by
considering a random graph G(n, p) instead of Kn . More precisely, we show:
Theorem 2 (Cliques). Let k ≥ 3 and r ≥ 2 be fixed integers. There exist constants
c = c(k, r) > 0 and C = C(k, r) > 0 such that
(
k
0, if nk p(2) q ≤ cn2 p
H (k) (n,q)
e
lim Pr[G(n, p) −→ (Kk )r ] =
.
k
n→∞
1, if nk p(2) q ≥ Cn2 p
We also study the generalization of Theorem 2 to strictly 2-balanced graphs F
instead of cliques. A graph F is 2-balanced if for every subgraph J ⊆ F we have
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d2 (J) ≤ d2 (F ), and strictly 2-balanced if the inequality is strict for every J 6= F .
Note that in order to prove the 0-statement for the classical probabilistic Ramsey
theorem, i.e., Theorem 1, we only need to consider strictly 2-balanced graphs: if
we know that it holds for all strictly 2-balanced graphs then it easily follows for
all other graphs F by considering an appropriate strictly 2-balanced subgraph. In
the context of Theorem 2 such an argument is no longer trivially true. Intuitively
the threshold for the G(n, p) part of the theorem is determined by a strictly 2balanced subgraph which might be distinct from F itself. The hypergraph on the
other hand forbids entire copies of F and not just the 2-balanced subgraph. We
thus restrict our considerations to strictly 2-balanced graphs F and leave possible
further generalizations to future work.
In the following let F denote a strictly 2-balanced graph. Note that for graphs F
different from cliques we will in general have more than one possible copy of F on a
given vertex set of size v(F ). We thus need to specify which of these subgraphs are
forbidden to appear monochromatically. To define this formally, we call a subset R
of all unlabeled copies of F in Kn a restriction set. Then, for every graph G on n
R
vertices we have G −→ (F )er if every r-edge-coloring of G contains a monochromatic
copy of F that is contained in R. Moreover, let RF (n, q) denote a random subset
of all unlabeled copies of F in Kn in which every copy is present independently of
the others with probability q.
Theorem 3 (Main Result). Let F be a strictly 2-balanced graph with at least 3
edges. Let r ≥ 2 be a fixed integer. There exist constants c = c(F, r) > 0 and
C = C(F, r) > 0 such that
(
0, if nv(F ) pe(F ) q ≤ cn2 p
RF (n,q)
e
lim Pr[G(n, p) −→ (F )r )] =
.
n→∞
1, if nv(F ) pe(F ) q ≥ Cn2 p
Note that the statement is not true for strictly 2-balanced graphs with less than
3 edges. For F = K1,2 and q = 1 the threshold is given by the appearance of the
star K1,r+1 in G(n, p) which is known to be Poisson-distributed in the regime where
p is of order n1−1/(r+1) (cf. [3]).
Moreover, note that Theorem 2 is a special case of Theorem 3. Observe also
that for q = 1 the threshold matches with the one from Theorem 1, that is, our
result can be viewed as a natural generalization of Theorem 1. The proof of the
1-statement of our results builds upon the proof of the 1-statement of Theorem 1.
In fact, this proof applies to all graphs F that have m2 (F ) ≥ 1. Our proof of the
0-statement of Theorem 3 on the other hand follows a new approach by further
developing algorithmic ideas from [10] to obtain a suitable coloring of G(n, p) (see
section 3 in [10]) and combining them with a general theorem from [12] about the
global density of graphs which are Ramsey with respect to a given graph, i.e., when
H 9 (F )e2 , see Theorem 4.
2. Proof of Theorem 3
The intuition behind the threshold can be stated similarly to the intuition of
Theorem 1 as follows. Call a copy of F in a graph G bad with respect to a restriction
set R if it is contained in R. For a fixed edge in G(n, p) we expect order of
nv(F )−2 pe(F )−1 q bad copies of F in G(n, p) with respect to RF (n, q) that contain
this edge. Hence, if c is small and p and q satisfy the inequality of the 0-statement
we expect so few bad copies of F on a fixed edge that these copies are indeed so
scattered that we can find an edge-coloring without a monochromatic copy of F .
However, if C is large and p and q are as in the 1-statement, then the bad copies
of F overlap so heavily that no such coloring can be found.
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We now prove Theorem 3. We first address the easier 1-statement. Throughout
the remainder of this paper, we consider F to be a fixed strictly 2-balanced graph
with at least 3 edges and r ≥ 2 to be fixed. We write R(n, q) instead of RF (n, q).
2.1. The 1-statement. We have to show that for a large enough C and nv(F ) pe(F ) q ≥
Cn2 p the random graph G(n, p) and the random restriction set R(n, q) a.a.s. have
the property that every r-edge-coloring contains a monochromatic bad copy of F .
Observe that nv(F ) pe(F ) q ≥ Cn2 p in particular implies p ≥ C 0 n−1/m2 (F ) . We now
use Theorem 3 from [14] which states that there exist constants a, b > 0 such that
for C 0 large enough p ≥ C 0 n−1/m2 (F ) implies that every r-edge-coloring of G(n, p)
contains at least anv(F ) pe(F ) monochromatic copies of F with probability at least
2
1 − 2−bn p . Also note that by Chernoff bounds (see e.g. Chapter 2, Theorem 2.1
in [8]) it holds that

  
2
n
Pr e(G(n, p)) ≥ 2
p ≤ e−Θ(n p)
2
n
and thus there are a.a.s. at most r2( 2 )p r-edge-colorings of G(n, p). Let Q denote
the set of all graphs for which every r-edge-coloring contains
at least anv(F ) pe(F )

monochromatic copies of F and which have at most 2 n2 p edges. Then,
2

Pr[G(n, p) ∈
/ Q] ≤ 2−bn

p

+ e−Θ(n

2

p)

= o(1) .

(1)

R(n,q)

Now, the probability that G(n, p) −→
X
(F )er conditioned on that G(n, p) satisfies
Q can be bounded from above with a union bound over all r-edge-colorings by
n

r2( 2 )p (1 − q)an

v(F ) e(F )

p

v(F ) e(F )

≤ eln(r)n

2

p−anv(F ) pe(F ) q

≤ e(ln r−aC)n

2

p

,

(2)

2

where we used n
p
q ≥ Cn p in the last step. We now have
h
i
R(n,q)
Pr G(n, p) −→
X
(F )er
i
h
R(n,q)
X
(F )er | G(n, p) ∈ Q · Pr[G(n, p) ∈ Q] + Pr[G(n, p) ∈
/ Q]
≤ Pr G(n, p) −→
(1),(2)

≤

e(ln r−aC)n

2

p

+ o(1) .

Clearly, for large enough C this probability tends to 0. This finishes the proof of
the 1-statement.
2.2. The 0-statement. Recall that we need to show that for nv(F ) pe(F ) q ≤ cn2 p
the random graph G(n, p) and the random restriction set R(n, q) a.a.s. have the
property that there exists an r-edge-coloring of G(n, p) that does not contain any
monochromatic bad copy of F . We call such a coloring valid. In the remainder
we describe an algorithm that finds such a coloring and show that it succeeds with
high probability.
In a first step we identify a set of edges that we can color easily. Let G be a graph
and R be a restriction set. Let e ∈ E(G) be an edge which is contained in at most
one bad copy of F with respect to R. Then clearly, if there exists a valid coloring
for G − e (the graph obtained from G by removing e), we can extend it to one for G
since we can assign at least r − 1 ≥ 1 colors to e without creating a monochromatic
bad copy of F . We call such edges open with respect to R and all other edges closed
(with respect to R). It is easy to see that successively removing open edges yields
the unique maximum subgraph of G in which every edge is contained in at least
two bad copies of F , where maximum is with respect to subgraph inclusion. We
call this subgraph the F -core of G (with respect to R). By the above argument, it
suffices to find a valid coloring for the F -core of G.
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We say that a subgraph H of the F -core of G is F -closed with respect to R if
every bad copy of F from the F -core of G is either contained in H or edge-disjoint
with H. It is easy to see that the edges of the F -core can be partitioned into
minimal F -closed subgraphs where minimal is with respect to subgraph inclusion.
Furthermore, each such subgraph can be colored separately in order to find a valid
coloring of the F -core. The key property of F -closed subgraphs H follows from the
definition of the F -core. For every edge e ∈ E(H) there are at least two bad copies
F1 , F2 ⊆ H which contain e.
Grow Sequences. In the following we describe a procedure that yields a sequence
of bad copies of F which construct an F -closed subgraph. Let F1 be a bad copy of F
from the F -core. Now, for every ` ≥ 1, we let F`+1 be a bad copy of F from the F S`
core such that F`+1 intersects i=1 Fi in at least one edge and for which F`+1 6= Fi
for every 1 ≤ i ≤ `. If no such copy exists in the F -core of G the sequence ends
S`
after the `-th step and we set S := (F1 , F2 , . . . , F` ) and G(S) := i=1 Fi as the
graph of S. We call such a sequence a grow sequence, and say that S is contained in
or appears in G with respect to R, meaning that G(S) is a subgraph of G and that
every Fi is contained in R. Observe that for every minimal F -closed subgraph H
there exists a grow sequence S such that G(S) = H. It thus suffices to show that
we can find a valid coloring for the graph of every grow sequence that is contained
in G(n, p) with respect to R(n, q).
The following theorem by Rödl and Ruciński states that there exists a valid
coloring for a graph whenever it is sparse enough. For a graph H let d(H) =
e(H)/v(H) denote the density of H and let m(H) = maxJ⊆H d(J) denote the
maximum density of H.
Theorem 4 ([12]). Let G and H be two graphs. If m(H) ≤ m2 (G) and m2 (G) > 1
then H 9 (G)e2 .
Note that since F is strictly 2-balanced and has at least 3 edges it satisfies
m2 (F ) > 1. Hence, we can find a valid coloring for every grow sequence S which
satisfies m(G(S)) ≤ m2 (F ). It remains to deal with grow sequences that encode
denser subgraphs. The most important structural property of a grow sequence is
that every edge of its graph is contained in at least two copies of F . Intuitively
speaking, this forces its graph to be dense and to contain many copies of F . On
the other hand, the conditions on p and q imply that G(n, p) and R(n, q) have
the property that a.a.s. every subgraph has few edges in G(n, p) or few copies in
R(n, q). In the remainder we use these two density restrictions in the following
way. For the length of a grow sequence S we write `(S). We show that there exists
a constant L such that asymptotically almost surely
(i) there are no grow sequences in G(n, p) with respect to R(n, q) of length
more than L, and
(ii) for every grow sequence S of length at most L that appears in G(n, p) with
respect to R(n, q) we have that G(S) is sparse enough so that Theorem 4
applies.
These two conditions are given formally in Lemma 5 and 6 below.
Lemma 5. For every strictly 2-balanced graph F with at least 3 edges and every
integer r ≥ 2 there exist constants c = c(F, r) > 0 and L = L(F, r) > 0 such that if
p ≤ cn−1/m2 (F ) q −1/(e(F )−1) then G(n, p) and R(n, q) a.a.s. satisfy that every grow
sequence in G(n, p) (with respect to R(n, q)) has length at most L.
Note that our assumption nv(F ) pe(F ) q ≤ cn2 p is equivalent to the property p ≤
cn
q
for c0 = c1/(e(F )−1) .
0 −1/m2 (F ) −1/(e(F )−1)
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Lemma 6. For every strictly 2-balanced graph F with at least 3 edges and every integer r ≥ 2, and for all constants c, L > 0 we have that if p ≤ cn−1/m2 (F ) q −1/(e(F )−1)
then G(n, p) and R(n, q) a.a.s. satisfy that every grow sequence S in G(n, p) (with
respect to R(n, q)) of length at most L satisfies m(G(S)) ≤ m2 (F ).
With these two ingredients the proof of the 0-statement from Theorem 3 is
straightforward.
Proof (of Theorem 3, 0-statement). Choose c = c(F, r) and L = L(F, r) according
to Lemma 5. Then, by Lemmas 5 and 6, G(n, p) and R(n, q) a.a.s. satisfy that
every grow sequence S in G(n, p) with respect to R(n, q) has length at most L and
satisfies m(G(S)) ≤ m2 (F ). Hence, a.a.s. every F -closed subgraph H in G(n, p)
with respect to R(n, q) satisfies m(H) ≤ m2 (F ). Conditioning on this property of
G(n, p) and R(n, q) Theorem 4 guarantees that we can find a valid r-edge-coloring
for every such subgraph. Moreover, the union of the valid colorings of all F -closed
subgraphs yields a valid coloring of the F -core of G(n, p) which can be extended to
a valid coloring of G(n, p).

3. Proof of Lemma 6
We will on several occasions use the following proposition.
Proposition 7. Let a, c, β ≥ 0
a
> β and
b
a
< β and
b

and b, d > 0. Then we have
c
a+c
≥ β =⇒
> β , and
d
b+d
c
a+c
≤ β =⇒
<β .
d
b+d

Proof (of Lemma 6). As a first step of the proof we show that every grow sequence
S = (F1 , F2 , . . . , F` ) of length at most L that satisfies m(G(S)) > m2 (F ) in fact
satisfies d(G(S)) > m2 (F ). We show this by inductively constructing a finite
sequence of graphs H0 , H1 , . . . all of which have density at least m2 (F ) and which
end in the graph G(S). Let H0 ⊆ G(S) be an arbitrary densest subgraph of G(S),
i.e., d(H0 ) = m(G(S)) > m2 (F ). If Hi = H, we are done. Otherwise there exists
a copy Fj in S that is neither entirely contained in Hi nor edge-disjoint from Hi .
Hence, Fj overlaps with Hi in a subgraph J that contains at least one edge, that
is, e(J) ≥ 1 and v(J) ≥ 2. We set Hi+1 = Hi ∪ Fj . Denote by ei and vi the number
of new edges and new vertices, i.e.,
ei = e(F ) − e(J)

and vi = v(F ) − v(J) .

(3)

If there are no new vertices (vi = 0), then clearly d(Hi+1 ) ≥ d(Hi ) > m2 (F ).
Hence, we may assume from now on that there is at least one new vertex (vi ≥ 1).
We show ei /vi ≥ m2 (F ) with a case distinction.
Case 1: e(J) = 1. In this case,
ei (3) e(F ) − e(J)
=
vi
v(F ) − v(J)

v(J)≥2

≥

e(F ) − 1
= m2 (F ) .
v(F ) − 2

Case 2: e(J) ≥ 2. Clearly, this implies v(J) ≥ 3. Recall that F is strictly 2balanced and that J 6= F since there is at least one new vertex. Thus, e(J) − 1 <
m2 (F )(v(J) − 2), and we can settle this case with
e(F ) − 1 − (e(J) − 1)
ei (3) e(F ) − e(J)
=
=
vi
v(F ) − v(J)
v(F ) − 2 − (v(J) − 2)
m2 (F )(v(F ) − 2) − m2 (F )(v(J) − 2)
>
= m2 (F ) .
v(F ) − 2 − (v(J) − 2)

(4)
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Hence, we have
d(Hi+1 ) =

e(Hi+1 )
e(Hi ) + ei
=
> m2 (F ) ,
v(Hi+1 )
v(Hi ) + vi

where in the last step we used Proposition 7 together with the assumption d(Hi ) =
e(Hi )/v(Hi ) > m2 (F ) and ei /vi ≥ m2 (F ). Clearly, after a constant number of
iterations we arrive at Hi = G(S).
We now show that the probability that there exists a grow sequence S of length
at most L which satisfies m(G(S)) > m2 (F ) and which appears in G(n, p) with
respect to R(n, q) is o(1). Observe that a grow sequence of length at most L can
involve at most vL := 2+L·(v(F )−2) vertices. Now fix k ≤ vL and let U be a fixed
vertex set of size k. We show that the probability that there is a grow sequence S
of length at most L with m(G(S)) > m2 (F ) and v(G(S)) = k that appears on U
is o(n−k ). With a union bound over all k and all vertex sets U of size k this then
concludes the proof of the lemma.
Observe that there are at most O(1) possible grow sequences that can be accommodated on the vertex set U . Consider an arbitrary but fixed possible grow
sequence S of length at most L that is contained in U and that satisfies v(G(S)) = k
and m(G(S)) > m2 (F ). First observe that since H := G(S) is F -closed we have
that for every edge there must be two copies of F in S that contain it. Since every
such copy contains e(F ) edges S must have length at least 2e(H)/e(F ). Hence,
using p ≤ cn−1/m2 (F ) q −1/(e(F )−1) the probability that S appears on U in G(n, p)
with respect to R(n, q) can be bounded by
pe(H) q 2e(H)/e(F ) ≤ ce(H) n−e(H)/m2 (F ) q 2e(H)/e(F )−e(H)/(e(F )−1)
{z
}
|
≤1, since e(F )≥3

e(H) −e(H)/m2 (F ) d(H)>m2 (F )

≤c

n

=

This concludes the proof of the lemma.

o(n−v(H) ) = o(n−k ) .


4. Proof of Lemma 5
Canonical Grow Sequences. We first take a closer look at grow sequences and
describe a unique canonical way to construct them. For this, let G be a graph, R
be a restriction set, and fix an arbitrary ordering of the vertices of G. Note that
this vertex ordering also naturally induces an ordering on the edges of G. Using
these orderings we can say for two vertex or edge sets X and Y which of the two
is lexicographically smaller. Now, let H be a minimal F -closed subgraph of G with
respect to R.
We can now construct a grow sequence S for H inductively in the following
canonical way. Let F(H) denote the set of all bad copies of F in H. We set
F1 to be the lexicographically smallest copy of F(H). Now, for every ` ≥ 1, let
S`
G(S, `) := i=1 Fi . If G(S, `) contains an open edge with respect to the restriction
set {F1 , F2 , . . . , F` }, then we let e denote the lexicographically smallest open edge.
Since H is F -closed, there must be at least one bad copy of F in F(H) that is not
in G(S, `) and contains e. We set F`+1 to be the lexicographically smallest such
copy. Otherwise, if G(S, `) only contains closed edges, then we choose F`+1 to be
the lexicographically smallest copy in F(H) which is not edge-disjoint from G(S, `)
and not yet in the sequence F1 , F2 , . . . , F` .
We call a grow sequence canonical if it follows the above procedure. Then, every
F -closed subgraph has exactly one corresponding canonical grow sequence. Hence,
in order to prove Lemma 5 it suffices to show that G(n, p) a.a.s. does not contain
a canonical grow sequence of size more than L with respect to R(n, q).
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copy of F in the restriction set
a)

Fi

b)

c)

G(S,i-1)

regular step

empty step

degenerate step

Figure 1. Illustration of the different step types of a grow sequence
We point out here that the crucial property of canonical grow sequences is the
following. In case that G(S, i) has open edges we know that the copy Fi+1 contains
the lexicographically smallest of them. Roughly speaking, this property will turn
out to be important in a later first moment method argument: when counting the
number of grow sequences there are no choices for these two vertices.
Step Types. Let S = (F1 , F2 , . . . , F` ) be a canonical grow sequence. We now view
S from the perspective of building a graph step by step from G(S, 0) over G(S, 1)
and so on up to G(S). We split the steps of this process into different types, which
are also illustrated in Figure 1. We call step one the first step. We call a step i ≥ 2
regular if the intersection of Fi with G(S, i − 1) consists exactly of two vertices
connected by an edge (Figure 1 a)), empty if the intersection is the whole copy
Fi (Figure 1 b)) and degenerate otherwise (Figure 1 c)). Note that an empty step
only imposes a copy of F in the restriction set. Besides categorizing the steps into
regular, empty and degenerate ones we introduce another categorization. We call
step i open if G(S, i − 1) contains open edges with respect to the restriction set
{F1 , F2 , . . . , Fi−1 } and closed otherwise. Note that since S is canonical the copy Fi
of an open step i contains the lexicographically smallest open edge in G(S, i − 1).
Let vi denote the number of new vertices added in step i, i.e., vi := v(G(S, i)) −
v(G(S, i − 1)) and let similarly ei denote the number of new edges. It is easy to see
that for every regular and every empty step we have vi − ei /m2 (F ) = 0, and that
for every degenerate step vi − ei /m2 (F ) < 0 since F is strictly 2-balanced (using a
calculation similar to (4)). Furthermore, since the number of possible intersections
of Fi with G(S, i − 1) is constant, there exists a constant δ = δ(F ) > 0 such that
every degenerate step satisfies
vi − ei /m2 (F ) < −δ .

(5)

Before we continue we give an intuitive reasoning of how we will use (4). We will
use a first moment method to show that a.a.s. grow sequences of length more than L
do not appear. In order to do so we need to count grow sequences. To do that we will
distinguish grow sequences according to their number of degenerate steps. Observe
that for a degenerate step we essentially have to choose vi new vertices (at most nvi
ways) and require the presence of ei new edges and a new copy of F in the restriction
set (which happens with probability pei q). As p ≤ cn−1/m2 (F ) q −1/(e(F )−1) , we see
that (5) implies that the probability for K degenerate steps decreases with n−δK .
That is, we should not expect that we have grow sequences with ‘many’ degenerate
steps. In order to handle grow sequences with ‘few’ degenerate steps we will now
prove some deterministic properties of canonical grow sequences.
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We show that long sequences have to contain a certain number of degenerate steps, and that the number of closed regular steps and empty steps can be
bounded in terms of the number of degenerate steps. For a grow sequence S we
use degen(S), empty(S), regularo (S), regularc (S) to denote the number of degenerate, empty, open regular and closed regular steps in S. Note that degen(S) +
empty(S) + regularo (S) + regularc (S) = `(S) − 1, where the −1 accounts for the
first step. Moreover, we write XF (G) for the number of (not necessarily bad) copies
of F in G.
Claim 8. Let S = (F1 , F2 , . . . , F` ) be a grow sequence. If step i is empty or regular,
then XF (G(S, i)) ≤ XF (G(S, i − 1)) + 1.
Proof. The claim is trivial if step i is an empty step. Otherwise step i is regular,
and we can denote by e = {u, v} the intersection of Fi with G(S, i − 1). Assume
that in addition to the copy Fi there is another copy F̃ of F created in that step.
Then clearly, F̃ contains at least one edge from the new edges of step i, i.e., from
E(Fi ) \ {e}, and at least one edge from the old edges E(G(S, i − 1)) \ {e}. Hence,
the graphs F̃new = F̃ [V (Fi )] and F̃old = F̃ [V (G(S, i − 1))] are both non-empty.
Since every strictly 2-balanced graph is 2-vertex-connected it follows that both u
and v are contained in V (F̃ ), V (F̃new ) and V (F̃old ). Moreover, removing u and v
disconnects F̃ .
Case 1: e ∈ E(F̃ ). Then we have
m2 (F ) = m2 (F̃ ) =

e(F̃new ) − 1 + e(F̃old ) − 1
e(F̃ ) − 1
=
< m2 (F ) ,
v(F̃ ) − 2
v(F̃new ) − 2 + v(F̃old ) − 2

where the last step follows from Proposition 7 and the fact that F is strictly 2balanced. Clearly, this is a contradiction.
Case 2: e ∈
/ E(F̃ ). Then we have
m2 (F ) = m2 (F̃ ) =

e(F̃new ) + e(F̃old ) − 1
e(F̃ ) − 1
=
.
v(F̃ ) − 2
v(F̃new ) − 2 + v(F̃old ) − 2

(6)

Since F is strictly 2-balanced we have (e(F̃old )−1)/(v(F̃old )−2) < m2 (F ). Hence, (6)
together with Proposition 7 implies
e(F̃new ) + 1 − 1
e(F̃new )
=
> m2 (F ) .
v(F̃new ) − 2
v(F̃new ) − 2
Since F̃new ∪ {e} is a subgraph of Fi with e(F̃new ) + 1 edges and v(F̃new ) vertices,
this contradicts the property that F is strictly 2-balanced.

Claim 9. For every canonical grow sequence S = (F1 , . . . , F` ) we have regularc (S) ≤
degen(S). Moreover, for every prefix sequence Si = (F1 , . . . , Fi ), where i ≤ `, we
have regularc (Si ) ≤ degen(Si ).
Proof. Let S = (F1 , F2 , . . . , F` ) be a canonical grow sequence, and let r1 , r2 , . . .
denote the indices of its closed regular steps and set r0 = 1 for convenience. We
show that for every i ≥ 0 there is at least one degenerate step between steps ri and
ri+1 . Clearly, G(S, ri ) contains e(F ) − 1 open edges with respect to the restriction
set {F1 , F2 , . . . , Fri } and thus, step ri + 1 is open. Moreover, since ri is a closed
step all edges in G(S, ri − 1) are closed which together with Claim 8 implies that
the only copy of F in G(S, ri ) that contains open edges is Fri . Since S is canonical,
step ri + 1 cannot be empty (an empty step would require a copy of F in G(S, ri )
that contains open edges and is not yet in S). Step ri + 1 is thus either degenerate
or an open regular step. In the former case we are done, and in the latter case
we can apply the above argument to obtain that step ri + 2 is either degenerate
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or open regular and so on. Eventually, there must be a degenerate step between
steps ri and ri+1 since G(S, ri+1 − 1) does not contain open edges with respect to
{F1 , F2 , . . . , Fri+1 −1 }.

Claim 10. There exist constants c1 = c1 (F ) and c2 = c2 (F ) such that for every
canonical grow sequence S we have
c 2
empty(S) ≤ c1 · degen(S)
.
Proof. Let S = (F1 , F2 , . . . , F` ) be a canonical grow sequence. Assume that the
i-th step of the sequence S is an empty step. Then Fi ⊆ G(S, i − 1) and Fi 6= Fj
for every 1 ≤ j ≤ i − 1. Note that such a copy can only be created in a degenerate
step since by Claim 8 the only copy of F created in a regular step is the copy of the
step itself. Hence, Fi must contain an edge that was added in a degenerate step.
We call such edges degenerate. Let XF,e (G) denote the number of copies of F in G
that contain edge e. Then we have
X
empty(S) ≤
XF,e (G(S)) .
(7)
e∈E(G(S))
e is degenerate

Since there are at most e(F )degen(S) degenerate edges in G(S) it clearly suffices
to bound XF,e (G(S)) for every edge e by a bound similar to the one in the claim
statement. Instead of bounding this quantity directly, let Cke denote for every edge
e ∈ E(G(S)) the number of induced cycles of length k in G(S) (where 3 ≤ k ≤ v(F ))
that contain e. Moreover, let Ck denote the maximum over all edges in G(S). We
will show that there exist constants c01 = c01 (F ) and c02 = c02 (F ) such that
0

Ck ≤ (c01 · degen(S))c2 .

(8)

If we assume (8), then we can bound XF,e (G(S)) for a fixed edge e ∈ E(G(S)) as
follows. Let F denote the set of all supergraphs of F on v(F ) vertices. Clearly, for
every copy of F in G(S) that contains e, there is also an induced copy of some J ∈ F
in G(S) that contains e. Moreover, such an induced copy J can accommodate only
a constant number of copies of F that contain e. Let X̄J,e (G) denote the number
of induced copies of J in G that contain edge e. As |F| is bounded by a constant
(depending on F ) it suffices to bound X̄J,e (G) for every J ∈ F with a bound similar
to the one in the claim statement.
Let J ∈ F be fixed. For every edge e0 ∈ E(J) fix an induced cycle C(e0 ) in J
that contains e0 . Note that this is possible since F is 2-connected. Clearly, the
union of all these e(J) ≤ v(F )2 cycles covers E(J), that is,
[
E(C(e0 )) = E(J) .
e0 ∈E(J)

We can now count the number of induced copies of J in G(S) that contain e as
follows. First choose the role of e in the copy of J (e(J) possibilites). Say e has the
role of e0 ∈ E(J). Then we have to choose an induced copy of C(e0 ) in G(S) that
0
contains e (at most (c01 · degen(S))c2 possibilities by (8)). Continue with some other
edge of that cycle and choose its role in the copy of J, and then choose a copy of
the corresponding induced cycle on it and so on. In this way we obtain
0 e(J)
X̄J,e (G(S)) ≤ e(J) · (c01 · degen(S))c2
e(J)≤v(F )2

≤
for appropriately chosen constants
this concludes the proof.

c001

=

00

(c001 · degen(S))c2

c001 (F )

and

c002

=

c002 (F ).

(9)
As explained above
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It remains to show (8). For every 0 ≤ i ≤ ` let Si = (F1 , F2 , . . . , Fi ) denote the
k,i
denote the number of
prefix of S including the first i steps. For every k let P{u,v}
induced paths of length k with endpoints u and v in G(Si ) − uv for k ≥ 2 and in
G(Si ) for k = 1. (A path of length k is a path with k edges.) Denote with P k,i the
k,i
maximum of P{u,v}
over all vertex pairs {u, v}. We will show that there exists a
constant β = β(F ) > 0 such that for every 1 ≤ k ≤ v(F ) − 1 and every 1 ≤ i ≤ `
we have
P k,i ≤ (β(degen(Si ) + 1))k−1 .
(10)
As Ck ≤ P k−1,` for all 3 ≤ k ≤ v(F ) this establishes (8). It thus remains to
show (10). First observe that (10) is trivially true for k = 1 as P 1,i ≤ 1 for every i
and we therefore assume k ≥ 2 in the remainder. Let {u, v} be a fixed vertex pair.
We will show that if β is large enough, then we have for every k ≥ 2 and every
1 ≤ i ≤ ` that
k,i
P{u,v}
≤

degen(Si )+1
X

β
regular{u,v} (Si ) + 1 + 6e(F )
(βj)k−2 ,
2
j=1

(11)

where regular{u,v} (Si ) denotes the number of regular steps j ≤ i in which we attach
a copy of F to the edge {u, v}, that is, for which V (Fj ) ∩ V (G(S, j − 1)) = {u, v}.
First we show that (11) implies (10). For this, observe that V (Fj )∩V (G(S, j −1)) =
{u, v} is satisfied for at most one open regular step and at most regularc (Si ) closed
regular steps j ≤ i, and hence by Claim 9, regular{u,v} (Si ) ≤ degen(Si ) + 1. Using
k ≤ v(F ) we thus easily conclude that for a sufficiently large β we have that (11)
implies (10). It thus remains to show (11) for every k ≥ 2 and every 1 ≤ i ≤ `. For
this, we do an induction on k and i. More precisely, we will use that for all smaller
values of k we have (10) (the trivial case k = 1 serves as induction base) and for all
smaller values of i we have (11). We make a case distinction according to the step
type of step i.
k,i−1
k,i
Case 1. Step i is regular and P{u,v}
= 0, or i = 1. Using that P{u,v}
counts
k,i
induced paths, it is not hard to see that P{u,v}
can only be non-zero if at least one
of the two vertices {u, v} lies within the new vertices added in step i, that is, if
{u, v} ∩ (V (Fi ) \ V (G(S, i − 1))) 6= ∅. Clearly, if both u and v lie within V (Fi ),
there can be at most v(F )k ≤ v(F )v(F ) induced paths of length k between u and
v and thus (11) is satisfied if β ≥ 2v(F )v(F ) . Otherwise u must lie within the old
vertices, i.e., u ∈ V (G(S, i − 1)) \ V (Fi ) and v in the new vertices, or vice versa.
Then, we can count the number of induced paths of length k from u to v as follows
(see also Figure 2 a)). Let {x, y} = V (Fi ) ∩ V (G(S, i − 1)), and observe that in
this case {u, v} ∩ {x, y} = ∅. Now, every such path consists of an induced path of
length s from u to x or y for some 1 ≤ s ≤ k − 1 and an induced path of length
k − s from x or y to v (clearly, there are at most v(F )v(F ) such paths since they are
contained in Fi ). Note that paths containing both x and y can also be expressed
this way by simply including the edge {x, y} in one of the two subpaths of length
s and k − s. Hence, we obtain
k,i
P{u,v}
≤

k−1
X
s=1

s,i
k−s,i
P{u,x}
P{x,v}
+

k−1
X

s,i
k−s,i
P{u,y}
P{y,v}
≤ 4P k−1,i + 2v(F )v(F )

s=1

k−2
X

P s,i

s=2

(10),k≤v(F )

≤ 4(β(degen(Si ) + 1))k−2 + 2v(F )v(F )+1 (β(degen(Si ) + 1))k−3
≤ 6(β(degen(Si ) + 1))k−2 ,
where the last step holds whenever β is sufficiently large. Clearly, this implies (11).
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v

a)

Fi

x

b)

(k-s-1)-path

y

y

v
x

u

s-path

u

G(S,i-1)

Figure 2. Creating a new induced path of length k from u to v
k,i−1
6= 0. It is easy to see that in this case we
Case 2. Step i is regular and P{u,v}
k,i−1
k,i
if the copy Fi is attached to the edge {u, v}, that is,
> P{u,v}
can only have P{u,v}

V (Fi ) ∩ V (G(S, i − 1)) = {u, v}. Hence, regular{u,v} (Si ) = regular{u,v} (Si−1 ) + 1
and step i can create at most v(F )k ≤ v(F )v(F ) new induced paths of length k
between u and v. Thus (11) certainly remains true if β ≥ 2v(F )v(F ) .
Case 3. Step i is degenerate. In this case we insert the edges of Fi one by one. So
assume a single edge {x, y} is inserted. Clearly, this can only create a new induced
path of length k from u to v if for some 0 ≤ s ≤ k − 1 we have that there is an
induced path of length s from u to x and an induced path of length k − s − 1 from
v to y or similarly for paths from u to y and from v to x (see Figure 2 b)). Observe
that the case {x, y} = {u, v} does not create any new induced paths of length k
since k ≥ 2. Furthermore, the case |{x, y} ∩ {u, v}| = 1 corresponds to the case
s = 0 or s = k − 1, and we set P 0,j = 1 for convenience. Then, the number of
induced paths of length k from u to v that were created by the insertion of {x, y}
is at most
k−1
k−1
X s,j
X s,j
k−s−1,j
k−s−1,j
P{u,y} P{v,x}
P{u,x} P{v,y}
+
s=0

s=0

≤ 4P k−1,j + 2

k−2
X

P s,j P k−s−1,j

s=1

≤ 6(β(degen(Si ) + 1))k−2 ,
cf. the calculation above. Since we insert at most e(F ) edges in step i we thus have
k,i
k,i−1
P{u,v}
≤ P{u,v}
+ e(F )6(β(degen(Si ) + 1))k−2 .

As the assumption of this case is that step i is degenerate this implies that (11)
holds in this case as well. This thus concludes the proof of the claim

Claim 11. For every d ≥ 1 there exists a constant `max (d) such that every canonical
grow sequence with at most d degenerate steps has length at most `max (d).
Proof. Let d ≥ 1 be a constant and let S be a grow sequence of length `. By
Claim 10, there can be at most C 0 := (c1 d)c2 + d + 1 steps that are not regular.
Hence, S contains at least ` − C 0 regular steps each of which increases the number
of open edges by at least e(F ) − 2. Moreover, every non-regular step decreases the
number of open edges by at most e(F ). Hence, since G(S) is F -closed we have
e(F )
0
0
(` − C 0 )(e(F ) − 2) ≤ C 0 e(F ) and thus ` ≤ e(F

)−2 C + C .
We can now turn to the proof of Lemma 6.

13

Proof (of Lemma 5). Let S denote the set of all canonical grow sequences of length
more than L = L(F ) (we will fix this constant later). Note that by a first moment
argument it suffices to show that for an appropriate constant c = c(F ) we have that
if p ≤ cn−1/m2 (F ) q −1/(e(F )−1) the expected number of sequences from S contained
in G(n, p) with respect to R(n, q) is o(1).
Note that if we can show for a sequence S ∈ S that a prefix sequence of it, i.e., a
sequence obtained by considering only the first k steps for some 1 ≤ k ≤ `(S), is not
contained in G(n, p) with respect to R(n, q) then S as well does not appear. Hence,
if we can find a set Pre(S) such that all sequences of S have a prefix sequence
in Pre(S) and such that a.a.s. no sequence from Pre(S) appears in G(n, p) with
respect to R(n, q) then we are done.
With this in mind we define Pre(S) as the set of the following prefixes. Let
dmax = dmax (F ) be a constant which we will determine later on. For each S ∈ S
we include the prefix sequence of S containing either all steps up to (and including)
the dmax -th degenerate step or all steps up to the log n-th step, if the index of the
dmax -th degenerate step is larger than log n. Note that this is well defined as we
can force any sequence S ∈ S to contain at least dmax many degenerate steps by
choosing L large enough, cf. Claim 11.
The key intuition is that prefixes S ∈ Pre(S) containing ‘many’ degenerate steps
give rise to a very dense graph G(S), which correspondingly is unlikely to appear.
On the other hand prefixes S ∈ Pre(S) with ‘few’ degenerate steps must contain
many regular steps. The corresponding graph G(S) will then be very large and also
unlikely to appear.
As each prefix sequence in Pre(S) contains at most dmax degenerate steps we
have by Claim 9 and Claim 10 that they also contain at most dmax closed regular
and at most (c1 dmax )c2 =: emax empty steps. Let m = 2dmax + emax denote the
maximum number of steps that are not open regular in any prefix sequence. Note
that m is a fixed constant depending only on F . Hence, we can choose L such that
L > m holds.
We define Predmax (S) as the set containing all prefix sequences from Pre(S) with
exactly dmax degenerate steps and Prelog n (S) as the set of those with length exactly
log n. Clearly, every prefix sequence in Pre(S) is in at least one of the two subsets.
We consider both subsets separately.
Sequences with log n steps. We start with prefix sequences in Prelog n (S). We
can bound the number of elements in Prelog n (S) by counting all sequences of steps
of length log n which contain at most m steps that are not open regular. To do so
we first fix the number of steps that are not open regular, their types (i.e., open
or closed, and regular, empty, degenerate) and their position in the sequence. For
this we have at most
m(5 log n)m
(12)
choices. Then for any sequence with a fixed configuration of steps we have at most
nv(F ) choices for the copy of a step that is not open regular. As there are at most
m of these we have in total at most
nv(F )m

(13)

different choices for these steps. All remaining steps are open regular steps. Recall
that for every open step two vertices of its copy of F are determined by all previous
steps since all sequences in S are canonical. So for each of the at most log n open
regular steps we only need to choose v(F ) − 2 new vertices and the role of the two
predetermined vertices in the copy of F . Thus, every open regular step gives at
most
v(F )2 nv(F )−2
(14)
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choices. The very first step is special and we model it by choosing two vertices
as the starting edge (n2 choices), and another v(F )2 nv(F )−2 choices as in an open
regular step. Together with (12), (13) and (14) we therefore have that the number
of elements in Prelog n (S) is at most
m
log n
m 5 log(n) · nv(F )m · n2 · v(F )2 nv(F )−2
.
For a fixed sequence in Prelog n (S) the probability that it appears in G(n, p) with
respect to R(n, q) is bounded from above by the probability that the first log n − m
open regular steps appear. Each such step requires e(F )−1 new edges to be present
in G(n, p) and one new copy of F to be present in R(n, q), so this probability is
at most (pe(F )−1 q)log n−m . Using nv(F )−2 pe(F )−1 q ≤ c we can now deduce that
the number XPrelog n (S) of sequences from Prelog n (S) that appear in G(n, p) with
respect to R(n, q) satisfies
m
log n
E[XPrelog n (S) ] ≤ m 5 log(n) · nv(F )m · n2 · v(F )2 nv(F )−2
· (pe(F )−1 q)log n−m
m 2v(F )m+2
≤ m 5 log(n) · n
· v(F )2 log n · clog n−m
= o(n) · n2v(F )m+2+2 log(v(F ))−log(1/c) .
As m is a constant depending only on F we can choose c = c(F ) such that the
above expectation is o(1).
Sequences with dmax degenerate steps. It remains to consider the prefix sequences in Predmax (S), i.e., those which contain exactly dmax degenerate steps. We
partition these sequences further into sets Predmax (V, E, O, `) which contain all sequences from Predmax (S) of length exactly ` for which the total number of new
vertices and new edges added in the dmax degenerate steps are exactly V and E
respectively, and for which the number of empty steps is exactly O. Clearly, this
set can only be non-empty if 1 ≤ V ≤ dmax (v(F ) − 3), 1 ≤ E ≤ dmax (e(F ) − 2),
0 ≤ O ≤ emax and 1 ≤ ` ≤ log n. Hence, the total number of subsets that we need
to consider is bounded by
d2max (v(F ) − 3)(e(F ) − 2)emax log n ≤ log(n)2

(15)

for n large enough.
Recall that for every degenerate step the numbers vnew of new vertices and enew
of new edges satisfy vnew −enew /m2 (F ) < −δ where δ = δ(F ) > 0, cf. (5). Therefore
the set Predmax (V, E, O, `) can only be non-empty if
V − E/m2 (F ) < −δdmax .

(16)
dmax

We now derive a bound on the number of sequences contained in a set Pre
(V, E, O, `).
Similar to (12) we have at most
m(5`)m
(17)
choices for the step configuration, i.e., the number of steps that are not open regular,
their types and positions. Moreover, we again model the first step by choosing a
starting edge (n2 choices) and by counting the remaining choices similar to an open
regular step.
For each of the O empty steps in a sequence we need to choose a copy of F within
the old vertices, i.e., the vertices which have appeared previously in the sequence.
As the entire sequence contains at most v(F )` vertices we have at most
(v(F )`)v(F )O

(18)

choices in total.
Considering all degenerate steps at once we need to choose a total of dmax v(F )
vertices for them, V of which are new vertices and not from the previously seen ones,
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resulting in at most nV choices, and dmax v(F ) − V ≤ dmax v(F ) of which are chosen
from the previously seen ones, giving at most (v(F )`)dmax v(F ) choices. Having fixed
the new vertices and old vertices it remains to choose for every degenerate step
which vertices of the copy of F are from the old and which from the new vertices.
This gives at most another 2v(F )dmax ≤ (v(F )`)v(F )dmax choices. In total the number
of choices for degenerate steps is bounded by
nV (v(F )`)2v(F )dmax .

(19)

All other ` − dmax − O steps are regular steps.
Similar to (14) each open regular

step gives rise to at most v(F )2 nv(F )−2 choices. For the at most dmax closed
regular steps we additionally have to select the two vertices that in contrast to open
regular steps are not predetermined. This accounts at most for another (v(F )`)2dmax
choices. In total all regular steps give rise to at most
`−dmax −O
(20)
(v(F )`)2dmax v(F )2 nv(F )−2
choices. Combining (17), (18), (19), (20) and the n2 choices for the starting edge,
we get that the number of sequences in the set Predmax (V, E, O, `) is at most
m(5`)m · n2 · (v(F )`)v(F )O · nV (v(F )`)2v(F )dmax
`−dmax −O
· (v(F )`)2dmax v(F )2 nv(F )−2
≤ m(5v(F )`)m+v(F )O+2v(F )dmax +2dmax · v(F )2` ·n2+V +(v(F )−2)(`−dmax −O)
|
{z
} | {z }
=o(n)

≤n2 log(v(F ))

≤ n3+2 log(v(F ))+V +(v(F )−2)(`−dmax −O) ,

(21)

where the last step holds for n large enough. It is easy to see that a prefix sequence
from the set Predmax (V, E, O, `) appears in G(n, p) with respect to R(n, q) with
probability
`−dmax −O E
q ` pe(F )−1
p .
(22)
Combining (21) and (22) with nv(F )−2 pe(F )−1 q ≤ c and p ≤ n−1/m2 (F ) q −1/(e(F )−1)
which holds if we choose c ≤ 1 we obtain that for every subset Predmax (V, E, O, `)
the number XPredmax (V,E,O,`) of sequences that are present in G(n, p) with respect
to R(n, q) satisfies
`−dmax −O E
p
E[XPredmax (V,E,O,`) ] ≤ n3+2 log(v(F ))+V +(v(F )−2)(`−dmax −O) · q ` pe(F )−1
max −O
≤ n3+2 log(v(F ))+V pE q dmax +O |c`−d{z
}

≤1

≤n

3+2 log(v(F ))+V −E/m2 (F ) −(E/(e(F )−1))+dmax +O

q
|

{z

}

≤1 since E≤dmax (e(F )−2)

(16)

≤ n3+2 log(v(F ))−δdmax .

Since this bound is independent of V, E, O and `, we obtain with (15) that we have
for large enough n that
E[XPredmax (S) ] ≤ log(n)2 n3+2 log(v(F ))−δdmax ≤ n4+2 log(v(F ))−δdmax .

(23)

Choosing dmax = dmax (F ) large enough and L = L(F ) such that every canonical
grow sequence with at least L steps has at least dmax degenerate steps (cf. Claim 11)
we have that the expectation in (23) is o(1).
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5. Concluding remarks
It is natural to ask whether there exists a generalization of Theorem 1 for a
random k-uniform hypergraph H (k) (n, q). Indeed the 1-statement of the corre(3)
sponding generalization was shown for the hypergraph of the tetrahedron K4 by
Rödl and Ruciński [15], and for k-partite k-uniform hypergraphs by Rödl, Ruciński
and Schacht [16]. Quite recently, it has been further generalized to more k-uniform
hypergraphs by Friedgut, Rödl and Schacht [6] and by Conlon and Gowers [2](in
the case of strictly k-balanced k-uniform hypergraphs) independently. The result
from [2, 6] is the following:
Theorem 12. Let r, k ≥ 2 be natural numbers and F be a k-uniform hypergraph
with ∆(F ) ≥ 2, then there exists a constant C > 0 such that if q ≥ Cn−1/mk (F ) the
following holds:
lim Pr(H (k) (n, q) −→ (F )er ) = 1.
n→∞

Here mk denotes the so-called k-density for a k-uniform hypergraph F , which
generalizes m2 -density in an obvious way:
 e(F 0 )−1
0

 v(F 0 )−k , e(F ) ≥ 2,
0
0
1
mk (F ) := 0 max 0
dk (F ) where dk (F ) = k ,
e(F 0 ) = 1,

F ⊆F,e(F )≥2

0,
otherwise.
With the methods of the present paper and some additional ideas we can show
the (expected) corresponding 0-statement of Theorem 12 for complete k-uniform
hypergraphs. We are currently working on generalizing the arguments to a wider
class of hypergraphs. This will appear elsewhere.
Acknowledgments. We would like to thank the anonymous reviewers for their
helpful comments.
References
[1] P. Allen, J. Böttcher, J. Hladký, and D. Piguet. Turánnical hypergraphs. Random Structures
& Algorithms, to appear.
[2] D. Conlon and W.T. Gowers. Combinatorial theorems in sparse random sets.
arXiv:1011.4310v1, 2011.
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