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Introduction

Deterministic differential equations provide adequate models of dynamical
systems when intrinsic noise within the system is low. To obtain a more
detailed model of a noisy dynamical system a stochastic model is often used.
A general, one-dimensional Stochastic Differential Equation (SDE) has the
form

dXt = CL(t, Xt)dt + b(t, Xt)th, (1)

where a(t, X;) is the drift coefficient and b(¢, X;) is the diffusion coefficient.
The random term, W, is a Wiener process. The “derivative” of the Wiener
process is often referred to as white noise. The subscript ¢ denotes time-
dependence. The Wiener process is the simplest random or stochastic process
which provides an adequate model for Brownian motion. Further details of
the Wiener process and methods for stochastic differential equations can be
found in Kloeden and Platen [1].

Stochastic Differential Equations have been used extensively in areas such
as Chemistry, Physics, Engineering, Mathematical Biology and Finance to
provide models of dynamical systems affected by noise. When it is the case
that a stochastic system is also affected by randomly occuring impulses it
is often desirable to use a jump-diffusion stochastic model. A general, n-
dimensional jump-diffusion SDE has the form

dX, = A(t, X,)dt + B(t, X;)dW, + C(t, X,-)dN,, (2)



where X; is an n-dimensional vector of the solution, A(X}) is the n-dimensional
drift vector, B(X;) is the diffusion matrix of order n x m, and C(X;-) is an
n-dimensional vector. In equation (2), W; is m-dimensional, and N; is the
inhomogeneous Poisson counting process.

It is interesting to note that the Wiener process is not of bounded varia-
tion, thus if we write equation (2) as an integral equation of the form

t t
Xi(w) = Xi(w) + t als, Xs(w)] ds + t b[s, Xs(w)] dWs(w)
0 0
t
+ ) cls, Xs- (w)] dNs(w), (3)
0
the second integral is not defined by the rules of classical calculus. This
problem was overcome in the early 1950s when Ito formulated his definition
of the Ito integral. The third integral in equation (3) is defined as a sto-
chastic integral with respect to a Poisson random measure (Gikhman and
Skorokhod [2], Grigelionis [3]). It follows from Ito [4] and Gikhman and
Skorokhod [2] that the solution process X; to equation (3) satisfies existence
and pathwise uniqueness under growth restriction, uniform Lipschitz, and
smoothness conditions on the functions a, b and c.

Since dynamical systems modeled by jump-diffusion stochastic differen-
tial equations such as equation (2) and ordinary stochastic differential equa-
tions such as equation (1) rarely possess known explicit solutions, numerical
analysis of such equations has become a rapidly growing area. Time-discrete
numerical schemes for ordinary stochastic differential equations were con-
structed from stochastic Taylor expansions based on the Ito formula, or sto-
chastic chain rule, by Milshtein [5] and Kloeden and Platen [1].

Constructing such numerical schemes is made easier through the use of a
symbolic manipulator. This is especially true for higher order schemes, which
often become algebraically large. The computer algebra system Maple has
proved a useful tool for the implementation of stochastic numerical schemes
(see Cyganowski [6], Cyganowski [7], Cyganowski and Kloeden [8], Kloeden
and Scott [9] and Xu [10]). Stochastic differential equations have also been
studied through the use of other computer algebra systems by Kendall [11]
and Valkeila [12].

A search of the literature reveals that no computer algebra representation
exists for the numerical methods available for jump-diffusion SDEs of the
form of equation (2). In the paper by Maghsoodi [13], numerical schemes are
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derived for jump-diffusion SDEs which are proved to converge with order 2
in the mean square sense. A scheme which converges in practice with order
3 in the mean square sense (for a certain class of jump-diffusion SDE only) is
also presented. In this paper, Maple routines are presented which implement
the schemes presented by Maghsoodi [13].

Construction of Numerical Schemes with Maple

Consider the scalar equation

X, —Xto—i—/tta(s,Xs) ds + ttb(s,Xs)dWSJr ttc(s,Xs—)st, (4)
0 0 0
where X;, = X, with probability one (w.p.1) and te[to,T]. Let Y, ap-
proximate X; at t, and let AW, ,; and AN, ; represent the increments
of the Wiener process and the Poisson process, respectively, over the interval
(tm tn—l—l)'
With this notation, the simplest numerical scheme, the stochastic Cauchy-
Euler scheme, is given by

Yn+1 = Yn -+ ah + bAWn+1 -+ CANn+1 (5)

for n = 0,1,..., M — 1 where a,b and c are evaluated at (t,Y,). It is es-
tablished in Maghsoodi [13] that this scheme is O(h) in the mean square
sense.

Figure 1 belows displays a Maple procedure which returns stochastic
Cauchy-Euler schemes, as defined by equation (5).

sce:=proc(a::algebraic,b::algebraic,c::algebraic)
local soln,h;
soln:=Y[n+1]=Y[n]+a*h+b*W[n+1]4+c*N[n+1];
soln:=subs(x=Yn],soln)

end:

Figure 1 Procedure ‘sce’.



The syntax for procedure ‘sce’ is shown below in figure 2.

sce(a,b,c);

Figure 2 Syntax for ‘sce’.

In figure 2, the input functions a, b and c are required to be functions of
a variable x.

In the multi-dimensional case, the functions X;,a and ¢ in equation (2)
become n X 1 matrices and b becomes an n X m matrix. Thus, equation
(5) may be extended to give the multi-dimensional, stochastic Cauchy-Euler
scheme, as shown below.

Y=Y +ad"h+ Y AW 4+ FAN. (6)

J=1

Here, AW7 = Wt{lﬂ — W} is the N(0;h) distributed increment of the jth
component of the m-dimensional standard Wiener process W on (t,,t,+1),
and AW7t and AW? are independent for j; # jo.

Figure 3 below displays a Maple procedure which returns stochastic Cauchy-
Euler schemes for multi-dimensional equations of the form (2).

sceMD:=proc(a::array,b::array,c::array)

local i,u,soln,h;

for i to rowdim(a) do

soln[i]:=Y.ijn+1]=Y .i[n]+a[i,1]*h+sum(’b[i,j]*W.j[n+1]",’j’=1..coldim(b))
+c[i, 1]*Nn+1];

for u to rowdim(a) do soln[i]:=subs(x[u|=Y .u[n],soln[i]) od

od;

RETURN(eval(soln))

end:

Figure 3 Procedure ‘sceMD’.

Note that the input variables a, b, and c in procedure ‘sceMD’ must be
matrices of appropriate order. Thus, the Maple package ‘linalg’ must be ini-
tially read into the worksheet. Also, any variables present in the elements
of the matrices must be given in the form x[1], x[2], ... ,x[n], where n is the
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dimension of the system.

Maghsoodi [13] has derived schemes that are improvements in order, in
the mean square sense, on the above Cauchy-Euler scheme. In generalizing
the approach that Milshtein [5] used to derive efficient second order schemes
for stochastic differential equations (of the form (1)), Maghsoodi [13] has
derived the following schemes, which converge to their respective orders in
the mean square sense.

Second Order Schemes

The numerical scheme given below is of second order in the mean square
sense (Maghsoodi [13]), and is suitable for scalar jump-diffusion equations.

1 1
Yoy = Yoot (a—5bbo)h + bAW 1 + Sbb AW,

1
+§(3C — CC)ANn—I—l -+ (bc — b)AWn-HANn-H
1

+§(Cc - C)ANg_H + (me — bc + b)AZn_H, (7)

where a subscript  denotes partial differentiation with respect to =, b, =
b(t,z + c),

tnt1
Ay = / (W, — W) dN, (8)
to
and all functions are evaluated at the point (t,,Y).

Figure 4 below displays a Maple procedure which returns second order
schemes of the form (7) for scalar dump-diffusion equations.

jump?2:=proc(a::algebraic,b::algebraic,c::algebraic)

local soln;

soln:=Y[n+1]=Y[n|+(a-(1/2)*b*diff(b,x)) *h+b*W[n+1]
+(1/2)*p*diff(b,x)*(W[n+1])2+(1/2)*(3*c-subs(x=Y[n]+c,c)) *N[n+1]
+(subs(x=Y[n]+c,b)-b)*W[n+1]*N[n+1]+(1/2)*(subs(x=Y[n]+c,c)-¢)*(N[n+1] )2
+(b*diff(c,x)-subs(x=Y[n]+c,b)+b)*Z[n+1];

sul()is (x=Y|n],soln)

Figure 4 Procedure ‘jump2’.



The syntax for the procedure ‘jump2’ is identical to that for the procedure
‘sce’ (see figures 1 and 2).
The multi-dimensional version of the above scheme is given below.

Vi, = Y+ ( ZA b;.bj)h + Zb’WAWg+1

m ) 1

+> ZAxbj.bl.AW,{HWfLH + 5(3& — (co)®) AN, 1
j=11=1
m 1

+ 3 (0% = V) AW AN + 5l ce)t = )AN:,
j=1

+ D (A — (b)™ + V) AZL (9)
7j=1

where b;. denotes the i-th column vector of b and A, b,. is the matrix with
1J-th element given by g—l;@.

The figure below displ]ays a Maple procedure which returns second order
schemes of the form (9) for multi-dimensional jump-diffusion equations of
the form (2).

Note that the syntax for the procedure ‘jump2MD’ is identical to that for
the procedure ‘sceMD’.



jump2MD:=proc(a::array,b::array,c::array)

local k,h,f,g,z,temp,sol,i,u,j,solu,l,soln,sln,slon,ctmp,ctemp,btemp,
solut,soluto;

for k from 1 to coldim(b) do

h.k:=convert(col(b,k),matrix);

f:=(1,j)->diff(h.k[i,1],x[j]);
temp.k:=matrix(rowdim(h.k),rowdim(h.k),f);
sol.k:=(temp.k)&*h.k;

for 1 from 1 to coldim(b) do
sln[k,1]:=((temp.k)&*h.1)*(W.k[n+1])*(W.1[n+1));

od; od;
solu:=evalm(sum(’sol.m’,’m’=1..coldim(b)));
slon:=evalm(sum(’sum(’ sln[m r]’,r’=1..coldim(b))’,’m’=1..coldim(b)));

for i to rowdim(c) do

ctmp.i:=[seq(x[j]= []+c[1 1],j=1..rowdim(c))] od;
ctemp:=evalm(c);

for i to rowdim(c) do
ctempli,1]:=subs(ctmp.i,ctempli,1]) od,;
ctemp:=evalm(ctemp);

btemp:=evalm(b);

for i rowdim(b) do for j to coldim(b) do
btempli,j]:=subs(ctmp.i,btempli,j]) od od;
btemp:=evalm(btemp);

transpose(c)&*b;

solut:=evalm (transpose(%));
g:=(i,j)->diff(solut|[i,1],x[j]);
soluto:=matrix(rowdim(solut),rowdim(solut),g);
for i to rowdim(a) do
soln[i]:=Y.ijn+1]=Y.i[n]+(a[i,1}-(1/2)*soluli,1])*h
+sum(’b[i,j]*W.j[n+1)’,’j’=1..coldim(b))+slon]i,1]
+(1/2)*(3%cl[i,1)-ctempli,1])*N[n+1]4+sum(’evalm(btemp-b)[i,j]*W.j[n+1]*N[n+1]’,
'j’=1..coldim(b))+(1/2)*(ctempl|i,1]-c[i,1])*(N[n+1])2
+sum(’evalm (soluto-btemp+b)|[i,j]*Z.j[n+1]’,’j’=1..coldim(b));
for u to rowdim(a) do

soln[i]:=subs(x[u]=Y .u[n],solnli]) od; od;

RETURN(eval(soln))

end:




By incorporating the jump times into the partition, simpler schemes,
which are also of second order, may be constructed. The (second order)
jump adapted version of equation (7) is given below.

1
Yn+1 = Yn -+ (CL — §bbx)ATn+1 -+ bAWT

n+1

1
+ 5bbg,;AW2

Tn+1

+cAN;, ., + (be — D)AW,, AN, ., (10)

where the new partition of [tg, T]isgivenby 0 <tg =m0 <7 < ... <7nv =T,
such that mazo<n<n(Tni1 — ) < h w.p.1. Also, in equation (10) Y,, =Y, ,
ATpy1 = Tugr — T, and AW, =W, . — W, .

The corresponding Maple procedure for the above second order, jump
adapted algorithm is given below in figure 5, and is appropriate for scalar
jump-diffusion equations.

jumpadap:=proc(a::algebraic,b::algebraic,c::algebraic)

local soln;
soln:=Y[n+1]=Y[n|+(a-(1/2)*b*diff(b,x))*Delta*tau[n+1]
+b*W(tau[n+1]]+(1/2)*b*diff(b,x)*(W[tau[n+1]] j2+c*N[tau[n+1]]
+(subs(x=Y[n]+c,b)-b)*W]tau[n+1|]*N[tau[n+1]];
subs(x=Y[n],soln)

end:

Figure 5 Procedure ‘jumpadap’.

The syntax for the procedure ‘jumpadap’ is identical to that for the pro-
cedure ‘sce’ (see figures 1 and 2). On the same partition, a direct jump
adapted scheme can be derived through noting that the solution path be-
tween jump times of the corresponding stochastic differential equation (of
the form of equation (1)) restarts from the position immediately after the
previous jump. The scheme, which is also of second order in the mean square
sense, is given below.

1—
Yn+1 = Yn -+ CANTn-H -+ (E — §bbx)ATn+1

Tn+1

— 1—
+bAW,. | + §bbeW2 (11)
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where the notation is the same as that in (10), and @ = a(7,, Y, + cAN;, ., ,).
The corresponding Maple procedure for the above second order, direct jump
adapted algorithm is given below in figure 6, and is appropriate for scalar

jump-diffusion equations.

directjmpad:=proc(a::algebraic,b::algebraic,c::algebraic)

local soln;

soln:=Y[n+1]=Y[n]+c*N[tau[n+1]]+(subs(x=Y [n]+c*N[tau[n+1]],a)
-1/2*sub(x=Y [n]4+c*N[tau[n+1]],b)*diff(subs(x=x+c*N[tau[n+1]],b),x))*
Delta*tau[n+1]4subs(x=Y [n]4+c*N[tau[n+1]],b)*W[tau[n+1]]
+1/2*subs(x=Y[n]+c*N[tau[n+1]],b) *diff(subs(x=x+c*N[tau[n+1]],b) x)*
(W[tau[n+1]})2;

subs(x=Y[n],soln)

end:

Figure 6 Procedure ‘directjmpad’.

The syntax for the procedure ‘directjmpad’ is identical to that for the pro-
cedure ‘sce’ (see figures 1 and 2).

As Maghsoodi [13] notes, jump adapted schemes can be computationally
inefficient, especially for nonlinear equations.

A Third Order Scheme

In practice, for a large class of jump-diffusion SDE, the scheme presented
below is O(h?) in the mean square sense.

Yo = Y, +cah+ AW + csAW? 4+ ¢, AN + csAWAN
+c6AN? 4+ 7 AZ + cs AV + coAW? + c10AU
+eithAW + ¢19AN? + c;sAWAN? 4+ ¢ ,AWAN?
+c15hAN + c16hAN? 4 c17AW?AN + ¢15AQ
+c1g AWAAN? + co o AW AV + ey AT + 92 AP
+co3 ANAV + ot ANAP, (12)

where

AZ = [AW,dN,, AV = [ AN, dW,, AU = [AW,dt, AQ = [AN,dt,



AP = [ AWZdN; + [ AN2dW;, AT = [ AP, dW;, [ = [2*" and

1

clza—§bbx
ngb

1
63:§bbx

1( 7 +11)
1= —(Coe — =Co+ —c
R 2 2

1 1
c5:ibcc—§b+bcx—bbx—2a—25—2’y+,0+20
0625(300—2(:—000)

1 1 3 1
07:—§bcc+§b+2a+25+bbx+2’y—20—§p+§bcx

1
@:?@+ww
1
c1o = ba, — by — ab, — §b2bm
1
Ci11 = bt + Cbe — §b2bx
1
Ci2 = E(Ccc - 260 + C)
1
C13 = 5(0 — bey)
1
c15 = ¢ + acy + =bbc,
2
1 1
c18 = ac — a — (¢ + acy + bby)c, + 51)2(:m — o+ §bbx +

1
619:(9—04—§bbx

620:20{—0

1 1 1 1
= —4Y%c c T 5 2 o 2y — 20 — - c— 5
Co2 2b +b 2b+ﬁ—|— a + bb, + 2y — 20 2bc 5P
1 1 3 1 1
= U0c— 3 20 — = x — SFP — FYc - 90z
co3 = b 2b+ 1G] ch 5P Qb +y—0+a+ 2bb
1 1 1 1 1
= —0c¢ S0 — S UCx o ~Ycc — — & — Z00 1
e = —bet 5b— B+ Jhes + opt She =y 0 —a—bh  (13)
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Here, a = %bc(bﬁ)c, B = be(cz)e, v = %b(bﬁcx + beys), 0 = b(by)c(1 + ¢),
p = b(cz)e(1 + ¢;), and the terms cs, c14, c16, 17, and co1, which have larger
variances, are set to zero. The notation in the above scheme is the same as
in (7), with b.. = b(t,, Yn + ¢ + ¢.), and the functions are evaluated at the
point (., Yy).
The scheme above, in practice, is O(h?) in the mean square sense. However, it
can be shown (Maghsoodi [13]) that for the class of jump-diffusion stochastic
differential equation which satisfies ¢;o = 0, the scheme is O(h?) in the mean
square sense.

The figure below displays a Maple procedure which returns numerical
schemes of the form (12) for scalar dump-diffusion equations.
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jump3:=proc(a::algebraic,b::algebraic,c::algebraic)

local c1,c2,¢3,¢9,c¢10,c11,c4,c6,c12,¢5,¢7,c13,¢15,¢18,c19
c20,c22,c23,c24,alpha,beta,gamma,theta,rho,soln;

cl:=a-(1/2)*b*diff(b,x);

c2:=b;

¢3:=(1/2)*b*diff(b,x);

c9:=1/2*b*((diff(b,x)2+b*diff(b,x,x));
c10:=b*diff(a,x)-diff(b,t)-a*diff(b,x)-(1/2)* (b2)*diff(b,x,x);
c11:=diff(b,t)+a*diff(b,x)-(1/2)*(b2)*diff(b,x);
c4:=(1/3)*(subs(x=x+c+subs(x=x+c,c),c)-(7/2)*subs(x=x+c,c)+(11/2)*c);
c6:=(1/2)*(3*subs(x=x+-c,c)-2*c-subs(x=x-+c+subs(x=x+c,c),c
c12:=(1/6)* (subs(x=x+c+subs(x=x+c,c),c)-2*subs(x=x+c,c)+c
alpha:=(1/2)*subs(x=x+c,b)*subs(x=x+c,diff(b,x));
beta:=subs(x=x4-c,b)*subs(x=x+-c,diff(c,x));
gamma:=(1/2)*b*(diff(b,x)*diff(c,x)+b*diff(c,x,x));
theta:=b*subs(x=x+-c,diff(b,x))*(1+diff(c,x));
rho:=b*subs(x=x+c,diff(c,x))*(1+diff(c,x));
c5:=(1/2)*subs(x=x-+c+subs(x=x+c,c),b)-(1/2)*b+b*diff(c,x)-b*diff(b,x)
-2*alpha-2*beta-2*gamma-+rho-+2*theta;
c7:=-(1/2)*subs(x=x+c+subs(x=x+c,c),b)+(1/2)*b+2*alpha+2*beta
+b*diff(b,x)+2*gamma-2*theta-(3/2)*rho+(1/2)*b*diff(c,x);
c13:=(1/2)*(rho-b*diff(c,x));
c15:=diff(c,t)+a*diff(c,x)+(1/2)*b*diff(b,x) *diff(c,x);
c18:=subs(x=x+-c,a)-a-(diff(c,t)+a*diff(c,x)+b*diff(b,x)*diff(c,x)
+(1/2)*(b2)*diff(c,x,x))-alpha+(1/2)*b*diff(b,x)+gamma;
c19:=theta-alpha-(1/2)*b*diff(b,x);

c20:=2*alpha-theta;
c22:=-(1/2)*subs(x=x-+c+subs(x=x+c,c),b)+subs(x=x+c,b)
-(1/2)*b+beta+2*alpha+b*diff(b,x)+2*gamma-2*theta-(1/2)*b*diff(c,x)
-(1/2)*rho;
c23:=subs(x=x+c,b)-(1/2)*b+2*beta-(1/2)*b*diff(c,x)-(3/2)*rho
-(1/2)*subs(x=x+c+subs(x=x+c,c),b)+gamma-theta+alpha
+(1/2)*p*diff(b,x);
c24:=-subs(x=x+c,b)+(1/2)*b-beta+(1/2)*b*diff(c,x)+(1/2)*rho
+(1/2)*subs(x=x-+c+subs(x=x+c,c),b)-gamma+theta-alpha
-(1/2)*b*diff(b,x);
soln:=Y[n+1]=Y[n]+c1*h+c2*W[n+1]+c3*(W[n+1])24+c4*N[n+1]
+c5*W(n+1]*N[n+1]4+c6*(N[n+1])24+c7*Z[n+1]4+c9*(W[n+1])3
+¢10*U[n+1]+c11*h*Wn+1]+c12* (¥ [n+1])3+c13*Wn+1]*(N[n+1] )2
+c15*h*N[n+1]+c18*Q[n+1]4+c19*((W[n+1])2)*(N[n+1])2
+c20*(W[n+1])*(V[n+1))+c22*P[n+1]4c23*(N[n+1]*V[n+1])
+c24*(N[n+1]*P[n+1]);

subs(x=Y[n],soln)

end:

)i
).

Y




The syntax for the procedure ‘jump3’ is identical to that for the procedure
‘sce’ (see figures 1 and 2).

In order to implement the schemes given in this paper the stochastic integrals
need to be evaluated. Often it is these integrals that make implementation
difficult. Maghsoodi [13], [14],[15], Maghsoodi and Harris [16], and Kloeden
and Platen [1] give formulas which are useful for digitally implementing such
integrals. Burrage [17] has developed Maple routines which evaluate multiple
stochastic Ito integrals.

Applications

Consider the jump-diffusion stochastic differential equations
dXt - Xtdt + Xtth + Xtht (14)
and

dX} = X} dt + (X7)?dW} + (X})*dW? + X} dN,

dX? = X} dt + (X})2dW} + (X?)?dW?E + X} dN;. (15)
The figure below demonstrates the syntax required for the routines presented
in this paper through construction of a second order scheme (equation (7))

for equation (14) and a first order scheme (equation (6)) for the system de-
fined by equation (15).
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>jump2(x,X,X);

Yn+1 = Yn + %Ynh’ + Yan—H + %anz_H + %YnNn—l—l
+Yan+1Nn+1 + %YnNg_H

>inputl:=matrix(2,1,[x[1],x[2]]);
.

> input2:=matrix(2,2,[(x[2] 2, (x[1]J2, (x[1] )2, (x[2]2));

inputl =

23 ai
| 7 @
>input3:=matrix(2,1,[x[2],x[1]]);

input2 =

.
L xl
>sceMD (inputl,input2,input3);

inputd =

table([

)

Figure 7 Procedures ‘jump2’ and ‘sceMD’ applied to equations (14) and
(15), respectively.

Note that the output in figure 7 employs the convention that Yk, is the
approximate solution to XF

Discussion

Numerical schemes which are O(h),O(h?), and O(h?) in the mean square
sense have been presented in this paper, including two jump adapted schemes
which are O(h?). These schemes were derived by Maghsoodi [13]. The rou-
tines presented here are Maple implementations of these schemes. Such au-
tomation allows any jump-diffusion stochastic differential equation to be en-
tered as input. The resutling output is then the constructed scheme of appro-
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priate order. The use of the symbolic manipulator Maple in this area is use-
ful due to the amount of algebra involved, particularly for multi-dimensional
equations and higher order schemes.

Possible extensions to the programs presented here could be the inclusion

of multi-dimensional versions of the jump adapted schemes (equations (10)
and (11)) and of the third order scheme (equation (12)).

The programs presented in this paper together with the ‘stochastic’ pack-

age (Cyganowski [6]) can be downloaded from the following web site:

http://www3.cm.deakin.edu.au/sash/maple.html
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