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We propose an approach to analysing the asymptotic behaviour of Polya urns based on
the contraction method. For this, a new combinatorial discrete-time embedding of the
evolution of the urn into random rooted trees is developed. A decomposition of these trees
leads to a system of recursive distributional equations which capture the distributions of
the numbers of balls of each colour. Ideas from the contraction method are used to study
such systems of recursive distributional equations asymptotically. We apply our approach
to a couple of concrete Polya urns that lead to limit laws with normal limit distributions,
with non-normal limit distributions and with asymptotic periodic distributional behaviour.

2010 Mathematics subject classification : Primary 60C05
Secondary 60F05, 60J05, 68Q25

1. Introduction

In this paper we develop an approach to proving limit theorems for Polya urn models
by the contraction method. We consider an urn with balls in a finite number m > 2 of
different colours, numbered 1,...,m. The evolution of a Pdlya urn is determined by an
m x m replacement matrix R = (aj;)i<ij<m> Which is given in advance together with an
initial (time 0) composition of the urn with at least one ball. Time evolves in discrete steps.
In each step, one ball is drawn uniformly at random from the urn. If it has colour i it is
placed back into the urn together with a;; balls of colour j for all j =1,...,m. The steps
are iterated independently. A classical problem is to identify the asymptotic behaviour
of the numbers of balls of each colour as the number n of steps tends to infinity. The
literature on this problem, in particular on limit theorems for the normalized numbers
of balls of each colour, is vast. We refer to the monographs of Johnson and Kotz [22]
and Mahmoud [26] and the references and comments on the literature in the papers of
Janson [16], Flajolet, Gabarro and Pekari [13] and Pouyanne [32].

A couple of approaches have been used to analyse the asymptotic behaviour of Polya
urn models, most notably the method of moments, discrete-time martingale methods,
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embeddings into continuous-time multitype branching processes, and methods from
analytic combinatorics based on generating functions. All these methods use the ‘forward’
dynamic of the urn process by exploiting the fact that the distribution of the composition
at time n given time n — 1 is explicitly accessible.

In the present paper, we propose an approach based on a ‘backward’ decomposition
of the urn process. We construct a new embedding of the evolution of the urn into an
associated combinatorial random tree structure growing in discrete time. Our associated
tree can be decomposed at its root (time 0) such that the growth dynamics of the subtrees
of the root resemble the whole tree in distribution. More precisely we have different types
of distributions for the associated tree, one type for each possible colour of its root. The
decomposition of the associated tree into subtrees gives rise to a system of distributional
recurrences for the numbers of balls of each colour. To extract the asymptotic behaviour
from such systems we develop an approach in the context of the contraction method.

The contraction method is well known in the probabilistic analysis of algorithms.
It was introduced by Rosler [34] and first developed systematically in Rachev and
Riischendorf [33]. A rather general framework with numerous applications to the analysis
of recursive algorithms and random trees was given by Neininger and Riischendorf [29].
The contraction method has been used for sequences of distributions of random variables
(or random vectors or stochastic processes) that satisfy an appropriate recurrence relation.
To the best of our knowledge it has not yet been used for systems of such recurrence
relations as they arise in the present paper, the only exception being Leckey, Neininger
and Szpankowski [25], where tries are analysed under a Markov source model. A novel
technical aspect of the present paper is that we extend the use of the contraction method
to systems of recurrence relations systematically.

The aim of this paper is not to compete with other techniques with respect to generality
under which urn models can be analysed. Instead we discuss our approach in relation to
a couple of examples illustrating the contraction framework in three frequently occurring
asymptotic regimes: normal limit laws, non-normal limit laws and regimes with oscillating
distributional behaviour. We also discuss the case of random entries in the replacement
matrix. Our proofs are generic and can easily be transferred to other urn models or
developed into more general theorems when asymptotic expansions of means (respectively
means and variances in the normal limit case) are available: see the types of expansions
of the means in Section 3.

A general assumption in the present paper is that the replacement matrix is balanced,
i.e., we have Z;'n:1 ajj=:K —1for all i=1,...,m, where K > 2 is a fixed integer. (The
notation K is unfortunate since this integer is not random, and it has mainly been
chosen because of similarity in notation to earlier work on the contraction method.) An
implication of the balance condition is that the asymptotic growth of the subtrees of the
associated tree processes can jointly be captured by Dirichlet distributions. This leads to
characterizations of the limit distributions in all cases (normal, non-normal and oscillatory
behaviour) by systems (see (3.2)—(3.6) below) of distributional fixed point equations where
all coefficients are powers of components of a Dirichlet-distributed vector; see also the
discussion in Section 3. The present approach reveals that all three regimes are governed
by systems of distributional fixed point equations of similar type.
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The paper is organized as follows. In Section 2 we introduce the associated trees
into which the urn models are embedded and derive the systems of distributional
recurrences for the numbers of balls of a certain colour from the associated trees. In
Section 3 we outline the types of systems of fixed point equations that emerge from
the distributional recurrences after proper normalization. To make these recurrences and
fixed point equations accessible to the contraction method, in Section 4 we first introduce
spaces of probability distributions and appropriate Cartesian product spaces together with
metrics on these product spaces. The metrics in use are product versions of the minimal
L,-metrics and product versions of the Zolotarev metrics. In Section 5 we use these spaces
and metrics to show that our systems of distributional fixed point equations uniquely
characterize vectors of probability distributions via a contraction property. These cover
the types of distributional fixed point equations that appear in the final Section 6, where
we discuss examples of limit laws for Polya urn schemes within our approach. Also in
Section 6, our convergence proofs are worked out, again based on the product versions of
the minimal L, and Zolotarev metrics. In Section 7 we compare our study of systems of
recurrences with an alternative formulation based on multivariate recurrences and explain
the advantages and necessity of our approach.

For similar results see [9] (announced after posting the present paper on arXiv.org).

Notation. We let 4, denote convergence in distribution, and we let AV/(u, 62) denote the
normal distribution on R with mean u € R and variance ¢ > 0. In the case ¢> = 0, this
degenerates to the Dirac measure in u. Throughout the paper, Bachmann—Landau symbols
are used in asymptotic statements. We let log(x) for x > 0 be the natural logarithm of x
and denote the non-negative integers by Ny := {0,1,2,...}.

2. A recursive description of Polya urns

In this section we explain our embedding of urn processes into associated combinatorial
random tree structures growing in discrete time. The distributional self-similarity within
the subtrees of the roots of these associated trees leads to systems of distributional
recurrences which constitute the core of our approach.

The Polya urn. To develop our approach, we first consider an urn model with two colours,
black and white, and a deterministic replacement matrix R. Below, an extension of this
approach to urns with more than two colours and replacement matrices with random
entries is discussed too. To be definite, we use the replacement matrix

R= [Z Z} with a,d € Ng U {—1} and b,c € Ny, (2.1)
with
at+b=c+d=:K—12>1.

The assumption that the sums of the entries in each row are the same will become essential
only from Lemma 2.1 on. Now, after drawing a black ball, this ball is placed back into
the urn together with a new black balls and b new white balls. If a white ball is drawn, it
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is placed back into the urn together with ¢ black balls and d white balls. A diagonal entry
a=—1 (or d = —1) implies that a drawn black (or white) ball is not placed back into
the urn while balls of the other colour are still added to the urn. As initial configuration,
we consider both one black ball and one white ball. Other initial configurations can be
dealt with as well, also discussed below. We let B? denote the number of black balls after
n steps when initially starting with one black ball, and we let B)Y denote the number of
black balls after n steps when initially starting with one white ball. Hence, we have BY = 1
and By =0.

The associated tree. We encode the urn process as follows by a discrete-time evolution of
a random tree with nodes coloured black or white. This tree is called an associated tree.
The initial urn with one ball, say a black one, is associated with a tree with one root node
of the same (black) colour. The ball in the urn is represented by this root node. Now
drawing the ball and placing it back into the urn together with a new black balls and b
new white balls is encoded in the associated tree by adding a + b + 1 = K children to the
root node, a + 1 of them being black and b being white. The root node then no longer
represents a ball in the tree, whereas the K new leaves of the tree now represent the K
balls in the urn. Now, we iterate this procedure. At any step, a ball is drawn from the urn.
It is represented by one of the leaves, say node v in the tree. The urn follows its dynamic.
If the ball drawn is black, the (black) leaf v gets K children, a + 1 black ones and b white
ones. Similarly, if the ball drawn is white, the (white) leaf v gets ¢ black children and d + 1
white children. In both cases, v no longer represents a ball in the urn. The ball drawn and
the new balls are represented by the children of v. The correspondence between all other
leaves of the tree and the other balls in the urn remains unchanged. For an example of
an evolution of an urn and its associated tree, see Figure 1. Hence, at any time, the balls
in the urn are represented by the leaves of the associated tree, where the colours of balls
and representing leaves match. Each node of the tree is either a leaf or has K children.
We could also simulate the urn process by only running the evolution of the associated
tree as follows. Start with one root node of the colour of the initial ball of the urn. At
any step, choose one of the leaves of the tree uniformly at random, inspect its colour, add
K children to the chosen leaf and colour these children as defined above. Then, after n
steps, the tree has n(K — 1) + 1 leaves. The number of black leaves is distributed as B if
the root node was black, and as B,’ if the root node was white.

Subsequently, it is important to note the following recursive structure of the associated
tree. For a fixed replacement matrix of the Polya urn, we consider the two initial
compositions of one black ball, respectively one white ball, and their two associated
trees. We call these the b-associated, respectively w-associated tree. Consider one of these
associated trees after n > 1 steps. It has n(K — 1) 4+ 1 leaves, and each subtree rooted at a
child of the associated tree’s root (we call them subtrees for short) has a random number of
leaves according to how often a leaf node has been chosen for replacement in the subtree.
We condition on the numbers of leaves of the subtrees being i.(K — 1) + 1 with i, € Ny
forr =1,...,K. Note that we have Z,I,il i = n—1, the —1 resulting from the fact that in
the first step of the evolution of the associated tree, the subtrees are being generated; only
afterwards do they start growing. From the evolution of the b-associated tree, it is clear
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b J

Figure 1. A realization of the evolution of the Polya urn with replacement matrix B %] and initially one

white ball. The arrows indicate which ball is drawn (resp. which leaf is replaced) in each step. The associated
tree is shown below each urn. Leaf nodes correspond to the balls in the urn; non-leaf nodes (crossed out) no
longer correspond to balls in the urn. However, their colour still matters for the recursive decomposition of the
associated tree.

that, conditioned on the subtrees’ numbers of leaves being i.(K — 1) + 1, the subtrees are
stochastically independent and the rth subtree is distributed as an associated tree after
i, steps. Whether it has the distribution of the b-associated tree or the w-associated tree
depends on the colour of the subtree’s root node.

To summarize, we have that conditioned on their numbers of leaves, the subtrees of
associated trees are independent and distributed as associated trees of corresponding size
and type inherited from the colour of their root node.

System of recursive equations. We set up recursive equations for the distributions of the
quantities BY and BY. For B, we start the urn with one black ball and get a b-associated
tree with a black root node. Now, BY is distributed as the number of black leaves in
the associated tree after n steps which, for n > 1, we express as the sum of the numbers
of black leaves of its subtrees. As discussed above, conditionally on I = (I {”),...,I }?)),
the vector of the numbers of balls drawn in each subtree, these subtrees are independent
and distributed as b-associated trees or w-associated trees of the corresponding size
depending on the colour of their roots. In a b-associated tree, the root has a + 1 black

and b = K — (a + 1) white children. Hence, we obtain

a+1 K
d "
BYSY B+ Y B, nx1, (2.2)
r=I1 ' r=a+2 '

where £ denotes that the left- and right-hand sides have an identical distribution; we have
by(1 b,(a+1 (a+2 g :
that (B Mok B ockan (B oghans -+ (B Nogk<n, 1" are independent,
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the BX"" are distributed as BY, the B} are distributed as By for k = 0,...,n — 1 for the
respective values of r.
Similarly, we obtain a recursive distributional equation for B)Y. We have

c K

w d b,(r (r

B < ZBA'S’) + > B;;,,‘, onx1, (2.3)
r=1 r=c+1

with conditions on independence and identical distributions as in (2.2). Note that with

the initial value (B, BY) = (1,0), the system of equations (2.2)—(2.3) defines the sequence

of pairs of distributions (£(BP), L(BY))n>o0.

General number of colours. The approach above for urns with two colours extends directly
to urns with an arbitrary number m > 2 of colours. We denote the replacement matrix by
R = (aij)1<i,jgm With

N f . ., m
ajj € 0 ori and Za,«jzzK—1>1 fori=1,....,m.
NouU{—1} fori=j, ‘o

The colours (subsequently also called types) are now numbered 1,...,m and we focus
on the number of balls of type 1 after n steps. When starting with one ball of type j
we let BU! denote the number of type 1 balls after n steps. To formulate a system of
distributional recurrences generalizing (2.2) and (2.3), we further denote the intervals of
integers:

[1 + D ki o Zkgi akj] N Nop for i < j,
Jij = [1 + Zk<i arj, 1 + Zkgi akj} NNy fori=j, (2.4)
2+ Yhai o 1 + Dok<i arj] NNy fori> j,

with the convention [x,y] = @ if x > y. Then, we have

BALNSN B wx1 je{l...m), (2.5)
i=1 FGJ,‘j ’
where, for each j € {1,...,m}, we have that the family

{(BM) g |7 € Jijpi € {1,..ombp U{I™}

is independent, B,Ei]’(r) is distributed as B,Ei] forallie {1,...,m},0 <k <nandreJ;and
I™ has the distribution as above in Lemma 2.1.

Composition vectors. For urns with more than two colours one may study the numbers
of balls of each colour jointly. Even though the system (2.5) only gives access to the
marginals of this composition vector, we could also derive a system of recurrences for
the composition vectors and develop our approach for the joint distribution of the
composition vector. The work spaces (MF)*¢ and (ME)*? defined in Section 4 below
(there d corresponds to the number of colours) then become (MEQH)X”I and (M;Cdfl)x‘i.
The Zolotarev metrics {; and minimal L,-metrics /, are defined on RY~! and C*~! as well
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and can be used to develop a similar limit theory for the composition vectors as presented
here for their marginals.

Random entries in the replacement matrix. The case of a replacement matrix with random
entries such that each row almost surely sums to a deterministic and fixed K —1 > 1 can
be covered by an extension of the system (2.5). Instead of formulating such an extension
explicitly, we discuss an example in Section 6.2.

Growth of subtrees. In our analysis, the asymptotic growth of the K subtrees of the
associated tree is used. We denote by 1™ = (I",...,I{") the vector of the numbers of
draws of leaves from each subtree after n > 1 draws in the full associated tree. In other
words, I"(K — 1)+ 1 is the number of leaves of the rth subtree after n > 1 steps. We
have I'V) = (0,...,0), and I? is a vector with all entries being 0, except for one coordinate
which is 1. To describe the asymptotic growth of I, we need the Dirichlet distribution
Dirichlet(K — 1)7!,...,(K — 1)71): it is the distribution of a random vector (Dy,..., Dk)
with Z,Iil D, =1 and such that (Dy,...,Dkx_1) has a Lebesgue density supported by the
simplex

K—1

> x < 1}

SK = {(X],...,XK-]) S [Oa 1]K71
r=1

given for x € Sk by

K—1 \3EK-1 LK — -1k
x:(xl,---,xK—l)'_’CK<1_Zxr> [[x5" = ( R )1) :
r=1 r=1 o
where I denotes Euler’s gamma function. In particular, Dy,..., Dk are identically distrib-

uted with the beta((K — 1)~',1) distribution, i.e., with Lebesgue density

2-K

x— (K —1)"'x&1,  xe[0,1].

el

We have the following asymptotic behaviour of 1.

Lemma 2.1. Consider a Polya urn with constant row sum K —1 > 1 and its associated
tree. For the numbers of balls I = (I{"),...,I,(gl)) drawn in each subtree of the associated
tree when n balls have been drawn in the whole associated tree, we have, as n — oo,

I(") I(”)
<13"'3K> —>(D13"'3DK)

n n
almost surely and in any Ly, where (Dy,...,Dk) has the Dirichlet distribution
1 1
= Diri .
L(Dy,...,Dk) 1r10hlet(K R 1)

Proof. The sequence (1{")(K -1+ 1,...,1,(;')(K — 1)+ 1),en, has an interpretation by
another urn model, which we call the subtree-induced urn. For this, we give additional
labels to the leaves of the associated tree. The set of possible labels is {1,...,K}, and we
label a leaf j if it belongs to the jth subtree of the root (any ordering of the subtrees of
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the root is fine). Hence, all leaves of a subtree of the associated tree’s root get the same
label, and leaves of different subtrees get different labels. Now, the subtree-induced urn
has balls of colours 1,...,K. At any time, the number of balls of each colour is identical
to the numbers of leaves with the corresponding label. Hence, the dynamic of the subtree-
induced urn is that of a Polya urn with initially K balls, one of each colour. Whenever a
ball is drawn, it is placed back into the urn together with K — 1 balls of the same colour.
In other words, the replacement matrix for the dynamic of the subtree-induced urn is a
K x K diagonal matrix with all diagonal entries equal to K — 1. After n steps, we have
I"™(K — 1) + 1 balls of colour r. The dynamic of the subtree-induced urn as a K-colour
Polya—Eggenberger urn is well known (see Athreya [1, Corollary 1]): for n — oo, almost
surely and in L, for any p > 1, we have

(1§">(K —D+1 IPK-1)+1

n(K—1)+1""" nK—1)+1 >_’(D““"DK)’

where (Dy,...,Dg) has a Dirichlet(K — 1)7!,...,(K — 1)7!) distribution. This implies the
assertion. U]

Subsequently we only consider balanced urns such that we have the asymptotic
behaviour of 1™ /n in Lemma 2.1 available. The assumption of balance only enters our
subsequent analysis via Lemma 2.1. It also seems feasible to apply our approach to un-
balanced urns that have an associated tree such that I /n converges to a non-degenerate
limit vector V = (V4,..., Vk) of random probabilities, i.e., of random Vi,..., Vg > 0 such
that Zil V, = 1 almost surely and P(max;¢,<x V; < 1) > 0. It seems that the contraction
argument may even allow the distribution of V' to depend on the initial colour of the ball
in the urn. We leave these issues for future research.

3. Systems of limit equations

In this section we outline how systems of the form (2.5) are used subsequently. Based
on the order of means and variances, the B are normalized and recurrences for the
normalized random variables are considered. From this, with n — oo, we derive systems of
recursive distributional equations; see (3.2), (3.4) and (3.6). According to the general idea
of the contraction method, we then show first that these systems characterize distributions
(see Section 5), and second that the normalized random variables converge in distribution
towards these distributions (see Section 6). In the periodic case (c) we do not have
convergence, but the solution of system (3.6) allows us to describe the asymptotic periodic
behaviour.
Particularly crucial are the expansions of the means

ph =E[BW], j=1,..m,

which are intimately related to the spectral decomposition of the replacement matrix. We
only consider cases where these means grow linearly. Note, however, that even balanced
urns can have quite different growth orders. An example is the replacement matrix [‘3‘ ?] ;
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see Kotz, Mahmoud and Robert [24] for this example or Janson [17] for a comprehensive
account of urns with triangular replacement matrix.

Type (a). Assume that we have expansions of the form, as n — oo,
uLj] =cun+ djni + o(ni), j=1,...,m,

with a constant ¢, > 0 independent of j, with constants d; € R and an exponent 1/2 <
J. < 1. We call this scenario type (a). This suggests that the variances are of the order n**
and a proper scaling is

B — ]

0 ._
X ==

, nx=1, j=1,....m (3.1
Deriving from (2.5) a system of recurrences for the X! and letting formally n — oo (this is
done explicitly in the examples in Section 6), we obtain the system of fixed point equations

XUESTNTpix0O 4 pl =1, m, (32)

i=1 reJ;;

where the X[1") and the (Dy,...,Dx) are independent, X" are distributed as X, the
(Dy,...,Dk) is distributed as in Lemma 2.1 and the bU! are functions of (Dy,...,Dg).
It turns out that such a system subject to centred X! with finite second moments has
a unique solution on the level of distributions (Theorem 5.1). This identifies the weak
limits of the X!/, Examples are given in Sections 6.1 and 6.2. One can also obtain the
same system (3.2) with bU! = 0 for all j by only centering the B by c,n instead of the
exact mean. Then system (3.2) has to be solved subject to finite second moments and
appropriate means. Moreover, the system allows us to calculate higher-order moments of
the solution. From the second and third moments one can typically see that the solution
is not a vector of normal distributions.
Expansions of the form

U = cun + djn log* (n) + o(n* log (n),  j =1,....m,

with v > 1, also appear; see Janson [16] or the table on page 279 of Pouyanne [31] for
a classification. Such additional factors log’(n), slowly varying at infinity, give rise to
the same limit system (3.2) and hence do not affect the limit distributions. These cases
can be covered in a similar way to the examples in Section 6. We omit the details; see,
however, Hwang and Neininger [14] for the occurrence and analysis of similar slowly
varying factors.

Type (b). Assume that we have expansions of the form, as n — oo,

Hy]=cu”+0(ﬁ)’ j=1,...,m,

with a constant ¢, > 0 independent of j. We call this scenario type (b). This suggests that
the variances are of linear order and a proper scaling is

\/Var(B,E’])’

xW = n>1, j=1,....m (3.3)
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(or \/Var(B,Ei]) replaced by | /n). The corresponding system of fixed point equations in the
limit is

x4 > VD X0 =1, m, (3.4)

i=1 rEJ,’j

with conditions as in (3.2). Under appropriate assumptions on moments we find that the
only solution is for all X1 to be standard normally distributed (Theorem 5.2). This leads
to asymptotic normality of the X[, Examples are given in Sections 6.1 and 6.2. The case

Wl = e+ (). j=1o...m

leads to the same system of fixed point equations (3.4). However, here the variances are
typically of order nlog®(n) with a positive d.

Type (c). Assume that we have expansions of the form, as n — oo,
plh = cn+ R(cn*)n* +o(n*), j=1,...,m,

with a constant ¢, > 0 independent of j, 1/2 < A <1, constants x; € C and u € R\ {0}
(where i denotes the imaginary unit). We call this scenario type (c). This suggests oscillating
variances of order n**. The oscillatory behaviour of mean and variance typically cannot
be removed by proper scaling to obtain convergence towards a limit distribution. Using
the scaling

XU B,E’] —cun

n

) , nzl, j=1,....m (3.5)
it turns out that the oscillating behaviour of the XU/ can be captured by the system of
fixed point equations

m

XU LS S poxto) o, (3.6)

i=1 )‘EJ,'J'

with conditions as in (3.2) and o := A+ iu. Under appropriate moment assumptions
this has a unique solution within distributions on C (Theorem 5.3). An example of a
corresponding distributional approximation is given in Section 6.3.

As in type (a) we may have additional factors log'(n), i.e.,

pl! = cuh + ‘.R(ani“)n/1 log'(n) + o(n*log’(n)), j=1,...,m.

The comments for type (a) cases above apply here as well.

Note that the approach of embedding urn models into continuous-time multitype
branching processes (see [2, 16]) also leads to characterizations of the limit distributions
as in (3.2) and (3.6). However, the form of the fixed point equations is different; see the
system in equation (3.5) in Janson [16]. Properties of such fixed points have been studied
by Chauvin, Pouyanne and Sahnoun [10, 8, 7].
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4. Spaces of distributions and metrics

In this section we define Cartesian products of spaces of probability distributions and
metrics on these products. These metric spaces will be used below, first to characterize
limit distributions of urn models (Section 5) and then to prove convergence in distribution
of the scaled numbers of balls of a colour (Section 6).

Spaces. We let M® denote the space of all probability distributions on R with the Borel
o-field. Moreover, we consider the subspaces
MY = {L(X) GMR|E[|X|]<OOJ, s> 0,
M) = {L(X) e M{ |E[X] =p}, s>1LuceR,
MB(u,0?) = {L(X) € ME(n) | Var(X) = 02}, s=22,ueR,o>=0.

We need the d-fold Cartesian products, d € N, of these spaces denoted by
(ME) = MF x - x ME, (4.1)

and analogously (MZ(u))*¢ and (ME(u, 62))*¢.

We also need probability distributions on the complex plane C. We let M denote the
space of all probability distributions on C with the Borel o-field. Moreover, for y € C we
use the subspaces and product space

ME = {L(X)e MC|E[X|] <}, s>0,
M5 (y) = {L(X) € M§ | E[X] =7},
(MSE) = M5(y) x - x M5(p).

To cover the different behaviour of the urns, two types of metrics are constructed:
extensions of the Zolotarev metrics {; and the minimal L,-metric /, to the product spaces
defined above.

Zolotarev metric. The Zolotarev metric was introduced and studied in [39, 40]. The
contraction method based on the Zolotarev metric was systematically developed in [29]
and, for issues that go beyond what is needed in this paper, in [20] and [30]. We only
need the following properties. For distributions £(X), £(Y) € MR the Zolotarev distance
{5, s > 0, is defined by

GXLY) = GIL(X), L(Y)) = fS_él]Ig IELf(X) — f(Y)]l, (4.2)
where s=m+ o with 0 < a < 1, m € Ny, and

= {f € C"R,R) : [f™(x) = "™ ()] < |x = yI"}, (4.3)

the space of m-times continuously differentiable functions from R to R such that the mth
derivative is Holder-continuous of order o with Holder constant 1.

We have that {((X,Y) < oo if all moments of orders 1,...,m of X and Y are equal and
if the sth absolute moments of X and Y are finite. Slnce the cases 1 < s < 3 are used
later on, we have two basic cases. First, for 1 <s <2 we have {((X,Y) < oo for £(X),
L(Y) € ME(u) for any u € R. Second, for 2 < s <3 we have {(X,Y) <o for £(X),
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L(Y) € ME(u,a?) for any u € R and ¢ > 0. Moreover, the pairs (ME(n),{) for 1 <s <2
and (ME(u,?),{) for 2 < s < 3 are complete metric spaces; for completeness see [11,
Theorem 5.1].

Convergence in {; implies weak convergence on R. Furthermore, {; is (s, +)-ideal, i.e.,
we have

GX+Z,Y+Z)<LX,Y), {(eX,eY)=cG(X,Y) (4.4)
for all Z independent of (X, Y) and all ¢ > 0. Note that this implies that, for Xy,..., X,
independent and Yi,..., Y, independent such that the respective { distances are finite, we
have

Cs (Z Xi, Z Yi) < Z {(X5, Y3). (4.5)

On the product spaces (ME(u))* for 1 < s < 2 and (ME(y, 6))*? for 2 < 5 < 3, our first
main tool is

(O va), (s 1)) = 1rga<des(v],#])

where (v,...,va), (i1, - .., ta) € ME(u))*¢ and € (MEF(u, 0%))*¢ respectively. Note that (Y
is a complete metric on the respective product spaces and induces the product topology.

Minimal L,-metric /,. First, for probability metrics on the real line, the minimal L,-metric
/p, 1 < p < oo is defined by

£p(v,0) =inf{|V —W|,|L(V)=v,L(W) =g}, v,0€ M,
where
|V =W/, = E[lV — W)Y

is the usual L,-norm. The spaces (/\/lﬂf, /,) and (/\/l]}f(u) /p) for 1 < p < oo are complete
metric spaces: see [6]. The infimum in the definition of /, is a minimum. Random
variables V', W', with distributions v and g, respectively, such that 7,(v,¢0) = [|[V' — W’||,
are called optimal couplings. They exist for all v,9 € /\/lﬂf. We use the notation /,(X,Y) :=
Zp(L(X),L(Y)) for random variables X and Y. Subsequently the following inequality
between the /,- and {;-metrics is used:

LXLY) < (BIXEDY + EIY D)X, Y), 1<s<3, (4.6)

where for 1 < s < 2 we need £(X),L(Y) € M%(u) for some u € R, and for 2 < s < 3 we
need £(X),L(Y) € ME(u,c?) for some u € R and ¢ > 0 (see [11, Lemma 5.7]).
On the product space (M5(0))*, we define
I ((Vise s va)s (0155 04)) = max /3(vj,0)),

A

where (vi,...,va), (W1, a) € (M5(0))*Y. Note that (M5(0))*%,/Y) is a complete metric
space as well.
Second, on the complex plane the minimal L,-metric /), is defined similarly by

£p(v,0) =inf{|[V = W, | L(V) =v,L(W) =0}, v,0€ M),
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with the analogous definition of the L,-norm. The respective metric spaces are complete
as in the real case and optimal couplings exist as well. On the product space (M$(0))*¢
we use
(v, ... = (2(vj,0;
2((V1, avd)n (Ql: :Qd)) 112}2(11 2(Vj:Qj)a
where (vi,...,v4), (1, - -, 1a) € (MF(0))*4. Note that (MS(0))*¢,/¥) is a complete metric
space as well.

Preview of the use of spaces and metrics. The guidance as to which space and metric to
use in which asymptotic regime of Polya urns is as follows. We return to the three types
(a)—(c) of urns from the previous section.

(a) Urns that, after scaling, lead to convergence to a non-normal limit distribution.
Typically such a convergence holds almost surely, but we only discuss convergence in
distribution.

(b) Urns that, after scaling, lead to convergence to a normal limit. Such a convergence
typically does not hold almost surely, but at least in distribution.

(c) Urns that, even after a proper scaling, do not lead to convergence. Instead there is an
asymptotic oscillatory behaviour of the distributions. Such oscillatory behaviour can
even be captured almost surely; we discuss a (weak) description for distributions.

The cases of type (a) can be dealt with on the space (M5(u))*? with appropriate u € R
and d € N, where, by centering, one can always achieve the choice x = 0. One can use the
metrics (' or /3, which lead to similar results although based on different details in the
proofs. We will only present the use of {}/, since we can then easily extend the argument to
the type (b) cases by switching from {y to (7. This leads to a more concise presentation.
However, the /-metric appears to us to be equally convenient to apply in type (a) cases.

The cases of type (b) can be dealt with on the space (M= (u,a?))*¢ with 2 <s <3
and appropriate 4 € R, ¢ > 0 and d € N. By normalization, one can always achieve the
choices u = 0 and ¢ = 1. Since in the context of urns third absolute moments in type (b)
cases typically exist, one can use s =3 and the metric {y. We do not know how to use
the /;,/-metrics in type (b) cases.

The cases of type (c) can be dealt with on the space (M$(7))*¢ with appropriate y € R
and d € N. The metric used subsequently in type (c) cases is the complex version of /3.
In our example below we will, however, use MS(y1) x - -+ x MS(y4) with y1,...,74 € C in
order to be able to work with a more natural scaling of the random variables, the metric
still being /3. We think (5 can also be used in type (c) cases, but we have not checked
the details since the application of /3 is straightforward.

5. Associated fixed point equations

We fix d,d' € N, a d x d matrix (4;) of random variables and a vector (by,...,bys) of
random variables. Either all of these random variables are real or all of them are complex.
Furthermore, we are given a d x d’ matrix (n(i,r)) with all entries n(i,r) € {1,...,d}. First,
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we consider the case where all 4;. and all b; are real. We associate a map
T - (MR)Xd N (MR)Xd’
(15 pta) = (Toprs s fa)s - Ta(ps - -5 1a)), (5.1)

d/
Ti(ut, ..., 1q) == E(Z AiZis + bi>, (5.2)
r=1
with (4i,...,Aia, bi), Zi1, ..., Ziy independent and Z;, distributed as piy ., ¥ = 1,...,d and
for all components i = 1,...,d.
In the case where the A4; and b; are complex random variables, we define a map T’
similar to T':

T/ . (MC)Xd N (M(C)X‘l, (53)
(W15 pta) = (T{(p15 s a)s o5 T, s ha))s

with T/ (u1,. .., 1g) defined as for T; in (5.2).

For the three regimes discussed in the preview within Section 4 we use the following
three theorems (Theorem 5.1 for type (a), Theorem 5.2 for type (b), and Theorem 5.3 for
type (c)) on existence of fixed points of T and T'.

Theorem 5.1. Assume that in the definition of T in (5.1) an

d (5.2), the A; and b; are
square-integrable real random variables with E[b;] =0 for all 1 < i

<dand 1 <r <d, and
d/
max E[Alﬂ <1 (54)

1<i<d
r=1

Then the restriction of T to (M%(0))*¢ has a unique fixed point.

Theorem 5.2. Assume that in the definition of T in (5.1) and (5.2) for some ¢ > 0, the A;,
are Lo, -integrable real random variables and b; =0 for all 1 <i<d and 1 <r < d, that
almost surely

d

> Ap=1 foralli=1,....d, (5.5)
r=1
and
fé‘?éldp(fél%’b/ Ay | < 1) > 0. (5.6)

Then, for all 6> > 0, the restriction of T to (M%,,(0,62))*? has the unique fixed point

(N(0,62),...,N(0,6%)).

Theorem 5.3. Assume that in the definition of T' in (5.3), the A; and b; are square-
integrable complex random variables for all 1 <i<d and 1<r<d, and that for
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V1,---,74 € C we have

E[b] + Y yxnBlAi] =7 i=1,....d. (5.7)
If, moreover,
7
mas, S_EllAf] < (58)

then the restriction of T' to MS(y1) X -+ x MS(ya) has a unique fixed point.

Note that a special case of Theorem 5.1 was used in the proof of [16, Theorem 3.9(iii)]
with a proof technique similar to that in our proof of Theorem 5.3.
The rest of this section contains the proofs of Theorems 5.1-5.3.

Proof of Theorem 5.1.  First note that for (u,..., 1) € (M5(0))*, by independence in
definition (5.2) and E[b;] = 0, we have Ti(ui,...,us) € M5(0) for i =1,...,d. Hence, the
restriction of T to (M5(0))*¢ maps into (M5(0))*“.

Next, we show that the restriction of T to (MX(0))*¢ is a (strict) contraction with
respect to the metric {Y. For (i1, ..., fta), (V1. ..,va) € (M5(0))*? we first fix i € {1,...,d}.
Let Zj,...,Ziy and Zj,...,Z;, be real random variables such that Z; is distributed as
Un(iy) and Z]. is dlstrlbuted as Vg(ir). Moreover, assume that both families

{(Ai1,...,Aid/,bi), Zil,-u,Zid’} and {(An,...,Aidr,bi), i/l""’Zi/d’}

are independent. Then we have

&
Ti(,ub a,ud (ZAUZU +bl)a Ti(Vl,...,Vd) = ‘C(ZAirZi/r +b1> (59)
r=1

r=1

Conditioning on (4;1,..., A, b;) and denoting this vector’s distribution by Y, we obtain

O(Ti(pts - -5 pa), Tivis -, va))
= sup

p
el [l ) (S )
d
< / sup E{f(za,zi, +ﬁ> —f(Z oz, —i—ﬁ)”dY(al,...,adr,ﬁ)
fer -1
/zz (fo Zy+ B, Z(xr > dY (o, ... o0, B). (5.10)

Since {, is (2,+)-ideal, we obtain from (4.4) that

52 (Z OCrZir + ﬁa Z OCrZi/r + ﬁ) < Z ai%gZ(Zil"Zi/r)'
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Hence, we can further estimate

O(Ti(pas -5 pa), Ti(ve, -5 va)
P

S DI AT
r=1
= /Zd%Cz(un(i,r),Vn(i,r))dY(le,.~~,0<duﬂ)
r=1
.
< (ZE[A%])sz«m,...,ud),<v1,...,vd>). (5.11)
r=1

Now, taking the maximum over i yields

OAT (s s 1), T (Vi s v \<maXZE >c2 (U5 os ft2)s (V155 va)). (5.12)

1<i<d

Hence, condition (5.4) implies that the restriction of T to (M%Q(O))Xd is a contraction.
Since the metric {5 is complete, Banach’s fixed point theorem implies the assertion. [

Proof of Theorem 5.2. This proof is similar to the previous proof of Theorem 5.1. Let
&> 0 be as in Theorem 5.2 and let ¢ > 0 be arbitrary. First note that for

(1, ta) € (M54,(0,0%)*,
by independence in definition (5.2), condition (5.5), and b; = 0, we have
Ti(prs- -, ta) € M5,(0,6%) fori=1,...,d.

Hence, the restriction of T to (M5, ,(0,6%))*? maps into (M5, ,(0,5%))*“.
We set s := (2 +¢) A 3. For

(,uly cee 9”51): (Vly ceey Vd) € (M§+s(05 0-2))><d

we choose Zji,...,Ziy and Z};,...,Z;, as in the proof of Theorem 5.1, such that we have
(5.9). Note that with our choice of s we have

és(Ti(,uls ce nud)a Ti(vla cees vd)) < 0.

With an estimate analogous to (5.10)—(5.12), now using that {; is (s, +)-ideal, we obtain

J
é’;/(T(,Ltl, cee s,ud)’ T(Vlz cee svd)) < (lrnla<xd EUA”' ])Cs\/((ﬂl, .. nud)s (Vla- .. >Vd))'

Note that s > 2 and the conditions (5.5) and (5.6) imply that

D E[4pl]<1 foralli=1,....d.
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Hence, the restriction of T to (M§+E(0, ¢2))*? is a contraction and the completeness of {
implies the existence of a unique fixed point. With the convolution property

N(0,07) * N(0,63) = N (0,67 +a3) for a1,02 >0,

one can directly check that (V(0,02),...,N(0,0?)) is a fixed point of T in (M5, (0,02))*.
]

Proof of Theorem 5.3. Let yy,...,7,; be as in Theorem 5.3 and abbreviate
P = M5(1) X - X M5 (7).

First note that for (uy,...,us) € P, from independence in the definition of T/(ui,..., tq)
and the finite second moments of the 4; and b;, we obtain T;(uy,...,Uq) € MEC for all
i=1,...,d. For a random variable W with distribution T/(u,..., t4), we have

7
E[W] = Eldilyxir + Elb] =7
r=1
by condition (5.7). Hence, the restriction of T’ to P maps into P.

Next, we show that the restriction of T’ to P is a contraction with respect to the metric
/. For (ui,...,pa),(v1,...,vq) € P we first fix i € {1,...,d}. Let (Z;,Z]) be an optimal
coupling of pir(iy) and vy forr = 1,...,d" such that (Z;1, Z},),...,(Zig, Z{;), (Ait, . .., Aia, bi)
are independent. Then we have

& &
T (p1s-- - pta) = L <Z ApZiy + bi) . Tivi,...,va) =L <Z AiZi + bi)~ (5.13)
r=1 r=1

Letting 7 denote the complex conjugate of y € C, we obtain

(T (s 1a), TL (015, va))

d 2
< E|: ZAil'(Zir _ZI,I) :|
r=1

d!
=E [Z AP\ Zir — z;,.z} +E [Z Ai(Ziy — Z})Ai(Zi — Z})
r=1 r#t
d
=Y E[41 )3 (fn(iy Vair) (5.14)
r=1

d

< (BT (4G ah 1)
r=1

For equation (5.14), we first use that Z;, — Z; and Z; — Z/, are independent, centred
factors, so that the expectation of the sum over r # t is 0, and second that (Z;,Z/.) are
optimal couplings of (fx(is)> Va(is)) such that E[|Z; — Z!|2] = £53(Un(ir)» Va(ir))-
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Now, taking the maximum over i yields

/3(T (s 1), T' (V1,5 va))

& 1/2

2 v

< CE%X;EUAM ]) (s )y (V15 va))-
r—

Hence, condition (5.8) implies that the restriction of T’ to P is a contraction. Since the

metric /3 is complete, Banach’s fixed point theorem implies the assertion. U]

6. Convergence and examples

In this section a couple of concrete Polya urns are considered, and convergence of the
normalized numbers of balls of a colour is shown within the product metrics defined in
Section 4. The proofs are generic such that they can easily be transferred to other urns
of types (a)—(c) in Section 3. We always show limit laws for the initial compositions of
the urn with one ball of (arbitrary) colour. Limit laws for other initial compositions can
be obtained from these by appropriate convolution with coefficients which are powers of
components of an independent Dirichlet-distributed vector. We leave the details to the
reader.

6.1. 2 x 2 deterministic replacement urns

A discussion of urns with a general balanced 2 x 2 replacement matrix as in (2.1) is given
in Bagchi and Pal [3]. Subsequently, we assume the conditions in (2.1) and, as in [3],
that bc > 0. As shown in [3], asymptotic normal behaviour occurs for these urns when
a—c< (a+b)/2 (type (b) in Section 4), whereas a — ¢ > (a + b)/2 leads to limit laws
with non-normal limit distributions (type (a) in Section 4). In this section we show how to
derive these results by our contraction approach. With B? and BY as in the beginning of
Section 2, we denote expectations by uy(n) and py(n). These values can be derived exactly

(see [3]):

(n) = c(a+b) bI'(1/(a+b)) I(n+(1+a—c)/(a+Db)) c
o e " T ol (1ta—o/ath)  T(n+1/a+b) bt
6.1)
(n) = cat+b) c(1/(a+ b)) I(n+(1+a—c)/(a+b)) c
o e T b+ or((l+a—ofatb)  T(n+1/(a+b) b+ec
(6.2)

Non-normal limit case. We first discuss the non-normal case a — ¢ > (a + b)/2. Note that
with A :=(a—c¢)/(a+ b) and excluding the case bc =0, we have 1/2 <1< 1 and, as
n— oo,

uo(n) = con + dpn” + o(n’),  py(n) = cyn + dyn’ + o(n), (6.3)
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with
e = cla+b)
PTI T e
b bT'(1/(a+Db))
T b+l ((1+a—c)/(a+b)’ (6.4)
_ cI(1/(a+ b))
Yo b+l ((L+a—c)/(a+b))
We use the normalizations X := Yy := 0 and (see (3.1))
X, = w, Y, = Bw_ni)’“‘W(”) n> 1. (6.5)

Note that we do not have to identify the order of the variance in advance. It turns out
that it is sufficient to use the order of the error terms dyn* and dyn’ in the expansions
(6.3). From the system (2.2)—(2.3) we obtain for the scaled quantities X,,, Y, the following
system for n > 1:

p a+1 A 2
x4 () xS () v o (66)
r=1 ' r=a+2 '
¢ y! K A
d 1 . JiQ) .
v, L (’)Xm+§:(2 YO 4 by(n), (67)
r=1 r=c+1

with

bu(n) (1+§<m)> Z(Nﬁ (1), (68)

r=a+2
I(n) K I(n) A
bw(n)zde(’n ) +dW(—1+ Z(n) )-I—o(l), (6.9)
r=1 r=c+1

with conditions on independence between the X;r),Yj“) and I™ and identical distributions
of the X;-') and Yj(") analogous to (2.2) and (2.3). The o(1) terms in (6.8) and (6.9) are
deterministic functions of 1™, In view of Lemma 2.1 this suggests, for limits X and Y of
X, and Y, respectively,

a+1
x< ZDX + Z DY 4 by, (6.10)
r=a+2
y L ZD,’;X‘” + Z D/Y" 4+ by, (6.11)
r=1 r=c+1
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with

a+1 K
by =db<—1+ZDf) +dy Y D
r=1

r=a+2
¢ K
by =dy > _ D} +dy <—1 + Y D,%~>,
r=1 r=c+1

where (Dy,...,Dg), XU, ... XK vy Y& are independent, and the X are distrib-
uted as X, the Y are distributed as Y, and (Dy,...,Dk) is as in Lemma 2.1. Note that
the moments E[D/] and the form of dy, and dy, in (6.4) imply E[bp] = E[b,] = 0. From
2> 1/2and 3-8 D, =1 we obtain

K

> E[DY] <1.

r=1

Hence, Theorem 5.1 applies to the map associated to the system (6.10)—(6.11), and implies
that there exists a unique solution (£(Ap), £(Ay)) in the space M5(0) x M5(0) to (6.10)—
(6.11). The following convergence proof resembles ideas from Neininger and Riischendorf
[29].

Theorem 6.1. Consider the Polya urn with replacement matrix (2.1) witha —c¢ > (a+b)/2
and bc > 0, and the normalized numbers X, and Y, of black balls as in (6.5). Furthermore,
let (L(Ab), L(Ay)) denote the unique solution of (6.10)~(6.11) in M5(0) x MX(0). Then, as
n— o,

Cg/ ((Xn’ Yn)> (Ab,AW)) — 0.
In particular, as n — oo,

X, -5 Ay, Y, -5 Ay (6.12)

Proof. We first define, for n > 1, the accompanying sequences

b g (URN ) KL /1N
QP = ( r ) A+ <> AU+ by(n), (6.13)
n n
r=1 r=a+2
LAIMNA K 7pm\*
"= (n) A+ (n) AY) + by (n), (6.14)
r=1 r=c+1

with by(n) and by(n) as in (6.8) and the Ag), Ag) and 1™ being independent, where the
Ag) are distributed as Ay and the A(VC) are distributed as A, for the respective values of r.
Note that Q° and QY are centred with finite second moments since £(Ap), £(Ap) € ME(0).
Hence, {, distances between X,,, Y, QE, W Ap and A, are finite. To bound

n»>

A(n) = G((Xn, Ya)s (Ab, Aw)),
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we look at the distances
Ap(n) == (X, Ab),  Aw(n) == (o(Ya, Ay).
We start with the estimate

G X Ab) < L(X, Q0) 4+ (2(05, Ap). (6.15)

We first show for the second summand in the latter display that {,(Q2, Ap) — 0 as n — co.
With inequality (4.6), we have

008, Ab) < (108112 + 1A ]12)£2(Q0, Ap).

Moreover, || Ap||2 < oo since £(Ap) € MK, and, by definition of Q% and with [I{" /n| < 1, we
have that | QY] is uniformly bounded in n. Hence, it is sufficient to show /5(Q5, Ap) — 0.
Using the independence properties in (6.13) and (6.10), we have that

£2(Q0, Av)
I (n) B Di
n "1,

a+1
" 2
<S[()
(" /ny* =D} >0 asn— oo,

IAD 2 + [1by(r) — byl

HA(’ I+ Z

r=a+2

r=1

Lemma 2.1 implies that

which also implies || by(n) — by || — 0. Hence, we obtain

£>(00,Ap) > 0 and  ((Q2,Ap) — 0

Next, we bound the first summand {»(X,, @0) in (6.15). We condition on I”. Note that
conditionally on I we have that by(n) is deterministic, which, for integration, we denote
by B = B(I™). Denoting the distribution of I by Y, and i := (i,...,ix), this yields

CZ(XVH QB)

A 4 ﬁ) dY (i)

a+1 i 27 K ; 22
(X(%) wexragye 3 (%) amap v
r=1 r=a+2

a+1 N 24 K N 2%
- EK””) Abuﬁ"))] +3 E[(I()) Awaﬁ"))}
r=1 " r=a+2 n
K I(n) 2
gZEK;) A(I,W)], (6.16)
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where for (6.16) we use that {, is (2,+)-ideal, as well as (4.5). Altogether, the estimate
started in (6.15) yields

K I(n) 22
Ap(n) < ZEK p ) A(Ii”)] +o(1).
r=1

With the same argument we obtain the same upper bound for Ay(n). Thus, also using
that I\"”,...,1{" are identically distributed, we have

I(n) 2/
A(n) < K]EK;) A(I{”’)} + o(1). (6.17)

Now, a standard argument implies A(n) — 0, as follows. First, from (6.17) we obtain with
1" /n = Dy in Ly and, by 4 > 1/2, with § := KE[D?] < 1 that

I(n) 21
A(n)gKE[(1> } max A(k) 4+ o(1)

n 0<k<n—1

< (94 o(1)) max A(k)+o(1).

<kn—

Since 9 < 1, this implies that the sequence (A(n)),>o is bounded. We denote n :=
sup,>oA(n) and ¢ :=limsup,_,, A(n). For any ¢ >0 there exists an nyg > 0 such that

A(n) < & 4 ¢ for all n > ng. Hence, from (6.17) we obtain
in) 22 in)
A(n) < KE l:l{li”)<"0}(n) :|1’] + KE |:1{Ii”)>"0}<

n

)2? (€ +e) +o(l).
With n — oo this implies
¢ < HE o)
Since 3 < 1 and ¢ > 0 is arbitrary, this implies £ = 0. Hence, we have
(X, Ya) (Ab, Ayw)) > 0 as n — co.

Since convergence in {, implies weak convergence, this implies (6.12) too. U]

The normal limit case. Now we discuss the normal limit case a — ¢ < (a + b)/2, where
we first consider a — ¢ < (a + b)/2. (The remaining case a — ¢ = (a + b)/2 is similar with
more involved expansions for the first two moments.) The formulae (6.1), (6.2) now imply

(1) = eon + o().  pu(n) = cyn + ol ). (6.18)

with ¢, and ¢y as in (6.4). As usual in the use of the contraction method for proving
normal limit laws based on the metric {3, we also need an expansion of the variance. We
denote the variances of BY and B} by c(n) and 2 (n). As well as bc = 0, we exclude the
case a = c. (In this case there is a trivial non-random evolution of the urn.) From [3] we
have as n — oo:

oi(n) = fon+o(n),  o(n) = fun + ofn), (6.19)
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with

(a + b)bc(a —c)?
(a+b—2(a—c))(b+c)

We use the normalizations Xy := Yy := X; := Y7 := 0 and (see (3.3))

x, = Bz m) oy By )
ob(n) ow(n)
From the system (2.2)—(2.3) we obtain for the scaled quantities X, Y,, for n > 1, the

system

> 0.

n>2. (6.20)

a+1 K
d ab(I™) aw(I™) )
X, = — LX)+ LY+ ep(n), 6.21
p ; R ;z ool Vi + e (6.21)
c K
d ab(I(n)) (r) GW(IV!)) (r)
Yo=) ———X Y+ ew(n), 6.22
; O’W(n) Ir() + r:LZJrl O'W(n) 1'(_) + e (n) ( )

with conditions on independence and identical distributions analogous to (2.2) and (2.3)
(respectively (6.6) and (6.7)). We have |ley(n)]w, [[ew(n)]c — O since the leading linear
terms in the expansions (6.18) cancel out and the error terms o(\/ﬁ) are asymptotically
eliminated by the scaling of order 1/ \/ﬁ In view of Lemma 2.1, this suggests, for limits
X and Y of X, and Y, respectively,

a+1 K
XL3 DX+ N /Dy, (6.23)
r=1 r=a+?2

¢ K
Y £3° VD, X0+ N /D,y ", (6.24)
r=1 r=c+1

where (Dy,...,Dg), XV, ... XK yO Y& are independent, and the X are distrib-
uted as X and the Y are distributed as Y. We can apply Theorem 5.2 to the map
associated to the system (6.23)—(6.24). The conditions (5.5) and (5.6) are trivially satisfied.
Hence (NV(0,1),N(0,1)) is the unique fixed point of the associated map in the space
ME(0,1) x ME(0,1).

Theorem 6.2. Consider the Polya urn with replacement matrix (2.1) witha — ¢ < (a+ b)/2
and bc > 0 and the normalized numbers X, and Y, of black balls as in (6.20). Then, as
n — oo,

5 (X, Ya), (N(0,1),M(0, 1)) — 0.

In particular, as n — oo,

X, -5 NO, 1, Y, -5 A0, 1),

Proof. The proof of this theorem can be follow the approach of the proof of Theorem 6.1.
However, more care has to be taken in the definition of the quantities corresponding to
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0 and QY in (6.13) in order to ensure finiteness of the {3 distances. For n > 2, a possible
choice is

b abu ) W)
0, = E I e N + E ,1<n >3 :1) N, + ep(n), (6.25)
r=1 r=a+2
K
Z ab(I{") Z ow(I")
1;1n)>2 O’W( N +’ L+11I1 n)>21 O_W(n) N +ew(n) (626)

with ey(n) and ey(n) as in (6.21)-(6.22) and Ny,..., Ng, I, independent, where the N,
are standard normally distributed for r = 1,...,K. A comparison of the definition of
Q° and QY with the right-hand sides of (6. 21) and (6.22) and the scaling (6.20) yields
E[Q°] = E[Q ¥]1=0 and Var(Q by = Var(QW) =1 for all n > 2. Obviously, we also have

n

HQEH3, HQn |3 < oo. Hence, (3 dlstances between X, Y,, Q,,, ﬁ, and N(0, 1) are finite for
all n > 2. With

A(n) == (X, Ya), (N(0,1), N(0, 1)),
Ab(n) = 4,3(an-/\/(07 1)):
Aw(n) = ¢3(Yn:N(Os 1))7

we also start with
G(X N(0,1)) < G3(X,, OF) 4 G3(00, N (0, 1)).

Analogous to the proof of Theorem 6.1, we obtain {3(Q% N (0,1)) — 0 as n — oo.
The bound for {3(X,, 0 b) is also analogous to the proof of Theorem 6.1, where we use
that {3 is (3, +)-ideal mstead of (2,+)-ideal. This yields

a+1
: ) 0]+ 35 2%
Xm E < E - n) + n)
SO0 < [(G(n) r% ) da|.
Then we argue as in the previous proof to obtain, analogous to (6.17),

_ a+1 (n) 3~ K (n) 3~
o S22« 5] ]

r=1 r=a+2

From this estimate we can deduce A(n) — 0 as for A(n) in the proof of Theorem 6.1,
where we need to use the fact that from the expansions (6.19) and Lemma 2.1 we obtain,
as n — oo, that

Sl (S]] £ ()] - e

O
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Remarks. (1) Note that the proof of Theorem 6.2 is not suitable for the {y'-metric since
the term corresponding to (6.27) is then

a+1 2 K
abn(I") aw(I{)
Sel(am) |+ 2 el (o) | - e

r=1 r=a+2

where a limit < 1 is required to obtain A(n) — 0. This is why we use {y. It is possible to
use (Y for any 2 < s < 3 leading to the limit >-%  E[D3] < 1.

(2) The case a — ¢ = (a+ b)/2 differs in the error terms in (6.18), which then become
O(\/ﬁ). Since the variances in (6.19) get additional logarithmic factors, we still obtain the
system (6.23)—(6.24), and our proof technique can be applied as well.

(3) The condition bc > 0 cannot be dropped. In the case bc =0, the urn model is not
irreducible in the terminology of Janson [16] and is known to behave quite differently.
A comprehensive study of the case bc = 0 is given in Janson [17]; see also Janson [19].
In our approach bc = 0 would lead to degenerate systems of limit equations that do not
identify limit laws.

(4) The condition f; = f,, is necessary for our proof to work.

6.2. An urn with random replacements

As an example of random entries in the replacement matrix R, we consider a simple
model with two colours, black and white. In each step when a black ball is drawn, a
coin is independently tossed to decide whether the black ball is placed back together
with another black ball or together with another white ball. The probability of success (a
second black ball) is denoted by 0 < o < 1. Similarly, if a white ball is drawn, a coin with
probability 0 < f§ < 1 is tossed to decide whether a second white ball or a black ball is
placed back together with the white ball. We denote the replacement matrix by

[ F, 1-F,
R—L_Fﬁ 5 } (6.28)

where F, and Fy denote Bernoulli random variables being 1 with probabilities « and f
respectively, otherwise 0. This urn model was introduced in the context of clinical trials
and studied together with generalizations in [37, 38, 36, 35, 27, 4, 5, 16].

The row sums of R in (6.28) are both almost surely equal to one, hence the urn
is balanced. Again, the number of black balls after n draws starting with an initial
composition with one black ball is denoted by B, and if starting with a white ball by BY.
According to our approach in Section 2 we obtain the recursive equation

BY £ BM 4 F,BY? 4 (1 - F,)B}, n>1, (6.29)

where (BE’(I))Q<k<n, (Bk )0<k<n, (B} )ogk<n, F. and I, are independent, and Bb(1 and B}:’(z)
are distributed as B,E’ for k=0,...,n—1, and I, is uniformly distributed on {0,...,n —
1} while J, :==n—1—1,. (The uniform distribution of I, follows from the uniform
distribution of the number of balls in the [(1) ?]-P()lya urn.) Similarly, we obtain for B’
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that
BY £ BV + FyBY® + (1 —Fy)BY, n>1, (6.30)

with conditions on independence and identical distributions similar to (6.29). Together
with the initial value (B, BY) = (1,0), the system of equations (6.29)—(6.30) again defines
the sequence of pairs of distributions (£(BY), £(BY))u>o. As a special case of Lemma 2.1
we have

<I”, J") - (U,1-U), (n— ), (6.31)
n’n

almost surely where U is uniformly distributed on [0, 1]. Furthermore, we denote for n > 0
u(n) :=E[BY],  pw(n) :=E[B)]. (6.32)

These means have been studied before. We have the following exact formulae.

Lemma 6.3. For uy(n) and pw(n) as in (6.32) with 0 < o, f < 1, we have

Y l—a Tm+oatp) 1—p

to) = T Tt AT+ ) 2—a— (633)
_1-=p 1-p I'n+a+p) 1-p8

) = S T BT+ fTi+])  2—a—F (6:34)

Proof. The proof is based on matrix diagonalization and can easily be done along the
lines of the proof of Lemma 6.7 below. Ul

As in the example from Section 6.1, we have two different types of limit laws, with
normal limit for & + f < 3/2 and non-normal limit for oo + § > 3/2.

The non-normal limit case. We assume that A :=o+ f —1 > 1/2. From Lemma 6.3 we
obtain the asymptotic expressions, as n — oo,

Ho(n) = cn + din’ + o(n’),
tw(n) = cln + don* + o(n’),

with constants

./_.’_1_B ;o l—a ;r 1_ﬂ
“=w=7", Y=g rorn MTTaoaresn (6.35)
We use the normalizations Xy := Yy := 0 and (see (3.1))
b_ W
X, o= B0y BT ) (6.36)

As in the non-normal case of the example in Section 6.1, it is sufficient to use the order
of the error term of the mean for the scaling. From (6.29)—(6.30), we obtain for n > 1

x, L (1 ZX“) F (7 ZXQ) 1 Fy (2 lY b, 6.3

n=1 1, T I o 5, +(1=F,) o) + by (n), (6.37)
/ I A 7 A J A

Y, = (n) Yz‘,,“+Fﬁ(n") Y},?)+<1—Fﬂ)<;) X5, +bym,  (638)
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2 A 2

by (n) = db(<ln> +F<{1> _ 1) +d1 _F)(‘D +o(l),
A A A

b/w(n) = d;,((i:) + Fp (i;) — 1) -I-di)(l — Fﬁ)({:) +o(1),

with conditions on independence and identical distributions analogously to (6.29)—(6.30).
In view of (6.31), this suggests, for limits X and Y of X, and Y,, that

with

LUxW 4 Fy(1 — UY'X@ + (1= F)(1 — UYW + b, (6.39)

N

[

Y SUYD + Fy(1—UY' Y@ + (1= Fp)(1 — U)X + b, (6.40)
with
by = dy (U* + F,(1 = U)* — 1) + d(1 — F,)(1 — U)%,
b, = d, (U + Fp(1 — U)* — 1) + d,(1 — Fg)(1 — U)",
where X, X® Y y® and U are independent and XV, X are distributed as X and
YD, Y@ are distributed as Y.
To check that Theorem 5.1 can be applied to the map associated to the system (6.39)—

(6.40), first note that the form of di and d, in (6.35) implies E[b}] = E[b;,] = 0. To check
condition (5.4), note that we have

C22+1 7

since A > 1/2. Analogously, we have E[U*] +E[Fs(1 — U)*] +E[(1 — Fp)(1 — U)*] =
2/(2A 4+ 1) < 1. Together, this verifies condition (5.4). Hence Theorem 5.1 can be applied,
and yields a unique fixed point (L£(A}), £(A})) in M (0) x ME(0) to (6.39)(6.40).

E[U¥] + E[F(1 - UP] +E[(1 - F,)(1 - U]

Theorem 6.4. Consider the Polya urn with random replacement matrix (6.28) with o, €
(0,1) and o+ p > 3/2 and the normalized numbers X, and Y, of black balls as in (6.36).
Furthermore, let (L(A}), L(A})) denote the unique solution of (6.39)~(6.40) in MX(0) x
ME(0). Then, as n — oo,

d , d f
X, — Ay, Y, — A

Proof. The proof is analogous to that of Theorem 6.1. L]

The normal limit case. Now we discuss the normal limit case 2 :==a+ f—1< 1/2. We
first assume A := a4+ f — 1 < 1/2. The expansions from Lemma 6.3 now imply, as n — oo,

(1) = eon + o(Ji).  pu(n) = cyn+ of /), (641)

with ¢, and ¢y given in (6.35). As in the normal limit cases in the examples in Section 6.1,
we first need asymptotic expressions for the variances. We denote the variances of B? and
BY by 62(n) and 62(n). These can be obtained from a result of Matthews and Rosenberger
[27] for the number of draws of each colour, as follows.
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Lemma 6.5. We have, as n — o0,

62(n) = fyn+o(n), &5(n) = fon+ o(n), (6.42)
with

s ?1061(11);[))) (1 —121 —241 +i)> =0

fo=1v=

Proof. Matthews and Rosenberger [27], for the present urn model, study the number N,
of draws within the first n draws in which a black ball is drawn. Starting with one black
ball, they establish, as n — oo, that

E[N,] = i:ﬁ n+ o(n),

(1—a)(1=p)3+24)
(1 =221 =22
As each black ball in the urn is either the first ball or has been added after drawing a
black ball and having success in tossing the corresponding coin, or after drawing a white
ball and having no success in tossing the coin, we can directly link N, to BP. Letting
(Fjb)lgjgj\]n denote the coin flips after drawing black balls and (F}')1<j<@x-n,) denote the

coin flips after drawing white balls, we have

Var(N,), = n+ o(n).

n—N,

—1+ZFb+ Z(I—FW
Using that all coin flips are 1ndependent, we obtain from the law of total variance by
conditioning on N,, that

63(n) = E[Var(By | N,)| + Var(E[BY | N,])

I —a)1—
_( (1“1(1)2 h) (1 _121 — 21 +/1)>n+0(n).

When starting with one white ball, a similar argument gives the corresponding result. []

We use the normalizations X := Yy := 0 and (see (3.3))

Bb _ BY — w
X, = B gl oy B ) (6.43)
op(n) ow(n)
From the system (6.29)—(6.30) we obtain for the scaled quantities X,,, Y,, for n > 1, the

system

d 6'b(In) (1) g (J) o 6'W(Jn) /
X, = 5o (1) X +Fy Fo(n) +(1 E,) Zo (1) Y, + ep(n),
Y, 4 ‘;“VVV((I:)) v ((n)) Y2+ (- F,;)(;‘;((J;))XJH + ey (n),

with conditions on independence and identical distributions analogous to (6.29)—(6.30).
We have | e} (n)| ., [€y(n)]c — O, since the leading linear terms in the expansions (6.41)
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cancel out and the error terms o(\/ﬁ) are asymptotically eliminated by the scaling of order
1/ \/ﬁ In view of (6.31) this suggests, for limits X and Y of X, and Y, respectively,

XL x4+ F,J1—UX? +(1—F)JT—UYW, (6.44)
YL JUYD 4+ FpJT—UY® 4+ (1 —Fp) 1= UXxD, (6.45)

where X, X@ vy Yy and U are independent and XV, X® are distributed as X
and Y, Y@ are distributed as Y. We can apply Theorem 5.2 to the map associated
to the system (6.44)—(6.45). The conditions (5.5) and (5.6) are trivially satisfied. Hence
(N(0,1), N(0,1)) is the unique fixed point of the associated map in the space M5(0, 1) x
ME(0,1).

Theorem 6.6. Consider the Polya urn with random replacement matrix (6.28) with o, f €
(0,1) and o+ p < 3/2 and the normalized numbers X, and Y, of black balls as in (6.43).
Then, as n — oo,

X, -5 N©,1), Y, -5 N(O,1).

Proof. The proof is analogous to that of Theorem 6.2. ]

Remark. The case o+ f = 3/2 differs in the error terms in (6.41) which then become
O(,/n). Since the variances in (6.42) get additional logarithmic factors we still obtain the
system (6.44)—(6.45) and our proof technique still applies.

6.3. Cyclic urns

We fix an integer m > 2 and consider an urn with balls of types 1,...,m. After a ball
of type j is drawn, it is placed back into the urn together with a ball of type j+ 1 if
1 <j<m—1 and together with a ball of type 1 if j = m. These urn models are called
cyclic urns. Thus, the replacement matrix of a cyclic urn has the form

01 0
01
R = 0 . (6.46)
-
1 0

We let R denote the number of type 1 balls after n draws when initially one ball of
type j is contained in the urn. Our recursive approach described above yields the system
of recursive distributional equations

R <L RM 4 R, (6.47)
R L R + R,

R 4 RI[M] + R

n
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where, on the right-hand sides, I, and R for j = 1,...,m,k = 0,...,n — 1 are independent,
I, uniformly distributed on {0,...,n—1} and J, =n—1—1,.
We denote the imaginary unit by i and use the primitive roots of unity

2mi .
W=y = exp(;l) =:A41iu (6.48)

with 4, u € R. Note that for 2 < m < 6 we have A < 1/2, while for m > 7 we have 1 > 1/2.
Asymptotic expressions for the mean of the RU! can be found (together with further
analysis) in [15, 16, 31]. To keep this section self-contained we give an exact formula for
later use.

Lemma 6.7. Let RU be the number of balls of colour 1 after n draws in a cyclic urn with
m = 2 colours, starting with one ball of colour j. Then, with @ = wy, as in (6.48) we have

; n+1 1 C(n+ 1+ o) i
E[RV)] = + = > U, (6.49)
n n ke{l,...m—1}\{m/2} F(n + 1) F(w + 1)
In particular, we have E[RV'] = %n + O(1) for m = 2,3,4 and, for m > 4, as n — o0,
, 1 A 207!
EIRU = — RTINS 7 — ) ]
[R/'] mn+‘R(an n* + o(n*), K oD (6.50)

Proof. Using the system (6.47), we obtain by conditioning on [, for any 1 < j < m,

) 1 n—1 ‘ 1 n—1 )
B[R] =~ > E[RP] + - E[RV]
i= i=0

P ‘ n—1_
~ (R 1 B[R + " L[k
. 1 ,
_[RY,] + el
where we set R .= R for any 1 <i < n. With column vector R, := (RIY, ..., RI™),

the replacement matrix R in (6.46) and the identity matrix Id,,, this is rewritten as
1 . 1
E(R,| = (Id,+ -R |E|R,_{| = I1d,+ -R | E )
R = (1004 ;R el ] =TT (100 + R ) ElRs

The eigenvalues of the replacement matrix are all mth roots of unity o*, k=1,...,m,
and a possible eigenbasis is v = L (w’ wk,..., 0™ D)k =1,...,m. Decomposing the
mapping induced by R into the projections m, onto the respective eigenspaces, we obtain

ﬁ(ldm + ;R> = ZH<1 + ;&)M

/=1 k=1 /=1

I(n+ 1+ k)
>

= 1 -
n+1)m,, + T + DT+ 1) Ty

ke{l,...m—1}\{m/2}
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Moreover, m, (E[Ro]) = vx and v, = %(l,..., 1), hence the jth component of the latter
display implies (6.49). The asymptotic expansion in (6.50) is now directly read off: note
that the roots of unity come in conjugate pairs w”* = @*. If m is even, 0"/?> = @"/? = —1,
otherwise only ™ =1 is real. Combining pairs of summands for such conjugate pairs
and using I'(z) = I'(z), we obtain the terms

Fn+1+0)oV%  Th+1+a" el <w<f—1>’< T(n+1+ wk)>
T+ HT(wk+1)  Tm+HT@ +1) D(wk+1)T(n+1) )

By Stirling approximation the asymptotic growth order of the latter term is ‘.R(n‘“k), hence
the dominant asymptotic term is for the conjugate pair with largest real part, » and o™ !
This implies (6.50) for m > 4. For m = 3,4 the periodic term is o(1), respectively O(1); for
m = 2 there is no periodic fluctuation. ]

We do not discuss limit laws for the cases 2 < m < 6 in detail. They lead to asymptotic
normality, as has been shown with different proofs by Janson [15] and [16, Example 7.9].
These cases can be covered by our approach similarly to the normal cases in Sections 6.1
and 6.2. For 2 < m < 6, the system of limit equations is

xWL JuxW 4 JT—Ux?,
X0 L Jux? 4 JT—Ux?,

xm L uxm 4 1—uxW,

and Theorem 5.2 applies.
We now assume m > 7. In particular, we have the asymptotic expansion (6.50) of the
mean of the RY with 7 > 1/2. We define the normalizations

i 1
R,E]] — ;n

- (6.51)
n

X,Ei] =
Hence, we obtain for the X[/ the system
i i
md (I g (o) o 1
= () R () X0
X

J A
I, [2] Ju [3] 1
= — X — X _7’
n (n> I, + n Jn mn)“
xim 4 (In )VX[m]_,_ In ;”Xm_ 1
" n In n T mnt’

where, on the right-hand sides, I,, and X,E” forj=1,...,mk=0,...,n— 1 are independent.
To describe the asymptotic periodic behaviour of the distributions of the X1, we use the

S

U
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following related system of limit equations:

x(1 4 ye x +(1— U)“’X[Z],

II=~

X[Z] Uu)X[2] + (1 _ U)(UX[S],

X[m] UwX[m] + (1 _ U)U)X[l]'

Since w is complex non-real, this now has to be considered as a system to solve for
distributions £(X™),..., £(X™) on the complex plane C. The corresponding map T is a
special case of T’ in (5.3):

T :M(C,Xm _)M(C,Xm’

(oo ttm) = (Ti (s tim)s oo T, - i),
Ti(p1,- ..o ptm) = LUV 4 (1 — U)oy Ut) (6.52)
for j=1,...,m, where U, VI . V"1 are independent, U is uniformly distributed on

[0,1] and L(VU!) = p; for j=1,...,m and LV 1) = p;.

Lemma 6.8. Let m > 7. The restriction of T to MS(i1) x - -+ x MS(x,,) has a unique
fixed point.

Proof. We verify the conditions of Theorem 5.3. First note that condition (5.7) for our
T in (6.52) is

E[U°]k; +E[(1 = U)"]kjs1 =K, j=1,....m, (6.53)
with 41 = K. Since

E[U°]=E[1-U)"l=(1+w)"
and ;41 = wk;, we find that (6.53) is satisfied. Condition (5.8) for our T is
E[|U*|] + E[I(1 - U)*|] < 1.
Since m > 7, we have 4 > 1/2, and thus
E[U* ] +E[(1-U)*=2/14+21) < 1.

Hence Theorem 5.3 applies, and implies the assertion. U]

The fixed point in Lemma 6.8 has a particularly simple structure, as follows. Note that
a description related to (6.54) was given in Remark 2.3 in Janson [18].

Lemma 6.9. Let m > 7 and (L(AM),..., L(A")) be the unique fixed point in Lemma 6.8.
Furthermore, let L(A) be the (unique) fixed point of

i [0 _ [0} 4 3 C 2
XL UX +o(1—-U)"X  in MS <mF(w+1)>’ (6.54)
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where X, X' and U are independent, U is uniformly distributed on [0,1], and X and X' have
identical distributions. Then we have

AU L GiTIA, j=1,...,m.

Proof. We abbreviate y := 2/(mI'(w + 1)). For X, X’ and U independent, U uniformly
distributed on [0, 1], and X and X' identically distributed with EX =y, we have

1
E[U°X +o(1 —U)"X'] = = w(«/ +wy) =7,

hence the map of probability measures on C associated to (6.54) maps MS(y) into itself.
The argument of the proof of Theorem 5.3 implies that this map is a contraction on
(M5 (y),42). Hence it has a unique fixed point £(A). We have

(L(A), L(oA), ..., L(@"TA)) € M5 (k1) X -+ x M5 (k)

and, by plugging into (6.52), we find that this vector is a fixed point of T. Since, by
Lemma 6.8, there is only one fixed point of T in Mg(xl) PEERI ./\/lg(rcm), the assertion
follows. ]

The asymptotic periodic behaviour in the following theorem has already been shown
almost surely by martingale methods in [31, Section 4.2]; see also [16, Theorem 3.24]. Our
contraction approach adds the characterization of £(A) as the fixed point in (6.54). The
proof is based on the complex version of the /;-metric and resembles ideas from Fill and
Kapur [12]; see also [21, Theorem 5.3].

Theorem 6.10. Let m > 7 and XU be as in (6.51) and let L(A) be the unique fixed point

in Lemma 6.9. Then, for all j =1,...,m, we have

(XL R EDA)) S0 (n — o0). (6.55)

Proof. Let Al'l... A" be independent random variables such that (£(AU), ..., L(A))
is the unique fixed point as in Lemma 6.8. Set A"+1I := Al Note that for the random
variable within the real part in (6.55) with Lemma 6.9, we have

llIn(m+2n 0 A pip =1 A L i A L]
The fixed point property of the AUl implies
R(n"AD) £ R(n U2 AV + R (n(1 — U)° AU
forall j=1,...,m and n > 0. We denote
Aj(n) = £>(XP, Rt ALY))

and set A,y1(n) :=Ai(n). Now, we assume that the XU, AU n>1, 1 <j<m, I,
U appearing in (6.51) and (6.52) are defined on one probability space such that
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(X U1 R(n“AUl)) are optimal />-couplings for all n >0 and all 1 < j < m and such that
= |nU]. Then we have
Aj(n)

I, 1 . . . .
:/2(( ) XU + ({1) XJ[»];H W,EROIWUUJAU]) —}—ER(HW(] _U)wA[/-H]))

G o)} { ) - n (o)

+ “m(};/\[fl> — R U AL

2

+ Hm(‘lr{lf)[\[i+l]> _ m(ni,uUmA[iJrl]) +
2 n*

A
2 mn

(6.56)

First note that the summands S, and S; tend to zero. We have (I,,/n)® — U® almost
surely by I, = |nU]. Since A/l and AU+! have finite second moments, we can apply
dominated convergence to obtain S;,S3 — 0 as n — co.

For the estimate of the first summand S;, we abbreviate

] In A i 1o . " J G+1] Jo "
wll = () X; —m(*;Am), wlt = ( ) X; fﬁ('gAW 1).
n " n n " n-

Then we have
St =E[(WI)] + E[(WFH?] + 2B [wilw i+, (6.57)

Conditioning on I, and using that (X, R(k"*AU!)) are optimal />-couplings, we obtain

s =S (2) w50

£ Elxp - any

Analogously, we have

22
BV R = | () a3,

To bound the mixed term in (6.57), note that by the expansion (6.50) and the normalization
(6.51) we have E[X}'] = R(x;n'") + r;j(n) with rj(n) > 0 as n — co for all j=1,...,m. In
particular, we have [r; . < oo. Together with E[AV]] = k;, this implies

E[W] = E[(L/n)'r/(1,)]
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and

A
E[WU Wi+ — E[Ci) rj(zn)er(Jn)]. (6.58)

To show that the latter term tends to zero, let ¢ > 0. Then there exists ko € N such that
ri(k) <e, rjt1(k) < e for all k > ko. For all n > 2k we obtain, by considering the event

{koglngn_l_kO}

and its complement,

. . 2k
E[wH w1 < Jur,nwur,ﬂuﬁs

Hence, we obtain that the mixed term (6.58) tends to zero.
Altogether, we obtain from (6.56) as n — oo that

I 2 J 2). 1/2
s < {e|(2) &a] +E[ (%) aw] +on} +om
22 1/2
{21@{(”) AZ(In)]+o(1)} +o(1),

for all j=1,...,m, where

A(n) = 121];1<xm Aj(n).

Hence, we have

I 2) 1/2
A(n) < {21@{( > AZ(I,,)}—i-o(l)} + o(1). (6.59)

Now, we obtain A(n) — 0 as in the proof of Theorem 6.1. First from (6.59) we obtain
with I,,/n — U almost surely that

I\ 1/2
An) < {2E{< ) } max A(k)-l—o(l)} +o(1)

n 0<kn—1

) ) 12
< {(1 gy —l—o(l)) max A“(k) +o(1)} +o(1).

0<k<n—1

Since 4 > 1/2 this implies that the sequence (A(n)),>0 is bounded. We set 7 := sup,,~, A(n)
and ¢ := limsup,_,., A(n). For any ¢ > 0 there exists an ny > 0 such that A(n) < & + ¢ for
all n > ny. Hence, from (6.59) we obtain

1\ 2 1\ 2 1/2
A(I’l) < {2E |:1{]n<n0}(’:) :| + 2E |:1{In>”01 (I’I;) :|(§ —}—g)z —{—0(1)} +0(1)
With n — oo this implies
2
<
&<y gt

Since 1/2/(1 +24) < 1 and ¢ > 0 is arbitrary, this implies & = 0. ]
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7. Remarks on the use of the contraction method

A novel technical aspect of this paper is that we extend the use of the contraction method
to systems of recursive distributional equations. Alternatively, one may be tempted to
couple the random variables B? and BY in (2.2) and (2.3) on one probability space, set
up a recurrence for their vector (B?, BY) and try to apply general transfer theorems from
the contraction method for multivariate recurrences, such as Theorem 4.1 in Neininger
[28] or Theorem 4.1 in Neininger and Riischendorf [29]. For some particular instances
(replacement schemes) of the Polya urn this is in fact possible. However, when attempting
to come up with a limit theory of the generality of the present paper, such a multivariate
approach hits two snags that seem difficult to overcome. In this section we highlight these
problems using one of the examples discussed above, and explain why we consider such
a multivariate approach disadvantageous in the context of Polya urns.

We consider the example from Section 6.2 with the random replacement matrix in (6.28)
and denote the bivariate random variable by B, := (B>, BY) with B? and B\ as in (6.29)
and (6.30) respectively. Note that in the discussion of Section 6.2 the random variables
BP and BY did not need to be defined on a common probability space. Hence, first of
all, only the marginals of B, are determined by the urn process, and we have the choice
of a joint distribution for B, respecting these marginals. We could keep the components
independent or choose appropriate couplings. We choose a form that implies a recurrence
of the form typically considered in general limit theorems from the contraction method.
The coupling is defined recursively by By = (1,0) and, for n > 1,

Bn :i BI,, + |: Fx 1 N Fx:| !

B 1
I—F[; Fpg Iw (7.

where (By)ogk<n> (B)ok<n, (Fy, Fp), and I, are independent and By and B, identically
distributed for all 0 < k < n. As in Section 6.2, I,, is uniformly distributed on {0,...,n — 1}
and J, :==n—1—1,, while F, and Fz are Bernoulli random variables, being 1 with
probabilities o and f respectively, and otherwise 0. Note that for any joint distribution of
(F,, Fg), definition (7.1) leads to a sequence (B,),>1 with correct marginals of B® and BY.
A beneficial joint distribution of (F,, Fg) will be chosen below.

We consider the cases where oo+ ff —1 < 1/2. Since these lead to normal limits, one
may try to apply Theorem 4.1 in [29], where 2 < s < 3 is the index of the Zolotarev
metric {; on which that theorem is based. The best possible contraction condition (see [29,
equation (25)]) is obtained with s = 3, which we fix subsequently. Now, for the application
of Theorem 4.1 in [29] we need an asymptotic expansion of the covariance matrix of B,,.
In view of Lemma 6.5, we assume that for all i, j = 1,2 we have

(Cov(By))ij = fijn +o(n), (n— o0) (7.2)

such that (fi;);; is a symmetric, positive definite 2 X 2 matrix. Hence there exists an n; > 1
such that Cov(B,,) is positive definite for all n > n;. For the normalized random sequence

X, = (COV(Bn))il/z(Bn - E[Bn])a nzny,
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we obtain the limit equation

X‘:l\/UX—i-\/I—ULf“ I_F“}X’,

F/; F/;

where X, X’,U,(F,, Fg) are independent, X and X' are identically distributed and U is
uniformly distributed on [0,1]. Now the application of Theorem 4.1 in [29] requires
condition (25) there to be satisfied, which in our example is written as

3

F, 1-—F
E[U3?] +E[(1 — U)*? ]EHH * } } <1, (7.3)
v e - v || B R
where || - |lop denotes the operator norm of the matrix. Here, the joint distribution of

(Fy, Fp) can be chosen to minimize the left-hand side of the latter inequality as follows.
For V uniformly distributed and independent of U, we set F, = 1;y<,) and Fg = 1y<p).
With this choice of the joint distribution of (F,, Fg), condition (7.3) turns into

%(2+ = BI2* = 1) < L.

We see that this condition is not satisfied in the whole range « + f — 1 < 1/2. Hence, in
the best possible setup that we could find, Theorem 4.1 in [29] does not yield results of
the strength of Theorem 6.6.

A second drawback of the use of multivariate recurrences is that we needed the
assumption of the expansion (7.2), which is technically required in order to verify condition
(24) in [29]. Hence, after coupling B? and BY on one probability space such that we may
satisfy (7.3), we have to derive asymptotic expressions for the covariance Cov(BP, BY)
and to identify the leading constant in these asymptotics. Note that this covariance is
meaningless for the Polya urn and only emerges by artificially coupling B? and B)Y. This
covariance does not appear in the approach we propose in Section 6, which makes its
application much simpler compared to a multivariate formulation.

A reason why our approach of analysing systems of recurrences is more powerful than
the use of multivariate recurrences is found when comparing the spaces of probability
measures with the aim of applying contraction arguments to them. In Section 4 we
introduce the space (M®)*? in (4.1) and work on subspaces where first, or first and
second, moments of the probability measures are fixed. The corresponding space in a
multivariate formulation and in Theorem 4.1 in [29] is the space M (R?) of all probability
measures on R? with finite absolute sth moment. Clearly (M¥)*¢ is much smaller than
M(R?), e.g., the first space can be embedded into the second by forming product measures.
This makes it plausible that it is much easier to find contracting maps as developed in
Section 5 on (M%) than on M (R?), and we feel that this causes the problems mentioned
above with a multivariate formulation.

In the dissertation by Knape [23, Chapter 5], more details of our use of the contraction
method and an alternative multivariate formulation are given. There, too, improved
versions of Theorem 4.1 in [29] are derived by a change of the underlying probability
metric, which lead to better conditions compared to (7.3). However, the need to derive
artificial covariances in a multivariate approach, as discussed above, could not be
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surmounted in [23]. Similar advantages of the use of systems of recurrences over mul-
tivariate formulations were noted in Leckey, Neininger and Szpankowski [25, Section 7].
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