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Abstract

The contraction method for recursive algorithms is extended to the multivariate analysis of
vectors of parameters of recursive structures and algorithms. We prove a general multivariate limit
law which also leads to an approach to asymptotic covariances and correlations of the parameters.
As an application the asymptotic correlations and a bivariate limit law for the number of key
comparisons and exchanges of median-of-(2¢ + 1) Quicksort is given. Moreover, for the Quicksort
programs analyzed by Sedgewick the exact order of the standard deviation and a limit law follow,
considering all the parameters counted by Sedgewick.
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1 Introduction

Over the last ten years limit laws for some parameters of random recursive structures and algorithms,
which seemed to resist classical probabilistic techniques, could be derived by the contraction method.
This method was introduced by Résler [43] for the derivation of the limit law of the number of key
comparisons needed by Hoare’s Quicksort algorithm to sort a list of randomly permuted items.
The contraction method was further developed in Rosler [44] and independently in Rachev and
Riischendorf [40]. A guide for the use of this technique and an overview over the applications up to
1998 is given in the survey article of Rosler and Riischendorf [46].

In general, the distribution of a parameter of a recursive structure or algorithm satisfies some
recurrence equation on the level of distributions caused by the recursive nature of the structure. In
order to derive a limit law for the parameter by the contraction method one proceeds in several steps:
First, the right normalization of the parameter has to be found. This is usually done by studying its
mean and variance. The original recurrence equation of the parameter induces a modified recursive
equation for the normalized quantities, again on the level of distributions. From this a limiting form



has to be determined which gives rise to a transformation on the set of all probability distributions
on the real line. Then one chooses a probability metric such that the transformation has contraction
properties in this metric. The metric has to be complete on a subspace where the limit distribution
is sought. Then Banach’s fixed-point theorem yields a unique fixed-point which is the candidate for
the limiting distribution. The last step of the method is to establish weak convergence of the scaled
parameter to this fixed-point.

In this work we extend this method to the multivariate analysis of vectors of parameters of
recursive structures and algorithms and formulate a general theorem in a form to be easily applied.
For algorithms usually time and space requirements are of interest, where both quantities may result
form various parameters of the algorithm. An accurate asymptotic stochastic description would be a
multivariate limit law jointly for all these quantities. For random search trees many parameters such
as the depth of insertion of a node, the height, and the internal path length were investigated for its
own. It is natural to study these quantities jointly to gain information on the dependence structure
beyond the pure marginal distributions of the parameters. For examples of multivariate limit laws
in the field of combinatorial structures using various approaches see [1, 29, 18, 30, 31, 26].

This paper is organized as follows: In section two we outline the type of divide-and-conquer
structures for which the contraction method is extended to multivariate asymptotic analysis. In the
third section contraction properties of transformations from the space of probability distributions to
itself are investigated which appear as the limiting operators of the recurrences under consideration.
In the fourth section we derive multivariate limit laws for a general recurrence extending a general
limit law for one-dimensional stochastic divide-and-conquer algorithms due to Rosler [45]. In contrast
to the one-dimensional case it is not clear if the contraction condition for the limiting operator is
also sufficient to imply weak convergence of the scaled parameters. Therefore, we have to strengthen
the contraction condition in order to get a limit law. This is done in different ways and each of our
conditions is tested in the applications. It remains open whether the contraction condition for the
ideal limiting operator is in general sufficient to imply a limit law or not. This is briefly summarized
in section 7.

Section 5 gives the main applications to the analysis of median-of-(2¢+ 1) Quicksort. We consider
the vector of the number of key comparisons and key exchanges made by the algorithm. These are
the most important parameters of Quicksort since they are of larger order of magnitude than other
parameters. The multivariate contraction approach can be applied and results in a bivariate limit
law for the joint distribution of these parameters. This leads also to the asymptotic correlation
and a first order asymptotic of the covariance of these parameters. As corollaries limit laws and
variances of linear combinations of these parameters are obtained. This would also be in the range
of a univariate approach but results here without any work. The analysis covers as well the more
complex situation of Sedgewick’s [50] cost measure for concrete Quicksort implementations. Here
the cost of the algorithm is measured as a linear combination of several parameters of the algorithm.
Asymptotically only the number of key comparisons and exchanges matter. Therefore we obtain the
exact order of the standard deviation of these Quicksort programs as well as a limit law.

In section 6 a family of recurrences is considered in order to test the applicability of the general
method and to provide an example, where improvements of the strengthened contraction condition
may easily be tested.

The rest of this section is devoted to technical and notational preliminaries. For a random variable
X and a probability distribution u we write X ~ p if the law £(X) of X is p, similarly X ~ Y for
random variables with £(X) = £(Y). The law of X is also denoted by PX. We will use three different
norms. For a vector z € R? by ||z|| the Euclidean norm of z is denoted, || X |2 := (E || X]|?)/? denotes



the Lo-norm of a random vector X, and |[Allop := supj;—1 [|Az|| denotes the spectral radius of a
square matrix A. By A’ the transposed of A is denoted. The Wasserstein-metric /5 is defined on the
space of d-dimensional probability distributions with existing second moments by

lo(p,v) :=inf{[|X = Y2 : X ~pu,Y ~v}.

By M&Q the space of the centered probability measures on R? with finite second moment is denoted.
The metric space (./\/182,62) is complete and convergence in fo is equivalent to weak convergence
plus convergence of the second moments. Random vectors with X ~ u, Y ~ v, and lo(u,v) =
|X — Y2 are called optimal couplings of (u,r). Such optimal couplings exist for all u,v with
finite second moments. For information on the 5 metric see [2, 7, 32, 39, 41]. We will also use
the notation l3(X,Y") := lo(L(X), L(Y)). For random variables X, Y with finite second moments
we write Cov(X,Y) = E[(X — EX)(Y — EY)] for the covariance of X, ¥ and Cor(X,Y) :=
Cov(X,Y)/(Var(X)/2Var(Y)'/2) for their correlation. By the symbol 2 equality in distribution
is denoted even if a random vector and a distribution or two random vectors are compared. The
uniform distributions on the unit interval [0, 1] and the unit cube [0, 1] are denoted by unif[0, 1]
and unif|0, 1]d respectively, B(n,p) denotes the binomial distribution with parameters n € Ny and
p € [0,1], M(n,p1,...,pq) the corresponding multinomial distribution, and beta(a, b) stands for the
beta distribution with parameters a,b > 0.

2 Stochastic divide-and-conquer recurrences

Now, we outline the setting of divide-and-conquer algorithms which are under consideration here. We
assume that an algorithm or data structure of (input) size n € N is given, where the randomness might
come from the input or from the algorithm itself. We consider d > 1 parameters Y,, = (Y1, ..., Ynq)
which are random variables depending on the input size n. By the recursive nature of the algorithm or
structure these parameters can be expressed by the corresponding parameters of the subproblems or
substructures into which the original problem or structure is subdivided. We assume that the problem
or structure is always subdivided into K > 1 subproblems of sizes (™ = (I YL), . ,IE?)) if the size of
the input is n. Here K is a fixed number but ™ is a random vector. Furthermore, we assume that
given the cardinalities I(™ of the subproblems or substructures the vectors of the parameters of these
are mutually independent and that the distribution of (Yj1,...,Y,q) can be obtained as a random
linear combination of all the corresponding Yfﬁn)k forr=1,...,K, k=1,...,d plus a random toll
vector b,. The toll vector measures the cost for subdividing and merging or corresponding effects.
More precisely, we assume that the sequence (Y;,)nen, satisfies the distributional recursion

K
D
y, B ZATYI(?) + by, > no, (1)
r=1
for some ng > 1. Here, the sequences (Y,E”), . (YTEK)) and the vector (Ai,...,Ag,b,, I™) are
independent, A1, ..., Ax are random d X d matrices with some given joint distribution, which might

depend on n (suppressed in the notation), b, is a random vector, I (") is a vector of random cardi-
nalities I,En) €{0,...,n}forr=1,...,K, and (Yrgl)), ce, (YTEK)) are sequences which are identically
distributed as (Y;,).

Most of the examples given in the survey of Rosler and Riischendorf [46] are of the form (1)
with dimension d = 1. Dependences between Ay, ..., Ag, by, 1™ usually occur in applications to



divide-and-conquer algorithms. We could also allow randomness for K but will drop this in our
discussion. An application of the one-dimensional contraction method with random K can be found
in Geiger [19].

3 Multivariate Contraction

For the derivation of a limit theorem for the sequence (Y;,) given by recursion (1) we follow the general
idea of the contraction method. In this work we restrict ourselves to the use of the Wasserstein metric
l5. This requires that the random quantities (Y;,), 41,..., Ak, b, in (1) are all square-integrable.
We scale the Y, by centering by their mean and by dividing by some o,(n) > 0. Clearly, in an
Lo-setting these o,(n) should be chosen at the order of the corresponding standard deviations. With
the diagonal matrices

D, := diag(o1(n),...,04(n))
and the notation M,, := EY,, we define the scaled version X,, of Y;, by
X, =D, (Y, - M,), n>0. (2)
The original recursion (1) implies the modified recursion for the scaled vectors, n > ny,

K
D -1 (r)
X, = D, <ZATYI£R)+bn—Mn>

L <ZA (D, X ))+M(n>)+b - >

K
(DEIATDI@) X1(2> +3 (DglATMI£n>> + Dby, — M)
" r=1

I
ngls

=

r=1 "
where
K
A = DIVAD o, B = 3 (D AM ) ) + Dy (b — My), (4)

r=1

and (Agn), e ,A%), b, 1), (X,(ll)), e (X7(LK)) are, corresponding to the original recursion, inde-
pendent with (Xg)) ~ (Xp) for r =1,..., K. According to the concept of the contraction method
we are looking for a limiting form of equation (3). Therefore we assume Lo-convergence of (b(™) and

(Aﬁn)) forr=1,...,K:
1A — A7 — 0, [[p™) = b*|3 =0, n— oo, (5)

with appropriate (Aj,..., A}, b*). Then, one suggests that a limit X of (X,,) satisfies the distribu-
tional recursion

X = ZA* ) 4+ b* (6)



with (A},..., A%, b"), X o xE) being independent and X~ X forr=1,...,K.

In the subsequent we have to find conditions which imply that (6) has a unique distributional
fixed-point and that in fact convergence of (X,,) to this fixed-point holds.

The following multivariate contraction lemma from the author’s dissertation [34] generalizes two
special cases. For dimension d = 1 this is the well-known contraction lemma (see, e.g., Lemma 1 in
Rosler and Riischendorf [46]). In general dimension but with K = 1 our lemma reduces to Theorem
1 in Burton and Résler [4].

Lemma 3.1 (Multivariate Contraction Lemma) Let (A, ..., Ax,b) be a square-integrable vec-
tor of random d X d matrices Ay ..., Ax and a random d-dimensional vector b with Eb =0, and let
the transformation T : ngz — M&Q be defined by

K
T(n):=L (Z VAR b) , BE MG,

r=1

where (Aq, ..., Ak,b), ZW 25 are independent and Z) ~ 1 for allr =1,...,K. Then T is
a contraction with respect to the £o-metric if
< 1. (7)

K
Y E[414]
r=1 op

Proof: Clearly T(u) has a second moment and ET'(u) = 0 for all u € ./\/161’2 by the valid inde-
pendence conditions and Eb = 0, so T : M&Q — M&Q is a well-defined map. Let p, v € Mgz
be given and (WM, zW), . (W) z(K)) be optimal couplings of (u,v) for » = 1,..., K so that
(A1, ..., Ag,b), (WD, zWy (W) ZFE)) are independent. Then

2

IN
=

K
BT (), T(v)) S A, (W - 20)

r=1
K
= Z E <W(T) _ Z(T), E [Af«Ar] (W(r) . Z(r))> 9)
r=1
K
= E <W(1) AR (Z E [AiAr]> wm Z(l))>
r=1
K 2
< > E 4] E|w®-z0| (10)
r=1 op
K
= | E (4] B
r=1 op



The sum in (8) is zero by independence and E (W) — Z(")) = 0; the additional expectation in (9)
is justified by independence. |

The improvement of the contraction condition (7) by the insertion of an additional expectation
in (9) is (for the case K = 1) discussed in Burton and Résler [4].

Note that the estimate in (10) is sharp: S := 25:1 E[ALA,] is a symmetric and positive semi-
definite matrix. Therefore, it is ||S|lop = A if A denotes the largest eigenvalue of S. Let u € R?
be a corresponding eigenvector and u, v € M&Q, where v is the Dirac measure in zero and p the
probability measure with mass 1/2 on v and —u. Then W ~ p and Z = 0 is an optimal coupling of
(u,v) for all realizations W of p. It follows

E(W —Z,8(W - Z)) = E(W,SW)=E(W,\W)=\E|W|?
= [Sllop 31, v)-

This shows the sharpness in (10).

In the case K = 2, d = 2, and b = 0 Cramer and Riischendorf [6] were led to the map 7" in Lemma
3.1 as a limiting operator of a related branching recursion. It is easy to see that their contraction
conditions (2.13), (2.14) and Proposition 2.5 coincide with our representation in terms of the spectral
radius in (7).

4 Multivariate limit laws

In the following we come back to the situation where we are given a sequence (Y},) of random vectors
satisfying the recurrence (1) and that after scaling the Y;, as in (2) the scaled variates (X)) satisfy
the modified recursion (3). According to the idea of the contraction method we are looking for
a theorem saying roughly that convergence of the coefficients as in (5) implies under appropriate
conditions convergence of the (X,,). The following theorem yields such a transfer being an extension
of a general one-dimensional limit law for stochastic divide-and-conquer algorithms due to Rosler
[45].

Theorem 4.1 Let (X,,) be a sequence of d-dimensional square-integrable random vectors satisfying
the distributional recursion

K
Xo 23 AMXT 46, =g,

r=1

where (Agn),...,Ag?),b(”),l(")), (X,gl)),...,(XflK)) are independent, Agn),...,Ag?) are square-

integrable random d x d matrices, b(™ s q square-integrable random wvector, X}LT) ~ X, and I™ s

a vector of random integers with L(n) €{0,...,n}, r=1,...,K,n > 0. Let the following conditions
be satisfied:

(AP, A 0y B2 ar AR B, o oo, (11)
K
Z E H(A:)tA:Hop < 1’ (12)
r=1

n)yt A(n)
E [1{Iﬁ")<l}u{lﬁn>:n} ‘( YA Op] — 0, n — oo, (13)




forallleNandr=1,..., K. Then we have
lo(Xp, X)— 0, n— oo,

where X 1is the in /\/lg’2 unique distributional fized-point of

K
X 23" A4rx0 4y, (14)

r=1
with (Af,...,A},b*),X(l),...,X(K) independent and X") ~ X forr=1,...,K.

Proof: By Jensen’s inequality (12) implies || > E [(A#)*A¥]||lop < 1. By the definition of (™) we have
Eb(™ =0 for all n € N. Thus, the Ly-convergence of (b(™) implies Eb* = 0. Therefore, by Lemma
3.1, the limiting equation (14) has a unique distributional fixed-point X in Mg72- Let X,(f) ~ Xn,
X ~ X so that (X,(LT)7X(’")) are optimal couplings of (X,,X) foralln € Nand r =1,..., K and
that (Aq,..., Ag, by, 1), (Xfll), XMy (XT(LK), X)) are independent. The first step is to derive
an estimate of £3(X,,, X) in terms of £3(X;, X) only with indices i € {0,...,n — 1}. This reduction
inequality for the sequence (¢3(X,, X)) will be sufficient to deduce ¢2(X,, X) — 0. To derive such a
reduction inequality we use the representations (3) and (14) of X,, and X respectively. For the x4

and X () occurring there we use optimal couplings to keep the arising distances small. We start for
n > ng with the estimate

K 2
g%(XnaX) < Z (A( )X(?T)L) A:X“)) 4 b(n) _p*
;;:1 (r) 2 2
= Tz:; HAS‘n)Xlﬁn) _ A:X('f) , + Hb(n)
- 30 B (AP - 4X0.ADXE, - A1)
s
+2 Z < r (n) A*X(r) b — b*> . (15)

The third and fourth summand in (15) are zero by independence and E X (") = EX;Z)L) = 0. By our

assumption we have ||b(™) — b*||3 — 0 for n — oo, so we only have to care about the first summand:

K
S~ ), - azxe|
r=1 "

2

_ ilHAg‘n)(X;ﬁi X(r)) (Au A*) ()z
= 3 (O ) 20 2
r=1

+2E <A§ﬁ> (XI(E,{) - X“)) , (Agm - A:) X(T)> )



By (11), independence, and || X ||2 < oo we obtain

(a2 - 1) x0,

— 0, n— oo,

and r = 1,..., K. The first summand in (16) can by estimated by
(n) (x() _ x (@
HAT (XI,@) X ) 2
— (r) T n n (r) r
= (X0, X (A (x5 - x))
# [Juarrae ]

Since the operator norm is a Lipschitz continuous map and by the Ls-convergence of (A( )) we deduce

’ 2

x® —xm
Iy

IA

op

— 0,

E HAW _

op

E ||(amya®||  — E[jAnal,,, - oo,

op

for r =1,..., K. In the following the symbol o(1) might denote different sequences tending to zero.
The third summand in (16) can be estimated by

e <Asn> (x5 X0 (- 7) x0)

< o [ (g, x| (a0 )
S(AV(IW ”N!MNM—ASX“Q
< 4 (xge - x0)] o

< m{1 AW (X, - Xv)H}

< ( Am (ng) - X)) H2 o(1) + o(1).

Putting these estimates together and denoting (with the same o(1))

Al) . H( A A®)

T

(1o,

we obtain

M=

03(Xn, X)

E [A o | x () = x

ot

i
Il
—

n

Z 1{I(n) Al) HXi(T) X 2

K
(ZE (1 AL ”})f%(Xi,XHo(l)-

r=1

E

I
M=

+0(1)

1
I
—

I
NgE

I
=)

7



With the abbreviations

Qn = E%(XTHX)’ Pn := Z E [1{I£n):n}A$(n)) ’ (18)

this implies

(1 —pp)a, < sup a; +o(1)

0<i<n—1

M) =
=

e

3

ﬁ
Il
—

I
M) >

E [H(Aj)t A:HOP + 0(1)] sup a; +o(1). (19)

ot 0<i<n—1

By (13) we have p, — 0, thus the assumption Y E ||(A%)*A¥||op < 1 implies that (a,) is a bounded
sequence. We define a := lim sup a,,. Now, it exists a & < 1 such that for all ¢ > 0 there existsan; € N
with a,, < a+¢ for all n > ny and such that the prefactor in (19) satisfies 3 E[|| (4%)" A%[|op+0(1)] <
¢ for n > ny. Then from (18) we deduce

1 ni—1 K
O [ 2 (Z B {1{1@_@'}147("(”))}) .

=0 r=1
n—1 K
+ Z (Z E |:1{I7(nn)Z}A1(ﬂ(n))}) (a + 8) + 0(1)
i=ny1 \r=1

1
<
1_pn

(€(a+e)+o(1)), (20)

where (13) has been used. The o(1) depends on €. Since € > 0 is arbitrary we conclude with n — oo
that a = 0. |

For the application of this limit law it is necessary to scale the quantities at the right order of
magnitude (cf. (2)). With o,(n) growing too fast we will get b* = 0 for the limiting equation (14).
Then the conditions of the limit law might be still satisfied but the unique solution in (14) is the
degenerated one X = 0. With o,(n) growing too slow we typically cannot satisfy b(™ — b* as in
(11).

Note, that we had to strengthen our ideal contraction condition (7) to (12) in order to derive
convergence in the £ metric. It would be interesting to know whether also (7) in general implies our
limit law or not. In the applications in section 6 the fulfillment of the strengthened condition (12)
will require some restrictions which would not be necessary to satisfy the ideal contraction condition
(7). For the special case of diagonal matrices Aj, ..., Ax we give an alternative sufficient condition
for the limit law. In this condition (22) we try to imitate the expectation inside the spectral radius
in (7). The utility of (22) will become clear in the applications of section 6.

Corollary 4.2 With diagonal matrices Ay, ..., Ak in the situation of Theorem 4.1, condition (13)
replaced by

K

2
(n)
X B (1 (4),) 0 sor nmes 2y
1€{0,...,l}u{n} r=1



and (12) replaced by

n K
hrILILSong 1211?%{(1 E (1{15")%'} (Aﬁ”)ﬁk) <1 (22)
i=0 r=1
we have
(X, X) — 0, n— oo,
where X is the unique distributional fized-point of (14) in M&Q

Proof: We proceed as in the proof of Theorem 4.1. Note that (22) also implies || > E[(A5) A}]|lop <
1 in the case of diagonal matrices Aq,..., Ak:

K
SE[A)A) = m [YE [(A&"))tAﬁn)}
r=1 op r=1 op
K 2
= lim max E (A,@”))
n—oo 1<k<d =1 kk

K

2
- nlggo @?fdg . Z < I =i ( £n)>1€/’f>
K 2
< lim supz Igggd K (1{1ﬁ">:z‘} <A7(“n)>kk) ’

n—oo

thus, by Lemma 3.1, the limiting equation (14) has a unique distributional fixed-point. Now, for the

reduction inequality for £3(X,,, X) we follow the proof of Theorem 4.1 up to (17). Using (A,(nn))t =AM
we replace (17) by

[l (g —x)

2

[
M=

= o - x0. (a) ) (- )

1

ﬁ
Il

3

[
M=

[0 (17 - 00 () a9 (0 - )

7

\3
—
Il

o

SEN

(]

-V E [K 1 Zd:(A(”>)2 (X,(”_X(”)Z]
0 Lr=1 =i o e F

d K 9 )
S5 (o5 (e () 205 )

1=0 k=

3 Am)? 2
; 1k £ — <1{I£">=i} ( r )kkz) X = XI5 ) -

=0

=

3 |l

3 |

IN

10



With this estimate and the arguments of the proof of Theorem 4.1 we deduce corresponding to (18)

K

B(X,, X) < 2; ((g’% E > <1mn>_i} (AW); (14 0(1)))) zg(Xi,X)> + o(1).

Analogously to (18) we define

K
2
P 8™ & ( =y (A7) (L 0() )
r=
where the o(1) is the corresponding one from the previous inequality. Then, similarly to (19), we
derive

n—1 K 9
_ (n) )
(1=pn)an < ; (fé% E ot <1{Iﬁ”)=z‘} (A’“ >kk 1+ 0<1))>) o et oll)

0<i<n—1

By (21) and (22) this again implies that (a,) is bounded and based on (23) similarly to (20) we
deduce £3(X,,, X) — 0 for n — oc. |

5 Applications: Median-of-(2t + 1) Quicksort

In this section we consider the median-of-(2¢ + 1) version of Hoare’s Quicksort algorithm with ¢ € Ny.
For measuring the performance of Quicksort algorithms several parameters have been considered, the
most important being the number of key comparisons, key exchanges, partitioning stages, and stack
pushes and pops made during the execution of the algorithm. One approach to define a univariate
cost measure for Quicksort algorithms may be in taking linear combinations to weight the specific
parameters, see Sedgewick [49, 50].

We consider mainly the number of key comparisons C,, and key exchanges B,,, since these pa-
rameters are in the mean of the order nlnn, whereas other parameters are of smaller order. The
n denotes the number of items to be sorted and the underlying probabilistic model consists of all
permutations of the items being equally likely. We assume that the splitting into the subfiles is
done while preserving randomness in and independence between the subfiles. For C,, a huge body of
probabilistic results is available even for the median-of-(2¢ 4+ 1) version of Quicksort. These include
in particular asymptotic expressions for the means and variances, as well as limit laws for the scaled
quantities, and large deviation inequalities, see Hennequin [22, 23|, Régnier [42], Rosler [43, 45],
McDiarmid and Hayward [11], Bruhn [3], and for a detailed survey the book of Mahmoud [28]. For
the number of exchanges B, the mean and variance were for general ¢ € Ny studied in Hennequin
[23], Chern and Hwang [5] refined the analysis of the mean, and Hwang and Neininger [25] gave a
limit law for the standard case ¢ = 0.

Here we will give an asymptotic analysis of the joint distribution Y,, := (C,, B,,) for general
t € Ng. A bivariate limit law is derived, which covers especially the missing one-dimensional limit
laws for B,, with t > 1. Moreover, asymptotic correlations and covariances for C,, and B,, are derived.
Since weak convergence of measures is preserved under continuous transformations the bivariate limit
law covers as well continuous functions of the scaled versions of C,, and B,,. The transformations
which are of interest from a practical point of view are the linear combinations C,, + wB, with
w > 0. This models the cost of the algorithm assuming that a key exchange has w times the cost
of a comparison. The subsequent analysis is based on our transfer Theorem 4.1 which gives the

11



results quite immediate. Due to the special type of the distributional recursion for (C,, B,) we
could alternatively also combine a purely univariate approach by the contraction method with the
Cramér-Wold device. However, for more complex examples (the A,(nn) not being multiples of the
identity matrix) the Cramér-Wold device would not be applicable. We will report on such examples
in subsequent work [36].

The number of key comparisons C,, for median-of-(2¢ 4+ 1) Quicksort satisfies the recursion
CoZCW+0?  n—1455 n>ng, (23)

where I, + 1 is the order of the pivot element of the first partition stage. Furthermore,
(Cfll)), (07(12)), (I, S¢) are independent, C,(Zl) ~ 07(12) ~ Cy, and (S%) is a sequence of uniformly
bounded random variables which models the number of key comparisons for the selection of the me-
dian in the 2t + 1 sample. No further conditions on S;, are required. To initialize the algorithm some
(random) bounded costs C, ..., Cyp,—1 have to be given with a ng > 2t 4+ 1 denoting the maximal
size of the subfiles, which are sorted by some other sorting procedure.

For the number of key exchanges we have

B, 2B +BY | +T,+ 580 n>n, (24)

with (B,(Ll))7 (Bff)), (I, T}, St) being independent, B,(Ll) ~ Bg) ~ By, T, denoting the number of key
exchanges during the partitioning step, and (S%) a uniformly bounded sequence counting exchanges
for the selection of the pivot element. We also need initial values By, ..., By,—1. The T}, depend on
the orders I,, + 1 of the pivot elements. It is

G

P(T,=j|I,=k)= 0<j<k<n-1,
see Sedgewick [49].

We emphasis that the relation (24) is only correct due to the assumption that the file is permuted
uniformly at random and that the randomness and independence between subfiles is preserved. Note
that for the corresponding relation (23) for the key comparisons it would be sufficient to select the
pivot element from a uniformly chosen subsample, where the permutation of the file is then irrelevant.
This difference is most transparent when looking at a sorted list.

In order to apply our framework we have first to settle some basic facts about 7;, and B,.
Sedgewick [49, p. 226] showed the expansion ET,, = (¢t 4+ 1)/(2(2t + 3))n + O(1). We rederive this
mean since also information on 72 is required.

Lemma 5.1 The mean of the number of key exchanges T,, during a partitioning stage of n > 2
elements by the median-of-(2t + 1) quicksort is given by

t+1 1 N t 1
= n —
2(2t + 3) 2043 2t+3n-—1’

ET, n>2t+ 1.

Proof: Let G; denote the event that the key with order 1 < j < n is exchanged in the first partition
stage. Then conditioned on I,, the number of exchanges T;, in the first partitioning stage is obtained
by appropriate counting of these events:

k
BT, | I =kl =Y P(G;| I, = k). (25)
j=1
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Given I, = k, a key with order 1 < j < k is exchanged if it is placed on a position k& + 2,...,n.
Since all permutations of the keys are equally likely we have P(G; |I,, = k) = (n—k—1)/(n—1) for
1 <j<k<n-—1. Hence we obtain

B I,(n—1-1,)

E(T, | I,)] —

(26)

almost surely. The pivot I, + 1 is given as the median of a random sample of size 2¢ + 1 out of
1,...,n, thus we have for n > 2t + 1

P(In+1:j):w, t+1<j<n—t (27)
(a141)

By symmetry it is E I, = (n — 1)/2. Using the combinatorial identity

n—1 5\ (n—1—j
> O nG42 = g2

2t11) (2t +3)
we obtain
ET, = 2(;:r +23)”2 N 23((22113))" * 2(2t1—i— 3)°
The statement follows now by taking expectations in (26). |

Subsequently we will also need the second moment of T,, given I,,. A representation analogous
to (25) and
(n—1-k)(n—2—k)

(n—1)(n—2)

PG NGy |1, = k) =

for 1 <i<j<k<n-—1imply

L - -1-L)n-2-1,)  I(n—1-1,)

2
BT 1] (n—1)(n—2) n—1

(28)

almost surely. Note, that all the factorial moments of T}, given I,, are implicitly contained in Hwang
and Neininger [25].

Lemma 5.2 The mean of the number of key exchanges By, for the median-of-(2t + 1) Quicksort

applied to a randomly permuted set of items satisfies

B t+1
2(2t + 3)(H2t+2 — Ht+1>

E B, nln(n) + ¢n + o(n), (29)

with a constant ¢; € R depending on the indicial conditions and (S%).

Proof: For the transfer from the mean of the toll function T}, + S? to the mean of B, we apply
a general result on median-of-(2¢t 4+ 1) Quicksort recursions due to Bruhn [3] and Résler [45], who
proved: If B, satisfies (24) with a toll function T}, satisfying ET), = fn+O(1) for some § > 0, then it
follows E By, = (8/(Hat+2 — Hy11))nIn(n) + en+ o(n), where the constant ¢ € R depends on t, 3, ng,

13



the initial values E By, ..., E B,,_1, and the O(1). By Lemma 5.1 our toll function T, := T}, + S
satisfies ET,, = (t +1)/(2(2t 4+ 3))n + O(1). Therefore the transfer theorem of Bruhn and Rosler
applies. [ |

The leading term in (29) was given by Hennequin [23, Annexe C, equation (C.4)] with an error
estimate of O(n). For the application of the contraction method the refined expansion (29) is required.
The mean of the number of comparisons C,, satisfies

EC, = mn In(n) + c¢in + o(n), (30)
with a constant ¢; € R. The derivation of expansions of this type, which are of interest for the appli-
cation of the contraction method, was the original motivation for the general Bruhn—Rosler transfer
theorem. The leading term in (30) was obtained by van Emden [12] and Hurwitz [24]. The constant
¢, depends on the implementation. Contributions to the derivation of explicit representations of ¢
are given in Green [21], Hennequin [22, p. 327], and Chern and Hwang [5, p. 62].

We abbreviate

:u‘c = 9 :ub = .
Hapyo — Hiq 2(2t 4 3)(Hat42 — Hyt1)

The vector Y, = (Cy, By,)! satisfies the recursion

Y 2y W +v® b, n>n,

Il 12
with (YY), (v;?), (1™, b,) being independent, Y,V ~ ¥,? ~ V,, I™ = (I,,n — 1 — I,), b, =
(n—1+8¢,T, + S%), and I,,,T,, as above. We scale using the matrix D,, := diag(n,n). With the
expansions (29) and (30) we obtain for the scaled quantities X, := D (Y, — EY,)

X, < Aﬁ”)Xg,Z) + Aé”)XI(§2> +bM, > no, (31)

with A = diag(I,,/n, I /n), AY" = diag((n — 1 — I,)/n, (n — 1 — I,)/n),

(n) (n) (n) n)
b = (140 (Ao
¢ n n n n )’
(n) (n) (n) )\ \*
In +,LL,(,t) (Il In h + L2 In .72_)) +o(1),
n n n n n

and independence relations as in the original recursion. The o(1) depends on randomness, but the
convergence is uniform. For the Ly convergence of the coefficients in (31) we use that for all p > 0

I—"iv, &g‘/(l—‘/), n — 0o,
n

n

where V' has the beta(t+ 1, ¢+ 1) distribution. The convergence of I,,/n is obvious since the median-
of-(2t 4+ 1) independent uniff0, 1] distributed random variables is beta(t + 1,¢ + 1) distributed and

14



we are allowed to choose versions of I, such that the convergence holds in L, as well. For the
convergence of T, /n we estimate

T, T, I(n—1I, I(n — I,
oyva-v| <= - (”2 ) ‘ ("2 ) _va-w
n 2 n n 2 n 2

The first summand is seen to tend to zero by taking the square, multiplying out, conditioning by I,
and applying (26) and (28). Thus, we have the Ls-convergences

b™ b, AN S AF r=1,2, (32)
with
., [V 0 . (1=V 0
Al_(o V), A2_( 0 1_V>, (33)
. () (t) !
v = (1 uPEW), V(1= V) + iEW)) (34)

with E(V) :=VIn(V)+(1—-V)In(1 - V).

Theorem 5.3 The normalized vector of the number of key comparisons and key exchanges made by
a median-of-(2t + 1) version of Quicksort satisfies

0, <<Cn— ECn7Bn— EBn> ,X) L0, n— oo,
n n

where X is the unique distributional fixed-point in Mg,Q of

X241 x0 4 A3x@ 4p,
with XM, X®) ~ X being independent and independent of (A%, AS,b*), where (A%, A%, b*) is given
by (33), (34) with V there being beta(t + 1,t + 1) distributed.
Proof: We apply Theorem 4.1. It is

E| (AT A lop] < B <1) =0, n— ox,

Ll
for all I € N and r = 1,2, thus (13) is satisfied. The Lo-convergence of Aq(an), b(™) was checked in (32).
It is [|[Afllop =V, || A%|lop =1 =V, with V' ~ beta(t 4+ 1, + 1), thus

t+2 1
2t +3 '

The conditions of Theorem 4.1 are satisfied. [ |

E[|AT[I3, + EA3]13, =

Corollary 5.4 The asymptotic correlation and covariance of the number of key comparisons and
key exchanges made by a median-of-(2t + 1) Quicksort version are given by

E [b705]
Cor(Cp,Bn,) = (14o0(1 :
(B = ) R PR
Cov(Cpn, Bn) = (1+o(1))2tt+—+fE[bTb§]n2,

where b* = (b%,b%)! is given in (84).
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Proof: The fixed-point equation for the limit distribution X = (X7, X»)? implies

2t + 3 . 2t+3 N
E[X1X5] = mE [b1b3],  Var(X,) = mE [(67)?]

for r = 1,2. Since convergence in £2 implies convergence of the correlations the asymptotic correlation

follows. Furthermore it is

Cov(Cy, By) = Cov (C“ — EC“, Bn — EB”) n? = (14 o(1)) E [X1 Xo]n?.

n n

The second assertion follows. [ |

Explicit terms for the variances of C,, and B,, were calculated by Hennequin [23, Proposition IV.8,
IV.7]. The asymptotic correlation from Corollary 5.4 is for, e.g., the median-of-3 Quicksort
V2(471 — 487?)
/(485 — 4872)(949 — 9672)

Numerical values for these asymptotic correlations for ¢t =0, ..., 10 are listed in Table 1.

lim Cor(Cy, By,)
—0.86404
—0.93766
—0.96482
—0.97754
—0.98446
—0.98862
—0.99131
—0.99316
—0.99447
—0.99544
—0.99618

OO0 N| T | W N~ O] o+

—_
o

Table 1 Asymptotic correlations for the number of key comparisons and key exchanges of
median-of-(2¢ + 1) Quicksort.

A univariate cost measure

We consider now the univariate cost measures W,, := C,, + wB,,, where w > 0 is a weight on the key
exchange. By linearity of expectation the mean of W, follows from (29) and (30). The variance of
W, is obtained from the variances of C, and B, and their covariance given in Corollary 5.4. The
limit law for W,, follows from the bivariate limit law in Theorem 5.3:

Wo = EWa oy
n

where W is the unique distributional solution in ./\/1(2)’2 of
WEVW+ 1= V)W*+1+wV(1—V)+ @l +wpleW), (35)
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with W, W* V independent, W ~ W* and V ~ beta(t + 1,¢ + 1). This limit law is obtained by
applying the map T, : R? — R, (2,y) — = + wy to the normalized version of (C,,, B,) in Theorem
5.3.

The asymptotic mean of C), is decreasing for ¢ — oo whereas the mean of B, is increasing as
t — oo. For the identification of the optimal ¢t € Ny such that the leading constant 7(t,w) in
EW, = (1+o0(1))7(t,w)nln(n) is minimized for given w > 0 see Martinez and Roura [33], who also
discuss the more delicate problem of allowing ¢ to be dependent on n.

Sedgewick’s Quicksort programs

The analysis of the weighted mixtures W,, can be extended to a first order analysis of the Quicksort
versions Sedgewick [50] analyzed; see also [49, program 2.4, program 8.2]. These programs partition
up to subfiles of a size M € N and sort the remaining subfiles by a final scan of insertion sort.
Program 2.4 uses a uniform pivot element (¢ = 0), whereas program 8.2 is the corresponding median-
of-3 version. The cost for an assembly language implementation of program 2.4 (for the median-of-3
version a slightly modified mixture being used) is measured by

24A,, + 11B,, + 4Cy, + 3Dy, + 8E, + 95, + Tn, (36)

where A,, denotes the number of partitioning stages, B, the number of key exchanges during the
partitioning, C, the number of comparisons during partitioning, S,, the number of stack pushes,
D,, the number of insertions made by the final insertion sort, and FE, the number of keys moved
by insertion sort. The computation of the exact mean for ¢t = 0,1 led among other interpretations
to the optimal choice of M = 9 for both programs. As an indication for the order of the standard
deviation the standard deviation for C), in the case t = 0 was derived to be 0.68n. From the previous
discussion we obtain the exact order o;n of the standard deviation of the costs of the programs as
well as the limit law:

Corollary 5.5 Let Wn denote the costs of Sedgewick’s quicksort programs with median-of-(2t + 1)
selection of the pivot, t = 0,1. Then we have

Var(W,) = (14 o(1))o?n?,
Wn - Ewn lo
n

w,

where W is the fized-point in (35) with w = 11/4 and V ~ beta(t + 1,t +1). We have

13771 1225
= 2R 2550 0599814
o0 \/ o060 ser " 0928ld..,
917300 2883
_ 0T 280y 0.294047 ..
71 \/78400 San0 " 0294047

Proof: A sequence (Y;,) which satisfies a quicksort recurrence as (23), (24) with a (random) toll
function of the order o, (n) and which has a mean of the form cn + o(n) with ¢ > 0 is seen by
the contraction method to satisfy (Y,, — EY},)/n — 0 in f2. (The order of normalization for a non-
degenerate limit being v/n.) The quantities A, Dy, Ey, S, in (36) follow this pattern. Therefore,
the only asymptotic contributions come from C, and B,, and the previous discussion implies the
assertions. |
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6 Ideal and strengthened contraction condition

In this section the ideal contraction condition (7) and its strengthened version (12) are compared for
a concrete parametric family of recurrences. It will turn out that the strengthened condition (12)
is violated for (infinitely many) particular choices of the parameters whereas the ideal condition is
always satisfied. This example is worked out in detail in order to provide a bench mark for further
improvements of the strengthened condition towards the ideal contraction condition.

Let d’ > 2 be an integer. We use the convention that we identify indices r € {0, ..., 2d _ 1} with
their binary representation (rq,...,rq) € {0, l}d/, ie.,

d/
r= Zrﬂd/_i, r; € {0,1}.
i=1

For a vector u € [0,1]¢ we define for r € {0,...,2% — 1}

H Uq H (1—ui)

1<i<d’ 1<i<d!
;=0 r;i=1
and (u) = ((w)o,. .., (u)gar_;). Geometrically, (u) is the vector of volumes which are generated

by subdividing the unit cube [0,1]¢ by the hyperplanes perpendicular to the axis through wu. Let
Si,...,8¢ € {1,...,d'} with 1 < |Si| < d —1 for k = 1,...d, furthermore U be a unif[0, 1]¢
distributed random variable and {ng) ck=1,...,d,i=1,...,d'} be a set of independent unif|0, 1]
distributed random variables, which is also independent of U, and

1U,QW) =[] 1 (oM<} H LoWsuy (37)

ZGSk
7"7‘71

forr=0,...,2¢ —1and k=1,...,d. Then we define the diagonal matrices
4, = diag (15U, Q), ..., 151U, Q))

forr=0,... 2 —1,and b:= (1,1,...,1)". With these definitions we setup a recurrence relation as
(1) by Yy := O and

2d
ZAYWH) n>1. (38)
r=0

According to (1) the sequences (Yéo)) (Y(2 - )) are independent copies of (Y;,) being indepen-
dent of (Ag,..., Agw 4,1 (”)). The random vector I is defined to be multinomially distributed
given U,

PIU=u = N — 1, (u)).

This implies in particular



For recurrence (38) we check the conditions of Theorem 4.1 for various choices of d’,d, S, ..., Sq.
This leads in two ways to examples where the strengthened contraction condition of Theorem 4.1
is violated: firstly, by taking d = 2, increasing d’ and suitably choosing S; and S or secondly by
increasing d. Although in some situations the refinement in Corollary 4.2 will save.

Taking means in (38) leads in each component to the recursion for the mean of the number of
nodes visited during a partial match query in a d’-dimensional quadtree in the uniform probabilistic
model, the set Sy giving the coordinates which are specified in the query. For background on random
quadtrees and partial match see [17, 14, 15, 13, 8, 47, 48, 27, 20, 38|.

Note that recursion (38) with independent (ngo)), cee (de _1)) does model the mean but does
not model the distribution of the cost of a partial match in the uniform probabilistic model of
Flajolet and Puech [17], since positive correlations of the costs for the subtrees of the root searched
simultaneously are to be expected. This effect becomes relevant as soon as variances or limits laws
are considered and is present as well in K-d trees, its variants, and in tries under the asymmetric
Bernoulli model. Whether the correlation of the cost for searching the subtrees remains small enough,
such that the order of variances and limit laws for the idealized model in (38) carry over to the uniform
probabilistic model, or not, is open. Such an idealization was in connection with tries also called
the model of “adapted queries” and was tacitly assumed in the analysis of K-d trees in [35] and
elsewhere. From this perspective, (38) may be considered as an idealized model for d independent
partial match queries in a common random quadtree, but we will only look at (38) to test the
conditions of Theorem 4.1.

Flajolet, Gonnet, Puech, and Robson [14] proved

EYnr = (14 0(1))vsparn™, (40)
with s = |Sk|, a constant v, o > 0, and «aj, given as the in (1,2) unique solution of
al = (g, + 1) = 24, (41)

For d = 2 we write a := a1, § := ag and assume that S1 = {1,...,¢+ s}, So ={1,...,¢,q+ s+
L...,q+s+t} with0<g,s5,t <d —1,1<qg+s<qg+t<d —1and g+ s+t <d. We define

D,, := diag (no‘_l,nﬁ_l)

and scale according to (2). Then the quantities A,(nn), b in (4) are given by

7\t O
Al = diag( 191U, QW) | = 12(U,Q@)
n n

forr=0,...,2¢ —1 and

2d' 1 7\t
p(n) — (( ZO 151([]7 Q(l)) ( :z ) — 1) Ya+s,d + 0(1),

—~

Qd/_l I(n) £—1 t
< Z 1§Q(U’ Q(Q)) (%) — 1) Yg+t,d' —|—0(1)) s

r=0
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where 415 @ and yg4¢ @ are the constants in (40). By (39) the Ly convergence in (11) is satisfied for
45 1= diag (190, QW) (U~ 12U, Q) ) ) (42)

forr=0,...,2¢ —1 and

24" 1

r=0
20’ 1 t
( S0 18U, Q)W) - 1)vq+t,df) -
r=0

Lemma 6.1 The conditions of Theorem 4.1 are satisfied if
1 g+t 9 d'—q—t 1\9Fs 9 d'—q—s
G =) -G E=)
9 a/q s+t 9 d'—q—s—t
— — < 1. 44
(2a+1> <a> (2a—1> (44)

Proof: We apply Theorem 4.1 to our situation. Already checked by our preceding considerations is

the Lo convergence of (A(()n), el A;Z/)_l, b(™) to (A5, - .- ’A;d’—l’ b*). For the proof of (13) note that

||(A§€n))tA,(€n) llop remains bounded, that o := L((U)y) is Lebesgue-continuous and has in particular
no point-mass on zero. Using dominated convergence we have

lim P({I <1} u {1 =n})

1
_ A lim B(n—1,2)({0,....1,n}) do(z)

n—oo
= 0

for all [ € N, i.e., (13) is satisfied. Thus, it remains to show that the condition (12),

2d' _1

Z = H(A:)t A:Hop < ]"

r=0

is satisfied. First of all, we observe that
(45)" A7 = diag (15 (U, QW)()2~2, 12(U, Q) ()22)

are identically distributed for » = 0,...,2% — 1. Clearly the spectral radius of these matrices is

the maximum of the diagonal entries. Furthermore note, that ¢ + s < ¢ + t implies § < «a and
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UEO‘_Q < Ui% ~2 for the occurring U;. This implies

2d' 1
> E A 4y,
r=0
— 27 E max {lgl (U, Q(l))(U>(2)a72, 16?2 (U, Q(Q))<U>(2)ﬁi2}

= 2" E [18:0, Q)03 + (1 - 1§ (U, QD)1 0, @) U)F?]

p 1\ 9t 1 d'—q—t 1\ 7ts 1 d'—q—s
-7 ((%) <2T—1> +(2—) (za—1>
1 971\ 5H 1 d' —q—s—t
_<2a+1> <%> <2a—l> )

by (44). [

<1,

It is easy to see that the ideal contraction condition is satisfied for all choices of
d,q,s,t. The strengthened conditions (44) is violated for the choices (d',q,s,t) =
(6,4,1,1),(7,6,0,0),(7,5,1,1),(8,7,0,0),(8,6,1,1)... Up to dimension d’ = 10 there are 460 quali-
tatively different cases from which 9 are not covered by the strengthened condition. Interestingly, all
these cases are of a special type which can be covered by the alternative contraction condition (22),
as it follows from the second part of the next Lemma. However, we have no proof that this holds for
arbitrarily large d’.

Now we turn to the case of general d > 2. Increasing d would easily violated (12) if the sizes
|Sk| remain large, e.g., |Sg| > 0.57d’ for all k (as seen from the first part of the following proof).
Therefore we give two special cases, where we can still for arbitrarily large d get a limit law. For this
we scale as in the case d = 2 and get the limiting matrices

A% = diag (151([], Q(l))<U>g1—l’ o 1§d(U’ Q(d))<U>gd_l) (45)

forr =0,...,2% — 1, where the oy, are the solutions of the corresponding indicial equations, and the
random toll vector

2d' 1
b = (( > v w,W)mym ! - 1)%1,%..., (46)
r=0
9d 1 t
( > 15U, QU - 1) vsd,d/> . (47)

r=0

Lemma 6.2 The conditions of Theorem 4.1 are satisfied if

3 In(4/3
k> 5 (07’ equivalently dlf < 225%; = 0.56317079...> (48)
forallk=1,....d or
ap=...=ag (or equivalently s; =...=sq). (49)
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Proof: First we assume that (48) is given. In this case we apply Theorem 4.1 as in the proof of
Theorem 6.1. It remains to prove

2d’ _1

> E[l(An) A, <1

r=0

Again, (AF)'A¥ are identically distributed and with o := minj<x<4 o, we deduce

2d' 1
N _ d’ Sk (k) 20, —2

> E A, = 2 E max {130, Q%) ()5

< d/ Sk (k‘) 200—2

< 2 E[f?;?fd{lo U,Q )}<U>0 ]

< R

d/
T
200 —1
< 1,

if 2/(2cc — 1) < 1 which means o > 3/2. Therefore, oy, > 3/2 for k = 1,...,d implies (12). This
proves the assertion of the theorem under condition (48).

For the second part we assume that ap =: a for k = 1,...,d is given. We apply Corollary 4.2.
Note, that condition (21) can be derived similarly to condition (13) in the proof of Theorem 6.1.
Hence, it remains to show (22). By conditioning on U we derive

2d' 1 N
(n)
E 3 Ly (47),, (50)
r=0
241 i\ 202
S k

: (5)2“221/ ()5 @ T T -

€S, €S
=0 r=1
20—2 2 "1
:<>(> / (11— "’”ul”l—ul du.
U
[0,1]4 les,  leSy
=0 rp=1

The integral only depends on the cardinality of Sk, thus the expectation in (50) is independent of k.
Therefore, in (22) we may remove the maximum and derive

2
hrILILSolipZE Z 1{I<n A ( )1 _thzILSo%pE Z ( )11 E Z A7) 11
This is the contraction factor for the one-dimensional problem which was shown to be less than 1 in

[38]. ]
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7 Conclusion

We proposed an extension of the contraction method with respect to the minimal Lo-metric ¢3. The
contraction condition (7) for the limiting map which determines the limit distribution for the limit
law is

K

S B A4

r=1

<1

op
However, in order to derive the limit law we had to strengthen this condition to , e.g., (12):

K
Z E HAiArHop <L

r=1

This is contrary to the one-dimensional case d = 1 where the contraction condition for the limiting
map also implies convergence in the ¢3-metric. Note, that in the one-dimensional case (7) and (12)
are equivalent. In our approach it seems to be crucial to find an appropriate estimate for the term
(17). Since we have no example where (7) is satisfied and no convergence in ¢5 holds it remains open
whether (7) is sufficient to imply the limit law or not.
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