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Abstract

In this article, we show that the payment flow of a linear tax on trading gains from a
security with a semimartingale price process can be constructed for all caglad and adapted
trading strategies. It is characterized as the unique continuous extension of the tax payments
for elementary strategies w.r.t. the convergence “uniformly in probability”. In this frame-
work, we prove that under quite mild assumptions dividend payoffs have almost surely a
negative effect on investor’s after-tax wealth if the riskless interest rate is always positive. In
addition, we give an example for tax-efficient strategies for which the tax payment flow can
be computed explicitly.
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1 Introduction

In this article, we want to answer the following question. Can tax payments on capital gains be
modeled for continuous time trading strategies of the kind they generally appear in mathematical
finance 7 Most of these strategies possess infinite variation, as, e.g., the optimal stock position
in the Merton problem or the replicating portfolio of an option in the Black Scholes model. A
straight forward construction of the tax payment flow, analogous to time-discrete models, would
be based both on accumulated purchases and accumulated sales of assets. But, of course, these
quantities explode if strategies are of infinite variation.

For simplicity, we consider a linear taxing rule with tax rate a € (0,1), i.e., if an asset
with stochastic price process S is purchased at time t; and sold at time ¢35, the trading gains
Sy, — Sy, are taxed at a(Sy, — Si, ). Negative tax payments for losses, so-called tax credits, can
be interpreted as a refund of former tax payments or a deduction against future tax payments.

An important feature of the tax code is the fact that trading gains are not taxed before
the asset is liquidated, i.e., the gain is realized. Thus, the investor can influence the timing
of the tax payments, namely she holds a deferral option. Possible dividend payments are taxed
immediately. A crucial observation is the following. If the investor buys, e.g., 100 General Motors
stocks at time t¢1, another 100 at time t3, and sells 100 at time t3, it matters which of the
stocks she sells, as in general « - 100(Sy, — Si,) # a - 100(Sy, — Sy, ). When the portfolio is
liquidated at some date t4 the difference of the accumulated tax payments disappears because
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a - 100(Sg; — St,) + a - 100(Sy, — St,) = a - 100(Sg, — St,) + a - 100(S;, — St,). But, the order
of sales still matters for discounted payments if the riskless interest rate does not vanish. In
the case of a positive riskless interest rate, it is more favorable to realize smaller trading gains
first. Moreover, if the stock falls below its purchasing price, it is worthwhile to sell it in order
to realize the trading loss and rebuy it immediately, which is called a wash sale. These facts
were already observed in Dybvig and Koo [11], see Properties 1 and 2 on page 6. For a rigorous
proof of these seemingly obvious statements considering arbitrary dynamic trading strategies,
see Appendix A of the current paper. For investors, wash sales are a method to claim a capital
loss without actually changing their position. The regulation described above that leaves it up
to the taxpayer to choose which trading gain to realize first when a stock position is reduced is
called the exact tazx basis. An example is the U.S. tax law that allows investors to use a separate
tax basis for each security. But, the U.S. tax law disallows loss deductions if the same stock is
repurchased within thirty days. However, this regulation can easily be bypassed by purchasing a
similar stock. There are also other tax codes, specifing the basis to which the price of a security
has to be compared in order to evaluate the capital gains (or losses). In some countries, the
basis is the average purchase price of all stocks of the same firm (e.g., in Canada) or the price
of the stock which was bought first (“first-in-first-out”, a procedure followed, e.g., in Germany).
Of course, the exact tax basis offers the investor the maximal possible flexibility to make use of
her tax-timing option. Economically, the exact tax basis seems to be the most reasonable one
because highly correlated stocks of different firms are anyhow considered separately.

Although in practice capital gains taxes may be the most relevant market friction, there
is only little literature on capital gains taxes in advanced continuous time models. Ben Tahar,
Soner, and Touzi [3, 4] solve the Merton problem with proportional transaction costs and a
tax based on the average of past purchasing prices. This approach has the advantage that
the optimization problem is Markov with the one-dimensional tax basis as additional state
variable. Cadenillas and Pliska [8] and Buescu, Cadenillas, and Pliska [7] maximize the long-run
growth rate of investor’s wealth in a model with taxes and transaction costs. Here, after each
portfolio regrouping, the investor has to pay capital gains taxes for her total portfolio. Jouini,
Koehl, and Touzi [15, 16] consider the first-in-first-out priority rule with one nondecreasing
asset price, but with a quite general tax code, and derive first-order conditions for the optimal
consumption problem. The problem consists of injecting cash from the income stream into the
single asset and withdrawing it for consumption. Consequently, all admissible strategies are of
finite variation. Dybvig and Koo [11] and DeMiguel and Uppal [10] model the exact tax basis,
as in the current article, but in discrete time and relate the portfolio optimization problem to
nonlinear programming.

Whereas in models with proportional transaction costs it is quite obvious that strategies
of exploding variation lead to exploding costs and thus to an immediate ruin for sure, capital
gains taxes do not explode. Namely, taxes are not triggered by portfolio regroupings alone if
there are no price changes. In addition, even if the investment strategy forces that gains from
upward movements of the stock are realized, there is to some extent an offset by losses due
to tax credits. On the other hand, a straightforward generalization of the model by [11, 10]
to continuous time is only available for finite variation strategies — as not only the number
of shares held in the portfolio enters in the self-financing condition, but it is based on both
purchases and sells. In this article, we show how tax payments can nevertheless be constructed
under the condition that stocks are semimartingales.

One application is to compare different dividend policies. As dividend payoffs, in contrast
to (unrealized) book profits, have to be taxed immediately, capital gains taxes are also relevant



for dividend policies. Among economists, there have been extensive discussions about optimal
dividend policies. In the famous article by Miller and Modigliani [19], their effect on the current
stock price is considered, and their irrelevance for the firm valuation is shown in perfect markets
(i.e., without taxes). A question arising from [19] is: “Why do firms pay dividends?”. The so-
called dividend puzzle, at first appearing in Black [6], states that there are no rational reasons
for a firm to pay dividends. Bernheim [5] solves this puzzle considering a model (with taxes) in
which firms attempt to signal profitability by distributing cash to shareholders. For a survey on
these general, but mainly less formal, discussions on dividend policies we refer to the book of
Lease et al. [18].

The current article does not make any contribution to the solution of the dividend puzzle.
Instead, we establish precise conditions under which the widely held view that dividends have
a negative impact on investors’ after-tax wealths (cf., e.g., [6]) can be proven in a model that
allows for dynamic trading. If investment opportunities were restricted to a single asset with
increasing price process, this property would be quite obvious. Indeed, let r; > 0 be the growth
rate of the asset. By strict convexity of the exponential function, one has

14+ (1-a) <eXp (/Otrsds> _ 1) > exp ((1—a)/0trsds>. (1.1)

The LHS of (1.1) can be interpreted as the value of a portfolio with initial capital 1 when capital
gains are taxed at time ¢ with factor a. The RHS corresponds to the same situation, but capital
gains are already taxed at the time they occur. This tax regulation takes effect if the asset
always has price 1 but pays out the continuous dividend 7, dt (the after-tax dividend (1 — «)r dt
is then reinvested in the asset). However, considering dynamic portfolio regroupings and asset
price processes that are not increasing with probability 1, a proof of the conjecture that the
effect of dividends is always negative, is, even in discrete time, much trickier than (1.1). We give
a proof of this assertion in the continuous time framework provided in this article.

Finally, to demonstrate the tractability of the model, we give an example for tax-efficient
dynamic trading strategies for which the tax payment flow can be computed explicitly and is
easy to interpret.

The article is organized as follows. In Section 2, we present the model and the first main result,
Theorem 2.11, showing how to construct tax payment processes for adapted, left-continuous
trading strategies. The construction is based on automatic wash sales and the rule to sell shares
with shorter residence time first. The optimality of this procedure is proven in Appendix A
for the discrete time model of Dybvig and Koo [11]. In Section 3, basic properties of the book
profits of a portfolio are discussed. They are used in the proof of Theorem 2.11 in Section 4.
In Section 5, the self-financing condition of the model is introduced. In Section 6, the second
main result, Theorem 6.3, showing that the investor is always better off in a model with a stock
which does not pay dividends is stated and proved. Section 7 is about tax-efficient strategies,
and Section 8 gives examples that show the necessity of some assumptions.

2 Construction of the tax payment process

Throughout the article, we fix a terminal time T° € R, and a filtered probability
space (2, F, (Ft)iepo,r], P) satisfying the usual conditions. Denote by O (resp. by P) the optional
o-algebra (resp. the predictable o-algebra) on © x [0, T']. For optional processes X, X", n € N, we
write X™ 2B X iff X” converges uniformly in probability to X, i.e., Supye(o,1) | X{' — Xt| converges
to 0 in probability. Equality of processes is understood up to evanescence. A process X is called



laglad iff all paths possess finite left and right limits (but they can have double jumps). We set
ATX =X, — X and AX := A~ X := X — X_, where X;; := limg; X5 and X;— := limgpy Xs.
For a random variable Y, we set Y := max(Y,0) and Y~ := max(—Y,0).

For an investor trading in finitely many different stocks, the total tax payment is just the
sum of the tax payments considering only gains from one type of stock. Thus, it is sufficient
to consider only one risky asset (sometimes called stock). Its price process is given by the
semimartingale (S;);c(o, ) (thus the paths are cadlag). The stock pays out nonnegative dividends.
Accumulated dividends per share are modeled by the nondecreasing adapted cadlag process
(D¢)tejo,r)- All capital gains (positive or negative) are taxed with the rate o € (0,1). But,
whereas dividends are taxed immediately, trading gains arising from stock price movements are
not taxed before they are realized. Denote by LL the set of all left-continuous adapted processes
possessing finite right limits. The investor’s strategy is the number of identical stocks she holds,
and it is modeled by some ¢ € L with ¢g = 0 and ¢ > 0. Short-selling is forbidden as otherwise
the investor can hold one long and one short position of the same stock at the same time, and this
can lead to an arbitrage opportunity under a linear tax rule and a positive riskless interest rate
(losses are immediately realized, and the corresponding gains are deferred, cf. Constantinides [9]).
The assumption that ¢y = 0 is solely for notational convenience (cf. (2.4)). It does not rule out
that the investor starts with a bulk trade gy > 0.

Remark 2.1. In general, the tax payment flow cannot be derived from the process ¢ alone as
payments depend on which shares the investor sells when ¢ s reduced and on the occurrence
of wash sales that do not enter in . Given some @, we work with a special procedure that
dictates which of the shares to sell. In Appendiz A, for a nonnegative interest rate, the pathwise
optimality of this procedure is proven in the discrete time model of Dybvig and Koo [11] where
arbitrary shares can be sold. We use that a payment obligation in the future is prefered to a
payment obligation today. With this intuition in mind, the constructions in the current section
are well-founded, but there are also good reasons to read Appendix A first.

Remark 2.2. It is important to note that the pathwise optimality of wash sales in the model
of Dybuvig and Koo that motivates our model, see also Theorem A.1, is based on the absence
of transaction costs. With proportional transaction costs, there would be a trade-off between the
aim to realize losses immediately and the aim to avoid transaction costs. The (non-)optimality
of wash sales would depend on the size of book losses and transaction costs, but also on (the
probability law of ) future asset price movements (e.qg., if there is a reason to liquidate the asset
anyhow shortly afterwards, a wash sale is less profitable). Thus, in the presence of transaction
costs, one cannot reduce the strategy of [11] independently of investor’s beliefs and preferences
to a one-dimenstonal predictable process ((Pt)te[O,T] that only specifies the total number of shares
in the portfolio. This means that the tractability of our model is essentially based on the absence
of transaction costs. Consequently, transaction costs cannot be used to rule out trading strategies
of infinite variation.

To construct the tax payment process, several mathematical objects have to be introduced.
For every t, we sort the ¢; stocks by the time spending in the portfolio and label them by x: the
larger z the longer the residence time in the portfolio. We follow the above-mentioned procedure:

“latest purchased stocks are sold first”. (2.1)

With this procedure, the purchasing time of the xth stock is defined by

) sup M, if My, # 0
Ttg 1= { ; otheroice * L€ [0,T],z € Ry, (2.2)



where M; , :={u € Ry | (u <tand z — ¢+ ¢, <0) or (u<tand x— ¢+ pur <0)}. By
wo =0 and ¢ > 0, one has that

M,=0&z>p (2.3)
and thus
T = 1(:v§<pt) sup M; . + 1(I>lpt)t. (2.4)

The construction is illustrated in Figure 1. Next, an automatic loss realization is modeled. The
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Figure 1: On the ordinate, the stocks that are in the portfolio at time ¢ are sorted by descending
label z (see the green axis). 7; 5, the purchasing time of stock x, is the last time u before ¢ with
©u = ¢t — x (see the case x = 2). The pieces that are marked in red symbolize the stocks (and
their purchasing times) which are still in the portfolio at time t. If the position is reduced, stocks
with lower residence time in the portfolio are sold first.

trading gain of piece x is decomposed into

Sp— Sy, = inf S, —8,., 4+ S— iof 8§, . (2.5)

Tt,o SUSt Tt,o SUSt

realized losses by wash sales unrealized book profits

This is motivated as follows: if a stock falls below its purchasing price, it is sold and rebought in
order to declare a loss. Then, in the continuous time limit, the realized loss is the first summand
on the RHS of (2.5). The residual second summand are the unrealized book profits.

Definition 2.3 (Book profits). Let ¢ € L with o9 =0 and ¢ > 0. The mapping F : Q x [0,T] x
R+ — R+ with

F,(t,x) == Si(w) — inf  Sy(w), (2.6)

Tt,o (W) <u<t
where T 5 is defined in (2.2), is called the book profit function.

A book profit is a gain that is demonstrated on paper, but not actually real yet. By the wash
sales and the fact that a newly bought share starts with book profit zero, a share with a longer
stay in the portfolio possesses a higher (or equal) book profit, i.e., x — F (¢, x) is nondecreasing.



Note that wash sales neither enter into the strategy ¢ (implying that these transactions have
no impact on the trading gains) nor in the purchasing times 7; ;. The latter means that 7, is
the time at which the share possessing at time ¢ with label x is bought and kept in the portfolio
afterwards at least up to time ¢, apart from later rebuys caused by wash sales.

Remark 2.4. The book profit function (2.6) that depends on the paths of the stock price and
the total number of shares turns out to be the key object to construct tax payments for strategies
of infinite variation and to find out taz-efficient strategies.

Proposition 2.5. F(t,z) and 7, fulfill the following properties:
(i) The mapping x — Tty is nonincreasing on [0, ¢).
(ii) F(t,x) =0 for x > ;.
(i1i) x — F(t,z) is nondecreasing on [0, ¢y].
(iv) x — F(t,x) is left-continuous.
(v) If ¢ is an elementary strategy, then limgy, F'(s,x) exists for all t,x.

The proof can be found at the beginning of Section 3. Of course, F'(¢,z) is only used for
x < . Possible states and developments of F' over time can be seen in Fig. 2.

Remark 2.6. To ensure that the function x — F(t,x) is left-continuous, besides py,, also @+
has to be considered in the definition of My,. It is convenient that x — F(t,z) does not possess
double jumps, but for the following construction of the tax payment process the values of F at
the (countably many) points of discontinuity do not matter. Fi,(t,") |(0,p,(w) can also be seen as
the left-continuous inverse of the distribution function of the book profits over all shares that are
in the portfolio at time t (here, “distribution function” means the number of shares with book
profits lower than or equal to a given bound).

Whereas the book profit function in (2.6) is directly defined for all ¢ € L, it turns out
that a straight forward construction of the tax payment process, analogous to time-discrete
models, would be based on both the accumulated purchases and the accumulated sales (this
is as both effects are quite different). Thus, in a first step, the tax payments are only defined
for elementary strategies. Then, in Theorem 2.11 we show that it can be extended to all left-
continuous adapted processes. However, this extension is not obvious and relies, among other
things, on the assumption that S is a semimartingale (see Remark 8.1). With the help of (2.6),
a process Il can be defined which reflects the accumulated tax payments up to time t.

Definition 2.7 (Accumulated tax payments for elementary strategies). Let ¢ be a nonnegative
elementary strategy s.t. ¢ = Zle Hi 11y, x;], where 0 = ko < k1 < ... < K =T are stopping
times and H;_1 is F,., ,—measurable. Let T and F' be as in Definition 2.3. Then,

k (Hi—1—H;_2)~
Ht(ﬁp) ::azl(ﬁi1<t)/(; F("ii—hx) dx
=1

Ki—1Su<tAK;

k o4 t
+ « Z Lk 1<t) /0 <F(m_1+, x) + inf (Su — Sni1)> AOQdx + a/o ©udDy,
i=1
(2.7)

where H_y := 0, is the tax payment process of the elementary strategy ¢ (The limit
F(ki—1+,x) :=limg,, , F(s,x) exists by Proposition 2.5(v)).
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Figure 2: An example how = — F(t, ) can evolve in a 4-period model, i.e., t € {0,1,2,3,4}. The
stock price is given by S = (S, ..., S4) = (100, 103,104, 105, 102), and the investor chooses the
strategy ¢ = (¢1,...,¢5) = (9,10, 14, 10, 10), following the standard notation in discrete time,
i.e., 1 shares are purchased at price Sy etc. On the abscissa there are the shares ordered by their
book profits and on the ordinate the book profits F'(t+, x), i.e., after the portfolio regrouping
at time t. Observe that at time ¢ = 4, i.e., in the fourth picture, one share (at the very left) is
sold and bought back to realize a loss of one monetary unit (wash sale).

IT is obviously well-defined, i.e., it does not depend on the representation of .

Remark 2.8. Let us explain the three components of ().
az,’f:l Ly <t) fO(Hi_l_Hi_Qr F(ki—1,x)dx are the taxr payments that are triggered by
selling stocks in order to follow the strateqy p. A downward jump of @ forces the investor to
realize book profits. She takes the shares with the smallest label x, which is in line with (2.1)
and (2.2). As x — F(s,x) is nondecreasing, the sold shares possess the lowest book profits of all
shares in the portfolio. By F' > 0, this term is nonnegative.

o Z;c:l Lk 1<t) fowt (F(liifl—h x) +infy, | <u<tnn;, (Su— S,ﬁ.fl)) A0 dz is always less or equal
to zero. The ith summand models the tax credits due to realized losses by wash sales between
the trading times ki—1 and k;. This equals minus the local time of S at different levels (in
the sense of Asmussen [1], page 251). Namely, the book profit of piece x is the solution of a
Skorokhod problem started at F(k;—1+,x) in which the stock price movements are reflected at
0 (however, this interpretation is only valid in between portfolio regroupings). The local time
we consider has jumps iff downward price jumps dominate previous book profits. It is different
from the semimartingale local time, see (5.47) in Jacod [12] for a definition. But, for S being
a continuous local martingale, the semimartingale local time of the reflected stock price is twice
the local time in [1], see the appendiz of Yor [22].



« fot pudDy are taxes on dividends, which have to be paid immediately.

Remark 2.9. Given an elementary process ¢ modeling the total number of shares in the portfo-
lio, It () are the minimal accumulated tax payments up to time t. This statement follows from
Theorem A.1 together with Subsection A.1.

(2.7) can generally not be formulated for strategies of infinite variation.

Remark 2.10. [t is quite natural that the tax payment process has double jumps. Namely,
the stock price is right-continuous whereas the strategy is left-continuous, and the tax payments
are triggered both by downward jumps of the stock (through wash sales) and by sales of stocks
following the strategy .

Theorem 2.11. Let ¢ € L and (¢")nen be a sequence of elementary strategies with of =

0, " >0, and " i . Then, the accumulated tax payments II™ for ™ (as defined in Defini-
tion 2.7) are optional processes with laglad paths. In addition, there exists an optional process 11

possessing almost surely laglad paths such that 11" 1. Different choices of up-approzimating
sequences of ¢ lead to the same Il up to evanescence.

Consequently, the mapping ¢ — I1(p) from Definition 2.7 possesses an up to evanescence
unique ertension

{pel | po=0, p>0} - {X:Qx[0,T] - R | X is optional and laglad}

which is continuous w.r.t. the convergence uniformly in probability. The extension, also called
I, possesses the jumps

Pt
All; = « / (lim sup F(s,z) + ASt> ANO0dx + apiADy  and (2.8)
0 s<t,s—t
(At )™
AT = a/ F(t,z)dz. (2.9)
0

Note that any ¢ € L with ¢ > 0 can be approximated uniformly in probability by a sequence
of nonnegative elementary strategies (see, e.g., Theorem II.10 in [20]).

Definition 2.12. For ¢ € L with ¢ > 0, the tax payment process I1(p) is defined as the limit
process in Theorem 2.11.

Proposition 2.13. The accumulated tax payments are subadditive and positively homogeneous
in the trading strategy, i.e., I(o'+p?) < TI(p!)+I1(?) and TI(Ap!) = A (¢!) up to evanescence
for all *, p? € L with o', ¢?> >0 and X\ € Ry. Il is in general not additive.

The proposition is proven in Subsection A.2.

3 Properties of the book profit function

In this section, we state some properties of F'(t,z). These are needed in the next section for
showing convergence of I1".



Proof of Proposition 2.5. (i): Let y < z < ¢;. By (2.3), we have M, , # (). By the left-continuity
of o, sup My, is attained, ie., x — ot + pr,, < 0 or x — o1 + pr,+ < 0. We conclude that
Y=t +prn, <0ory—@i+ ¢ 4+ <0. Thus 7, < 7.

(ii): Follows immediately from (2.4).

(iii): Due to 7, > 7p for y < o < ¢y, one has that F(t,x) — F(t,y) = infy,  <u<t Sy
inf.,-t’zgugt Su 2 0.

(iv): By (ii), it is enough to show left-continuity at x € (0, ;). One has = — ¢ + ¢, > 0 for all
u € (Tep,t] and © — @y + @uq > 0 for all u € (744,t). Because the infimum of a caglad process
on a compact interval is attained in a right or a left limit, one has that

inf{z — @t + ¢y |u€[rs+et]} >0, Ve>D0.
Therefore, there exists g > 0 s.t. for all 6 € (0, dg]
T—0—pr+@, >0 Yu€eny+et] and z—0—pr+@ur >0 Vué€[n,+e,t).

Thus, either My ;5 =0 or 0 < sup My ;s < T¢ 5 +¢. If the first holds for some § € (0, do], it also
holds for all smaller positive numbers and zero. In this case, left-continuity is obvious because
Tty = Te,e = t for all y in a left neighborhood of x. In the second case, one has 7,5 — T4 < €
and, by (i), Tte—s € [Tta, Tt,e + €] for all § € (0, o). By right-continuity of S we are done.

(v): Let ¢ be an elementary strategy with representation as in Definition 2.7. Let ¢ € [k;_1, K;)
and s1, s2 € (¢, Kil, 1.e., ps, = @s,. For = 0, one has F(s1,0) = F(s2,0) = 0. For = € (0, ¢5,],
one has Mj, 4, My, » C [0, k;—1] which leads, again by s, = @s,, to My, » = M, 5. By z < g,
and (2.3), one has Mj, ; # () and arrives at 75, 5 = Ts, » < K;—1 and thus F(s,z) = F(s2,z). For
x> @s, = s, one has that My, , = M, , = 0 and thus F(s1,z) = F(s2,2) = 0. Consequently,
the limit limg|; 75, =: 744 o exists for all x € R. |

In the next lemma, we examine the behavior of the book profit function for two strategies
whose paths are close together.

Lemma 3.1. Let ¢,0 € L with o9 = po = 0 and ¢,o > 0. Ty, F, and ]\Z,x denote the
quantities from Definition 2.3 for ¢ instead of ¢. Fiz some w € Q and t € [0,T]. If

sup [pu(w) — Pu(w)| <e, (3.1)
0<u<t
then
Fu(t,x) < F,(t,x +2¢) for all z < Gy(w) —2¢  and (3.2)
wt(w) Pe(w) _
/ F,(t,z)dz / F,(t,z)dz| < 35( sup Sy(w) — inf Su(w)> . (3.3)
0 0 0<u<t Osust

Proof. We fix some w € Q satisfying (3.1) and omit it in the rest of the proof. Let x < ¢ — 2e.
By (3 1), one has Mt a42e C My . This glves sup Mt 242 < sup My ;. Furthermore, by (2.3), one

has Merg‘E # () and thus 73 z192. = sup Mt,x+2a <sup M, < 7t , which implies

= y =

F(t,2) — F(t,x+2) = _ inf S,— inf S, <0.

;t,ac+2€§u§t Tt,x <u<t



As obviously F(t,z) = S — inf,, ,<u<t Su < supg<y<; Su — info<u<t Sy for all x € Ry, (3.2)
implies

vt (pt—2e)V0 _
/ F(t,x)dx S/ F(t,z +2¢)dr + (ot — ot + 2¢) < sup S, — inf Su>
0 0 0<ust Osust

Pt
S/ F(t,x)dx + 3¢ < sup S, — inf Su) .
0 0<u<t 0<u<t

By symmetry, we obtain (3.3). |

In the next section, we prove that II is an optional process. For this purpose, some measur-
ability of F' has to be checked.

Proposition 3.2. F' is O ® B(Ry) — B(Ry)—measurable.

Proof. Because z — F,(t,z) is left-continuous and on [0, ¢¢] also nondecreasing, one gets

F,(t,z) = 1(ac§<pt(w)) sSup {Fw(tv q) — 1(:Jc<q)oo} :
q€Q+

As {(w,t,z) | < @(w)} € P @ B(R;), it remains to show that (w,t) — F,(t,q) is
O — B(R4)—measurable for every fixed q.

Step 1: Let us show that (w,t) — 7 4(w) is P — B(R;)—measurable. Define the (random)
sets

M, ={ue0t]|qg—pr+¢pu<1/n, ucQ}, neN

sup M, = sup uly

w,t) | g—pt(w)+pu(w)<1/n and u<t}
uEQ4

and the predictability of ¢, the mapping sup M", : Q x [0,T] — Ry, (w,t) = sup M, (w) is
written as a pointwise supremum over countably many predictable functions, and thus it is also
predictable. Now, it is shown that

sup M, 1(q<pr) = Ttal( pointwise for n — oo. (3.4)

qa<et)

Let n € N, u € My 4. There exists v € Q arbitrary close to u with v € M;", and thus

sup My 4 < sup My,

Vn € N. (3.5)

Assume that ¢ < ¢y, ie., 7,4 = sup My, by (2.4). First note that ¢ — ¢; + ¢, > 0 for all
u € (T¢q,t] and ¢ — @1 + @y for all u € (7y4,t). As the infimum of a cadlag process is attained
in the right or the left limit on a compact interval, one has that

inf{g — pr +¢u | v € [rg+e,t]} >0, Ve>D0.

Therefore, there exists NV € N s.t.

1
q—g—ﬂﬂt+<ﬁu>0 Vu € 14 +€,t], n > N.
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This implies sup My, < 74 + ¢ = sup M; 4 + ¢ for all n > N. Together with (3.5) one obtains
(3.4). (3.4), the predictability of sup M, and (2.4) imply the predictability of (w,t) = 7 4(w).
Step 2: One has

F(t,q) =St — n,qirglggt Sy =0V Zlelg(St = Sy)L(r, 4 <y<t)

and by Step 1 {(w,t) | 7 4(w) < y} € P. Because S is optional, F'(-,q) is also optional, which
completes the proof. |

4 Proof of Theorem 2.11

Proposition 4.1. For any elementary strategy o, it holds that

t t o)
a/ ©udSy + a/ wudDy = a/ F(t,z)dz +11;, Vte|0,T]. (4.1)
0 0 0

This proposition is the key step to prove Theorem 2.11. Namely, by the semimartingale
property of S and D the integrals converge if ¢" — ¢, and with Lemma 3.1 it can be shown
that also the corresponding book profits fooo F(t, z)dx converge. For the latter one needs that ™
converges uniformly in probability and not only pointwise. To prove the proposition one needs
the following lemma.

Lemma 4.2. Let ¢ be an elementary strategy, s.t. ¢ = Zle Hi 11, | wi], where 0 = ko < K1 <
... < K =T are stopping times and H;_1 is F, _, —measurable. For allt € (ki—1, k], x € (0, @],
we have

St — Sk, 4 = (F(Hz‘_l—l-,:(}) + inf (S, — S,Qi_l)) ANO+ F(t,x) — F(ki—1+,x).

Ki—1<u<t

Proof. Let t1,t2 € (Ki—1, ki), 1.e., @1, = pt,. As & > 0, one has My, 5, My, » C [0, ki—1], which
leads, again by @i, = @1, to My, o = My, ». By < ¢, we have 0 € My, , # () and arrive at

Tt1,0 = Tto,x < Ri—1- (42)
By (4.2), the limit limg,, , Ts» =: Tw, 4. exists and coincides with 7 4, t € (kj—1, k;]. This
leads to
(— inf Sy +  inf Su> A0 = (— inf Sy + inf Su> AO
Tr;_1+,2 SUSK—1 Ki—1<u<t Tt,o SUSK;—1 ki—1<u<t
= — inf Sy + inf S,
Tt,e SUSKi—1 Tt Sust
= - inf S inf S 4.3
Tr; 14,2 SUSK—1 u+Tt,xSu§t w ( )
where for the second equality we use that, by (4.2), [f4,t] = [0, Ki—1] U [Ki—1,1], and we

distinguish the cases inf;,  <u<n;,_; Su > infx, | <u<t Sy and infr,  <y<k, | Su < infy, | <u<t Su.
Using (4.3), the right-continuity of S, and the definition of F', it can immediately be seen that
the LHS of (4.3) equals

<F(f€i_1+7$€) + inf (S, — S”i1)> A0,

Ki—1<u<t
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and the RHS of (4.3) equals
F(ki—1,2) — F(t,x) + St — Sk,_,-
So we are done. |

Proof of Proposition 4.1. Let ¢ be as in Lemma 4.2. First, we consider increments of (4.1) on
(Ki—1,ki], © € {1,...,k}. Let t1,to € (Ki—1,ki]. Because ¢y, = ¢, on (K;—1, K], one has by
definition of II

ot
T, — I, —a/ ' <F(/§,;_1+,:r) + inf (Su — S,Qi_l)> A Odx
0

Ki—1Su<taAk;

Ki—1Su<ti1AR;

Pty
- a/ (F(m1+, x) + inf (Sy — Sn¢1)) A 0dz + apy, (Dy, — Dy,).
0
By Lemma 4.2, one arrives at
Qotl
T, — I, :a/ (St = S,y — F(t2,z) + F(ki—1+,2)) d
0
Pty
—a [ (S = Sy = Flt1,2) + Flsior,2)) do -+ iy (Diy = D)
0
=apy, (St + Dy, — Sty — Dyy) — a/ (F(te,z) — F(t1,x))dx
0

l2 t1 0o 3]
:a/ 0sd(S+ D)s — a/ wsd(S+D)s — a/ F(ta,x)dx + a/ F(t1,x)dx,
0 0 0 0

where in the last equality we use that ps = ¢y, for all s € (¢1,t2]. This means that (4.1) holds
true for all increments on (k;—;, x;]. As it obviously holds for ¢ = 0, it remains to show that the
right jumps of the processes ¢ — [;° F(t,z)dz and II at x;_; sum up to 0 as the LHS of (4.1)
is right-continuous. By similar arguments as in the proof of Proposition 2.5(v), one obtains

i1 = Thi1a—(pn, 1 +—pn,_,) VT € Ry with the convention 7y, =1 Vy <0. (4.4)

With the convention F'(k;—1,y) = 0 for y < 0, one obtains

Pt Pri_1+
lim F(t,z)dx = / Spi 1 — inf Sy | dz
0

tlri—1 Jg Tr;_1+,2 SUSK—1

. ) Pri_1+
= / F(kj—1,x — A+<p,{i_1)d3:
0

Pri1+—ATor

= / F(ki—1,x)dx

12



where the first equality follows from the definition of F' using that S is right-continuous and
Ttw = Ti;_1+.2 for all t € (k;—1, k;] and > 0. (4.5) means that

Pri—1 (A+¢“i—l)7
AT, = AT / F(ki—1,x)dx | = —/ F(ki—1,z)dx, (4.6)
0 0

and we are done. [ ]

Proof of Theorem 2.11. Step 1: Let (¢™)nen be a sequence of nonnegative elementary strategies
with ¢ = 0 and ¢" 25 . From Proposition 3.2 one knows that (w,t,z) — F(t,z) is O ®
B(R4) — B(R4)-measurable. So, (w,t) — [i° F2(t,x)dz is O — B(R,)—measurable. Together
with Proposition 4.1 and the fact that ¢™ « S and ¢™ * D are optional, this implies that II" is
also optional.

In the next step, it is shown that (II"),en is an up-Cauchy sequence. Again by Proposi-
tion 4.1, it is enough to show that (¢ ¢ S)pen, (¢™ * D)pen, and (fooo F”(-,aj)dm)neN are

up-Cauchy sequences. Because " e @ and S, D are semimartingales, it is known, e.g., from
Theorem II.11 in [20], that (¢™ * S)nen, (¢ * D)nen are up-Cauchy sequences. So, it remains
to consider [ F"(t,z)dx.

Let € > 0. As S possesses cadlag paths, there exists K € Ry s.t.

N ™

P( sup S; — inf StzK) <
0<t<T 0<t<T

As o™ = ©, there exists V. € N s.t.

5 €
P su Pl > =] <=, Vn,m>N..
<0<£Tlcpt ot 3K> <5 e

By Lemma 3.1, we have

sup
0<t<T

/OO F"(t,z) — F™(t,x)dx
0

c €
> ey su S - lIlf S C su n o m > < ,
K(ogth b octer t)} {0<t£:r|% or'| 3K}
and one gets

P | sup > €
0<t<T

< 3
<P S; — inf S;)— > P n_ . ,m>s_° | <
< ((OE?ET s e e) + (021%‘% vl > 3K> <

/00 F"(t,x) — F"(t, x)
0

So, (II")pen is an up-Cauchy sequence. Because the space of laglad functions (also called
“regulated functions”) mapping from [0,7] to R is complete w.r.t. the supremum norm, there

exists an optional laglad process II s.t. 11" Wy (optionality follows from pointwise convergence
up to evanescence of a suitable subsequence and the usual conditions).

Step 2: Let us now show (2.8). Let ¢t € (0,T7], 2o € (0,¢;) and assume that

z F(t,z):=S5_— inf S,

Tt,e Su<lt
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is continuous at z. F (t,-) is the time-t book profit function under the modified stock price
process Sy 1= liy<s)Su + L(y>4)St— (this modification removes the impact of AS; on the book
profits).

Let € € (0,1 — x9). By the left-continuity of ¢ and by 7 4o+ < Tra, < t, one has for s
smaller but close enough to ¢ that

lps — ] <& and s> Ty e (4.7)
For s satisfying (4.7), one has that M ., # 0, M; zo4- N[0, s] # 0, and the two implications
U € Mgy = u€ M gy—e, U € My zo4e N0, 8] = u € Mz,

hold; see (2.2) for the definition of M. This implies

Tt,xo—¢ > Ts,xq > Tt,xo+e-
It follows that

inf Sy < inf S5, < inf Su-

Tt,zo+sgu<t Ts,xq <u<t Tt,zo—sgu<t

By the continuity of F (t,-) in x, the left and the right bound are close together for & small. We
conclude that limg<; ¢ F'(s,20) =: F(t—, xg) exists and

F(t—,z9) = Si— — inf S, (4.8)

Tt,xq <u<t

(For elementary strategies, one has that 7, , = 7;, for s smaller but close to ¢, and therefore the
limit F'(t—,z) exists for all z € R). By (4.8) and a distinction of the cases Sy < infr, , <u<t Sy
and S; > infr, | <y<i Su, one obtains F'(t,z0) = 0V (F(t—,z0) + AS;) and thus

AF(t,z0) = (—F(t—,20)) V AS; = ASy + (—F(t—, x0) — AS;) V0.

By monotonicity, the mapping = ﬁ(t, x) has at most countably many discontinuities, so that
limgsct st fooo F(s,z)dx exists and

[e’e] 47 47
A/ F(t,z)dz = A F(t,x)dx = ¢ AS; + / (= limsup F(s,z) — AS;) V0Odx (4.9)
0 0

0 s<t,s—t

(interchanging integral and limit is possible as F' and S are bounded for w fixed). By construction
of II, Proposition 4.1 holds for all ¢ € L. Together with (4.9) and A(¢ * (S+ D)) = pA(S+ D),
this implies (2.8).

Step 3: It remains to prove (2.9). For the approximating elementary trading strategies ¢,
it follows immediately from Definition 2.7. As (A*¢™)~ converges to (Aty)™ uniformly in
probability,

(A+(p’?)7 up (A+90t)7
/ F"(t,z)de — / F(t,x)dz (4.10)
0 0

follows by the same arguments as in the proof of Lemma 3.1. Putting everything together the
assertion follows. [}

14



5 Self-financing condition

To prepare Section 6, we introduce the self-financing condition of the model which is a natural
generalization of the standard continuous time self-financing condition without taxes.

Besides the risky stock with price process S and dividend process D, the market consists
of a so-called bank account. Formally, the bank account can be seen as a security with price
process 1 and dividend process

t
Bt:/ rsds, te€0,T], (5.1)
0

where the locally riskless interest rate r is a predictable, nonnegative, and integrable process.
This simplifies the analysis as increments of B are taxed immediately, and one needs not consider
unrealized book profits of the bank account (as for the risky stock).

Definition 5.1 (Wealth process and self-financing condition). Let X be an optional process
modeling the number of monetary units in the bank account, and ¢ € 1L models the number of
stocks the investor holds in her portfolio. The wealth process V' of the strategy (X, @) is defined
as

V=V(X,p) =X+ ¢S. (5.2)
A strategy (X, p) is called self-financing with initial wealth vy iff
V=vp+(1l-—a)X*B+peD+p+S—1II (5.3)
with I from Definition 2.12.

Remark 5.2. As B is continuous, it is sufficient to assume that X is optional instead of
predictable. Thus, the after-tax dividend (1—a)pADy of the stock can be included in the number
of monetary units X;. Note that an immediate reinvestment of the payoff in the stock would only

affect o1, but not wy.

Remark 5.3. For any ¢ € L, vy € R, there exists a unique optional process X s.t. (X, ) is

self-financing. Indeed, plugging (5.2) into (5.3) yields
X=vw+(1l-a)X*B+p*D+¢p+S—1I1—pS. (5.4)

Now, an optional process X solves (5.4) iff X is laglad, the cadlag process X4 solves the SDE

Z:U0+(1—Oé>Z_'B+S0‘D+§0‘S—H+—(p+8
(which has a unique solution Z, cf., e.g., Theorem V.7 in [20]), and X = Z — ATX = Z +
ATII+ SA* .

(5.3) means that increments of the wealth process solely result from trading gains and tax
payments. An alternative condition is to assume that portfolio regroupings do not involve costs.
The latter condition may be more intuitive, but it has the drawback that it can only be stated
for strategies that can be used as integrators (thus, trading strategies that are no semimartin-
gales would be excluded although they could economically make sense). Let ¢ and II be as in
Definition 2.7. The alternative self-financing condition reads

k t
Xi = Yo — Z 1(“i71<t)5’4i—1(90:‘%—1+ - (pﬂi_1> + /O (1 - Oé)XS?”st —IL + 2 Dy. (5'5)

=1

It is an easy exercise to prove equivalence of (5.5) and (5.3) for elementary strategies.
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6 Comparison of different dividend policies

In this section, we investigate the effect of different dividend policies on the investor’s after-tax
wealth. In particular, we show that under the mild condition that the dividend policy has no
effect on the stochastic return process, the effect of dividends is always negative. This assumption
is formalized by the following definition.

Definition 6.1. Let R be a semimartingale with AR > —1 and sg € Ry. Then, for any nonde-
creasing cadlag process D, define SP as the unique solution of

SP =59+ 8P+« R—-D. (6.1)

We call D admissible iff SP > 0, i.e., we only consider dividend payoffs that do not exceed the
stock price. R is the return process modeling the stochastic profit per invested capital.

Observe that for any admissible D the stock price SP stays at zero once the process or its left
limit hit it. Note that by AR > —1, D = 0, which corresponds to the model without dividends,
is admissible. Alternatively, one can start with an arbitrary nondecreasing process D with

AD <1+ AR (6.2)
modeling accumulated dividends as multiples of the current stock price and consider the SDE
S=s0+S_+(R—D). (6.3)

Then, SP = S for D := S_ » 5, and, by (6.2), the stock price is nonnegative. But, as for an
arbitrary admissible dividend process D the integral S%l (sP>0} * D may explode, Definition 6.1

is slightly more general.

Remark 6.2. (6.1) says that one has the same R for all processes D, i.e., there holds a scaling
tnwvariance of the stochastic investment opportunities. The negative effect of dividends on the
after-tax wealth is essentially based on this property. It is, e.g., not satisfied in the Bachelier
model with dividends.

Note that we do not assume that dividend payoffs are accompanied by downward jumps of
the same size of the stock price. Such a behavior can be explained by no-arbitrage arguments
if dividends are predictable. However, the framework also allows for a spontaneous dividend
payment ADy, e.q., if ARy is large.

Recall that we consider a market model with two investment opportunities: a risky stock
with price process S and dividend process D (interrelated by Condition (6.1)) and a locally
riskless bank account. The latter is an asset with price process 1 and the nondecreasing dividend
process B from (5.1). We denote the model by ((S”, D), (1, B)). Now, we compare the situation
of an arbitrary admissible dividend process D with the situation of no dividends. In the latter
model, we use the subscript 0, i.e., SO, II?, V9, etc. The following theorem is the main result of
this section.

Theorem 6.3. Let (X7, 0P) be a self-financing strategy with initial wealth vo in the model
with dividends ((SP, D), (1, B)), and let VP be the corresponding wealth process. Then, there
exists a self-financing strateqy (X, %) with initial wealth vy in the model without dividends
((8°,0), (1, B)), where V is the corresponding wealth process, s.t. VP < VO,
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Lemma 6.4. The process

SD
50 1s0>0}

18 MONINCreasing.

Proof. The case sy = 0 is obvious. Let sgp > 0 and define 7 := inf{t > 0 | AR, = —1}. By the
formula of Yoeurp-Yor [21] (see also [14]), one has

1 1 AD,AR
P =80(1- D _Tsee s 6.4
g0 TP o<23<. S9 14 AR, (6.4)

on the stochastic interval [0, 7[. The second factor of the RHS of (6.4) is obviously a nonincreas-
ing process. As SP = 8% = 0 on [r, 0o[, we are done. |

The key step to prove Theorem 6.3 is the following lemma.

D
Lemma 6.5. Let o € L and ¢° := ¢D§—51{59>0}. Then, ¢° € L,

@ eS80 =pP e (SP+ D), and TI°<TIP, (6.5)

This means that for an arbitrary strategy in the model with dividends, there exists a strategy
in the model without dividends leading to the same trading gains in the risky stock but not
exceeding accumulated tax payments. The money invested in the stock is the same for both
strategies. If price processes do not vanish, one can recover ¢ from ° by investing the dividend
payoffs in new stocks. This is illustrated in Figure 3.

Proof. Step 1: As ¢ < P, one obviously has ¢ € L. Because SP = SP « R — D and
59 = 8% « R, one obtains

5P
080 = @DST1{50_>0} (5« R) = pPSP1g0 .0y * R=9"1(50.0y * (ST * R)

= PSP+ D), (6.6)

where for the last equality we use that {S® = 0} C {S” = 0} and the process 591{59:0} *R
vanishes.
By construction of II, Proposition 4.1 holds for all strategies from L, i.e.,

oo
a/ FP(t,z)dz + TIP = ap? « (P 4+ D)
0
(and the same without dividends). Together with (6.6), one obtains
P —1mf = a/ FO(t,z)dx — a/ FP(t, x)dx. (6.7)
0 0

Step 2: Let us show that for ¢9 > 0 (implying that ¢ > 0 and SP > 0)

D 0
Tiw > T

)

Y . VrERy (6.8)
,J??
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(a) Book profit functions z +— F'”(t;—,z) and & — FP(t1,z) modeling book profits immediately before resp.
after the predictable dividend payoff AD;, = 1000 associated with AS;, = —1000. One has F? (t;—, z)+AS;, <
0 iff x < 55. This means that 55 stocks are sold and immediately repurchased (wash sale).
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(b) Book profit function x — FP(t;+,z) after portfolio regrouping. According to ¢”, the dividend payoff is
invested in 20 new stocks which start with zero book profits, and the function is shifted about 20 units to the
right.

Figure 3: Reinvestment of dividends

First note that

MO

t,x—f ’
Pt
(cf. Definition 2.3). It is sufficient to consider z s.t. both sets are not empty. One has

$—¢,5D+g05>0 VUE(Tt’Dx,t] and x—505+905)+>0 VuE(T,f)x,t).

We conclude

0 0 0
© © 0 0Su ©
0< t(ﬂf-@?ﬂ@f):f;(ﬂﬂ sOSD+ SD>_¢tw—<pt+<pu Vu € (1i2, 1,

op Pt t
. . D S0
where for the last inequality we use that fTO =D is nondecreasing by Lemma 6.4. By wi = 5—;,

one obtains analogously for ¢ 4 that

0 0 0
Yt @t S Su SDt
0<p (z—of +9l4) = e <w—s0tSD +s0u+SD> <P 5 — ¢ +ohy Vue (ih,1).
As MO #£ (), it can be concluded that 7° = sup M° < Tt%.

? ? #f
t,x—~ t,x—5 t,x—5
b LPtE) b thD b (ptD
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Step 3: For ) > 0 (implying S)_ > 0 and ¢ > 0), we have that

FP(t,z) = SP_— inf §P

D
—I28) —  inf S“S")vo

u
T{:’zgu<t 58

Lemma 6.4 §P

< = s)— inf S)|voO
Stf T£w§u<t

(6.8) Sp

< =S - inf S%1vo
St— Tt,«p?/<ptDzSu<t
0 0

_ Pt 0< Pt )

= —F'(t,—z]. (6.10)
s wp

Observe that for the second inequality, we use that SP /S < SP/SY for u strictly smaller than
t (all considered prices are nonzero). For ¢ > 0, it follows from (6.10) that

o0 00 00 oo 0 0
a/o FO(t,z)dx — a/o FP(t,z)dx > a/ FO(t,z)dx — a/ %Fo(t,m%)dx =0.(6.11)

0 0 ¥ ¥y
If ¢ = 0, then either w? = 0 or StD_ = 0. Both equalities imply that FD(t,~) = 0, and,
consequently, the first difference in (6.11) is nonnegative. Putting (6.7) and (6.11) together
yields the assertion. |

Proof of Theorem 6.3. Let P € L. ¢° is defined as in Lemma 6.5 and X, X? are the unique
positions in the bank account to meet the self-financing condition (cf. Remark 5.3). Let us first
examine the right limits V}F) and VJP . By the self-financing condition, one has

VY =vg+ (1 —a)X?+ B+ ¢+ 8" -1
VP =g+ (1—a)XP e B+ PSP + P+« D117,

On the other hand,
VP =XP 4+ oPsP =xP 4+ 08 =v) + xP - X9
Together with ¢¥ « S = P « (SP + D), one arrives at
XP-xt=vP-Vl=(1-a)X2-X}) -7+ <(1-a)X”-X%+B

By Gronwall’s lemma in the form of Lemma 2.1 in [17] applied to the nonnegative cadlag
process (XP — X¥) Vv 0 and the nondecreasing process B (here, one needs that r > 0), one
obtains Xf < X?r and thus

vP<vy (6.12)

Note that the lemma cannot be applied directly to X and X© as these processes are not cadlag.
Thus, the right jumps of VP — VY have to be analyzed. For ¢ = 0, one also has ¢? = 0, and
the jump at time ¢t vanishes. Otherwise, one argues that

AT(VP —vY, = ATM° -11P),

19



(a*4) (a*eP)
= a/ Fo(t,x)dxa/ FZ(t,z)dx
0 0
(6.10) (Ate?) (a*eP)
> a/ Fo(t,x)da:—a/ %FO (t, 90th> dx
0 0 Pt t
s (harer)
= a/ F (t,x)dx—a/ k F°(t,z)dz
0 0
D 0 SO
(a+ed) NGk a
= a/ Fo(t,x)dx—a/(s< e tStD’)) FO(t,2) da
0 0
D 0 50 -
iz (0 Sie_ 05—
(wﬂ—sg vt SQ)) FO (t,x)da:

> a/(A+@?)_ FO(t,z)dx — a/(i’?
= 0 ’ ’ (6.13)

The last inequality uses that SY/SP > SP /SP by Lemma 6.4. Putting (6.12) and (6.13)
together, one obtains

VP = VE - ATVP <VE - ATV < VL - Aty =1y

7 Tax-efficient strategies

Let S > 0 be a continuous semimartingale and ¢; = ¢g(S;) for all ¢ > 0, where g : Ry — R4
is a nondecreasing and twice continuously differentiable function. This means that the “initial”
position is @o+ = ¢(Sp), and the investor increases (reduces) her position after an increase
(decrease) of the stock price. Denote by ¢~! the right-continuous inverse of g, i.e.,

9 ' (y) = sup{s | g(s) < y}.

Let us show that the book profit function reads

. . [ Si—g N — ), 2 < —infocu<t pu
F(t,x) == S — rt,irglggt Sy = { S, — infocuct Sus T > @1 — infocuct Pu forall ¢t >0, (7.1)
which means that the infinite-dimensional stochastic process F' is a direct function of the two-
dimensional stochastic process (S, info<y<t Su)e>0. Note that infocy,<t o, = g(info<u<t Su)-

To prove (7.1), first consider the case that z < ¢; —info<y,<t ¢,. By definition of 7, one has
that g(Su) = pu > ¢ —x for all u € (734, t]. Together with the monotonicity and the continuity
of g, this implies that S, > g7 !(; — x). On the other hand, we have that Pry 4+ = Pt — T and
thus, by 9(Sr,..) = ©ruts Sr. < sup{s | g(s) < ¢r.+} = g (p¢ — x) (the right limit is only
needed for the case that 7, = 0, which is possible if z = ¢; — info<,<; ¢,). By continuity of the
paths of S, we conclude that infr, <<t Sy = g Yt — ).

This means, the purchasing price of the stock with label z is S, , = g 1 (¢y — ), and up to
time ¢, the price does not fall below it. Now, let x > ¢; — info<y<¢ ¢yu. One has 7, , = 0 which
yields the assertion.

If ' < 0, one still has that S, , = g (¢ —x) (of course, with g~! defined appropriately), but
now, infr,  <u<t Su = g_l(suth’z<u<t ¢u), and the infimum can be attained anywhere between
Tt and t, which implies that F'(¢,-) cannot be a direct function of (S, info<y<t Sy).
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From (7.1), it follows that

vt . 4pi_info<u§t Pu " ‘ .

Jy e = (et s 97 e m @) de+ il el oL S
Pt

= — inf inf _ 1 . 4

SOtSt OirllLSt sou Oérqligt Su /inf0<u<t Pu g (z) v (7 )

Using that ¢’ = 0 on (S, 9 '(y)), integration by parts yields

©t 1 97 (1) ,
/ g (z)dx = / yg'(y) dy
i g

nf0<u§t Pu _l(inf0<u§t 30"1)

St
= / yg' (y) dy

nfo<u<t Su

t St
= yg(y) ’ —/ 9(y) dy. (7.3)

info<ust Su nfo<y<t Su

Let G be an antiderivative of g, i.e., G’ = g. Putting (7.2) and (7.3) together, we arrive at

/O% Flt, ) de = G(S;) — G ( inf 5u> .

0<u<t

For the trading gains, one has by It6’s formula

9(S) + Sy = G(Si) — G(So) — %g'(S’) « [S, 8] = G(S)) — G(Sp) — %[g(S),S]t, (7.4)
which yields
t 23 . 1
I, = a/o ©dS — a/o F(t,az)dv=a | G (0%152 Su> ~G(5) — 5 [0, Sl
—

. . nondecreasing in ¢
nonincreasing in ¢

Remark 7.1. First note that all tax payments are nonpositive (of course, only up to the lig-
uidation of the portfolio). This is because trading gains are never realized if ¢ > 0. There are
two components: payments triggered by wash sales when the stock price reaches its running infi-
mum info<y<¢ St, and there are all the time the taxes —0.5a[p, S| = —0.5a4'(S) * [S, S] triggered
by loss realizations from “recently” purchased stocks.

To explain this phenomenon, consider an approrimating sequence of Cox-Ross-Rubinstein

type models with finite price grids {0,0/v/n,20/\/n,...}, n € N, and S("kﬂ)/n - S,’;‘/n =x0/\/n
each with probability 1/2. First, we look at the case that at time k/n the stock price lies strictly
above its minimum up to this time. Then, the investor holds exactly g( l?/n) - g(S]’g/n —o/y/n)
shares with book profit zero. Namely, these shares were purchased after the last time < k/n at
which 8™ jumps from Sl?/n —o/y/n to S}:/n. All other shares which are in the portfolio at time
k/n were purchased earlier and have a higher book profit that cannot fall strictly below zero in

the next period. Therefore, the tax payment at time (k + 1)/n is given by

" n o - q'(S} n)az
—a (g(Sk/n) -9 <Sk/n - \/ﬁ>> (Stkt1)/n — Sk/n)” = —QT/l{S(kH)/n—Sk/nm},
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i.e., if the price goes up, there are no tax payments, and if it goes down the shares that have
zero book profit before are sold. For n — oo, by the law of large numbers, half of the price move-
ments go down, and one arrives at the accumulated taxr payments —O.5afg’(5t)02 dt (note
that in the limit the fraction of periods at which the stock price attains its running mini-
mum vanishes). Then, the general case with nonconstant d[S,S]|:/dt follows by stochastic time
changes applied to the approximating price processes. If Sy, = min< Sl’}n, all shares have
book profit zero and after a further decrease they are wash-sold, which leads to the tax payment
ag(min;<g Slr;n>(minl§k+l S{;n — minj<y, S{;n) In the limit, the accumulated tax payments when
the stock price coincides with its running minimum become o (G(info<y<.Sy) — G(So)), where
G' =g.

In general, when building up a portfolio, an investor can generate negative tax payments,
or at least off-set positive tax payments on dividends, by purchasing many new stocks and sell
whose stocks which go down. This is accompanied with higher book profits of the shares that
go up. Thus, as time goes by, it gets increasingly more difficult to avoid tax payments.

8 Counterexamples

In this section, we give examples that illustrate the problems with the construction of the tax
payment process and show the necessity of some assumptions.

Remark 8.1. If the stock price process is not a semimartingale, different sequences of up-
approrimating elementary strategies of a left-continuous strategy ¢ can lead to different limits
of the actual tax payments I1". Namely, if S is not a semimartingale, there exists a sequence of
nonnegative elementary strategies (¢™)nen S.t.

[e™lse = 0, E(A sup (¢"*S8)7) =0, n— oo,
te[0,T7]

but

E(1A sup (¢"*S)") A0, n— oo,
te[0,7)

see Theorem 1.7 of [2] (shifting the strategies by the constants ||¢"||ec shows that they can be
chosen nonnegative). By ||¢"™||oc — 0, the book profits vanish, i.e., [ F"(-,x)dx — 0 uniformly
in probability, but the trading gains do not tend to zero. Thus, by Proposition 4.1, (II"),en does
not tend to zero. On the other hand, the elementary strateqy ¢ = 0, the uniform limit of (¢™)nen,
leads to zero tax payments.

Remark 8.2. Taxr payments are not continuous w.r.t. pointwise convergence of elementary
strategies. Indeed, let ™ = 1(01/21u(1/241/n,1)- ¥ converges pointwise to ¢ = 1y and " *
S — p * S uniformly in probability. But, in contrast to p, the strategy ™ realizes current book
profits at time 1/2. Thus, it is not possible to define the tax payment process as unique continuous
extension w.r.t. pointwise convergence to the space of all predictable locally bounded strategies as
it is done for the stochastic integral, cf. Theorem 1.4.31 in [13]. It seems that the convergence
“uniformly in probability” for trading strategies is taylor-made for modeling capital gains tazes.
The strategy set L is still rich enough to cover almost all relevant strategies in applications.
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9 Conclusion

The first purpose of this paper is to find a suitable set of continuous time trading strategies
(specifying the number of identical shares that an investor holds in her portfolio) for which
the payment flow of a linear tax on realized trading gains can be constructed. It turns out
that this is the set of all adapted processes with left-continuous paths possessing finite right
limits, i.e., the closure of elementary predictable processes w.r.t. the convergence “uniformly in
probability”. Then, the extension to trading strategies in different stocks is straightforward. From
a theoretical point of view, it is appealing that tax payments can also be defined for strategies
of infinite variation. This is not obvious at all because a reduction of the stock position leads to
tax payments whereas an increase has no immediate effect. This property may suggest that a
construction of the tax payment flow must be based on a decomposition into an increasing and
a decreasing part of the investment strategy.

In the discrete time model of Dybvig and Koo [11], we prove that it is optimal to realize
trading losses immediately and, when the total number of stocks has to be reduced, to sell
shares with lower book profits / later purchasing times first. Based on this result, for elementary
strategies in a continuous time model, we introduce an automatic loss realization when shares
fall below their (individual) purchasing prices as well as a rule that dictates to sell shares with
later purchasing time first when the stock position has to be reduced. Following this procedure,
the tax payment flow is already determined by the stochastic process modeling the total number
of shares in the portfolio. For the extension to nonelementary strategies, the representation of
the book profits of the shares in the portfolio plays a key role (although all shares have the same
price, their book profits differ because of different purchasing times).

Secondly, we prove that under the condition that the dividend policy has a neutral effect
on the stochastic return process, for every investment strategy in a firm with dividends, there
exists a strategy investing in an “identical” firm without dividends that leads to an almost surely
higher or equal after-tax wealth.

Finally, we find out tax-efficient dynamic strategies. These try to defer tax payments as long
as possible. Because profit-taking leads to early tax payments, a tax-efficient strategy reduces
the position only after losses, i.e., there should be a positive dependence between the number of
stocks in the portfolio and the stock price. If the position is a direct nondecreasing function of
the stock price, the tax payment flow can be determined explicitly and is given, besides a local
time component, by the tax rate times half the quadratic covariation of the strategy and the
price process.

In the paper, we consider the so-called ezact tax basis which is economically the most reason-
able one. For other tax bases, as the FIFO (“first-in-first-out”) or the average of the purchasing
prices, the main phenomena are similar, as, e.g., the suboptimality of dividends. But, the mod-
eling is quite different. Especially, it is an open problem how to construct tax payment flows
beyond strategies of finite variation.

A Appendix: The discrete time model of Dybvig/Koo

In this section, we motivate the automatic loss realization as well as the rule to sell shares with
lower book profits / shorter residence times first (based on this procedure, the tax payment
flow was introduced for continuous time portfolio rebalancings in Section 2). For this, we prove
that in the discrete time model of Dybvig and Koo [11], this procedure leads for all paths to a
higher or equal after-tax wealth than any other strategy (with the same total number of shares
in the portfolio) if the riskless interest rate is nonnegative. Namely, the procedure minimizes the
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accumulated tax payments up to any time t (see Theorem A.1). A similar assertion is already
stated in [11] (see Properties 1 and 2 on page 6), but in less formal terms and, so far, a proof is
only available for Property 1 in special cases (see Subsection 3.1 of Constantinides [9]). The idea
is that investors always prefer tax payment obligations in the future to tax payments today.

Following the notation in [11], N, denotes the number of stocks that are bought at time
s €{0,...,T}, T € N, and kept in the portfolio at least after trading at time t € {s,...,T}.
Especially, IV; ; is the number of shares purchased at time ¢, i.e., a position cannot be purchased
and resold at the same time (on the other hand, a position can be sold and rebought at the
same time). One has the constraint

Ntﬂg > Nt,t—i—l > ... 2 Nt,T >0, for all ¢t € {O, - ,T}, (Al)

which contains a short-selling restriction. Following the standard notation in discrete time, we
denote by

t
pri1= Nep, t=0,....T (A.2)

the number of stocks in the portfolio after trading at time ¢t. Accumulated tax payments up to
time u are given by

u t—1
I, == az Z s,t—1 — s,t) (St - Ss) 5 (A3)
t=1 s=0
where > ;... = 0 throughout the section. With II from (A.3), the self-financing condition

is defined as in (5.3).

Of course, there are different strategies N = (Ngt)s=01,..7, t=s,s+1,..,7 that lead to the same
number ¢ of risky assets. Given some nonnegative process ¢, the rule of selling shares on which
our model in Section 2 is based corresponds to the followmg strategy N constructed by (forward)

induction in ¢: NO 0 = ¢1 and, given Ng;_1, s =0,1,. — 1, N, is defined as
+\ t+
]f\vf&t :1{St25s} j\vfs,t,1 — AthJrl Z th 1 , S€E {0, R A 1}, (A4)
Jj=s+1
Nyt =Api1 + Z(Ns,t—l — Ngy), (A.5)
s=0

where @11 = Apiy1 — ¢p. Following (A.4), the investor first reduces her total position by
(Apiy1)~, thereby selling the shares with the smallest residence time ¢ — s. Then, remaining
shares with negative book profits are sold. By (A.5), condition (A.2) is satisfied, and, by omitting
the indicator functions in (A.4), one sees that Kfm > 0. Now, we can already formulate the main
assertion of this section. In Subsection A.1, the precise relation to the model introduced in
Section 2 is established.

Theorem A.1l. Let (¢t)ieq1,...7+13y = 0 be a given position in the risky asset. Let N be the
strategy defined in (A.4)/(A.5) and N be an arbitrary strategy satisfying (A.1)/(A.2). Then, for
the corresponding accumutated tax payments, one has that

I, <II; forallte{0,... T} (A.6)
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From Theorem A.1, it follows, as in Section 6, that the wealth process of N dominates the
wealth process of N if the riskless interest rate is nonnegative. Namely, for both strategies,
trading gains before taxes are given by ¢ ¢ Sp := 25:1 ©u(Sy — Su—1), but N defers tax
payments to a larger extent.

Throughout the section, for ¢ and w fixed, (ko, k1, ..., k:) is a permutation of (0,1,...,t) s.t.
Sk = Sky > ... > S, and Sy, >S5y Vi<j, wherek;=t. (A7)

Then, for an arbitrary strategy N, the book profit function is defined as

t

F(t, ,I) = ZO(St — Skl)l(z;;é Nkl7t72§20 Nkl,t] (.’E) (AS)

On (0, piy1], F(t,-) is obviously nondecreasing. Note that F'(t,-) from (A.8) already contains the
portfolio regroupings that take place at price Sy, i.e., it consists of @41 shares (see Subsection A.1
for the relation to the book profit function from Section 2). To prove Theorem A.1, we need the
following lemmas.

Lemma A.2. For every strategy N with corresponding number of stocks ¢ and book profit
function F', one has

©Ot+1
Ht:anp'St—a/ F(t,x)dx, t=0,...,T
0

(cf. Proposition 4.1).

Proof. We have

Pt+1 Pt
api(Sy — Si—1) — « (/ F(t,x)dx — / F(t— 1,x)da:>
0 0
1

-1 ¢
=« (Z Nit—1(St — Se—1) — (Ni (St — Si) — Nig—1(Se—1 — Sz)))

=0 7

Il
=)

-1
=Y (Nig-1— Nig) (Si = S5)
i=0
=II; — II;_1.
|

Lemma A.3. Let F be the book profit function of the strategy N from (A.4). Then, one has

ﬁ(f,$) = 1((A¢t+1)+7%+1]($) (ﬁ(t —1l,z— A(,Dt+1) + S — Stfl) V0. (Ag)

Proof. If the stock price falls below the purchasing price of a particular share, then, following
(A.4), this share is definitely sold. Consequently, one has that

Sy, < S, forall sy < sy <t—1with Ny, ;1 >0, (A.10)

i.e., book profits are nondecreasing in the residence time ¢ — s. Put differently, if one only
considers points s € {0,...,t — 1} with Ng;—; > 0, the stock price is nondecreasing. Thus, in
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(A.4), the investor sells the shares with the lowest book profits (because they have the shortest
residence times), and the strategy N given by (A.4)/(A.5) reads: Noo = ¢1 and

Ny, + =0, forie{0,...,j—1},

+\ *+
Nt = | Nipo1 — | (D)™ ZNkl,t ! L odie{j+1,..t)
7]
Nt = Ny =Api1 + (N t—1 — Nigpt)s
J
=0
1)

for t € {1,...,T}, where j and the permutation (ko,...,k:) are given in (A.7).

Case 1: (Apir1)” < Z{:—Ol Nkl,t,l (note that this includes the case Ap;y; > 0).
One has Ny, s = Ny, 11 for I > j + 1 and arrives at

i 0, ie{-1,0,....5—1)
lz(;Nkht: Zl ONkzt 1+A30t+17 7’6{]7"'7 } ' (A'll)

For z € (0, p¢+1], one obtains

IIE
=
M- LM~

F(t,x) = (St — Ski)l(Zf;é Ny 61— Nieyt] (z)

7

(St—1 — Sk, + St — St1)1< } (z)

i=j+1 Z%é N’ﬁz,t—l'f‘ASOt-&-le%;é Nkl,t—1+A<Pt+1
J J

1((Ag0t+1)+,50t+1}($) (ﬁ(t -1z A‘PtJrl) + (St - St71)> V0,

where the last equality holds by (A1) < Z{:_ol Nkl,t_l + Apiyr, S — Sk, <0 for i < j, and
Sy — Sk, >0fori>j+1.

Case 2: (A1) > Z?;Ol Nkht—l (i.e., after the reduction of the position by (Apii1),
there are no shares with negative book profits). Define

m:=ming i | (Apir1)” < ZNkz,t 1
1]
We have m > j + 1 and arrive at

N 0, ief{- 10...,7?1—1}
ZZ;N’W: Zz oNklt 1+ Apyr, i€ {m,... t} : (A.12)
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For z € (0, p¢41], one obtains

t
F(t,x) = Z(St — Ski)l(zj;é Niey,t- S Ny 1] (z)
=0
t
Z(St_l — Skz + St - St—l)1 ) _ L (.%')
<Z;:01 Nigp,t—1+8¢141,3 71 Nigj,t—1+ 20141
I#j I#j

= Ft—1,2—Api1) — (St — Si—1),

i=m

where the last equality holds by z — Api11 = 2+ (Apip1)” > Zio
1]

! Nkht—l for x > 0.
|

Proof of Theorem A.1. Let N and N be as in the theorem with corresponding book profit func-
tions F' resp. F' as defined in (A.8). Let us first show that

F(t, J}) < 1((A%+1)+,w+1](x) (F(t —1l,z— A‘;OtJrl) +5; — Stfl) V0, =xe€ (O, g0t+1]. (A.l?))

For x € (0, p¢41], let i € {0,...,t} st. x € (Zﬁ;é Nkzi»Z?:O Nkl,t}- If 1 <j (cf. (A.7)), one has

F(t,z) = S — Sk, <0, and (A.13) holds. Thus, it remains to consider the case ¢ > j + 1. For
this, we have

7—1 1—1 i—1 i—1
2> Nos=Ng+ > Ny = > Npeo1 +Neg+ > (Nipt — Nigoo1)
=0 ll;ﬂ ZZ;O ;;0
J J J
> Z Ny, t—1+ Ny + Z(Nkl,t — Nigt—1)
1 1
(A42) i—1
= Z Nii—1 + Appya.
o

By monotonicity of F, this implies F/(t — 1,2 — Agpii1) > Si—1 — Sk, = F(t,z) — (St — S¢—1) and
together with > Ny; > (Apiy1)™, we arrive at (A.13).

With Lemma A.3 and (A.13), it follows by induction in ¢ that F(t,z) < F(t,z) , for all
t=1,...,T and & € (0, p411] (note that F(0,z) = F(0,2) = 0). By Lemma A.2, the assertion
follows. [

A.1 Relation to the model from Section 2

It remains to prove that the discrete time version of our model introducted in Section 2 does
indeed coincide with the model of Dybvig/Koo with N = N. Let (pt)t=1,... 7+1 be a discrete time
predictable process, i.e., ¢y is F;_1-measurable. By F , we denote the corresponding discrete time
book profit function in the sense of (A.8) for N = N. By F, we denote the continuous time book
profit function in the sense of (2.6) for the piecewise constant strategy Zzzl onln_1,n € L and
the stock price process S = Zgzo Snlinnt1)- This is the standard embedding of a discrete time
market model into a continuous time framework. Let us show that

F(t,z) = F(t+,z), t=0,1,...,T 1.
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This means that F (t,-) already contains the portfolio regroupings that take place at price S;
(note that in a discrete time model, there can only be one change at time ¢, whereas in continuous
time, there can be a change between t— and ¢ and between ¢ and ¢+).

For the piecewise constant process 22:1 onl(n—1,n, the right limit of the purchasing
time (2.2) reads

Tip o= lm 75, =max{ue{0,1,...,t} | ou < ip1 —x}, z€[0,0i11],
s>t, s—t

with the convention from Section 2 that g = 0 (note that the increment ¢, 1 — ¢, is purchased
at price S,). One has the implications 74 , < t = T(t—D)4o—Aprr1 = Tt+a and Tip o =
t & 2 <(Api1)T. This implies

S;— min S,

Ttz <u<t Tet,z Su<t—1

<St - St—l + St—l - min Su> \YAl)

T(t—1)+,a—Apy g SUSE—1

- 1((A<Pt+1)+,eot+1}($) (St —Si1+ 51— min Su> V0

(with min @) := 00), i.e., F(t+,2) = Sy — min,,, ,<u<t Sy satisfies the recursion (A.9), and thus,
it coincides with F'(¢, z). By Lemma A.2 and Proposition 4.1, this implies that the tax payment
process defined in (A.3), with N = N, coincides with the right limit of the tax payment process

from Definition 2.7.

A.2 Proof of Proposition 2.13

Step 1: Let us first prove the assertion for the model of Dybvig/Koo with N = N for any given
nonnegative ¢. By Theorem A.1, we have that

II(N) = inf II(N), (A.14)

where II is defined in (A.3), and the infimum is taken over all nonnegative N that lead to the
total number ¢ of shares. II is obviously linear in N which already implies positive homogeneity
of (A.14) in ¢. In addition, for any nonnegative N! leading to total number o' and any
nonnegative N? leading to total number ¢?, the sum N! + N? > 0 leads to the total position
! 4+ 2. Thus, (A.14) is subadditive in ¢.

To see that (A.14) is in general not additive in ¢, consider o' = L(o,1) and ©? = L1,
ie., ol + p? = (o, For @' + ©?, the tax payments at time 1 are a (S; — max(Sp, S1)), but
a (S1 — Sp) for p! and zero for 2. This already shows the non-additivity. Also note that for N
associated to ¢! + ¢?, we have that No1 = 1 if S; > Sp. Le., there is one share that is bought
at time 0 and kept in the portfolio beyond time 1. On the other hand, one has Ny ; = 0 for all
N that lead to the total position ¢! or ¢?.

Step 2: By Subsection A.1, the properties carry over to the continuous time tax processes
from Section 2. Namely, in the continuous time setting, we first fix finitely many stopping times
at which ¢ can change its value and replace the infima in (2.7) by corresponding infima along a
finite grid. Then, the modified tax processes coincide with the tax processes from Step 1 for an
appropriate chosen discrete time market model. As the stock price is cadlag, the infima along
the grid points converge pathwise to their continuous time counterparts when the mesh of the
grid tends to zero. Thus, subadditivity and positive homogeneity is proven for the tax processes
from (2.7) for elementary strategies, and by Theorem 2.11, they carry over to all strategies.
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