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Abstract

We provide a mathematical framework to model continuous time trading of a small
investor in limit order markets. We show how elementary strategies can be extended in a
suitable way to general continuous time strategies containing orders with infinitely many
different limit prices. The general limit buy order strategies are predictable processes with
values in the set of nonincreasing demand functions. It turns out that our strategy set of
limit and market orders is closed, but limit orders can turn into market orders when passing
to the limit, and any element can be approximated by a sequence of elementary strategies.
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1 Introduction

In today’s electronic markets the predominant market structure is the limit order market (or
continuous double auction) where traders can continuously place market and limit orders. A
market order is executed immediately at the best currently available price whereas a limit order
is stored in the book until it can be executed at its limit price. The limit orders can be chosen
from a continuum of limit prices. By the enormous increase of trading speed and a reduction of
immediate order execution costs, there appears a huge demand for sophisticated mathematical
models of high-frequency trading that take the precise price formation mechanism into account
and allow for the computation of optimal trading strategies. This article provides a mathematical
background to model self-financing continuous time portfolio processes allowing for a continuum
of limit prices of a “small” trader whose transactions have no impact on the order book dynamics.
Under the assumption that the order sizes of the investor are small compared to the orders in
the book, trading solely with market orders corresponds to models with proportional transaction
costs. The small investor buys at the best-ask price and sells at the lower best-bid price. These
models and their arbitrage theory are very well developed and we can apply some of these results.
However, the modeling of limit order execution is more complex. The trader can submit limit
orders at different prices and orders may be stored in the order book waiting for execution.
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The aim of this article is not to explain the evolution of the order book or the transaction price
as e.g. in the models by Cont, Stoikov, and Talreja [4], Cvitani¢ and Kirilenko [5], Osterrieder [15],
Luckock [13], Rogu [18]. We rather model the trading opportunities of one investor given the order
book dynamics. In contrast to Alfonsi and Schied [1] and Predoiu, Shaikhet, and Shreve [16]
among others who consider the price impact of market orders and the order book resilience,
we assume that the trader under consideration is small. Models with both market and limit
orders have already been considered in Guilbaud and Pham [9] and Kiithn and Stroh [12] among
others. But, in all these models only special limit order prices are permitted, especially the
current best-bid price or one tick above it (for buy orders) and the best-ask price or one tick
below it (for sell orders). As the best-bid and the best-ask may move continuously in time, it is
interesting to investigate in a more general framework how these strategies can be approximated
by strategies with piecewise constant limit prices (see Example 6.2). More importantly, in the
model introduced in this article orders with arbitrary limit prices can be placed. A limit buy
order with a higher limit price has a higher execution probability. In particular, the execution
probability can be increased by placing orders in the inner of the bid-ask-spread. Thus, the
model can be used as a framework to analyze the trade-off between the risks and the rewards
connected with the placement of limit orders with different limit prices.

The article is organized as follows. In Subsection 1.1 we provide a motivation of the order
execution mechanism behind our model. For the convenience of the reader we briefly introduce
random measures in Section 2. They are needed to introduce the model formally. This and
the statement of the main results, Theorem 3.13 and Theorem 3.17, are done in Section 3. In
addition, in Subsection 3.4 we discuss the arbitrage theory of the model and Subsection 3.5 is
about the special case of a finite price grid. The proofs of Theorem 3.13 and Theorem 3.17 can
be found in Section 4 and Section 5. The article ends with two examples in Section 6 and a
conclusion.

1.1 A motivation of the execution mechanism

The basic assumption is that the investor is small, only trades of other market participants,
called exogenous orders in what follows, change the state of the order book, whereas the impact
of the orders of the small investor is neglected. Being small also implies that there are no partial
executions of his limit orders. A single limit order of the small investor with limit price L is
either completely executed or not.

One building block of the model are the exogenous best-bid and best-ask price processes
(not including the orders placed by the small trader). They are modeled by the cadlag stochastic
processes S and S with S < S. Market buy orders are immediately executed at S and market
sell orders at S. Let ¢ be the point in time at which the exogenous order arrives. S and S are
cadlag. Thus S, and S; are interpreted as the prices immediately after the order execution or
cancelation at time ¢ and S,  and S;_ are the prices immediately before this event. Let us
discuss some typical “events” driven by the actions of the exogenous market participants and
their effects on the small investor to get an idea of what our model should cover.

(i) Market buy order arrives: The best-bid price is certainly unchanged, but the best-ask price
may or may not jump upwards, depending on whether the market buy order eats into the
book or not, i.e. S, =S, and S; > S;_. In addition, all limit sell orders with limit price
smaller (or equal) some z with z € [S,, S;] are executed.

(ii) Market sell order arrives: The best-ask price is certainly unchanged, but the best-bid price
may or may not jump downwards, depending on whether the market sell order eats into



the book or not, i.e. S; = S;_ and S; < S, . In addition, all limit buy orders with limit
price higher (or equal) some z with = € [S,, S;] are executed.

(iii) Limit buy order with limit price L arrives:

(a) L < S, . Nothing changes, i.e. S, =S, and S; = S;_.

(b) S, < L < S;_. The best-bid price increases to L, while the best-ask price does not
change, i.e. §; = L and S; = S;_. In addition, all limit sell orders of the small trader
with limit price smaller or equal L are executed. Note that S is the best-ask price
without the small trader’s orders.

(¢c) L > S;_. The same impact as in (i).
(iv) Limit sell order with limit price L arrives:

(a) L > S;_. Nothing changes, i.e. S, =S, and S; = S;_.

(b) S, < L < S;_. The best-ask price decreases to L, while the best-bid price does not
change, i.e. S; = L and S; = 5,_. In addition, all limit buy orders of the small trader
with limit price higher or equal L are executed.

(¢) L <S,_. The same impact as in (ii).

(v) Limit buy order is canceled: The best-ask price does not change, but depending on whether
the canceled limit order is the only one at the best-bid price, the best-bid price may move
downwards, i.e. Sy = S;— and S, < 5,_.

(vi) Limit sell order is canceled: The best-bid price does not change, but depending on whether
the canceled limit order is the only one at the best-ask price, the best-ask price may move
upwards, i.e. S; =5, and Sy > S¢_.

It is important to note that the execution mechanism is not determined solely from the
best-bid price and the best-ask price processes. Namely, a downward jump of the best-bid price
from S, to S, may or may not execute a limit buy order of the small investor with limit price
S; < L < S,_. Essentially, this depends whether the downward jump is triggered by a large
exogenous market sell order eating into the book (as in (ii)) or by a cancelation of a limit buy
order in the book (as in (v)). Therefore we introduce two integer-valued random measures that
model the execution of the limit orders of the small investor explicitly. They have to be in line
with the processes S and S, but they cannot be derived from them. This is in contrast to the
models of Smid [20] where limit buy (sell) orders are only executed when the best-ask (bid)
process hits the limit price. In the model considered in Osterrieder [15] the execution of limit
orders is triggered by an exogenous transaction price process.

2 Notation

Throughout the article we fix a terminal time 7' € Ry, and a filtered probability
space (€2, F, (Ft)iejo,r), P) satisfying the usual conditions. Denote by O (resp. by P) the op-
tional o-algebra (resp. the predictable o-algebra) on €2 x [0, T7.



2.1 Random measures

Most of the following definitions are from Chapter XI in [10]. As they are the building blocks
for our model we quote them here rather completely for the convenience of the reader.

Definition 2.1. Define

(Q,F) = (@x[0,T] xRy, F ® B(0,7]) ® B(R4)),

We call O the optional o-field in Q and P the predictable o-field in Q.

Definition 2.2. An extended real function u defined on QxB([0, T])@B(R4) is called a random
measure if

(1) p(w,-) is a o-finite measure on B([0,T]) @ B(R4) for allw € 2 and
(ii) (-, B) is a random variable on (0, F) for all B € B([0,T]) ® B(R,.).

Definition 2.3. For any BeF define

M,(B):=E

/ Iz(w, t, z)u(w, dt, dr)
[0,T] xR,

For A e F ® B([0,T)]) define ]\/ZM(A) =M, (A xRy).

Note that M), is a measure on F and is called the measure generated by p. p is said to be

integrable if M), is a finite measure, i.e. M, (2) < oco. p is said to be optionally (resp. predictably)
o-integrable, if the restriction of M, on O (resp. P) is a o-finite measure.

Definition 2.4. A F/B(R)-measurable function H that satisfies
/ |H (w, s, z)|p(w, ds, dx) < oo, Vit € [0,T]
[0,t] xRy

and allw € M for a set M € F with P(M) =1 is called p-integrable.

For a u-integrable H the integral Lf[07.]xR+ H(w, s, z)u(w,ds,dx) is well-defined up to evanes-
cence. N
A random measure p is said to be optional (resp. predictable), if for any O-
measurable function H (resp. P-measurable function H) s.t. f[o,-]xR+ H(-,s,x)u(ds,dz) exists,

f[o,-}xR+ H(-,s,x)u(ds,dz) is an optional (resp. predictable) process.

Definition 2.5. A random measure p is called an integer-valued random measure if
(1) p takes only values in No U {oco},
(17) ww,{t} xRy) <1 forallweN, t>0, and

(iii) p is optional and optionally o-integrable.



3 A model of a small investor trading in a limit order book

3.1 Description of the model

Let S and S be two adapted cadlag processes s.t. 0 < S,(w) < Sy(w) for all (w,t) € Q x [0,T].
Denote AS; := S, — §,_ and AS; := S; — S;_. One may interpret S as the best-bid price
and S as the best-ask price without the orders of the small investor. Let u,v be two integer-
valued random measures. The random measure p models when and up to which price the limit
buy orders of the small trader are executed. The random measure ¥ models when and up to
which price the limit sell orders of the small trader are executed. Throughout the article let the
following assumption hold.

Assumption 3.1. (i) For all w € Q it holds that
plw, {(t,z) € [0,T] x Ry | 2 < Sy(w) or x> Si(w)}) =0
v(w, {(t,x) € [0,T] x Ry | < Sy(w) or z > S¢(w)}) = 0.
(ii) For all (w,t) € Q x [0,T] it holds that

ASi(w) <0 = 3Fz e[S, (w)
AS,(w) >0 = dze[S(w)

Bu(w)] with plw, {1} x {z}) = 1,
,Si(w)] with v(w, {t} x {x}) = 1.
(i1i) For all w € Q we have that

plw, {(t,z) €[0,T] x Ry | # < Sy(w)}) < oo
viw, {(t,z) € [0,T] x Ry | x > S,(w)}) < oo
(iv) For all (w,t) € Q x [0,T] we have that

ww, {8 x {Sw))) =1 = AS(w) <0
v(w, {t} x (S} =1 = AS,(w) > 0.

(v) There does not exist a pair (w,t) € Q x [0,T] with
p(w, {t} x [0, S¢(w))) =1 and v(w,{t} x (S;(w),0)) = 1.
(vi) For all w €  we have that
p(w, {0, T} x Ry) = v(w, {0, T} x Ry) =0.

Remark 3.2. For any cadlag processes S and S with S < S there exist random measures j and
v satisfying Assumption 3.1. Thus, the assumptions are no restriction on the best-bid and the
best-ask price process.

Let us discuss Assumption 3.1. (i) and (ii) are justified by the considerations in Subsection 1.1.
As S, stands for the highest remaining exogenous limit buy order in the book, clearly no limit
buy order of the small investor with a limit price strictly below S, can be executed at time
t. Similarly it would not make sense that a limit buy order of the small investor with a limit
price strictly higher than S; persists, because S; denotes the lowest limit price of outstanding
exogenous limit sell orders. The first part of Assumption 3.1(ii) means that a downward jump



of the best-ask entails that at least all limit buy orders of the small investor with limit prices
larger or equal the best-ask after the jump are executed.

Assumption 3.1(iii) says that there are only finitely many executions of limit orders of the
small investor up to time 7' leading to a better trade than using market orders. This assumption
is made as in reasonable models with continual execution of limit orders at favorable prices the
small investor could make riskless gains by placing simultaneously a limit buy order close to S
and a limit sell order close to S. Note however that there can be countably many executions of
limit buy orders by (small) downward jumps of S (this is the reason why we do not restrict to
finite random measures). These executions do not lead to arbitrage as the buyer has to pay at
least the new best-ask price which is the price he has to pay when using a market order (cf. also
(iv)). Condition (v) is needed to exclude simultaneous limit buy and sell order executions at
similar prices which could cancel each other out and thus they would possibly not enter in the
portfolio process. Assumption 3.1 (vi) is made w.l.o.g. and only to keep the notation simpler.
It is in the same vein as Assumption 2.2. in [3] and could be discarded by starting the model
at time —1, finishing it at 7'+ 1, and demanding that on [—1,0) U (7, T + 1] nothing happens
(compare Remark 4.2 in [3]).

Now we define the set of general continuous time strategies and the self-financing condition
for the small trader.

Definition 3.3. Denote by LB the set of all ﬁ/B(@Q—measumble functions LB : Q — R,
which satisfy

(i) x+— LB(w,t,x) is nonincreasing, for all (w,t) € Q x [0,T],
(i) LB(w,t,2) =0 for all (w,t) € A x [0,T] and v > S;_(w),
(iii) LP is p-integrable.
Similarly, let L5 be the set of all ﬁ/B(@JF)—measumble functions LS : Q — R, which satisfy
(iv) x v+ L%(w,t,x) is nondecreasing, for all (w,t) € Q x [0,T],
(v) L% (w,t,x) =0 for all (w,t) € Q x [0,T] and x < S,_(w),
(vi) LS is v-integrable.

LB(w,t,x) is the sum of outstanding limit buy orders of the small investor with limit price
2 or higher, which could possibly be executed at time ¢. The orders are placed (resp. updated)
with the information F;_, i.e. in general without the knowledge of the order flow at time ¢. This
reflects the fact that a limit order has to be in the book in advance before it can be executed by
a market order. Condition (7) is self-explanatory. A limit buy order of the small trader placed
at S_ or above would be executed immediately at S, hence such an order would in effect be a
market order. Thus condition (ii) separates limit from market orders and is no restriction, see
Subsection 3.2 for the relation to real-world strategies.

Definition 3.4. Let MB, M be two real-valued predictable nondecreasing processes with M({B =
M(f =0 and let LB € LB and let L° € L5 We call a quadruple & = (MP M5, LB L%) a
trading strategy.

MP (resp. M) is interpreted as the accumulated purchases (resp. sells) by market orders
up to time t.

At several places in the article we have to define integrals w.r.t. processes of finite variation
which are neither left- nor right-continuous. Let X be a process of finite variation. It follows



that X is laglad, i.e. it possesses left and right limits, but it can have double jumps. Let AX; :=
X; — X;_ denote the jump at time ¢ and let AT X, := X;, — X; denote the jump immediately
after time ¢. For a cadlag integrand Y we define the integral (Y_,Y) « X by

(VoY) e Xy = (Yoo X)), + Y YATX,, t>0, (3.1)

0<s<t

where X} := X;—3 g ., AT X,. The first term on the right-hand side of (3.1) is just a standard
Lebesgue-Stieltjes integral. As the notation indicates, the left jumps of X are weighted with Y_
and the right jumps with Y. If Y is continuous we use the shorter notation Y ¢ X for the integral
defined in (3.1). Note that the notations are consistent with the common integral w.r.t. cadlag
integrators.

Definition 3.5. For a given initial endowment (n°,n') € R? we define the portfolio process
((6), 0 (&)) associated with the trading strategy & by

t
e = o - [ (G Sgau? + [(s, s )au?
0
+ / / (s,dy)u(ds,dz) / / yL® (s, dy)v(ds, dz)
[0,t) xRy [0,t) xRy
01 (&) = nt+MP—M] +/ LSBd/LS—/ LSdv,
[0,t) xRy [0,t) xR

(cf. (3.1)). For L € {LB, L°}, the integral [ yL(s,dy) is defined by

b
/yL(svdy) :=/( b)ch(&dy)Jr > yATL(s,y) + Y yATL(s,y),

a<y<b a<ly<b

where L denotes the continuous part and A~L(s,y) resp. AT L(s,y) the jumps of the func-
tion y — L(s,y).

Definition 3.5 can be regarded as the self-financing condition of the model. A~ MP are the
purchases at time t— paying the price S;_ per share whereas AT MP are purchases at time ¢
paying S; (this is reflected in the notation fg (Ss—,Ss)dMPB). The need for double jumps of MB
and M in the time variable has already been discussed in the literature on transaction costs,
see e.g. page 581 of [3]. Example 3.19 shows why we need double jumps of L? and L® in the
price variable.

Definition 3.6. For any a > 0 a trading strateqy G is called admissible with threshold a if its
associated portfolio process (p°(&), p1(&)) satisfies

(S) +a+5(0'(8) +a) Lie)razoy + 5 (¢'(8) + a) 1i,1(&)+a<oy = O (3.2)

This can be interpreted that given strategy &, if at all times we have a additional units of
cash and a additional units of the stock in our portfolio, then we always would be able to close
our position in the stock using market orders without going into debt. Note that an admissible
portfolio process with threshold a as defined above is also admissible with threshold a in the
sense of [3]. We will make use of this later on, when we prove the closedness result.



Remark 3.7. The integer-valued random measures p and v can be written as

p(dt, da) =Y 6(r, v, (dt, da),
=1

where §, denotes the Dirac measure on x, (T;)ien s a sequence of stopping times with disjoint
graphs, and Y; are F;,-measurable random variables, and

v(dt, d) =Y 8, 2, (dt, dx),

=1

where (0;)ien is a sequence of stopping times with disjoint graphs and Z; are F,,-measurable
random variables (this is a consequence of Theorem 11.13 in [10]).

Example 3.8. We want to show how reasonable examples for the execution measures p and v
can be constructed s.t. Assumption 3.1 is satisfied. Let S < S be arbitrary stochastic processes
with cadlag paths. Define

poo= ) Oz * > O, + > sy

0<t<T, AS;<0, AS,>—¢ 0<t<T, AS,<—e, AS:<0 0<t<T, AN}=1

+ Z 5(t7(§t+§t)/2) =: Ml + M2 + MS + ,U47 (3.3)
0<t<T, AN2=1

where € > 0 and N, N? are independent homogeneous Poisson processes also independent of S
and S. v is defined analogously with Poisson processes independent of (S, S, N', N?). A downside
jump of S always triggers a limit buy order execution (see p' + p?), i.e. Assumption 3.1(ii) is
satisfied. By contrast, a downside jump of S triggered by a cancelation of limit buy orders (cf. the
event (v) in Subsection 1.1) does not lead to an execution of limit buy orders. An execution takes
place if market sell orders eat into the book (cf. the event (ii) in Subsection 1.1). In the easiest
case the events (v) and (ii) may be distinguished by downside jumps of S smaller resp. larger
than some threshold jump size € > 0. Note that by the manipulation with € there are only finitely
many favorable executions (i.e. at a price strictly below the current best ask). This means that
Assumption 3.1(iii) is satisfied. In addition, if a downside jump of S coincides with an upward
gump of S, no execution occurs (cf. u?). As v is defined analogously, this economically meaningful
property ensures that favorable executions by pu and v do not coincide, i.e. Assumption 3.1(v)
is satisfied. Furthermore, there may appear executions not coming along with jumps of S or S.
They are modelled by N' and N? (whose jumps do not coincide with the jumps of S and S due
to independence).

3.2 Approximation by real-world strategies

Elementary or real-world strategies are trading strategies that can be implemented by finitely
many operations. Executed limit orders are not automatically renewed. The execution is modeled
by the random measures ;1 and v. Beyond that, the best-ask (bid) price can pass continuously
through the limit price of a buy (sell) order placed by the small trader. This entails an execution
as no buy (sell) order with limit price higher (smaller) than the best-ask (bid) can persist in the
book. This “continuous execution” cannot be triggered by the o-finite random measures p and
v and has to be modeled separately.



Suppose at a stopping time 7% we place a limit buy order LB = (6B, pB, T, TP) of size
08 € LY. (fTIB) and price p? € Lg(FTlB) with pP < Stp and if the order is not executed up to
stopping time TQB > T, 1B we cancel it. Define the stopping times

75 = inf{te (T8, T8 | S, < p5},
T = inf{r | TP <7 <TP,Y; <pP},
T* = TSAT™ (3.4)

T* models the time at which the limit buy order is executed. If at all, the trade takes place at
price pB. The portfolio process of the limit buy order L is defined as

eP(w) = =08 (W)p” (W) e rp(w, ) and @i (w) = 6% (w)lp pp(w, ). (3.5)

In the following we show that any real-world strategy can be replicated by a general strat-
egy & = (MB, M', LB L) satisfying L” = 0 on [S_,00) and L® = 0 on (—o0,S_]. Thus, on
the level of general strategies the limit buy (sell) order is taken out before the best-ask (bid)
passes and a “continuous execution” does not appear.

Assumption 3.9. For all (w,t) € Q x [0,T] we have that

plw, {t} x {Se-(w)}) =1 = ASy(w) <0
vw {t} x {S;_(w)}) =1 = AS(w)>0.
Proposition 3.10. The quadruple & = (M?,0, LB,0) with
MP W) = 0% w) e (W, )1 s gy (@), (3.6)
LP(w,t,x) = 0%(w)lyrp pepppy (@:1) <1<xSpB<w>, B (@)pP ) T L@<pB (W), §t7<w>:p3<w>>)

is a trading strategy in the sense of Definition 3.4. Under Assumption 8.9 it leads to the portfolio
process given in (3.5).

Proof. MB and L? are obviously P- resp. P-measurable (note that {T'5 < T#} € Fp+). To show
that their portfolio process from Definition 3.5 coincides with (3.5), we have to distinguish four
cases. If TS < T*, the stocks are purchased by the market order strategy M7 at price S+ = pB
(Assumption 3.1(ii) ensures that there cannot be a downside jump of S at T* if TS < TH).
7 =10 < TQB and Sp«_ > pP®, then Y; < Sp+ < pP (cf. Assumption 3.1(ii)) and the
stocks are purchased by the limit order strategy L” at price p? (see the first indicator function
in the definition of LB). If 7% = T# < T and Sp+_ = pP, then by Assumption 3.1(i) and
Assumption 3.1(iv) we have that Y; < p? and the stocks are purchased by L at price p? (see
the second indicator function in the definition of L? ). IfTH < T S we have by Assumption 3.9
that Sp«_ > pP and with Y; < p® the stocks are again purchased by L? considering the first
indicator function in its definition. O

To obtain the embedding (3.6) we separate the execution of the limit buy order triggered by
S hitting the limit price p? at no jump time from all other possible executions of the limit buy
order (including the case that S jumps into [0,p?]) and treat this “continuous execution” by
market buy orders at the same price instead of limit orders, whereas all the other executions of
limit buy orders are modeled by L? and p. The intuition behind this is that a limit buy order
which is triggered by S hitting p? at no jump time is superfluous. The asset can be purchased



instead by a market order placed at the hitting time paying also the best-ask price. By this
consideration, we gain much in tractability as we do not have to deal with the “continuous
executions” of the limit orders. B

In the case that S is continuous, the hitting time 7 of [O,pB | is a predictable stopping
time, i.e. it possesses a sequence of announcing stopping times (cf. e.g. page 103 of [17]) and
the conditional probability of an execution of a limit buy order tends to 1 while the limit price
is approached by S. But, in spite of the partial replacement by market orders, limit orders
are even for continuous S not superfluous as they can e.g. be executed according to p® + u*
given in Example 3.8. On the other hand, in models with a finite price grid (as introduced in
Subsection 3.5) S becomes a finite variation pure jump process. Then, already on the level of
real-world strategies “continuous execution” cannot happen as T° < T* does not occur (cf.
Assumption 3.1(ii)), i.e. the market order part from (3.6) disappears.

Remark 3.11. In the model of Smid [21] a limit buy order is only executed if the best-ask
process S hits or jumps below the order’s limit price pP. If market orders can be submitted all
the time, Smid proves that any wealth process from a strateqy containing limit orders can be
dominated by a wealth process generated solely by market orders (see Proposition 1 in [21]).
Proposition 3.10 and our approach are in the same vein (if S possesses downward jumps, there
is the difference that limit orders cannot be replaced by market orders alone, but other limit
orders are needed as we want to obtain the same portfolio process and not just a larger one). If
market orders can only be submitted at a discrete time grid, a situation that is not considered
here, Smid shows that it is nevertheless necessary to use also limit orders in his model to obtain
optimal portfolios, but in a numerical analysis the benefit from their usage turns out to be small
(see [20]).

However, our framework allows for further execution events. E.g., the limit buy order with
price pB can be executed by a market sell order and afterwards we still have S > pP. In the
articles by Guilbaud and Pham [9] and Kihn and Stroh [12], limit buy order executions are
mainly at prices below S, cf. also the executions by pa, ps, and py in Ezample 3.8. These
executions make limit orders worthwhile and compensate certain risks. Buy orders with limit
prices below the best-ask are of course not affected at all by the replacement by market orders
in Proposition 3.10 as these order strategies satisfy L® = 0 on [S_,00). Even if S and S are
continuous processes these limit orders can be executed by us and pg from Example 3.8.

The analysis of real-world limit sell orders is completely analogous and thus omitted. Due to
the observation made in Proposition 3.10, the real-world limit buy order L? can be identified
with the strategy & from (3.6). This leads to the following definition.

Definition 3.12 (Real-world strategies). A trading strategy & is called a real-world buying strat-
eqy if it can be written as finite linear combination of (M®,0, L?P,0), where the pair (M5, LP) is
defined in (3.6), and (MP?,0,0,0), where MB = ‘911}]T1,T2]] +921[[T3}]; where Ty, Ty are [0, T)-valued
stopping times, Ty is a [0, T]-valued predictable stopping time, and 61 € L9F(J:T1), 0% ¢ LS’F(]:T3).
A real-world selling strategy is defined correspondingly. A trading strategy & is called a real-world
strategy if it can be written as the sum of a real-world buying strateqy and a real-world selling
strateqy.

For F ® B(]0, T])-measurable real-valued processes X and Y let

dup(X,Y):=E [ 1A sup |X:—Yi|].
te[0,7)

dyp metrizes the convergence “uniformly in probability” (up-convergence), cf. e.g. Protter [17].
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Theorem 3.13 (Approximation by real-world strategies). For any trading strategy & =
(MB M3, LB L%) and any ¢ > 0 there exists a real-world strategy &° s.t.

dup(¢°(6°),¢°(€)) <e  and  dy(¢'(6°),¢'(6)) <=.

Put differently, the portfolio processes that can be generated by real-world strategies are dense
w.r.t. the convergence “uniformly in probability” in the set of all portfolio processes.

Theorem 3.13 tells us that we can approximate the portfolio process resulting from strategies
with possibly infinitely many limit prices and continuously varying order sizes by placing only
finitely many orders. This is of the same flavor as the fact that (under certain assumptions) the
stochastic integral of a predictable process can be approximated by the stochastic integrals of
simple predictable processes.

3.3 Closedness of the strategy set

The possibility of approximating the portfolio processes in our model with real-world strategies
alone would not make the model particularly useful, if the strategy set would not be closed in
some sense. To proceed towards the closedness result, let us first recall the concept of a strictly
consistent price process.

Definition 3.14. An adapted (0, 00)-valued process S = (gt)te[O,T] is called a strictly consistent

price process for the risky asset if there exists a probability measure P ~ P s.t. S is a cadlag
P-martingale with

S e (S,,Sy), vte[0,T] and Si_ € (S, ,S; ), Vt € (0,T], P-a.s.

The existence of S is equivalent to the existence of a strictly consistent price process in the
sense of Definition 2.3 in Campi and Schachermayer [3].

Definition 3.15. Define the following sets of stochastic processes

Py :={X is a [0, 00]-valued predictable process with P(X,, <Y;) =1 Vi € N}
Py :={X is a [0, 00]-valued predictable process with P(X,, > Z;) =1 Vi € N}

where (1;,Y;)ien and (0;, Z;)ien are the representations of p resp. v from Remark 3.7. Let X
be the essential supremum of the functions in Py taken w.r.t. the predictable o-algebra on € x
[0,T] and the measure M,, from Definition 2.3. Accordingly, let X be the essential infimum of

the functions in Ps taken w.r.t. the predictable o-algebra and the measure M, defined as in
Definition 2.3.

Assumption 3.16.

P(X,=Y)=0 and P(X, =Z2;)=0 VieN.

X resp. X can be interpreted as the highest (resp. smallest) predictable limit price below
(above) which a limit buy (resp. sell) order is not executed for sure. Assumption 3.16 says that
at these boundary limit prices an execution is also not possible. It is needed for the following
closedness result, cf. also Example 3.18.
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Theorem 3.17 (Closedness of the strategy set). Let Assumption 3.16 be satisfied and suppose
that there exists a strictly consistent price process for the risky asset in the sense of Defini-
tion 3.14. In addition, assume that S and S are semimartingales and P(infte[oyT] S, >0)=1.
Let (&™)nen be an admissible sequence of trading strategies with the same threshold level a
and the same initial capital (n°,n") for all n. If the sequence of associated portfolio processes
((@0(6”),g01(6”)))n6N is a Cauchy sequence w.r.t. the convergence “uniformly in probability”,
then there exists an admissible trading strateqy & with threshold level a and initial capital (n°,n')
s.t. ((@0(6"), @1(6”)))HGN converges uniformly in probability to the associated portfolio process

(©"(8),9'(6)) of 6.

The following example shows that the assertion of Theorem 3.17 would not hold without
Assumption 3.16.

Example 3.18. Let S = 100 and S = 101. Furthermore let tq € (0,T) and let X be a random
variable with distribution 0.50109 + 0.5A[100,101], where 6 denotes a Dirac measure and \ de-
notes a uniform distribution. Consider the usual augmentation of the filtration generated by the
stochastic process X1y 1. Define py, := (1, x(w)) and v := 0, i.e. at time to limit buy orders
with a limit price of X or higher are executed, whereas no limit sell orders are executed at all.
Now consider the sequence of strategies (MB’”, MSn LB LS’")neN with LS =0, MB" =0,

n if v <1004 e,
LP"(w,t,x) == { —In(z — 100) if 100+ e ™ < & < 101, V(w,t) € Qx [0,T],n €N,
0 if > 101,

and MtS" = nlix=100} Lto,1](t). Thus the n-th strategy consists in buying LB (w,t, X (w))
shares via limit order and selling the same amount via market order iff X (w) = 100. The only
time of interest is of course the instant from ty to tg+. We obtain

1
A+<Pt(§n = n1{100<X§100+e*"} - ln(X - 100)1{X>100+e*"}7

101
AJFSO%” = /X Z/LB’n(t7dy)+100n1{X=100}

101 y
B dy +100n1
/Xv(100+e—n) (y — 100) {X=100}

= [*l‘ — 100 h’l(l‘ — 100)}?\1/(1004-67") + 100n1{X:100}

= (—14+e ") {x=100; + (=1 + €™ = 100n)1 100« x<100+e—n}
+(=101 + X + 100 (X — 100))1(x1001c-}-

If the initial positions are (n®™,n"") = (0,0), we obtain that stock positions are nonnegative and
PO obnS > —1 for all n € N. Thus (o°", 0™ en are admissible portfolio processes with the
joint threshold —1. In addition they converge uniformly in probability to

(% ¢") = ((—=1,0)11x—100} + (X — 101+ 100 In(X — 100), — In(X — 100))1;x>100}) L(to,7]
(note, however, that the convergence is not uniform in a neighborhood of X = 100). Let us show

that there ezists no trading strategy & = (MB, M® LB L) s.t. (¢°(6),01(8)) = (¥°, ') up
to evanescence. As L has to be predictable, L® (tg, z) has to be chosen regardless of the outcome
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of X. Thus, to buy the correct amount of shares at the right prices, on {X > 100} market orders
cannot be used and we must have LB (tg,z) = —In(x — 100) for all z € (100,101) up to a P-
null set which does not depend on x by the required monotonicity. Again, by the monotonicity
requirement, this implies that P(LP(tp,100) = o0) = 1. But, as P(X = 100) > 0, this violates
the p-integrability of L. Such a limit buy order strategy, possibly combined with A“‘Mtb; =00
on {X =100}, would not lead to a well-defined portfolio process.

The following example shows that we have to allow for double jumps of L® and L® in the
price variable in order to obtain closedness.

Example 3.19. [The need for double jumps of x — LB(t,x)] Let i1 = 61 y,) with P(Y1 € A) =
%1(1&1)—1—%)\(14(1(0, 1)) for all A € B(R4.), where X is the Lebesgue-measure. As p(w, {t} x{z}) =
1 means that all limit buy orders with limit price smaller or equal x are executed, an elementary
limit buy order strategy with limit price p?, entering in Definition 3.5 for the portfolio process,
is represented by LB = Lio,pB) (and not by L ) i.e. by a function that is left-continuous in the
price variable. Now consider the sequence of elementary strategies LP™ = =1p1-1/n), n € N. The
corresponding portfolio processes converge in up to ) = —1ys1ylqyi<1y and oF = Lyt lvi<y-
As P(Y1 = 1) > 0, in Definition 3.5 (@Y, ') can only be generated by the right-continuous
function LB = Lio,1)- L® is a (non-elementary) limit order that pays the limit price 1, but in
contrast to 1jg 1) it is only buying if the execution boundary falls strictly below 1. Thus, in order
to obtain a closed set of portfolio processes, limit order strategies should not be restricted from
the first to left- or right-continuous functions.

3.4 Arbitrage theory

Definition 3.20. A limit order market model satisfies the condition of no free lunch with vanish-
ing risk (NFLVR) if there does not exist a pair consisting of a nonnegative random variable f with
P(f > 0) > 0 and a sequence of admissible strategies (6" )nen (with some thresholds a, > 0) s.t.
the associated portfolio processes given in Definition 3.5 satisfy p3(6") = @} (&™) = ph(&") =0
and P(f < ¢%(&") +1/n) =1 for all n € N,

(The definition makes sense if all stock positions are liquidated at T'— which is of course
no restriction as 7' can be arbitrarily chosen. We follow here [3] to avoid special notations for
trading at T, see Assumption 2.2 and Remark 4.2 therein)

Definition 3.21. An adapted [0, 00)-valued process S = (St)te[o 7] i called a shadow price

process of the risky asset if there exists a probability measure P~Pst Sisa cadlag P-
martingale with

S$<8§<58, S.<Y;, and S, >Z; VieN, (3.7)

where (15, Y:)ien and (0;, Z;)ien are introduced in Remark 3.7.

Any shadow price process is a consistent price process (cf. Definition 3.14 for its “strict
version”), but not vice versa. Namely, not only trading with market orders but also trading
with limit orders is at least as favorable as trading in the fictitious frictionless market with price
process S. Condition (3.7) can be seen as a generalization of condition (2.5) in [12], for the
connection between the models see Example 6.2.

Theorem 3.22. If there exists a shadow price process in the sense of Definition 3.21, then the
limit order market model satisfies NFLVR.
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Proof. Let & be an admissible strategy with threshold a > 0 satisfying o8 = ¢} = 0. Consider
the corresponding wealth process if stock positions are evaluated at the shadow price, i.e. V :=
¢ + 'S, By Definition 3.5 and Lemma 8.2 in Muhle-Karbe [14] we obtain

V= gp «S+¢"+(5.,8)
= -S—(S,—S,,S—S) B—(§,—§_,§—§-MS

)
Ss— -
~ SO)LB(s s, dx — S)L5(s Ulds. da).
o L5 <’dy>ﬂ<d’d>+/[om+/s (y = 525 (s, dy)u(ds, do)

The adm1551b1hty of & with threshold @ > 0 and S < § < § imply that V > —a(1+ S). B
(3 7,V - ! «Sisa nonincreasing process starting in zero. Putting together, we obtain that
e 5> —a(1—|—5') which implies that ¢! . Sis a P- local martingale (and not only a o-martingale
under P) Therefore, the nomncreasmg process V- 90 e S 1s bounded from below by the P-local
martingale —a(l + S) « S. This implies that V — ¢! « S is a P- local supermartingale.
Consequently, V' is a P- local supermartingale, bounded from below by a P-martingale and thus
it is a P-supermartingale with E5(Vr) < 0. If ¢f. = 0, we have E5(¢%) < 0. As this holds for
any G and we assume P ~ P the model satisfies NFLVR. OJ

The converse does not hold in general. This is shown by the following simple two-period
example (which is not based on the way of extending elementary strategies). The example shows
that for a limit order market model satisfying NFLVR there need not exist a corresponding
frictionless market that is at least as favorable and that is also arbitrage-free.

Example 3.23. Let T = 3, v = 0 and p = 0()y;), where Y1 is uniformly distributed on
(0,1). Let X be independent of Y1 with P(X = 0) = P(X = 1) = 1/2. Define S, = S; =0,
§2 = §3 =Y + X, Fo = §1 = 2, ?2 = §3 =Y+ X, Fyp = {@,Q}, F = O’(Yl), and
Fo=F3=0(¥1,X).

This means that limit sell orders are never executed and limit buy orders are executed at
time 1 iff the deterministic limit price is greater or equal to Y. The investor can resell the stock
position at time 2 by a market sell order at price Y1 + X (see the remark after Definition 3.20
why we choose T'=3 and not T = 2 for this actual two-period example).

If the investor buys the asset at time 1, he makes almost surely a loss on the event {X = 0}.
This follows from the fact that with probability 1 only limit buy orders with limit price strictly
above Y1 are executed. This already shows no-arbitrage. Let us prove that the limit order market
even satisfies NFLVR.

Let (6™)nen be a sequence of strategies with p8(6") = ph(&") = i(G") = 0. We only
need to consider the deterministic nonincreasing functions LP™(1,-) that model the purchases
by limit orders at time 1. Then, the stock position is liquidated at time 2 at price Y1 + X.
Now, assume that ©§(&™) > —1/n. This implies that [;°yLP™(1,dy)dy > —1/n. Namely,
Y1 can fall arbitrage close to 0 on the event {X = 0}. Then, a stock purchased at the limit
price y can only be resold at a price close to 0. But, with integration by parts, we have that
fo yLP"(1,dy) = —fooo LP"(y)dy and fol LB (y)dy is the expected amount of purchased
stocks. Thus Ep(p3(6™)) tends to 0 for n — oo. This implies NFLVR.

On the other hand, by (3.7), for any shadow price process S we must have that So — S; >
1+ X ) Y1 = X which is a contradiction to the martingale property under an equivalent
measure P. Thus, a shadow price cannot exist.

Remark 3.24. To the best of our knowledge, there does mot exist a counterexample of this
kind for models with proportional transaction costs in the literature. In Section 3 of Schacher-
mayer [19] there is given an example of an arbitrage-free model that does not possess a consistent
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price system, but the example is based on the existence of a “free lunch”, a (uniformly bounded)
sequence of terminal wealths approrimating in probability an arbitrage. Fven such a sequence can-
not exist in Example 3.23 as to approzimate a gain there has to be an € > 0 s.t. LP"(1,¢) > ¢
for infinitely many n € N which is on the over hand a contradiction to the condition that the
limiting random variable should be nonnegative.

To find handy additional assumptions for limit order market models under which the converse
of Theorem 3.22 can be proven goes beyond the scope of this article and is thus left to future
research.

3.5 A finite tick size

At the high-frequency level a finite tick size § > 0, leading to a price grid {0, 4, 26, ...}, becomes
an important issue, see the model and the discussion in Guilbaud and Pham [9]. In this case u
and v satisfy

w(w, [0,T] x (R4 \ {0,0,26,...})) = v(w,[0,T] x (R4 \ {0,0,2,...})) =0 (3.8)

for all w € €, i.e. their state space is actually discrete. It can also be assumed that S and S are
{0, 6,26, ...}-valued. Denote by T9 the subset of trading strategies from Definition 3.4 for which
x — LB(w,t,x) (resp. x — L%(w,t,x)) is left-continuous (resp. right-continuous) and constant
between grid points 0, d, 20, . . ..

Theorem 3.25. (i) For a strategy from T° the approzimating real-world strategies in Theo-
rem 3.13 can be chosen to contain only {0, 6,20, ...}-valued limit prices.
(ii) Assume that (3.8), all assumptions of Theorem 3.17 except for Assumption 3.16, and

Fro=0(Fr_\Yy) and Fy, =0(Fs,Z;), Vi€eN, (3.9)

hold. Then, the set of portfolio processes generated by strategies from T° is closed in the same
sense as in Theorem 3.17.

Note that (3.9) is e.g. satisfied if Fielo,r) is generated by the marked point processes
(75, Y3)ien, (04, Z;)ien from Remark 3.7 and by (S, S), whose possible jumps at 7; and o; depend
only on Y7, resp. Z,,, and the execution times of limit buy and sell orders do not coincide. Thus
it is satisfied in the model of Guilbaud and Pham [9].

The proof of Theorem 3.25 can be found at the end of Section 5. After the proof of Theo-
rem 3.17 it only remains to show that in a discrete state space Assumption 3.16 is not needed
for Lemma 5.2 (i.e. the unpleasant effect from Example 3.18 cannot occur).

4 Proof of Theorem 3.13: Approximation by real-world strate-
gies

Let & = (MZ, M® LB, L%). By linearity of (¢°(&),¢'(&)) in &, it is sufficient to approximate
(MPB,0,0,0), (0, M*%,0,0), (0,0, L?,0), and (0, 0,0, L°) separately. The assertion for (M?,0,0,0)
and (0, M*®,0,0) holds by Guasoni, Lépinette, and Résonyi [8]. See their Theorem A.10 and
note that for denseness w.r.t. dyp it is not necessary that S and S are locally bounded, but it
is sufficient that they are prelocally bounded (a property that any cadlag process satisfies). It
remains to prove the assertion for (0,0, L?,0). The proof for (0,0,0, L%) is analog.

Let us firstly give a short outline of the proof. We take a limit buy order strategy L? € £B

and cut its support off at a simple predictable price process bounded away from [S_,00) (see
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L° and Lemma 4.3). For L? the disturbing “continuous execution” triggered by T from (3.4)
is excluded. Then, we discretize L? in the price variable z for fixed (w,t) which leads to Lom
(see Figure 1 and Lemma 4.5). Lemma 4.6 and Lemma 4.7 show that the convergence of the
limit buy order strategy implies the convergence of the number of purchased assets and the
corresponding costs. Finally, by standard monotone class arguments, we can discretize time (see
Theorem 4.8).

Definition 4.1. Denote by (xp)reny a sequence running through Q. We define the o-finite
measure M, on O by

M, (A) := M,(A) + J/\/f\u ® Z 27K5,, (AN supergraph(X)), VA€ 0.
k=1

Note that M), is a o-finite measure on O by Definition 2.2(iii). The o-finiteness of M, u on o
follows from the representation of y in Remark 3.7.

In the following for any § > 0 denote by §5 the canonical simple predictable process con-
structed on page 57 in Protter [17] with

P( sup |§f -S| >9) <é.
t€[0,T]

Denote by 79 the first time that ?6 departs farther than § from S_, i.e.
= inf{t > 0| [S) — 5,_| > o}, (4.10)

and note that at time 7° the processes are still not more than ¢ apart as they are both left-
continuous.

Definition 4.2 (5-cut off). For any § > 0 and L? € LP let us denote by L? the function defined
by

Lo(w,t,z) := LP(w,t,z) w, t).

1{x§§f (w)—35} Ljorony (

Lemma 4.3. For any § > 0, we have that L° € LB. Furthermore, there exists a se-
quence (8;)ien C Ry \ {0} with 6; — 0 for i — oo s.t. (L%);en converges M,-a.e. to L.

Proof. As ?6 and 1p, ;5) are predictable, we have that L9 is P-measurable. Integrability follows
immediately from L% < L? and the other requirements for L° being in £ are also obviously
satisfied. »

Put §; := 27%. By the lemma of Borel-Cantelli the events {supsepo,m \gf — S| >27%), i=
1,2,... occur only finitely often on a set N¢ with P(N¢) = 1. Thus, for any w € N€ there
exists an ip(w) s.t. ]gf Z(w) — S, (w)| <27 for all i > ig(w), t € [0,T] and thus 72 (w) = oo.
Consequently, for all w € N¢ t € [0,T], and z < S;_(w) we have that

1{w<§27¢(w)73.27i}1ﬂ07T27¢/\T}] (w,t) =1 and thus L? (w,t,z) = LP(w,t,2)
=~

for i > ig(w) V (1 — logy((S¢—(w) — x)/4)). For w € N¢, t € [0,T], and = > S;_(w) we obtain

y _ S (),
1{:55?? (0)=32-1) 0 for ¢ > ip(w)

By assumption L? € £B and thus LB(w,t,2) = 0 if £ > S;_(w). Therefore, L2 ' converges to
LB pointwise on N¢ x [0,T] x R} and thus M,-a.e. O
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We proceed by discretizing L° in the price variable. Fix any m € N and divide (0,m] into
dyadic intervals ((I — 1)27™,127™] for | = 1,...,m2™. Now we want to approximate z
L%(w,t,x) by a left-continuous step function L*™, which is constant between two points of the
dyadic grid. For each interval we check if there exists a point x in this interval s.t. L‘S(w, t,x—) >
L%(w, t,z+). If this is the case, we fix the price x;"m(w, t) for which this “jump” is the largest

and let our function take the value of L°(w,t, 2}, (w,t)) for the whole interval. When the largest
jump is attained at different prices (which can only be finitely many), we take the smallest of
these prices. If there is no “jump”, we just set z}, (w,t) = (I —1)27™, i.e. for the interval we

take the value of L° at the left boundary. It is advisable to have a look at Figure 1 to grasp
the basic idea of the definitions below, which are, however, complicated by technical problems.
Especially, the formal definition has to ensure that L%™(w,t,x) is only infinite if L(w,t,z) is

infinite.

Amount

e general strategy

-------- price discretization

Figure 1: Illustration how L° is approximated by L%™.

For any § >0, m € N, and [ € {1,...,m2™} we define

min {argmaxgge((l_l)rm,lgfm] (Lo(w,t,2—) — LO(w,t, :L‘—l—))}

if LO(w,t,(l—1)27™) < oo and sup,, (L°(w,t,z—) — L°(w,t,z+)) > 0,
(I—1)2=™

if L°(w,t, (1 —1)27™) < oo and sup,, (L°(w,t,2—) — L°(w,t,2+)) = 0,
inf{x € Ry | L°(w,t,x) < oo}

if L9(w,t, (I —1)27™) = oo and L°(w,t,127™) < oo,
(I—1)2=™

if L9(w,t, (1 —1)27™) = oo and L%(w,t,127™) = co.
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Definition 4.4 (1/m-price discretization). Let 6 > 0 and m € N. For any l € {1,...,m2™} we
define

m2™
L™ (w, t, ) Z o W) 1{a=1)2-m<a<iz—m} + L°(w,t,0)1 (50},
where
05,l,m(w) — L6(w7t7x?,m(w7t))7 if Lé(w7t7xzm(wat)) < 00,
t Lo (w,t,127™), otherwise.
Lemma 4.5. For any 6 > 0 and m > [—logy(d)] + 1 =: mg, where [z] := max{k €

No | k < 2}, we have that L>™ € LB. Furthermore SUDPe {mo,mo+1,...} L™ s p-integrable and
(L5’m)me{m07m0+17._.} converges to L° M,-a.e.

Proof. Step 1: By Lemma 4.3, L° is P ® B(R, )-measurable. In addition, we observe that for all
I =1,...,m2™ the process (w,t) — xim(w, t) is predictable. This is the case because the location
of the largest jump L°(w, t,z—)—L°(w, t,z+) for € ((I—1)2™,12™] can be expressed by suprema
and pointwise limits of distances between elements of {(w,t) + L%(w,t,q) | ¢ € Q4 } (the detailed
proof which makes use of the monotonicity of 2 +— L%(w,t, x) is straightforward but somewhat
tedious and left to the reader). Consequently, (w,t) +— L%(w,t, },,(w,1)) is a composition of
the P/(P @ B(R.))-measurable function (w,t) = (w,t,z},,(w,t)) and the (P ® BR4))/B(Ry)-
measurable function (w,t,z) +— L°(w,t,x) and thus P/B(R, )-measurable, i.e. predictable.

The monotonicity of L%™ follows immediately from the monotonicity of = +— L%(w,t, ).
Moreover, by construction of L%™, the largest = for which L‘s’m(w,t, x) > 0 holds, can only
exceed the largest x for which L° (w,t,x) > 0 holds by at most 27™. Thus, we have that

L =0 on {(wt,z)eQx[0,T] xRy |z>5_(w)—68} VYm > my. (4.11)

Consequently, part (ii) of Definition 3.3 is satisfied.

Step 2: Let us now show that Sup,,c(mgmo+1,..} L%™ is p-integrable. Let (w,t,z) € Q x
[0,T] x Ry s.t. LO(w,t,z) < oo.

Case 1: LO(x,t,x—) < oo, i.e. there exists ¢ > 0 s.t. Lo(z,t,2 — ) < oo. We have that
x;‘mm(w,t) > x — ¢ for all m up to finitely many, where l,,, = l,,(x) satisfy (I, —1)27" <z <
1,27 ™. In addition, we have that L™ (w,t,z) < oo for any m € N.

Case 2: L°(x,t,2—) = oo. Then, zj (w,t) = for all m € N.

Thus, in both cases we arrive at 7

sup LO™(w,t,2) < oo. (4.12)
mée{mo,mo+1,...}

Together this implies that (4.12) holds M,-a.e. as {L% = oo} is a M,-null set. In addition, we
have that u(w, [0, T] x (S;—(w) —6,0)) < oo (Assumption 3.1(iii) combined with the fact that S
is cadlag). Due to (4.11), this already implies that sup,,c(mgmo+1,..} L™ < oo is p-integrable.

Step 3: Let us now deal with the convergence part of the lemma. Fix a (w,t,z) € Q with
L (w,t,z) < oo.

Case 1: L(w,t,x2—) = L%(w,t, 24) < oo.

For any € > 0 there exists a constant c.(w,t,z) > 0 s.t. for all y € (z — ¢z, x + ¢¢) it holds
that |L%(w,t,y) — L%(w,t,x)| < e. Thus, for all m large enough s.t. (I, — 1)27™,1,,27™] C
(z — ce,x + ¢.) we have that |LO™(w,t,z) — L(w,t,z)| < e.

Case 2: Lo (w,t,x—) > Lo (w,t, 2+).
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Clearly, this implies z;  (w,?) = x for all m large enough, thus Lo(w,t,x) = L (w,t, x)
holds for all m large enougﬁ

The case differentiation above yields the convergence for all (w,t,z) € Qs.t. L(w,t,z) < co.
It remains to show that {(w,t,2) € Q | L¥(w,t,z) = oo} is a M -null set. It is clear that the set
is a M,-null set as L’ is p-integrable. However, we still have to verify that for all ¢ € Q..

(]\/JM ® 6q) ({L5 =00} N supergraph(&)) =0,

ie. ]\/ZM(A ) =0, where A, := {(w,t) € 2 x [0,T] | X(w,t) < q and L(w,t,q) = oo}

Assume that M, 1(Aq) > 0. Then the predictable process Xi(w) = qla,(w, 1)+ X, (w)lag(w, )
is not another version (besides X)) of the essential supremum introduced in Definition 3.15.
Consequently, there exists an ¢ € N with

P({weQ|Yi(w) <qgand (w,7i(w)) € Ag}) =P (K < )~(71> > 0,

which would imply by the monotonicity of y + L%(w,t,y) that P({w € Q | L (w, 73 (w), Y;(w)) =
oo}) > 0. But, this is a contradiction to the p-integrability of L?.
O

Lemma 4.6. Let (H™),en be a sequence of R-valued and F-measurable functions that converges
M,-a.e. to an R-valued and F-measurable function H. Suppose there exists an R-valued and F-
measumble function K, which is p-integrable and dominates (H")pen, i.e. |H"| < K M,-a.e.
for all n € N. Then (H")pen and H are p-integrable and (f[07.)xR+ H™dp)pen converges to

f[O,-)XR+ Hdy uniformly in probability.

Proof. Let N € F with M,(N)=0and H" — H, |[H"| < K on N°. By Fubini’s theorem for
transition kernels we obtain that u(w, N,) = 0 for P-a.a. w € Q. By dominated convergence we
obtain that

/ |H" (w,s,z) — H(w, s, x)| p(w, ds,dx) = 0, n — oo,
[0,T] xR+

for all w € Q with p(w, N,) = 0 and [ Kdu(w, ) < co. As K is assumed to be p-integrable,
we have that P([ Kdu < o) = 1 and thus (f[()-)x]R+ H"dp)pen converges to f[o yxr, Hdp
uniformly in probability. O

Lemma 4.7. Let (LP™),cn and LB be in LB. Furthermore, assume that (LP™),cn converges

LB,n

M, -a.e. towards LB and that SUpP,,en 18 p-integrable. Then for n — oo

/ / yLB’"(s,dy)u(ds,dac)%/ / yLB (s, dy)p(ds, dz),
[0,')XR+ x [0,')XR+ x

uniformly in probability.
Similarly, let (L%),en and LS be in L5. Furthermore assume that (L°™),en converges
M, -a.e. towards L° and that SUpP,,cN L5™ is v-integrable. Then for n — oo

/ /yLS’”(s,dy)V(ds,dx)%/ /yLS(s,dy)V(ds,dm),
[0,) xR+ J0O [0,)xR4 JO

uniformly in probability.
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Note that the convergence has to hold Mu—a.e., it is not sufficient to assume convergence
only M,-a.e..

Proof. We only prove the first part of the lemma, because the proof of the second part is
completely analog. Let N be a M,-null set s.t. (LB ™)nen converges pointwise towards LP on
Ne€.

Step 1: Let us show that

o0 St (w)
H"(w,t,x) rz/ yLB’"(w,t,dy)z/ yLP™(w,t, dy)

converges pointwise to

00 St—(w)
H(w,t, ) ;:/ yLB(w,t,dy)z/ yLP (w, t, dy)
for all (w,t,z) € N¢, where

N := N U subgraph(X U {(w,t,z) € Q| (w,t,q) € N Nsupergraph(X)} U {L? = co}.
q€Q+

Fix any (w,t,z) € N For any € > 0 choose K € Nand y; < ... < yg in Q1 s.t. z =: yp < y1,
Yy > S (w) and y; — i1 < e foralli € {1,...,K}. As (w, t ,x) & subgraph(X), and y; > =
for i > 1, we have that (w,t,y;) € supergraph(X) for i > 1. Thus, we have that LZ™(w,t,y;) —
LB(w,t yi) for n — oc. For any strategy L? we have that

B 5ol Ly
Zyz 1( (w,t,9:) — L (w,t,yifl)) > / yL” (w, ¢, dy)

YK
= / yLP (w,t,dy)
yo

> Zm( (wt, i) — LB(ML%A))

(Note that y — LB(w,t,y) is nonincreasing). By LB (w, t,4;) — LB(w,t,y;) foralli = 0,..., K
as n — oo this implies that

n—o0

Si—(w)
lim inf / yLB™(w, t, dy)

Z Zyl wytayl) LB(wvtyifl))
K
> > (i te) (LPw ty) — LP(w, tyin))
i=1
K
> —eLP(w, ty0) + D i1 (LP(w,t,yi) — LP(w,t,5i1))
i=1
> —eLB( wtyo+2/ B(w,t,dy)

B Si—(w) .
= —¢L (w,t,x)—i—/ yL” (w,t,dy).
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Since € can be chosen arbitrarily small and L?(w,t,2) < oo by construction of N, this yields

liminf H"(w,t,2) > H(w,t, ).

n—oo

Analogously, we obtain that limsup,,_,., H"(w,t,z) < H(w,t,z) and thus
H"(w,t,x) - H(w,t,x) Y(w,t,z) € N

Step 2: Let us show that M,(N) = 0. By MM(ZV) = 0, we have that MM(N) = 0 and
M,{(w,t) | 3¢ € Q4 s.t. (w,t,q) € (N N supergraph(X)) = 0. In addition, we use that
M, (subgraph(X)) = 0 and M,({L? = c}) = 0 to arrive at

< My(¥) + M, (subgraph(X))
+ M,({(w,t,z) € Q| 3¢ € Qy s.t. (w,t,q) € N Nsupergraph(X)}) + M, ({LP = c0})
— 04+0+0+0=0.

M, (N)

Now note that M,-a.e. we have

Si—(w) .
02> Hn(wa tax) = / yLB’n(wa t dy) > = sSup Stf(w) sup LB’n(wvta'r)a
x t€[0,T] neN

ie. (H")pen is dominated by supcpo Si—sup,ey LP™, which is clearly p-integrable since
SUpP,eN LB"™ is p-integrable by assumption. Thus an application of Lemma 4.6 completes the
proof.

O

So far, we have already shown that the portfolio process of L? can be approximated by the
portfolio process of L%™. L™ is piecewise constant in the price variable, but not in time. In the
following theorem L%™ (and thus also L? ) is approximated by L which is piecewise constant
both in the price and the time variable.

Theorem 4.8. For any € > 0 and any Lf € Ef there exist A € F, d > 0, m € N, and
nonnegative simple predictable processes @, e €M wanishing on Q x {0} s.t. P(A®) > 1—¢
and

&€=0, on {(wt)eQx[0,T]|8—(w)—65<I127™}.

Furthermore for

m2™

Lw t,2) =Y &(w)l{pziz-m)

=0

we have that L € LB and for every w € A®

~

sup | LB(w, s, z)p(w, ds, dz) —/ L(w, s, x)p(w,ds,dz)| <
te0,7] J[0,t)xRy [0,) xR,

and

swp | [ [ yrP s dpte.ds,do) — [ [Ty s dyut,ds.do)] < e
te[0,7] J[0,t)xRy Jx 0,t)xRy Jzx
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Proof. Step 1: Let € > 0. By Lemma 4.3, Lemma 4.5, Lemma 4.6, Lemma 4.7, and the fact
that the up-convergence is metrizable, it is possible to choose at first a § > 0 small enough and
afterwards an m € N large enough s.t. there exists a set U € F s.t. P(U) > 1 — 5 and for all
welU

sup / LB(w,s,x)u(w,ds,dx)—/ LO™(w, s, 2)p(w, ds, d) << and (4.13)
te(0,7] |/ [0,t) xR+ [0,6) xR 4 2

swp | [ [P s dyutondsadn) < [ [Ty syt ds.dn)| <3
te(0,7] | J[0,t) xRy Ja 0,) xR Ja 2

holds. Furthermore, if we choose ¢ at least as small as § by the definition of S° there exists a
set Ve Fst. P(V)>1—5andforallweV

sup \?f(w) ~- S (W) <4 and 7°(w) = occ. (4.14)
te[0,7)

Finally, m can be chosen large enough s.t. m > —logy(9).
Step 2: For any § > 0 we decompose u into the executions triggered by the jumps of S with
sizes lying in [—d,0) and the rest. More precisely, let

p=p"® + (4.15)

with p® Lp®9 and p™0({t} x {z}) = 1 iff z = S; and AS; € [-§,0). Note that by (i), (iii), and
(iv) of Assumption 3.1 and as S is cadlag, y?° is a finite random measure. By contrast, p'9 is
in general infinite. Orders with limit prices below S_ — § cannot be executed by p!.

Define &} (w) := HS’Z’m(w)—Hf’lH’m(w) foralll =1,...,m2™—1, &M2" (w) := 92’m2m’m(w), and
O (w) == L9 (w,t,0) — Qf’l’m(w), where §%b™ [ =1,... m2™ are introduced in Definition 4.4.
In addition define

AL(w) = 29w, [0,1] x [0,127™))

for I =0,...,m2™. Observe that we can use these processes to specify a representation of the
shares bought and the cash payments resulting from strategy L™ by

/ L9 (s, 2)u(ds, dx) = / L9 (s, 2) >0 (ds, da)
[O,t) XR+ [O,t) XR+

m2™

= Z gheal and
=0

[ e sdputdsda) = = [ [y sy s, da)
0 t)xRy Jz 0,t)xRy Jz

m2™

= Y oaemge Al
=0

By Assumption 3.1(vi), we have that A} = 0. Thus different conventions for the integral w.r.t. A
at 0 do not matter. Note that we can replace p by u>? as by construction we have that L&™ = 0
on [S_ — 6,00). Since L™ is p-integrable, the integrability of any & w.r.t. A’ is satisfied. As
120 (w, ) is a finite measure for any w € Q, there exists a probability measure Q ~ P s.t.

T—
Eq [AIQL} <oo and FEg [/0 ¢ dAl} < o0.
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Then it is well-known (and provable by the monotone class theorem) that the predictable process
¢! can be approximated by a simple predictable process ¢! in the sense that

Eq [/OT_ " - g\dAl] (4.16)

gets arbitrarily small. As ¢ is nonnegative, El can be chosen to be nonnegative as well. By
Al =0, & can be chosen to vanish on  x {0}. Since L!(Q)-convergence implies convergence in

Q- resp. P-probability, E’ can be chosen s.t. on a set U' € F with P(U') > 1 — m it holds
that - o .

—&dA' < ——— . 4.17

/0 &= ¢l 2m(m2m™ + 1) ( )

Define the process
. gl
§=¢ 1{§5—25>l2—m}1[[0,75l]

which is simple predictable as §6 and El are simple predictable. By Aé = 0, we can choose

E(l) = 0 and thus % = 0. By construction of L™, we also have for & that & = 0 on {?5 —20 <
1273U]70, T]. Thus, (4.17) implies

T—
Il gal €
/0 & —¢'dA" < Sm(m2 1 1) (4.18)

on U'. In addition, we have
g=0  on{(wt)eQx[0,T]|S(w)—08<i27™}. (4.19)
Now (4.18) clearly implies that on U’ it holds that

l l a l €
sup [ A —E A | < ———
te[0.7] ! =1 9m(m2m 4 1)

and because [27™ < m we also have

g
sup |127m¢be AL —p2mgle Al |« —
te[m‘ t | 2(m2m 4 1)

2m :
on U'. Hence on (%, U' we arrive at

~

sup |/ L‘S’m(w,s,x)u(w,ds,dm)—/ L(w, s, x)p(w,ds, dz)| < < and  (4.20)
te[0,7] J0,6) xR [0,6) xR 2m

|/ / y L% (w, s, dy)pu(w, ds, dz) / / yL(w, s, dy)p(w, ds, dz)| <
tG[OT [0 t)XR+ Ot XR+

Now we only have to make certain that (4.13), (4.14), (4.19), and (4.20) all hold on the same
set A°, which is easily achieved by setting A :=U NV N <ﬂ}120m U l). O

e

Let 20,51, e ,Eﬂﬂ’” be the nonnegative simple predictable processes vanishing on © x {0}
from Theorem 4.8. Note that ~any @ can be written as a finite sum of terms of the form
f 1]leTl s where T < T are stopping times and f > 0is F, i~ -measurable. To fin-

ish the proof of Theorem 3.13 it is sufficient to show that the portfoho process of & =
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(0,O,g’ilﬂTf,i7T2l,iﬂl{xSZQ—m}, 0) can be approximated uniformly in probability by portfolio pro-
cesses of real-world trading strategies. We define the sequence of stopping times

To = Tll’i, T = inf {t >Tj-1: /1,2’5 ({t} X [0,l2im]) > 0}, jeN,

where 129 refers to the finite measure defined in (4.15). Thus, we get P(7; > TQM) 1T 1asj — oc.
Let € > 0. There exists a K € N s.t. P(Tg > TQI’Z) > 1 —¢e. By Theorem 4.8 we have that

1T T € {(w,t) € Q% [0,T] | Sy (w) — & > 1277}, (4.21)

(4.21) implies that on {7x > T2“} x [0,T] x R4 it holds that

K
/77‘ . . J— /7,' X .
f 11]T11,17T2l,z]]1{x§l2*m} = Zf 11]73'71/\7“2[’17?3‘/\7“2[’2]]1{$§l2im}
J=1
K
=D &1 ' 1 (1 3 +1 z (4.22)
= 17 A ATY 7 AT \ Ha<iz=™, 5, >12-m} {z<l2-m G, =12-m} ) - .
j=1

The strategy in the second line of (4.22) is a real-world buying strategy with M? = 0 in the
sense of (3.6). Namely, T describing the execution time of the order placed at time 7;_1 A Té’i,
as defined in (3.4), satisfies T* = 7; on {7; < T 2“}, again by (4.21) which makes an execution
triggered by p'® impossible. With ¢ — 0, the strategies in (4.22) and thus their portfolio
processes coincide on a set with probability tending to one. Together with Theorem 4.8 and the
triangle inequality of dy, this proves Theorem 3.13.

5 Proof of Theorem 3.17: Closedness of the strategy set

O,n’ 1,n)

In the whole section let the assumptions of Theorem 3.17 hold and let ("™ "), en
with 07 = (&™) and p!'" = ¢!(G") be an up-Cauchy sequence where (&"),en =
(MB™ MS™ LB [97), oy is an a-admissible sequence of trading strategies.

Since the space of ladlag functions (also called regulated functions) mapping from [0,77] to
R is complete w.r.t. the supremum norm, there exist predictable ladlag processes ° and ¢! s.t.
(") pen converges uniformly in probability to % and (¢!"),en converges uniformly in proba-
bility to t!. By going to a subsequence of (&"),cy We can assume w.l.o.g. that (gpo’”, cpl’")neN
even converges (component wise) P-a.s. uniformly on [0, 7] to (4%, ).

We have to show that ()°,%') can be generated by some admissible strategy &. To get
briefly an overview the reader may directly pass to the Proof of Theorem 3.17. Before, several

lemmas are stated which are needed for this proof.

Lemma 5.1. Let 70 := 0 and for k,n € N define the stopping times

7R = inf{t >0 | )" > kY Ainf{t >0 | ;"] > k}
Ainf{t > 0 | ls 35 )(x)u(ds,dz) +/ ls 3 ](az)u(ds,dw) >k}AT,
[0]xRy 77 [04]xRy 777
78 = inf 7P"
neN

There exists a probability measure Q) equivalent to P s.t. for all k € N there is a Kj € Ry with

Eq [var(®™)zr + var(p'") ] < K, Vn € N.
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Furthermore, (7%)ren is an increasing sequence of stopping times with P(7F =T) — 1, k — oo,
1.e. it is localizing.

The idea of the proof is to reduce the result to a similar result of Campi and Schachermayer [3]
for proportional transaction costs. To do so we have to separate those limit order executions
which are more favorable than trades with market orders at the same time.

Proof. Let 6° := 0 and

o' := inf {t > lig 5.)(@)u(ds, dx) +/ lig 5, (@)v(ds,dx) > 2} , teN
[0xRy —97° [0xRy ¢

7% and & are debuts of optional sets and thus stopping times by the usual conditions (cf. e.g. The-
orem 4.30 of [10]). Note that we have 5° > 7* for all i > k. From the definition of 7 and the obser-
vation that @?’An?k = gog’kn, cpi/\n?k = @ikn for all t > 7%, we see that \A*(QOF)/’\Z,C)A, \A*(gp.l/’\zk)ﬂ <2k
for all ¢ € [0, 7] and thus

o0

Z (A+var (gooA’?;k> T Atvar (gplA’T;k)a) <Adk(k+1). (5.23)

i=0 7

For any (%", ") and each i = 1,2, ..., k-+1 we define a self-financing, admissible portfolio
process in the sense of Campi and Schachermayer (see [3] for details) with initial endowment
R — b RE — - and threshold level a by

Ot = Bl giciper) + 00 M gim1pmk singk] — @ljgingh 17

Pl = kg gicipee) + @1 Ugiciame gingt] — @ljgingk 17
By construction (@%mki phnkiy — (,0n olny on [i=1 A 7R 58 A TF]. Thus, (@Omki phnkd)
is certainly a-admissible. If °~!'(w) < 7%(w), the change of the portfolio from (k,k) to
(gogﬁl(w) (w), Lp;ﬁl @) (w)) at time 6~ 1(w) is clearly self-financing. In addition, for 5°~1(w) >
7*(w) we have (=1 (w) ATF(w), 7 (w) ATF(w)] = () and a possible change from (k, k) to (—a, —a)
is also self-financing. Furthermore, on |51 A7% % A 7*] no favorable executions of limit orders
can influence the portfolio process (remember that a limit order executed at stopping time &
only shows up in the portfolio process immediately after 5°). While there may be executions of
limit orders on ]6°~' A 7%, 5% A 7*[, the prices paid by the small investor are at most as favor-
able as in the model with proportional transaction costs. If e.g. a limit buy order of size 87 (w)
with limit price p?(w) is executed at time T*(w) with 7'~ (w) < T*(w) < 7*(w) we know by
construction that St (w) < p®(w). Hence, the investor would be at least as well of just buying
the amount 6% (w) at time T*(w) with a market order at price Sp«(w). Thus, (¥mki ki)
is indeed a self-financing portfolio process in a model with proportional transaction costs and
price processes S and S if it is allowed to “throw away” assets. More precisely, if we translate
{S, S} with P(infieo77S; > 0) = 1 into the cadlag bid-ask process

1 S
II:=
(1)

used in [3], then it is straightforward to show that Vi := (@0nki oLnki) is g self-financing,
admissible portfolio process with threshold @ in the sense of Definition 2.7 in [3]. Therefore
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we can apply Lemma 3.2 in [3] to derive the existence of a probability measure @ ~ P and a
constant C' > 0 s.t. forall k,n e Nandallt=1,...,k+1

Eglvar(p®*) ] < C(k4+a) and Eglvar(p"™*) 7] < C(k + a). (5.24)

Right from the definition of (p*™k? plmki) it follows that for all n € Nand i =1,2,...,k + 1

O,nkiy
)31*1—0—)
1,n.k

L) PUERT (5.25)

0, 0, ki .
var(p )z — var(p L )gi-1y = var (%R o — var(p

1, 1, ;
var(p % )5 — var(p b )z = var(ph"R)

5i — var(p

Combining (5.24) and (5.25) we obtain

IN

Eqvar(¢*™*)7] < C(k + a),

Eqlvar(¢%%, )5 — var(¢%, )5 1]
Eolvar(ph% )5 —var(pht)s1.] < Eolvar(o"™)7] < C(k + a).

I <
and thus
Eq Z (Var(<p o )s — var(¢™" )5 1+> + Z (Var gpAAk Var(go.l/’\gk)giur)]
i=1 i=1
< (k+1)2C(k+ a). (5.26)

By combining (5.23) and (5.26) the first part of the lemma is proven.

As discussed at the beginning of the section there exists a set N € F s.t. P(N) = 0 and
s.t. (goi’”(w))neN converges towards v?(w) uniformly on [0, 7] for all w € N¢, i = 0, 1. Fix any
w € N Remember that any ladlag function is bounded on a compact interval. Thus, there
exists an ng(w) s.t. for all n € N we have

no(w)
sup " (@) < [V suwp [ (@) | V| sup [$f(w)[+ 1] <oo, i=0,1,
te[0,T) j=1 t€[0,T] te[0,T)

Hence, we have that P (supneN SUPyeo,7] ]cpf:n\ < oo) = 1,7 = 0,1. By Assumption 3.1 (iii)

we also have P <f[07t]><]R+ 1[§S?§S)($)M(ds,dx) + f[07t]xR+ l(ﬁygs](x)u(ds,dx) < oo) = 1. Hence,
(7*)ren is localizing. -

Lemma 5.2. We have

M, ({(w,t, z) € Q| sup LP™(w, t,z) = oo}> =0 and

neN

M, <{(w,t,x) €Q | supLS’"(w,t,w) = oo}> =0,
neN

i.e. (LP™)en is My-a.e. bounded and (L") ey is M, -a.e. bounded.

Proof. We only deal with (LP™),cy as the assertion regarding (L°"),en can be proved similarly.
Each LP™ is p-integrable and hence it holds that LZ" < oo M,-almost everywhere. Thus, we
can ignore the beginning of the sequence. Define the set A by

A= {(w,t,2) € Q| limsup LP"(w, t,2) = o0} € P

n—oo
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and for any € > 0 let
B. := supergraph(X +¢) = {(w,t,2) € Q | X(w,t) +¢ < z} € P.
From the monotonicity of z —+ LP™(w,t, z) it follows that

N. == {(w,t)] 3z € Ry s.t. (w,t,x) € AN B.}
= {(w,t) | 3z € Q4 s.t. (w,t,x) € AN B:}
= U{(w,t)|(w,t,q)€AﬁBg}: U (AN B:)g

q€Q4 q€Q+
and we have that NE € P. Define
Noi={(w,t,2) €0 | (1) € Ve, X(w,8) <2< X(w,t) + 5} € P.
Step 1: Let us show that M,(N.) = 0. We have P-a.s.

lim sup |ATE!" (W) — Atyd(w)| =0,
=0 4e[0,T)

lim sup [ATp;"(w) — AT (w)| = 0. (5.27)

N0 ¢e(0,T)
Now (5.27) implies for all (7;,Y;), ¢ € N, introduced in Remark 3.7, it holds P-a.s. on 7, < T

lim | AYME™ — ATME™ + LB (1Y) — ZLS" (0, Z) Lrmoyy | = AL

n—oo

This yields that for n — oo and My-a.a. (w,t,z) € Q with ¢ < T we have

AJFMtB’"(w)—A*Mf’"(w)—FLB’”(w,t,x)—/ L5™(w, s, 2)v(w, ds,dz) — At (w). (5.28)
{t}xRy

By Assumption 3.1 (i) we have S,(w) < x < Sy(w) for M,-a.a. (w,t,x) € Q. Combining this
with Assumption 3.1 (v) implies that limit sell orders can M,-a.e. only be executed if x = Sy (w).
By Assumption 3.1 (i) for v, in the latter case no limit sell order with limit price above x is

executed. Thus, we have M,-a.e.
Aty (w)
= —S(WATMP (W) + S, (w) AT M (w) +/ yLB™(w, t, dy)
+/ / yL5™(w, s, dy)v(w,ds, dz)
{t} xRy JO
e ATMPM W) + AT M (W) — @ (LB’“(W, toa) — LB (w, b,z + g))

_ (x + f) LP™(w, t,x + E) + m/ L (w, s, 2)v(w,ds,dz)
2 2 {t} xR

= x (—A+MtB’n(w) + A+M{q’n(w) — LB™w,t,x) + /{

IN

Lo™(w, s, 2)v(w, ds, dz)
t}XR+

—%LB’"(w, t,x + %)
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Now (5.28) implies that the term in the last but one line converges to —xAT ¢} (w) for M-a.a.
(w,t,x) € Q whereas by the same arguments A" (w) converges to AT (w) for M,-a.a.
(w,t,x) € Q. Putting together, this implies that

limsup LP"(w, t, z + %) < —o0, for My-a.a. (w,t,x) €.
n—oo
By the implication (w,t,z) € No. = (w,t,x +¢/2) € A, we arrive at M,(N,) = 0.

Step 2: Let us show that ]\//fu(ﬁa) = 0. Let Z := X15. 4+ (X + §5)15 . Z is predictable and
Step 1 implies that M, (subgraph(Z)) = 0. By the definition of the essential supremum we obtain
Z<X ]\/ZN—a.e. and thus Mu(ﬁg) =0.

Step 3: We obtain that

M, (AN B.) < M,(N. x Ry) = M,(N.) = 0.
Note that for r — oo we get supergraph(X + %) 1 supergraph(X), which yields
M, (A Nsupergraph(X)) = li_>m M,(ANB1) =0.

As M, (AnNsubgraph(X)) = 0 always holds and M, (ANgraph(X)) = 0 by Assumption 3.16 we

arrive at
M, (A) = M, (AN supergraph(X)) + M, (A Nsubgraph(X)) + M, (A N graph(X)) = 0.
O

Lemma 5.3. There exists a probability measure @ ~ P s.t. for all k € N there is a f(k € Ry
with

Eg Mi’”%—/ LB™(s,2)u(ds,dz)| < K, VYneN
T [0,7%) xR

and

Eg Mig,;”—i—/ L5(s,2)v(ds,dx)| < Kj, Vn €N,
T [0,7%) xR,

where the stopping times 7% are defined in Lemma 5.1.

Proof. For any A € B([0,T]) ® B(Ry) define fi(A) := u(An{(t,z) € [0,T] x Ry | z < S;}),
15(A) = p(An {(t,z) € [0,T] x Ry | # = S;}). Clearly 15 L i and by Assumption 3.1 (i) we
furthermore know that y = i+ ,ug. Let 7 and 2 be defined similarly. Note that by Assumption
3.1 (iii) we get that o and v are P-a.s. finite measures.

An important observation regarding ug and 2 is that the limit order executions that are
triggered by these measures are at most as favorable to the investor as trading by market orders.
This yields

St/ LB’”(s,w),ug(ds,dw)
Sy — St Jityxr,
1
S, — Sy

[ LS dsde) <
{t}xRy

_l’_

[ s g ds,da) (5.20
{t}XR+ x
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and

S,

1
§t _gt S

ﬁt_st

/ L™ (s, z)v5(ds, dx) — / / yL>" (s, dy)v>(ds,dz) < 0. (5.30)
{tI xRy {t}xRy Jo

In the equation for ¢ in Definition 3.5 we isolate M ™ and plug it into the equation for
%" In this equation we isolate the terms with MPZ™ and the two integrals w.r.t. 4°. Then, an
application of (5.29) and (5.30) yields the follows estimation

AT MP" / LB (s, ac),ug(ds, dx)

{t}xR4
. Atvar(p®™); + S, (A+Var(<p17”)t + f{t}xR+ LB (s, x)u(ds, dx))
- St — 5,
Juym, Jo yLo7 (s, dy)v(ds, dz) (5.31)
Si— 5,

The impact of the limit orders on the portfolio process is limited to the ¢+ jumps, hence for the
time when there are no such jumps we arrive with similar but simpler calculations as above at

O™) 2k + supse(o ) Syvar(p'")z

var(p
ME" N AT MP < =
™ Z ' imfte[o,T} (St —5y)

t<7k

(5.32)

Putting (5.31) and (5.32) together we arrive at

ME" + /M  LE(s,m)p(ds. do)
YTV ) XN

_ 2w ) + 2subiciyy S o + 50l S oy, SUPmere L (s, )i, )
- infyepo, (St — St)
SUP¢co, 77 St f[07T)><R+ SUp,,en L™ (s, )0 (ds, dx)
infyep0,77(St — S)
+ / sup LB’m(s, x)p(ds, dx), VYn € N.
[0,7)xR; meN

By Lemma 5.2 we know that sup,,cy LB™ and SUp,,cN L™ are M,-a.e. resp. M,-
a.e. finite. Hence, because p(w,-) and v(w,:) are for P-a.a. w finite measures on
[0,7] x R4, we conclude that P(f[OT)X]R+ sup,,eny L2™(s, 2)fi(ds,dr) < oo) = 1 and
P(f[QT)X]RJr sup,,en L™ (s, 2)(ds,dz) < oo) = 1. We obtain the existence of a random variable
Z with P(0 < Z < o0) =1 and

Mfi’" +/ LB (s,2)pu(ds,dx) < Z (var(e”™)zr + var(p"™)= + 1) Vn e N.
0,7%) xR
Similarly we can show that there exists a Z with P(0 < Z < c0) = 1 and

Mfé” +/ L (s, 2)v(ds, dz) < Z (var(¢®™)zr + var(p'™)z + 1) ¥n € N.
[0,7%) xR ¢
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By Lemma 5.1 we know that there exist a probability measure @@ ~ P (independent of k)
and a K € Ry s.t.

Eq [var(®™)zr +var(p®™)a + 1] < K +1 VneN.
As (Z vV ZV 1)~! is a bounded random variable we can define a new measure Q by

@ _ 1
Q@ g, [(Z\/Z\/l)—I]ZVZVl'

We have for all n € N

(Mgc’n +/ LB’”(s,m),u(ds,dx)> v <M?Skn +/ LS’”(S,m)V(ds,dx)>]
(0,7%) xR [0,7%) xR
< Eg [(Z v Z) (var(¢™")z + var(o'™) sk + 1)}

Eg

1 ZvZ
< — Eg ——— (var(”™)zsx + var(o'™)z + 1)
EQ[(szw)—l} ZVZV1
1 -
< (K + 1) = K.

Eo [(Z VZV 1)*1}
O

Lemma 5.4. Under the conditions of Theorem 3.17, both the total numbers of pur-
chased stocks (MB™ 4 f[o JxRs LSB’n dpis)nen and the total numbers of sold stocks (MS™ +

f[() xRy L™ dvg)nen are up-Cauchy sequences.

Proof. Of course it is sufficient to prove only the first part of the assertion as the second one is
completely analog. Assume that (%", "), cn is an up-Cauchy sequence.

Step 1: Let us consider the corresponding discounted wealth processes if stock positions are
evaluated at the best-bid price S and the numeraire is the spread S — S, i.e.

R (pO,n (Pl’nﬁ

v

T3-stTs-g

The stock evaluation and the choice of the numeraire simplify the calculations. Namely, sales
by market orders do not change the wealth process and the purchase of one share by a market

A~

order reduces the discounted wealth by one unit. Note that (V"),cy is again up-Cauchy and the

processes ﬁ and fss are again semimartingales by P (inf{S; — S, |t € [0,T]} > 0) =1 and

It6’s formula. By Definition 3.5 and Lemma 8.2 in Muhle-Karbe [14] we obtain
~ = 1 S
Vn:Vn+ O,n.< >+ 1,n.< )_MB,n
0o T¥ S_g S 4 S_g S

—I-/ /SS L&LB’R(S dy)p(ds, dx) +/ /l’ LESLS’"(S dy)v(ds, dz)
[0, )xRy Jz gs - ﬁs , ’ [0, )xR4 JS,_ gs _ﬁs ’ ’ ‘

Note that LB"(s,2) = 0 for x > Sy and L3"(s,z) = 0 for x < S,_. Let u = p™ + p>9 be the
decomposition from (4.15). In the following, executed limit buy orders with limit price close to
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the best-ask are charged at the best-ask. The process A" is the corresponding error term and
formally defined by

/ / -5 LB”(s,dy)u(dsvdw)
[0,6)xRy Jx
/ / mLr gL sy, )
[0,t)xRy JS,_—5 5
+ / i § L s s )
0,t)xRy Jz

:—/ LBm 1o / / At LB"(s dy) 20 (ds, dz) + AO™.
[0,t) xRy 0,t)xRy Jz

A%" is nonincreasing and

Bn
(5f[07T] L dpg

|A "l < — :
inf{S; — S, |t €[0,T)}

(5.33)

Analogously, we define 19, 29 by v = 19 4120 19120 and v19({t} x {z}) =1 iff z = S,
and AS, € (0,6]. Again, > is a finite random measure. The process B>" is the error term when

limit sell orders with limit price close to the best-bid are charged at the best-bid. Formally, it is
defined by

/ / 5 LS”(s, dy)v(ds, dz)
[0,t) xR

/ / it LS”(s dy)v*?(ds, dx) —i—Bén
[0,t) xR

B%™ is nonincreasing and

S,n
5 f[o,T] L dps
~inf{S, -8, | te[0,T]}

By < (5.34)

We arrive at

~ 1 S
Vvro o= Vnr 4 0,n o ( > + 1,n < ) _ MB,n _/ LB,nd ;,5
0¥ S-S 4 S-S [0,-) xR+ :

Se_
+ / y =5 LB"(S, dy)p>? (ds, dx)
[0, XR+

s

s

S —
+/ / y-5, LS”(S dy)v*(ds, dz) + A>" 4+ B*"
XR+ S S
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and thus

MB,n+/ LB,n d,U/s
[0,) xR

= ~ 1 S
—_yn + vn + 0,n ( ) + 1n < ) +/ LB,nd §,6
0Ty S_s5) "% S-S [0,) xRy a

/ / N J= s LB”(S dy)p 2‘S(cls dz)
JXRy Ss

/ / — 5 g g L oy, )+ A5 B (5.35)
0 )XR+
Step 2: Now let € > 0. As ‘7”, ‘70", PO e <§1S> and pl7 e <§§S> are up-Cauchy sequences,
there exists an n1 € N s.t. B
P (|- -7+ Ty + momy - (SR e (52
S — ﬁ t S - ﬁ t
< Z, Vit € [O,T]) > 1—2, Vn,m > ny. (5.36)
By Lemma 5.3 the sequences f[o 1] d,us)neN and ( f[o 7] L "dvs)nen are stochastically
bounded. Thus, by (5.33) and (5.34), there exists a 0 > 0 s.t.
on on € €
P(|AT’ + B ygz)m—i, Vn € N. (5.37)

We fix this 6. As p?° and v>? are finite random measures the remaining terms on the rhs of
(5.35) are up-Cauchy sequences by Lemma 5.2 and by Lemma 4.7 (formally not applied to u
and v, but to x> and > under which sup,,ey LP™ resp. sup,, oy Lo are integrable). Thus,
there exists an ny € N s.t.

P / (LB,n _ LBm / / Y- Ss LBn LB’m)(S,dy)/LQ’(S(dS,dl’)
[0,6) xR [0,6) xR Ss— S,
Y—Ss 1Sn S,m 2,8 € €
= L>" — L~ d ds,d -, vVtel0,T]] 21— —,
/[OR/ e )(s. ) (s, )| < = i e | 1) :

for all n,m > ny. Combining this with (5.36), (5.37), and (5.35), we arrive at

P |MP"+ / LB dpg — MP™ — / L™ dy,
[0,t) xRy [0,t) xRy

for all n,m > ny V ng. Thus, (MB" + f[o xRy LSB’"dus)neN is a Cauchy sequence w.r.t. the
convergence “uniformly in probability”. O

<e, We[O,T]) >1-—¢

Lemma 5.5. Let S be an adapted cadlag-process and let (A™),en be a sequence of predictable
processes of finite variation for which there exist a measure QQ ~ P and a constant K > 0 s.t.

Eglvar(A™)r] < K, Vn € N,
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and let A be a predictable process of finite variation s.t.

sup |A} — Ai| — 0, in probability, for n — oo.
t€[0,T]

Then it holds that

sup [((S—,8)* A"): — ((S=,S) * A)¢| = 0, in probability, for n — oco.
t€[0,T]

Proof. By linearity of the integral w.r.t. the integrator and by the assumption that the limit
A is itself of finite variation, it follows from Proposition A.1 ii) in [8] and Fatou’s lemma that
Eglvar(A)] < K holds. Thus it is sufficient to prove the result for A = 0.

The well-known equivalence between convergence in probability of a sequence of random
variables to zero and that any subsequence of this sequence contains a subsubsequence converging
almost surely to zero implies that it is sufficient to prove the assertion under the assumption
that sup,ejo 1) |47 — 0, P-as. for n — oo.

Furthermore, by a stopping argument, we may suppose that there exist constants C; > 0
and Cy > 0 s.t. supycpq |AF| < €y for all n € N and |S] < Cs.

We start similarly to the proof of Theorem A.9 iii) in [8]. By Theorem A.9 ii) in [8] it holds
for all t € [0, 7] and n € N that

sup [((S—,S)* A™)¢| < var(A™)p sup |Sy|. (5.38)
t€[0,T t€[0,T]

For any m € N define the sequence of stopping times 73", 77", ... by
m m . m 1
TO ::O and i+1 = lnf t>]—; | |St_STk‘ > — y
m

and let
o0
S = Z STim lﬂTimVTiril[['
i=0

For every m by construction of S™ it is possible to find a constant a,,, € N and a set B,, € F
s.t. S™ consist only of a,, steps or less on B,, and it holds that Q(Bg,) < 27™. Now (5.38) and
the linearity of the integral w.r.t.the integrand yield for any my € N and any m > my

Eq | sup [((S-.8) * A")l1n

B
t€[0,7) m2mo

< B | sup [((S-— 87,8 — 8™« A)+ ((S7,5™) » A)l1p, Bm]

te[0,7

< EQ [Var(A")T] + EQ

1
m

sup [((S™,8™)« A™)1 -
te[O,T]K( ) d Moz B ]

By assumption of the lemma, by construction of S™, «y,, and B,,, as well as by the assumptions
at the beginning of the proof this implies for all m > mg that

Eq sup |A3§1|1ﬂ

B .
te[0,T] te[0,T] m2mo m]

1
sup [((S-,5) « A")elln ., Bm] < —K +2CamEq
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For any fixed m the second term on the right-hand side of the equation goes to zero as n goes
to infinity, by dominated convergence. Therefore, for any € > 0 and any mg € N there exists an
no(e,mp) € N s.t. for all n > ng(e, mg) it holds that

Eqg | sup |((S_,S)-A”),5|1mm>m B, | <€
t€[0,T] =mo

Hence for any my € N we have that

sup [((5-,5) An)t|1ﬂ or By 0, in probability
te[0,T) m=mo

as n goes to infinity. Note that by a Borel-Cantelli argument we have that Q(limsup,, BS,) =
0, which implies that (ﬂmZmO Bp)mgen is an increasing sequence with P(liminf,, B,,) = 1.
Therefore, it also holds that

sup [((S—,S)*A™)| =0,  in probability
te[0,T]

as n goes to infinity. O

Lemma 5.6. Assume that the sequence (LP™),cn (as introduced at the beginning of the section)
converges M —a.e. towards a P-measurable function LB - Q- R,. Then, there exists a LB e B
s.t. LB = LB holds Mu a.e.. The analog assertion holds for limit sell order strategies.

Note that we do not yet have that (L®"),cn converges Mu-a.e. (later on we build convex
combinations to achieve this). The lemma only tells us that if the sequence converges, then the
limit function can be chosen as valid limit order strategy.

Proof. Denote by N a ]/\ZM—null set s.t. (LP™),cn converges pointwise to LP on Ne, by
(%k)peny @ sequence running through Q4, and by <]V N supergraph (X )) the xp-section of
T

N Nsupergraph(X), i.e. the set {(w,t) €0 x[0,T] | (w,t,2x) € N Nsupergraph(X )} € P. De-
fine

N := U (Z\~f N supergraph(&))

k=1 Tk

and note that from (]v N supergraph(l)) x {1} € N N supergraph(X) and
Tg

Tk Tk

<<Kf N Supergraph(z)> X {xk}> N supergraph(X) = (]V N supergraph(i)) x {xp}

it follows that ]/W\# ((Kf N wpergraph(&)) > = 0 and thus also ]\/IH(W) =0,ie M,(NxRy) =

Tk
0. Hence, we arrive at Mu(ﬁ x Ry) = 0. By definition of N, for all (w,t,z) € (N x R+)C N
supergraph(X) N (2 x [0, 7] x Q) we know that (LB’"(w,t,w))neN converges to LP(w,t,z).
By assumption, for all n, z + LP"(w,t,z) is nonincreasing for all (w,t) € Q x [0,7] and
LB (w,t,x) = LB’"(w,t,x)l{z<§t_(w)} for all (w,t,z) € Q. The latter implies that

LB(w,t,x) = LB(w,t,:r)l{x<§t_(w)} Y(w,t,z) € N (5.39)
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We proceed by defining the function LB by
7B o
L (UJ, t,.'L‘) = OOl{J?SKt(w), x<§t7(w)}1ﬁc(w’t)

. B B . B _ e
+medlan{L (w,t,x),EEECL (w, t, xk),xlknij (w,t,xk)} 1{L(w)<x<5t7(w)}1]v (w,t).
As LB is ﬁ-measurahle and L(-,-,7x), k € N, are P-measurable, LB is expressed as supremun,
anedian, and sum of P-measurable functions and thus itself P-measurable. For (w,t, ), (w,t,y) €
Q with z < y for which both L?"(w,t,z) — LB (w,t,z) and L®"(w,t,y) — LP(w,t,y) hold for
n — oo, we have

LB(w,t,z) = lim LP™(w,t,2) > lim LP"(w,t,y) = LB(w,t,y). (5.40)

n—oo n—oo
Hence, for (w,t,z) € NN (N x Ry)¢ N supergraph(X) it holds that

sup LB(w,t, x) < LB(w,t,x) < inf LB(w,t, Tp).

Together with (5.39) we obtain LB = LB on N°N(N xR_.)*Nsupergraph(X ). By the construction
of M, , and Assumption 3.16, we already know that subgraph(X) U graph(X) is a M, ,-null set.
Hence, the set of points on which we set LB to the value oo is in any case not relevant for the
question whether LB = LB M, u-a.e. or not (though it does play a role to assure monotonicity of
course, which is supposed to hold for all (w,t) € Q x [0,7T]). Furthermore, we have seen above
that M, u(ﬁ x Ry) = 0 and consequently LB = LB holds M, u-almost everywhere.

Let us verify that  — LB (w, ¢, z) is nonincreasing for all (w,t) €  x [0, T], which is part (i)
of Definition 3.3. On (N x R+)C N supergraph(X) we have

By definition of L? via the median and since SUP, <y, LB(w,t,xx) < infy, < LB(w,t,21) on
(N x R+)c N supergraph(X) by (5.40) we get

sup LB(w,t, x) < EB(w,t,x) < inf LB(w,t, Tp).

This yields for all (w,t,x), (w,t,y) € (W X R+)c N supergraph(X) with x < y that

EB(w,t,x) > sup LB(w,t,a:k.) > inf LB(w,t,xk) > EB(w,t,y).
x<T) <y

Moreover for all (w,t) € N° we have that LB(w,t,2) = oo for all z < X,(w). Therefore, the
monotonicity of z — LB (w,t,2) on R, is established for all (w,t) € N°. For (w,t) € N we have
EB(w, t,-) = 0 and the monotonicity is trivially satisfied. LB satisfies part (ii) of Definition 3.3
by construction.

We complete the proof by checking that part (iii) of Definition 3.3 holds, i.e. that LB is
p-integrable. By the Mu—a.e. convergence of (LB™),cn to EB, Fatou’s lemma, and Lemma 5.3,
there exist a probability measure @ ~ P and K, r € Ry s.t.

Eg

n—o0

/ LB(t, x)p(dt, dz) | < lim inf B / LB, 2)p(dt, dz)| < K, Vk €N,
[0,?’“)XR+ [0,:1'\k)><R+

where 7F refers to the stopping time defined in Lemma 5.1. As (TF) ke is a localizing sequence
we get P(f[0 T)xRy LB(t,x)pu(dt,dx) < 0o) = 1 and thus p-integrability of LB. O
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Proof of Theorem 3.17. Our goal is to find a limit strategy & = (MB, M5, LB L) for the
sequence (&"),cn which satisfies (¢%(&), ¢'(&)) = (¢, ¢'), where (¢, 4?!) is the predictable
ladlag limit process of (*", p1™), cn introduced at the beginning of this section. We deal with
the limit orders first. We apply Lemma 9.8.1 (which is a Komlds type theorem) and Remark
9.8.2 in [7] twice (first w.r.t. the limit buy orders L™ and the o-finite measure ]\7,“ then
w.r.t. the limit sell orders L™ and the o-finite measure My, where we build convex combi-
nations of the convex combinations chosen for the limit buy orders), which yields that there
exist 77 measurable R -valued functions L? and L and a a sequence of (ﬁmte) convex combina-
tions &" € conv(G", &™) s (LB ")neN converges M -a.e. to LB and (LS”)neN converges
M -a.e. to L°. Note that by a convex combination of strategies &™ we mean a quadruple
(]/\4\3’”,]/\/[\57”,EB’",ES’") where MBm ¢ conv{MBm MBn"+1 1 and so forth, where we use
the same weights for J/\/[\B’”,M\S’",EB’", and LS. The associated portfolio process in Defini-
tion 3.5 of a finite convex combination of trading strategies is just the convex combination of
the respective associated portfolio processes and a convex combination of a-admissible trading
strategies is again a-admissible. Since the convex combinations were taken of trading strategies
for which (¢°(&"), gpl(G”))nEN converges P-a.s. uniformly on [0, 7] to (¥°,4!) this also holds

for (én)neN- Thus, we can assume that w.l.0.g. already the original sequence (6"),,cn satisfies
LB - LB, ]\A/.fu —ae. and L% — L°, MV —a.e., forn — oco.

Then, we apply Lemma 5.6 and obtain that w.l.o.g. LB € £B and L® € £5. Given L? and L*
we are in the position to present also the remaining market order part of our candidate for a
limit strategy. Namely, by Lemma 5.4, stating that accumulated purchases and sells converge
separately, there exist predictable processes

MB = lim MB’”—i—/ LB (s, x)u(ds, dx) —/ LB(s, z)p(ds, dz)(5.41)
nee [0,) xR+ [0, ) xRy

M® = lim MS’”—i—/ LS’"(s,m)u(ds,dx) —/ Ls(s,x)u(ds,dx),
oo [0, ) xR [0,) xR+

where the convergence holds “uniformly in probability”. We need to check though that AP
and M are nondecreasing. To avoid repeating ourselves, we only examine M B Remember that
(LB™) ey converges M -a.e. to LB. Thus, P-a.s. (LB’”(w))neN converges ji,-a.e. to LB(w). In
addition, the convergence in (5.41) holds P-a.s. uniformly in ¢ on a subsequence. Let A € F be
a corresponding exceptional null set and w ¢ A. For t1,ty € [0,T] (possibly depending on w)
with t; < to, the monotonicity of M Bn and an application of Fatou’s lemma yield that

ME(w) — M (w)

> lim inf (Mt]j’”(w) — Mf’n(w) +/

oo [t1,t2) xRy

LB™(w, s, 2)pu(w, ds, d:c))

—/ LB(w, s, z)p(w, ds, dz)
[tl,tz)XR+

> liminf / LB™w, s, 2)p(w, ds, dz) —/ LB(w, s, x)p(w, ds, dz)
n—00 [tl,tz)XR+ [tl,tQ)XR+

> 0. (5.42)
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Therefore, the candidate & := (MPB, M*®, LB, L®) for our limit strategy is a valid trading strategy
in the sense of Definition 3.4. Right from the definition of M? and M*° we get that M5 —
MS = —p! 4+ lim,_00 @™ — f[O,v)xR+ LB (s, z)p(ds, dx) + f[07,)xR+ L3(s,2)v(ds,dx) and thus
up-limy, 00 5" = ©}(&). It remains to verify that (&) = 0.

Main step: Let us show that ¢%" — ° uniformly in probability where % := (&). If we are
able to show the convergence for the buy and the sell order terms separately, we are done. The
idea is to account executed limit buy orders with limit prices close to the best-ask as market buy
orders (in the limit they can indeed turn into market orders as Example 6.1 shows, by contrast,
executed limit orders “away” from the best-ask price remain limit orders in the limit strategy as
there are only finitely many execution times). For § > 0 let u = p" 4 1% be the decomposition
from (4.15). We have

Ss— _
/ / yLP" (s, dy)u*? (ds, dz) —/ S, LB (s, z) " (ds, dx)
[0,')><R+ x [0,')XR+

<4 LB(s,2)put°(ds,dzx), ¥n e N. (5.43)
[0,7) xR
Let ¢ > 0. It follows from Lemma 5.3 that (f[OT)XHh LB (s, 2)u'(ds,dz))pen is P-

stochastically bounded. Together with P(f[ LB(s,2)u"(ds,dzx) < o0o0) = 1, we obtain
the existence of a § > 0 s.t.

07T)XR+

NI

5. -
dup ( / / yLB" (s, dy)ud(ds, dz), (5_, 5) » / LBﬂ(s,xW(ds,dx)) <
[0,-)XR+ x [0,-)><R+

for all n € N and

5. -
dup ( / / yLP(s, dy)u (ds, dz), (S5, 5) » / LB<s,x>u1ﬁ<ds,dx>> <
[07')XR+ x [07')XR+

We fix this §. By Lemma 5.2 and Lemma 4.7 applied to %9, there exists an n; € N with

S S
dup / / yLB’"(S,dy),uz’é(ds,da:),/ / yLB (s, dy)pu®? (ds,dz) | <
[0,')XR+ x [0,-)XR+ T

for all n» > n;. By Lemma 5.2 and Lemma 4.6 applied to p?°, we know that
(f[o xRy LB (s, 2)pu??(ds, dz))pen converges to f[o xR LB(s,z)u*9(ds, dz) uniformly in prob-
ability. This implies by definition of M? that (M?™ + f[0,~)><R+ LB (s, x)pu"(ds, dz))pen con-
verges to MB + f[O,-)XR+ LB(s,z)p*?(ds,dz) uniformly in probability. From Lemma 5.3 and
Lemma 5.5 it follows the existence of an ny s.t.

IR

> ™

dup <(57S) - (MF +/ LB (s, z)u (ds, dz)),
[07')XR+

LB (s, x),ul’é(ds,d:z:))> <

= M
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Altogether we obtain by the triangle inequality

Se_
dup ((S_, 5)» P 4 / / yLP" (s, dy)u(ds, dz),
[0,')><R+ x

Ss_
(S_,5)+ MB +/[0 - / yLB(s,dy)u(ds,dm)> <e.
) XIRyp J T

As the corresponding result holds for sell orders we obtain that " — " in up and we are
done. O

Proof of Theorem 3.25. An inspection of the proof of Theorem 3.13 reveals (i).

For (ii) we only have to show that under the assumptions of the theorem we do not need
Assumption 3.16 in the proof of Lemma 5.2. Then, the proof of Theorem 3.17 reveals that the
limiting strategy is just as its approximating sequence from °.

We have to analyze the neutralization of purchases by limit buy orders and sells by market
orders (and vice versa) which are executed at the same time and the same price. This may lead
to an explosion of the limit order strategies while the portfolio processes converge.

Step 1: For a market sell order strategy M?° define

A% = Z ]_{KLZKTZ_:@TZ_}A—FMSJ, t 2 O,

T <t

with X from Definition 3.15. Let us show that the sells by A' can be perfectly compensated
by purchases with limit orders. Define A? := ant Liy,=x_y and let B! and B? be the pre-

dictable compensators of A! and A? (w.l.o.g. A! is locally integrable, otherwise we can apply
the arguments under an equivalent measure). The cadlag paths of B! and B2 can be identified
with measures on [0, 7] and by Proposition 1.3.13 in [11] there exists a predictable version of the
density

dB}
Cr=——5.
' dB?
By (3.9) we can write A*Mfll{inzﬁn} = >t Uklyy,=sky for some sequence of Fr, -

measurable random variables (Ug)ren,. For all bounded predictable processes H we have

TNT TNT
E ( / H,C, dBZ) -5 ( / H,C, dAf) —F (annl{ng, Y1=KT1})
0 0

TINT TINT TINAT
E (/ H,C, dBt2> = E (/ H, dBtl) =F </ H, dA%)
0 0 0

[e.9]
= K (Hnl{n<T, Yi=X_ } ZUkl{Xq:ék}) :
k=0

and

Putting together we obtain that

oo
E (Hﬁcﬁl{nST, YFLI}) =E <Hnl{n§T, V=X, } ZUkl{XTl=6k}> :
k=0
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C;, and ZZO:O Uil {X, =ok} are Fr —-measurable, , runs through all bounded F;, _-measurable
random variables, and the assertion is analog for 7;, ¢ > 1. Therefore, we arrive at

P (CTil{TiST, Yi:i—ri} = A+M7"5;1{Ti§T7 Yi:ﬁ‘rizﬁq}) = 1 fOI’ all Z c N (544)

Step 2: Let (p°(G"), ¢1(6™))nen be the sequence from the beginning of the section. Apply
step 1 to the processes

A=) Nyviex, ms, pmin {25, X0 ) — L7 (r X, +6), ATMZ} . neN,
T, <t

and define the modified strategies LB"(w,t,z) := LB"(w,t,z) — Lp—x, () Cf'(w) with the
predictable processes C" from (5.44) and

M = M=) Liy,=x, —s, } min (LB, X)) — L™ (73, X +6), AT MEY .

T <t

This means that from the original strategy only the surplus of limit order purchases at the lowest
price on the event X, = S above market sell orders on X = S _ is actually realized. The
modified strategies lead to the same portfolio processes and satisfy (cf. Assumption 3.1(vi))

P (A+Ms’n1{Ti<T’ Yi:ﬁrizi-ri} >0 and

(EBJL(T“XTZ‘) - ZB,n(ThXTi + 5))1{Ti<T7 Y'i:l‘rizﬁﬂ;} > 0) - 07

i.e. there are no transactions cancelling each other out. Then, from (5.27) it follows as in the
proof of Lemma 5.2 that

M, <{(w,t, z) |z = X, (w), ilelg(EB’"(w,t,x) — LB (w,t 1 +6)) = oo}) =0  (5.45)

(note that on the set {5, < Y; = X} buying and reselling by market orders leads to a loss
of at least § > 0 per share). With (5.45) we can proceed as in the proof of Lemma 5.2 without
accessing Assumption 3.16 and arrive at M, (sup,,cy LP™ = 00) = 0.

O

6 Examples

We give an example of a sequence of limit buy order strategies whose portfolio processes con-
verge to the portfolio process of a market buy order strategy. An inspection of the proof of Theo-
rem 3.17 reveals that this phenomenon cannot occur if the execution measure p is finite. Namely,
for Example 6.1 the last inequality of (5.42), which holds by Fatou’s lemma, is strict. On the other

hand, for a finite ;1 we have f[o xR LB (s, z)p(ds, dz) = lim, s <f[0 ) LB (s, x)u(ds, d:c))

and thus also M B = lim,,_,o, MZ™.
This means that although the set of portfolio processes attainable by limit and market orders

is closed by Theorem 3.17, the set of portfolio processes attainable by limit orders alone is not
closed.

XR+
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Example 6.1. Assume that X = (Xt)te[o,T] 18 a Lévy process with infinitely many downward
jumps, i.e. limn_moﬁ((—oo, —1/n}) = ﬁ((—oo, 0)) = 00, where i is the Lévy measure of X. Now
let us suppose that the best-ask price S is modeled as exponential-Lévy, i.e. Sy = Sgexp(Xy).
Consider the limit buy order strategies satisfying

1, 1, 0,
LB’n(t,a:) = (t— ¢, n)l{zggt,—%§t,} where oy = gy =0,

i.e. limit prices are slightly below the best-ask price and directly after a successful execution at
time t the total number of bought assets is t (that is gpg’n =t). LB and o' are obviously well-
defined with 0 < 4,0%’” <t as for every n and every path there are only finitely many executions.
Let us show that the associated portfolio processes (¢, '), en converge to ) = — fot Syds
and @} := t uniformly in probability. (p°, ') is generated by the market buy order strategy
MtB =t. Let Z1,...,Zy be i.i.d. exponential random variables with parameter 1. A well-known
limit result for mazxima tells us that

P(Zy<ln(m)4+z, k=1,...,m) — exp(—exp(—z)), m—o00, VreR. (6.46)
By AS = S_(exp(AX) — 1), an execution of LP™ is triggered by jumps AX < In(1 — 1/n).
The interarrival times of these jumps are i.i.d. exponentially distributed random variables with

parameter ﬁ(( — 00, In(1 — 1/n)]> and thus we have for any € > 0

P(“time between two successive executions of L™ is always smaller than &)

> P(Zk < sﬁ(( — 00,In(1 - 1/”)]>’ k=1,..., {QTE(( oo In(l = l/nﬂ)])

[2T7((—00,In(1-1/n)])]
_p 3 Z, < Tp(( — 00, In(1 — 1/n)]) : (6.47)
k=1
where [x] := max{k € Ny | k < z}. Put m := [2Tu((—o0,In(1 — 1/n)])]. By (6.47), (6.46), the
law of large numbers, and the fact that (i((—oo,In(1 — 1/n)]))nen converges faster to infinity

than (In(2TE((—o0,In(1 — 1/n)])))nen, it follows that for any e > 0 there exists an ng s.t. for
allm > ng

P(lgy" — ¢t <e, weeo,1)) (6.48)
> P( “time between two successive executions of L™ is always smaller than €”) > 1 — ¢.

It remains to show that (") ,en converges to ©¥. We have that var(o'™)p < T for all n € N.

Consequently, we can apply Lemma 5.5 and conclude that ((g,,g) . 901’")n converges to

oot eN
(S_,8) « ! = =" uniformly in probability.

Let € > 0. Due to the up-convergence there exists an ng € N s.t.
P(\(S_,é) col 0 <e/3, Ve [O,T]) > 1-¢/3, VYn>no (6.49)
For any 6 >0 and t € [0,T] we have that

0, = 1,
got”—i—(S_,S) "Ptn

/ /(y—Ss)LB’"(s,dy)u(ds,dw)
0,t) xRy Jz

6/ / LB (s, dy) ' (ds, dx)
0,7]xRy Jz

+  sup [Sy| sup |pr" — @i ([0, T] x Ry) =: I(n) + II(n),
s€[0,7] s€[0,7)

IN
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where the decomposition p = pb0 + p*% is defined after equation (4.15). As
f[o TIxR, f[x 00) LB (s, dy)u(ds,dr) < T for alln € N, we choose § := ¢/(3T) to obtain P(I(n) <
£/3) =1 for all n € N. We fix this § and observe that P(u>°([0,T] x R}) < 0o) = 1. Thus, by
(6.48) applied to some appropriate € > 0, there exists anny € N s.t. P(II(n) <¢/3) > 1—(2¢)/3
for all n > ny. Combining this with (6.49) we arrive at

P(|cp?’"—<pg|§5, Vte[0,T]) > 1—¢, VYn>ngVn.

Example 6.2. In [9] and [12] small trader models are considered in which limit buy orders can
only be placed at the current best-bid S and limit sell orders only at the current best-ask price S
(or one tick above resp. below it). As S and S move continuously in time, it is interesting to
see how these strategies can be approximated by real-world strategies with piecewise constant
limit prices (and order sizes). For this purpose let us embed the model from Definition 1 in [12]
into the more general framework of the current article (for the model in [9] the arguments are
similar). Restricting to limit buy orders this yields strategies of the form

LB(wvtam) = ZtB(w)l[O,ﬁt(w)](m)a (650)

where S 1s assumed to be continuous and the nonnegative predictable process specifying the size of
the limit buy order at the best-bid is now denoted by LB. The execution measure u is given by the
condition that p(w, {t} x {z}) =1 iff t = 7;(w) for some i € N and x = S, (w), where 7; are the
jump times of a counting process (e.g. a homogeneous Poisson process independent of S and S)
modeling the arrival times of noise traders. Theorem 3.13 yields that (6.50) can be approximated
by real-world strategies. The approzimating limit buy order strategy L%™ from Definition 4.4
is given by LO™(w,t,x) = Lf(w)l[&pm(w,m(:1:)1[0775}] (w,t), where p™(w,t) = max{l127™ | (I —

1)27™ < Sy(w) A (gf —36)} and 70 is defined in (4.10) for small § > 0. This means that p™
usually lies slightly above the current best-bid price and is bounded away from the best-ask. For
fized (w,t), & (w) defined in the proof of Theorem 4.8 is only positive for at most one | in this
example (namely | has to satisfy p™(w,t) = 127™). Then, the approzimating simple predictable &
from (4.16) can be chosen to satisfy this as well. Thus we arrive at a single simple predictable
limit order whose limit price dominates S “most of the time” and the order size approzimates
LB,

7 Conclusion

We provide a mathematical framework to model continuous time trading of a small investor
in limit order markets. Starting with quite arbitrary best bid and best ask price processes S
and S at which market orders can be executed, the execution of limit orders is modelled by
integer-valued random measures p and v which are consistent with S and S. The general limit
buy (sell) order strategies are predictable processes with values in the set of nonincreasing
demand (nondecreasing supply) functions — not necessarily left- or right-continuous in the price
variable. Accumulated market orders are nondecreasing predictable processes. The strategy
set possesses the desirable properties that it is closed (under the convergence “uniformly in
probability” of the portfolio process) and any attainable portfolio process can be approximated
by portfolio processes from elementary strategies uniformly in probability. An interesting
observation is that if the best-bid or the best-ask price processes possess infinitely many jumps
on compact time intervals, then a sequence of limit order strategies can turn into a market
order strategy when tending to the limit.
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Trading strategies with values in an infinite-dimensional space also appear in idealized (fric-
tionless) bond markets. The existence of tradable bonds for all maturities leads to a continuum
of assets and thus the portfolio is infinite-dimensional. However, here the economically mean-
ingful set of measure-valued portfolio strategies turns out to be too small as it is not complete
and one has to extend it to strategies taking values in the set of linear functionals acting on the
set of bond price curves (see [2], [6], and the references therein).
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