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Abstract

We consider nonlinear stochastic integrals of It6-type w.r.t. a family of semi-
martingales which depend on a spatial parameter. These integrals were introduced
by Carmona and Nualart [2], Kunita [8], and Le Jan [9]. The extension of the ele-
mentary nonlinear integral is based on the condition that the semimartingale kernel
has nice continuity properties in the spatial parameter. We investigate the case that
continuity is not available and suggest different directions of generalization. This
brings us beyond the case that any integral can be approximated by integrals with

integrands taking only finitely many values.
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1 Introduction

In this article we consider nonlinear stochastic integrals of [to-type for a familiy of inte-
grators which may depend on a spatial parameter in a discontinuous way. So far, to the

best of our knowledge, only nonlinear integrals w.r.t. smooth families of integrators have

*Frankfurt MathFinance Institute, Johann Wolfgang Goethe-Universitdat, D-60054 Frankfurt a.M.,
Germany, e-mail: ckuehn@math.uni-frankfurt.de
Acknowledgements. 1 would like to thank Tahir Choulli and Jan Kallsen for helpful discussions and

comments. In addition, comments by an anonymous referee are gratefully acknowledged.



been investigated in the literature; see the pioneering work of Kunita [8] and Le Jan [9]
where the integrators are continuous semimartingales and Carmona and Nualart [2] for
the general case. Further contributions to the theory of nonlinear stochastic integrals (also
called stochastic line integrals) can e.g. be found in Sznitman [11] and Chitashvili and
Mania [3, 4].

We allow general semimartingales as integrators and predictable processes as inte-
grands. To our mind smoothness in the spatial parameter is an appropriate assumption,
but it does not seem to be essential. Therefore there remains the interesting question how
and at which price it can be avoided.

In the last years nonlinear stochastic integration theory has attracted attention by
mathematical finance researchers as it is a mathematical tool to model trading gains of
a “large” investor whose trades move the market price of the stock, see e.g. [1]. In the
standard model the price per share of some stock does not depend on investor’s holdings
and its dynamic is exogenous given by some semimartingale X. Then, the trading gains
are modeled by the linear integral fo H, dX,; where H, is the number of shares the investor
holds at time ¢. Nonlinear integrals arise by a feedback effect. The holdings H; have some
permanent impact on the stock price. However, it is not the scope of the present paper
to discuss this application to finance.

Throughout the paper we fix a terminal time 7" € R, and a filtered probability
space (2, F, (Fi)icpo,r), P) satisfying the usual conditions. We use the notation of Ja-
cod and Shiryaev [6]. By fP we denote the set of real-valued, predictable processes. Let
(X (¥,-))ger be a family of semimartingales. We do not assume continuity in 9, i.e. for
U1 & ¥ the semimartingales X (¥1, ) and X (05, -) can behave quite differently. Instead, we
firstly only assume that X is jointly measurable, namely the mapping (¢, w,t) — X, (9, t)
is B(R) ® O-measurable, where O is the optional o-algebra on 2 x [0,7]. Recall that
O is generated by all adapted processes with cadlag paths (considered as mappings on

Q x [0,7)).



Definition 1.1. Let £ denote the set of simple predictable real-valued processes, i.e.
& = {9 Q% [0,T] =R |6=H "+ ZHk_ll]]Tk_th]] for some n € N,
k=1

0=Ty<T, <...<T, =T stopping times, H ' € L°(Q, Fy, P),
and H*' € L°(Q, Fr, . P), k=1,... n}

For0=H '+ >, kall]]kal,Tk]] the process

n

t s /t X (0, ds) =Y (X(H""tATy) — X(H" t ATiy)) (1.1)
0 k=1

is called the elementary integral of 6 with respect to (X (9, ))ger-

(1.1) is well-defined, i.e. it does not depend on the representation of #. By the joint
measurability of X the cadlag process (1.1) is adapted.

The aim is to extend the integral (1.1) to all predictable locally bounded integrands in
a reasonable way. The main step is to show that an arbitrary (locally bounded) predictable
process 6 can be approximated in a suitable way by simple integrands (6"),cn in order to
extend the integral. The main problem is that by contrast to the smooth or the standard
linear case it is not sufficient to make the distance |0} — 6;| small (in measure).

In this article we suggest different directions of generalization of the nonlinear integrals
in [2, 8]. It is divided into two parts. In Section 2 we show that under the condition
that the elementary integral (1.1) is onesided continuous, say right-continuous, in the
spatial parameter there exists a unique right-continuous extension to all locally bounded
predictable integrands (Theorem 2.7). In Section 3 we deal with the more delicate case
that no onesided continuity is available. Then, there is in general no approximation with
strategies taking only finitely many values. Within a finite factor model Theorem 3.7
gives conditions under which the integral can be approximated by integrals with simple

integrands.

2 Right-continuous nonlinear integrators

In this section we assume that the elementary integral (1.1) is onesided continuous in ¥,

say continuous from the right. This assumption is in the spirit of Carmona and Nualart [2]
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and has the advantage that it can be stated in terms of the integrators themselves rather

than their densities.

Definition 2.1. Let (ay)neny C R and a € R. Throughout the article we say that a, “\ a

iff for any € > 0, a, € |a,a + €] holds for n € N large enough.

Note that for random wvariables P(Y,, \, Y) = 1 is essentially weaker than
P(Y,>Y andY, >V, Van e N) = 1.

Assume that the semimartingales (X (¢, -)ger possess decompositions
X, )=X(,00+ MW,-)+ B(¥,-), 0€eR, (2.1)

where (M (1, -))yer are locally square integrable martingales and (B(4, -))ger are cadlag
processes of finite variation and predictable. (M (4, -), M (05, -)) denotes the predictable
quadratic covariation of M (v, -) and M (¥, -).

Definition 2.2. For every ¥ € R define the o-finite measure p’ by

W(A) = E (/OT Ly d(M(,-), M (9, ->>) LB (/OT 1 dVar(B(Y, -)>> C vAep,

where P is the predictable o-algebra on Q x [0,T]. Let (9"),en be a dense sequence in
R and let i be a finite measure on P with du®" < du for all n € N (of course such a

measure always exists).

For cadlag processes X and Y let

d(X,Y):=E(sup |X;—YA1).
t€[0,T]

d metrizes the convergence “uniformly in probability”, cf. e.g. Protter [10].

Definition 2.3. A family X = (X (9, -))ger of semimartingales is called a right-continuous
nonlinear integrator, if for any K € (bP)ioc and any sequence (60™)nen of simple predictable

processes taking only finitely many values with 0™ < K and
0" N0, p—as, n—o0 (2.2)

for some 0 € (bP)1oc, the sequence of elementary integrals ([, X (6", ds))pen s a Cauchy-
sequence w.r.t. the metric d, cf. Remarks 2.8 and 2.9 (by (bP)w. we denote the set of

real-valued locally bounded predictable processes).
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Proposition 2.4. Assume that X is a right-continuous nonlinear integrator in the sense
of Definition 2.3, bul with pointwise convergence in (2.2) without an exceptional p-null
set (note that this is a weaker right-continuity condition than Definition 2.3). Then, for
allv € R and A € P the following implication holds

p’(A)=0, YneN = pu’(A)=0.

Remark 2.5. By Proposition 2.4, the existence of an appropriate finite measure p that
let X be a right-continuous nonlinear integrator in the sense of Definition 2.3 does not

depend on the choice of the dense sequence (V")nen in Definition 2.2.

Proof of Proposition 2.4. Let 9 € R. There exists a subsequence (5”)%1\; of (9"),en with
9" > 9 and 9" — 9. Assume that there is an N € P with

,uﬁn(N) =0VneN and p?(N) € (0,00). (2.3)

We have to lead (2.3) to a contradiction (note that we can restrict ourselves to the case
that u’(N) # oo as u’ is o-finite).

By H + Z we denote the (linear) stochastic integral of H w.r.t. Z. As B(4,-) is
predictable, (2.3) implies that

Y = 1N.X(197-):1N'M(197')+1N'B(197')

does not vanish, i.e. ¢ := d(Y,0) > 0. As /LE"(N) = 0, n € N, one can find simple
predictable sets I',, such that ugn(Fn) and (T, AN), n € N, get arbitrarily small, where
A denotes the symmetric difference (see e.g. the proof of Proposition 4.7(ii) in [5] that
applies Dynkin’s theorem and note that for all J € R the processes (M (5, ), M (5, 1)) and
B(4,-) are predictable and thus locally bounded, cf. Lemma A.1 in [7]). By Burkholder-
Davis’ inequality this implies that we can choose (I')nen s.t. d(1p, « X(97,-),0) < /3
and d(1r, * X(9,-), 1y « X(9,-)) < ¢e/3. We obtain

d (X(ﬁn’ ), Lax[o,r)\Tn * X(ﬁ", S+ 1p, « X (9, .))

>d X({;n? )7X(7§n7 ) + 1I‘n ° X(ﬁ, )) — g
2
zd(u%(ﬁ,-),@)—?:%, ¥n € N. (2.4)
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Define the simple predictable processes

/2 - if m is even

om =

ﬁ(mil)/Ql(Qx[O7T])\F(m,1)/2 —+ 191F(m—1)/2 . lf m 1S Odd

By (2.4) we have that for all even m d ([, X (0™, ds), [; X (6™, ds)) > /3 and thus the
sequence ( f; X (0™, ds))men of elementary nonlinear integrals is not a d-Cauchy sequence.

As 0™ N\ ¥, pointwise, this contradicts the right-continuity of the elementary integral. [J

Definition 2.6. Let X be the set of real-valued stochastic processes. We say that a map-
ping I 1 (bP)e — X is additive in time iff for any H', H> € (bP)ioe, A € P we have
that

I(H"W g+ H?14e) + I (H?14+ H'14c) = I(H') + I(H?), up to evanescence, (2.5)
where A¢ := (Q x [0,T]) \ A.

If T is linear, then (2.5) is obviously satisfied. But, taking H', H? and A simple, the

elementary nonlinear integral (1.1) also satisfies (2.5).

Theorem 2.7. Let X be a right-continuous nonlinear integrator in the sense of Def-
inition 2.3. The elementary integral from (1.1) possesses an up to evanescence unique

extension
I:(bPhoc > {Y :Q2x[0,7] =R |Y is adapted and cadlag}
satisfying the following properties
(i) 1 is additive in time

(i) (right-continuity)
For all (60™)neny C (bP)oc with |0 < K for some nonnegative process K € (bP)ioc,
0 € (bP)ioe, we have that if 0" \, 0 pointwise on 2 x [0,T], then 1(0™) — I1(6)

uniformly in probability for n — co.

Remark 2.8. As for linear Ito-integrals (cf. e.g. Theorem 1.4.81 in [6]) the uniqueness of

the extension of the elementary integral already holds under the weaker (right-)continuity (ii)
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in Theorem 2.7, i.e. requiring convergence of the integrals only for integrands with 0™ 0,
pointwise on 0 x [0,T] (without an exceptional null set). However, for the existence of the
extension we need that the elementary integral is right-continuous in a slightly stronger
sense — including sequences (0™ )nen which may diverge on an exceptional p-nullset, cf.
Definition 2.3 (by Ito’s isometry this property of the elementary integral is satisfied in
the linear case). As not every predictable process can be approrimated pointwise by simple
processes, the exceptional null set in (2.2) becomes necessary for the construction of the

integral.

Remark 2.9. In order to extend the elementary nonlinear integral to the smaller set of
left-continuous, adapted integrands one can leave out the p-nullset in Definition 2.3 as well
as condition (i) in Theorem 2.7. This is because left-continuous, adapted processes can be
approzimated uniformly in time by simple predictable integrands. Furthermore, note that
right-continuous functions are not uniformly right-continuous on compacta (by contrast
to continuous functions). This is the reason why Definition 2.3 differs from the condition
in Definition I1.1.2 of [2] (which is solely stated in terms of simple predictable processes).

The nonlinear integral of Kunita [8], Chapter 3.2, is obviously right-continuous in the

sense of Definition 2.3.

Remark 2.10. For suitable @ € bP and (M (V,-))ger C H? Sznitman [11] defines the
nonlinear integral fo M (60;,dt) as the up to evanescence unique square integrable martin-
gale s.t. for all M € H? the covariation process ( [, M (6, dt), M} possesses the form “one
would expect” by the covariation processes (M (9, ), M}, Y € R (see Proposition 4 in [11]).
Chitashwvili and Mania [4] show that this approach is still valid under weaker assumptions,
especially if M(9,-) is only continuous in ¥ instead of Hélder continuous as it is required
in [11]. An inspection of the proof of Theorem 1 in [4] reveals that continuity can be re-
placed by one-sided continuity. However, in this approach the integral is not characterized
as the unique extension of the elementary integral (and of course it is not shown that the

integrands can be approximated from the right by simple integrands). Thus Theorem 2.7

may be also seen as a complement to [4].

Proof of Theorem 2.7. Step 1 (uniqueness): Assume that there are two extensions of (1.1),



I and I, satisfying conditions (i) and (ii). We want to show by “algebraic induction”
that they coincide up to evanescence. For this let us firstly prove the assertion for all

predictable # taking at most two values, i.e. fix a,b € R with a < b and show that

I(alg+0blge) =I(aly +blsc) up to evanescence (2.6)

holds for all A € P. For A € & the assertion holds. As £ is a generator of P which is

stable under intersection, by Dynkin’s theorem it is enough to show that

(I) For any B C C s.t. B,C € P and (2.6) is satisfied for A € {B,C} (2.6) holds for
A=C\ B as well.

(IT) If (2.6) holds for all A,,, n € N, and A, T A, n T 0o, (2.6) holds for A as well.

Ad (I): Let B C C both satisfy (2.6). Applying (2.5) to H' := alp + blge, H*> :=
aleyp + blc\p)e and A := B yields

I(HY 4+ I(H?) = T(HW4+ H*14) + 1 (H* 15+ H'14)
= ](a13+alc\B+blcc)+I(b)

— I(ale +blee) + I(b).

As the same holds for I and I(b) = I(b) we arrive at I(H2) = I(H?), i.e. C'\ B satisfies
(2.6).

Ad (II): Let (Ap)nen satisfy (2.6) and A, T A. By a < b, ala, +bla,)e L ala+ blae
which implies by condition (ii) that A satisfies (2.6).

Having established I(6) = I () up to evanescence for all predictable integrands 6
taking at most two values, we want to show by induction on the number of values that
the assertion holds as well for all integrands taking finitely many values. Let n > 2 and
H =" a;1,4, with A; disjoint and (JF] A; = Q x [0, T]. Applying (2.5) to H' := H,
H? :=a;, and A := A, yields

I(H) 4 I(a)

=I(H") + I(H?)

=1 (H" W4+ H?14e) + 1 (H?14+ H'14)

= I(ans1la,,, +ailac, ) + Il g=ajoa,,, + Hlgzana:,,)- (2.7)
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As the same holds for I and both integrands in the last line of (2.7) take at most n values
(note that n > 2) the induction step n ~» n + 1 is proven.

Finally, let 0 € (bP)je. Define 6™ := Zin_nzn 2%1{96((14—1)/271,1@/2"]}- We have that

10" < 0] + 1. As I(6™) = 1(0™) up to evanescence and 6" 6, pointwise on Q x [0, 77,
and by right-continuity of I and I, it follows that I (0) = I (0) up to evanescence.

Step 2 (construction):

Let 6 € (bP)yo. and define o = Zin_nzn 2%1{96((#1)/2"&/2”]}- Observe that

" \, 0, pointwise on Q x [0,T], n — oco. (2.8)
The predictable sets

{6 € ((k—1)/2"k/2"]}, for k= —n2", ..., —1,1,... n2"

Bkn =
’ {0 € ((—=1/2",0] U (—o0, —(n2" +1)/2"| U (n,00))},  for k=0

can be approximated in p-measure by elements of £, i.e. there are I'y,, € € s.t.

1 1
1% (Fk,nABk,n> <

< gy "N k=on

see again the proof of Proposition 4.7(ii) in [5]. Define
k

ACER
0, if no such k exists.

where k is the smallest number with (w,t) € I'y,

As intersections of stochastic intervals are stochastic intervals, §” is a simple predictable
process. Denote I'), := J,, ((Fk,n N Bin) \ Ul#k Fl,n)- AS (Bgn)k=—n2n,. nan is a partition
of © x [0,T] we have u((Q2 x [0,T]) \T\,) < (n2"*! +1) =<5 = 3. But, on the set
I',, we have that 0" = 0" and thus

" (9” ” (7”) < 2% Vn € N. (2.9)

By the theorem of Borel-Cantelli, (2.9) implies that
1 (0” £ 0" for infinitely many n € N) =0. (2.10)

Putting (2.8) and (2.10) together we arrive at 0™ \, 0, u —a.s., n — oo (cf. Defini-
tion 2.1 for the exact meaning of this statement). By Definition 2.3, (f; X (67, ds))nen is a
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Cauchy-sequence w.r.t. the convergence “uniformly in probability”. By completeness we

can define

/Xes,ds = lim X(é’” ds). (2.11)

n—oo
fd X (05, ds) is well-defined up to evanescence, i.e. it does not depend on the special ap-
proximating sequence (6"),en (as two sequences (0™1),en, (0™?)neny C € with 0™ N 6
and 6™2 \, 0, p-a.s. can be merged to a joint sequence whose elementary integrals build a
Cauchy-sequence). In particular (2.11) is indeed an extension of the elementary integral.

Step 3 (right-continuity and additivity in time): Let us firstly show that the map-
ping 0 — [, X (0, ds) is right-continuous in the sense of (ii). Assume that (6™),en C (bP)1oc

with [§"| < K for some nonnegative process K € (bP),. and
0"\, 0, pointwise on Q x [0,T], n — oo. (2.12)

By Step 2, there exist sequences (10"™™),,en of simple predictable processes with [¢"™™| <
K+ 1 and ¢™™ N\, 0", p-a.s., for m — oo.

Let € > 0. By Definition 2.3 and construction (2.11) there exists a § > 0 such that for
all simple 6 with || < K + 1 the following implication holds

——— Vil du<éd = d X(0,,ds), | X(0,,ds) | <e/2. 2.13
/QX[O,T] K+1 <oy T = 0 ( ) 0 ( ) / ( )

Namely, assume that the implication (2.13) does not hold, i.e. there exists a sequence

(0™)nen C € with |67 < K + 1 and
/ |§n_0’v1 di <~ and d /.X(gnd)/.X(H ds) ) > /2 (2.14)
I 1 on > 5, an 51 aS5), s, AS € .
axjr K +1 T 0 0
for all n € N. By a Borel-Cantelli argument this implies

1 (5” < 0 for infinitely many n € N) =0, and

-6 _ _
1 (‘[(—+1| > ¢ for infinitely many n € N) =0, Ve>0.

This means that 6" N\ 0, p-a.s. By Step 2 this is a contradiction to the second condition
n (2.14).
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By (2.12) there exists a n® € N such that fo[OT ‘QKIJ V1gneoy dp < 6/2 for alln > n®

In addition, for every n there exists a m(n) € N s.t. fo[o 17 %enl V gmmegny dp < 6/2

for all n € N and m > m(n). By a triangle inequality this implies

6~
———— Vignmeprdu <6, Vn>n°,m > m(n)
/QX[OT} K+1 tomm<a

and thus by (2.13)

d (/O X (g™, ds), /0 X(@S,ds)) <c/2, Wn>ntm > mn). (2.15)

In addition, for every n € N there exists a m(n) € N s.t.

(/ X(r™, ds) /X o7 ds) <e/2, VneN,m>mn). (2.16)

Putting (2.15) and (2.16) together, taking m = m(n) V m(n) for each n, implies that
d(f, X(07,ds), |, X (0, ds)) < e for n > n® which implies (ii).

Property (2.5) is obviously satisfied for the elementary integral, i.e. with H', H? and
A simple. For arbitrary H', H?, and A there exist by Step 2 simple sequences (0%"),.cn,
(6%™)en, and (A, )peny with 05" N\ HY) 627 N\, H?, p—a.s., and p((A\ A,)U (4, \ 4)) —
0, n — oo . Thus also V"1, + 02714 N\, H'1g + H?1 e, p — a.s., n — oo, ete. (cf.
Definition 2.1) and by (ii) we are done. O

3 Beyond onesided continuity

In this section we go beyond onesided continuity in the spatial parameter J. This comes
at the price that we restrict ourselves to a model where all integrators X (¢, -), ¢ € R, are

driven by the same (finitely many) semimartingales Y!,... Y4 d € N, i.e.
d .
X(9,) = X(9,0) +Z/ H'(9,t)dY], P-as., U€R, (3.17)

where (¥, w,t) — H'(9,t) are B(R) ® P-measurable and H'(J,-) € L(Y"), Vd € R.
Assume that Y possess decompositions Y = Yj + M* + B? where M* € H?_ and B’ €
V N{P. Denote

A" = (M', M") + Var(B"). (3.18)
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Let 6 € fP. By the bi-measurability of H?, the process H(,-) : @ x [0,T] = R, (w,t) >
Hi(0y(w),t) is predictable. If H(6,-) € L(Y"), i =1,... ,d, it suggests itself to define the

nonlinear integral w.r.t. X by

. d .
/X(@t, dt) ;:Z/ H(6,,t) Y. (3.19)

So, the nonlinear integral can be defined using the theory of linear stochastic integration.
For a simple process 0 taking only finitely many values (3.19) coincides with the elementary
integral (1.1). Similar constructions arise frequently in the literature. But, if H is not
(onesided) continuous in 1, there remains the interesting question whether the nonlinear
integral (3.19) with a general predictable strategy 6 can be approximated by corresponding
nonlinear integrals with simple predictable strategies 8". As we want to understand (3.19)
as the limit of basic objects — namely the corresponding nonlinear integrals with piecewise
constant strategies which have a clear interpretation in applications — this question is of
essential importance.

Notice that from the linear theory we only know that ¢ — H(6;,t) can be approximated
in measure by a sequence (f™),en of simple predictable processes. But, there is in general
no sequence (6"),en with f* = H(0},t). Consider the following examples for (not onesided

continuous) integrators.

Example 3.1. Take d = 1, H'(9,t) = 1=y, and Y' = B, where B is a standard
Brownian motion. For the strategy 6, = t we obtain that [, X(6;, dt) = B, whereas any

elementary integral vanishes.

Example 3.1 shows that in general (3.19) cannot be approximated by corresponding

nonlinear integrals with simple integrands.

Example 3.2. Let
X(,-) = Lz=oyx 4B, Y ER,

where B is a one-dimensional standard Brownian motion, t| < to, and Z is a continuously

distributed Fi, -measurable random variable.
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In this example (3.19) can be approzimated by corresponding nonlinear integrals with
(0")nen C E (as for any 6 € £P the predictable set {(w,t) € Q X (t1,ts] | Oe(w) = Z(w)}
can be approximated in (P @ A')-measure by unions of stochastic intervals). However,
e.g. the elementary integral (1.1) for the simple strategy 0y(w) = Z(w)l, 4,)(t) cannot
be approximated by elementary integrals with simple strategies taking only finitely many
values. Namely, as Z is continuously distributed, for any strategy 1 taking only finitely
many values we have that fttf X (¢4, dt) = 0, P-a.s., whereas fttf X (0, dt) = By, — By,.

This effect cannot occur if integrators are right-continuous in the sense of Definition 2.35.

Remark 3.3. By contrast to the approach in Section 2, (3.19) is not determined by
(X (9, ))ger alone, but it also depends on the versions of the integrands (H(V,-))ger.
Take d = 1. The problem is that for fized ¥ € R the integrand H'(V,-) is uniquely
determined from the integral X (9,-) in (3.17) only up to a (P ® AY)-null set and there
s no joint null set for all 9 € R. Put differently, the choice of the versions is needed to

clarify the precise meaning of the nonlinear integral.

For convenience and to avoid effects which seem to be of minor relevance for our

problem, we make the following assumption.

Assumption 3.4. Assume that A', i =1,... ,d, defined in (3.18) are deterministic and
POSSESS [Amin, Gmax)-valued densities w.r.t. the Lebesgue measure for some Gmin, Gmax €
R\ {0}.

This and the following assumptions on A* and H* should be understood in the sense
that H* and Y* in (3.17) can be chosen s.t. these properties hold — as of course the
same nonlinear integral (3.19) can result from different semimartingales Y1, ... | Y? (note

however that not all assertions in the following are invariant under this choice).

Assumption 3.5. We assume that for every K € Ry, i =1,... ,n, there exists a G* €
L2(A) (ie. G € fP and P (ff(Gi)?dAi < oo) — 1) st [HI(W,)| < G for all ¥ €
—K, K].

Assumption 3.6. Assume that for every K € R

T COHI,s)dAT S
/ sup (f” Z. ( ’Z.) S H(0,t) | dA! (3.20)
5§ Ye[-K,K] At - At—d
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converges to 0 in probability for 6 — 0

(note that by the bi-measurability of H the process

. . 2
JL HiW,s)dAL
( A, T

t— sup
9€[-K,K]

is predictable).

Assumption 3.6 rules out Example 3.1, but it is satisfied by Example 3.2. It is discussed

in detail in Subsection 3.1.

Theorem 3.7. Under Assumptions 3.4,3.5, and 3.6 any 6 € bP can be approximated by
a uniformly bounded sequence (0™),en of simple predictable processes in the sense that for

i=1,....d
/ (H'(07,t) — H'(0;,t))” dA} — 0, in probability, n — oo. (3.21)
0

Remark 3.8. By the theory of linear stochastic integration Theorem 3.7 implies that for
any locally bounded 6 the integral fo X (0, dt) can be approzimated uniformly in probability
by integrals fo X (0}, dt) with simple predictable processes ™.

Remark 3.9. The assumptions of Theorem 3.7 remain satisfied if one replaces H by H=
(HY, ..., He H¥Y) with H(9,-) = 9. Then, it is guaranteed that also the distance |0" —

0| becomes small.

Proof of Theorem 3.7. For ease of notation we assume that d = 1 in this proof and we
write H := H' and A := A'. The general case follows analogously. Let § € bP with
0] < K for some K € R,.

Let § > 0. Define a family of stochastic processes (f(¥,1))ver, s<t<r by

F,1) = ﬁ /t_éH(ﬁ, 5) dA,. (3.22)

f is jointly measurable and for every ¥ € R the process f(4, -) is continuous. Consequently,

t— f(b;,t) = m ftt_é H(0;,s)dAs is a predictable process on [0, 7.

Firstly, let us give a short idea of the proof. It will turn out that by Assumption 3.6 it
is sufficient to prove (3.21) for the families of smoothed integrands (f (4, -))ger instead of
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(H (9, -))ver itself (for all fixed § > 0). Then, the continuity of f(¢J,-) in time (for ¢ fixed)
will play the key role as it let ¢t — f(67,1) be piecewise continuous for " € £ (however,

t +— f(04,t) is in general still irregular).

Denote by S the set of [d, T]-valued stopping times. We fix K, m € N and define for
l=-2"K,-2"K +1,...,2"K the predictable sets

B! = {(w,t) € QX [6,T)| fu(fs(w),t) € (l;—ml,QLm]} and

B' = ess sup {(w,t) € Qx[6,T] ] (3.23)
T1,Txes With 71 <y, YeLo(Q,.7r, ,P)
I—-1 1 -2 1+1
R < e
Fu(0:(w), 1) € ( - ,2m}, Ty(w) < t < To(w), and fo(Y(w),1) € [ o }}

where the essential supremum is taken w.r.t. (P ® A) and the predictable o-algebra.
For sets M;, M the assertion M = ess sup;c;M; means that 1), = ess sup;c;1as,. This
definition makes sense as there exists a {0, 1}-valued version of the essential supremum
taken over a set of {0,1}-valued functions. Of course B! is well-defined only up to a
(P ® A)-null set.

Step 1: Let us show that

(P® A)(B'\B)Y=0, 1=-2"K, —2"K+1,...,2"K. (3.24)

Having established (3.24) the main part of the proof is done. By (3.24), the predictable sets
where f(6;,t) falls into the interval ((I — 1)27™,127™], | = —=2"K, —2"K +1,... ,2"K,
can be approximated in measure by sets there both f(60;,t) falls into ((I — 1)27™,(27™]
and f(6,,t) falls into [(I —2)2~™, (I + 1)2~™] for some simple predictable § not depending

on [ (cf. Step 2 for the construction of ).

Assume that (3.24) does not hold for some [, i.c. (P ® A)(C) > 0 with C := B!\ B.
We want to lead this to a contradiction to the maximality of B! in (3.23). Define (D) :=
(P A)((Q2xD)NC),VD € B([6,T]) and C; :={w € Q| (w,t) € C}, Vt € [0,T]. p is
absolutely continuous w.r.t. A with density P(C;). By Lebesgue’s differentiation theorem,
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w is differentiable w.r.t. A at A-almost every ¢ and the derivative coincides with P(C})
for A-almost every t. As pu([0,T]) > 0 there exists a ty € [6,T) s.t. P(Cy,) > 0 and for any
A€ (0,P(Cy))

p((to,to +€)) > A(Atgre — Aty) = Aamine, for € > 0 small enough (3.25)

(remember that amy, > 0). A first candidate to disprove maximality in (3.23) is the triple

T, =ty, T = 19 A (to + €) with some appropriate € > 0, where

o= inf {t >t | (00 1) & [ ] } , (3.26)

and Y = 6,,. We make the following case differentiation.

Case 1: Assume that

i sup (@ A(Coa X (t0,1) 1 C)

> 0. 3.27
U A - A, (3:27)

By continuity of t — f(6y,,t) we have Cy, C {79 > to} and thus
hﬂ)l P(Cy, n{mo <to+¢}) =0. (3.28)

(3.28) implies that under (3.27)

lim (P X A)(<Ct0 X (to,to + Ef)) N Cﬂ]]to, 7'0]])
e (P A)(Cy % (fo,to +2)) N C)

and (P® A)(Jto, o A (to+¢)]NC) > 0 for some € > 0. Here, we are already done. Namely,
Jto, 7o A (to + )] N {£(0,") € (52, 5%]} € B, (P® A)-as., and

=1 (3.29)

0 < (PA)(Jte, oA (to+)]NC)
< (P®A) ((]]to,m A(to+e)]N {f(e,-) € (l;—ml,QLm] }) \El) . (3.30)

which is a contradiction to the maximality of Blin (3.23). Namely, the essential supremum
would be enlarged by the triple (t, 7 A (to + £), 65, ). Thus (P® A)(B\ B') = 0 in Case 1.
Case 2: Assume that (3.27) does not hold. In view of (3.25) we have that

i inf (P A)((Q\ Cy % (to, 1)) NC)
t~|/t0 At - Ato

> P(Cy), (3.31)

i.e. nearly the entire mass contributing to (3.25) has to come from Q \ Cy,. In this case it

becomes necessary to vary the triple (to, 70 A (to +€), 6,) a bit. In this case the measure
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i < p defined by (D) := (P® A)((Q\ Cy, x D)NC) is also differentiable (w.r.t. A) from
the right at ¢y with the same derivative P(C},). We obtain

(P& A2\ Cy, X (t1,1)) N C)

lim sup lim inf

t1lto tlt1 At — Atl
. (PRAQ\C X (t,1)NC)
> = . .
> lim %ﬁg a4, P(Cy) (3.32)

For the inequality we use the fact that for a function g with g(x) = [ r(t) dt, r(t) € [0,1],

we have

lim sup lim inf M > lim inf M
2040 AR T — T x)0 T

(Taking x¢ not from the null set where r(xg) is not the right-sided derivative of g at x,
we have that (g(z) — g(z0))/(z — x¢) is close to r(xy). Given £ > 0 one can find zg > 0
arbitrary small with r(x¢) > liminf, o @ —&).

Given an € > 0, by (3.32), we can find t; > ¢, arbitrary close to ¢, with
a((ty,t1 +¢€)) > (P(Cy) —€) (A 4e — Ayy),  for € small enough. (3.33)

In addition #; can be chosen such that g is differentiable w.r.t. A at ¢; with derivative

P(C,,), where Cy :={w € Q| (w,t) € (Q\ Cy,) x [0,T]) N C}. We have
P(C,) > P(C,)—2 and P(C,NC,)=0. (3.34)

(3.33) implies that either

i sup L EACo x (11,9) N C)

>0 3.35
tit Ay — Atl ( )

or

timing £ AN (G U Ci)) x (t1,1)) N C)
Hn At _ Atl

> P(Cy,) — & (3.36)

In case of (3.35) we are done for the same reasons as in Case 1. Otherwise nearly the
entire mass contributing to i((t1, t; +¢)) has to come from Q\ (Cy, UC}, ). Proceeding with
fi:=(P®A)((Q\(C,UC,) x D)NC) an iteration in this manner has to terminate after

finitely many steps as (3.34) implies P(Cy,UC,,) > 2P(Cy,)—¢ and such an estimation can
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only hold for finitely many ¢;’s (namely, if £ > 0 is chosen small enough, [ P(é )} + 1 steps
to

are needed) and we obtain for at least one of these ¢;’s that (P®A)(]t;, :A(t;+€)]NC) > 0,

for some € > 0, where analogously to (3.26)

_ [—2 [+1

Again, as in (3.30), Jt;, 7w A (i +e)]N{f(0,-) € (54, 55]} C B, (P ® A)-a.s. leads to a
contradiction. Thus we have (3.24).

Step 2: In this step we construct a 0 € & such that f(at, t) approximates f(6;,t) (with
a given accuracy).

By Assumption 3.5 there exists a G € L2(A) with |H(¥,-)| < G for all ¥ € [—(K +
1), K+ 1]. As any predictable, nondecreasing process is locally bounded, there is a localiz-
ing sequence (T},)nen s.t. F < fOT g1, G? dA) < 00. Aiming at convergence in probability,
we can assume w.l.o.g. that F (fOT G? dA) < 00. Define G\ := Atlf—j‘ié f:_(s G, dA,. By

Assumption 3.4 we have that

T T [t G2 dA, T
B / (G§5))2 dA, ) < E L dA; | < amaXE / Gf dA; | < oo.
0 5 A — A Gmin 0

This allows us to define a finite measure v : P — R, absolutely continuous to (P ® A),

by

T
v(B):=E (/ (G215 dA) , VBeP. (3.37)
0
Let ¢ > 0. As (P ® A) is a finite measure we have
(P A{If, ) > K}) <e (3.38)

for K € N big enough. For such a K we will apply Step 1 to construct an approximating
simple strategy.

Let m € N. Denote Z := {—2"K, —2"K+1,... ,2"K}. For each | € 7 the essential supre-
mum in (3.23) can be approximated by finitely many triples (71, 7%,Y). As {|f(6,)| <

K} n (Q x [5T]) < UB! there are finitely many simple processes
IeT
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Yilyr ooy, Yolyre o2y, - -+, Yilygp g, where Tf < Tj are stopping times and Y are Frpi-

measurable real-valued random variables, with

P ({IFe< K}n@xBTD)\ @b e Qx 8,71 | fulbu(w),t) € (5 5.
Ti(w) <t < Ti(w), and f(Y;(w),t) € [52, L], for some [ € T and some i = 1,. })
<e. (3.39)
For i =1,...,k define
D {(wt)EQx[ ]|2_mm{j L. k| TVw) < t < TY(w),
-2 1+1 [—-1 1

fu(Y(w), t) € [Q—m’ Q—m] and fu(6:(w),?) € ( }

for some | = —2™K, . .. ,QmK}},

om ’ gm

with the convention that min() := oo & {1,... ,k}. (D;)i=1.. x are disjoint predictable

,.‘.

sets with
D; C]T}, T3] (3.40)
There is a finite union I'; of disjoint stochastic intervals s.t.

(P A)(AD) <, i=1,...,k (3.41)

?vlm

where A denotes the symmetric difference (see again the proof of Proposition 4.7(ii) in
[5]). By (3.40), T; can be chosen (and actually are chosen) as subsets of |7}, T4]. Denote
=, ((DZ NT)\ (U;u L )) As (D;)i=1.... . are disjoint we have by (3.38), (3.39), and
(3.41) that
(PR A)((2x[6,T])\T) < 3e. (3.42)

Define the simple predictable [—}N( ~1,K ]-valued process

~ Y;(w), where i is the smallest number with (w,t) € I';

O (w) := (3.43)

0, if no such i exists.

On the set T' we have | £, (6, (w),t) — fu(By(w), )] < 27D and arrive at

E/(fté (0,5)dAs [, s H(Ous dA)dAt
0

A — A A — A

T
< Ap22m N 4 4 p ( [ toesmr (@) dAt> . (3.44)
0
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By (3.42) and as v is a finite measure with v < (P ® A), the rhs of (3.44) can be made
arbitrarily small by the choice of € > 0 and m € N.

Step 3: We are now in the position to complete the proof. For an arbitrary 6’ € £ with
0] < K +1 and 6 > 0 we obtain, using that (a + b+ ¢)? < 3 (a2 4 b% + ¢2),

/T (H(0,,t) — H(6,,1))” dA,

2
L, H (8, 5) dA,
< /
<o [ (T o) an

2
[ H (0, 5) dA,
+3/ — H(,t)| dA
5< A= As Ot) |

T O H(y dA, H(0,,s)dAs 0
+3/ (j;_5 (0.5)dA, [}, H(0,s ) dAt+4/ G2 dA,
5 0

Ay — A A — AHS

2
T H(0,s)dAs
< 6/ sup (ft d ) H(ﬁ,t)) dA;
5

Jel=R—1,R41] Ay — Ars

T (" H(O,s)dA, H (8, s)dA, 5
+3/ <.[;€—6 ( t78> ft ) t)S ) dAt + 4/ G? dAt
) 0

At — At—5 At At 6
= [+ 1+ 1II. (3.45)

By Assumption 3.6, I converges to zero in probability when 6 — 0. III tends to zero
pointwise when 6 — 0 by dominated convergence. Given § > 0, by Step 2, also II gets
arbitrarily small (w.r.t. a metric which metrizes convergence in probability) by taking for

0" the strategy 0 in (3.43) with suitable £ > 0 and m € N. ]

3.1 Discussion of Assumption 3.6

Assumption 3.6 requires that the integrands (w,t) — H,(9,t), ¥ € R, do not vary too
much in time “jointly” in ¥ € R. Note that if (3.20) were requested only for a fixed ¥ € R,
it would be automatically satisfied by Lebesgue’s differentiation theorem. The following

proposition provides a sufficient condition for Assumption 3.6.

Proposition 3.10. Let Assumptions 3.4 and 3.5 be satisfied. In addition, assume that for
any K € R, there are sets D; C R with UL, D; = [-K, K], d € N, and a nonincreasing
sequence of predictable processes G™ : 0 x [0,T] — R, with P (fOT(G”)2 dA < oo) =1
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s.t. foralli=1,...,d
1
|Hw(’t92,t) — Hw(ﬂl,tﬂ < G?(W), V’Lgl,"ﬁg € Di, |192 — 191’ < g, w e Q,t € [O,T] (346)
and G — 0, (P ® A)-a.s., n — 0o. Then Assumption 3.6 is satisfied.

Remark 3.11. If H is continuous in 0, it is for fizred (w,t) uniformly continuous in ¥
n [—K, K|. This implies that (3.46) holds with d = 1, Dy = [-K, K], and G}(w) =

SUDPy, 9[- K,K]NQ, |[92—01|<1/n |Ho,(V2,t) — Hy(91,1)].
(8.46) holds accordingly if ¥ — H,,(9,t) possesses only discontinuities of the first kind

at finitely many 1.

Proof of Proposition 3.10. Let K € R,. There exists a sequence (U,,)men C [~ K, K] s.t
for all n € N and suitable m = m(n) € N the following holds

1
Vi € [—K, K] 3k <m(n) s.t. |9 — 0| < - and ¥, € D; for some i =1,... ,d.
Thus we have

sup min )]H(ﬁk,s)—H(ﬁ,sﬂgGZL, 0<s<T.

9e[—K K] k=1, ;m(n

With standard localization arguments we can w.l.0.g. assume that fOT(G%)2 dA; is bounded.

We have

T GrdA\ T ' (G7)2dA a T
E t—§ s S A < E t—o S S A < maxE / mn\2 A
/5 ( A — A ) A ) = s A — A i) < Qmin 0 (GF)"dA,

and

E /T Jics H: ) dA, H(q?t)QdA
Ssu )
5 196[—112,1(] Ay —Ais !

&S H x5 dA, :
<35 E =5 DR g t) | dA
<o3 | [/ (g - mow) o
T Jis Hx ) dA, [ H, s) dAS
+3K / su min =9 t=9
5 ve[— II()K]k L,...,m(n) ( Ay — Ais Ay — Ay s
2
+(H(19k,t) - H(ﬂ,t)) )dAt) = [+ 11 (3.47)
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Let ¢ > 0. Take n = n. € N large enough s.t. f=ex f (fOT(G")2 dAt> < 5. This implies that
171 < %5. By Assumption 3.5 and standard localization arguments we can w.l.o.g. assume
that fOT H?(Vy,,t) dA; are bounded for all k € N. By Lebesgue’s differentiation theorem
and dominated convergence we have that there exists a d() > 0 s.t. for all 6 < §(e) it

holds that I < £. Putting this together we obtain

2
T i H(,s)dA,
E sup HW,t)| dA; | <eg, Vo <(e). (3.48)
5 e

[~ K,K] Ay — Ay s

]
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