Perpetual convertible bonds with credit risk

Christoph Kithn* Kees van Schaik*

Abstract

A convertible bond is a security that the holder can convert into a specified
number of underlying shares. We enrich the standard model by introducing some
default risk of the issuer. Once default has occured payments stop immediately. In
the context of a reduced form model with infinite time horizon driven by a Brownian
motion, analytical formulae for the no-arbitrage price of this American contingent
claim are obtained and characterized in terms of solutions of free boundary problems.
It turns out that the default risk changes the structure of the optimal stopping
strategy essentially. Especially, the continuation region may become a disconnected
subset of the state space.
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1 Introduction

The market for convertible bonds has been growing rapidly during the last years and the
corresponding optimal stopping problems have attracted much attention in the literature
on mathematical finance. One has to distinguish between reduced form models where the
stock price process of the issuing firm is exogenously given by some stochastic process and
structural models where the starting point is the firm value which splits in the total equity
value and the total debt value. Within a firm value model the pricing problem is treated in
Sirbu, Pikovsky and Shreve [15] and Sirbu and Shreve [16]. In contrast to earlier articles
of Brennan and Schwartz [4] and Ingersoll [11, 12], [15, 16] includes the case where an
earlier conversion of the bond can be optimal that necessitates to address a nontrivial free-
boundary problem. In the context of a reduced form model Bielecki, Crépey, Jeanblanc
and Rutkowski [2] made quite recently a comprehensive analysis of interesting features
of convertible bonds. Especially they model the interplay between equity risk and credit
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risk, cf. also Remark 1.2 (iii). This is done for the nonperpetual case. Thus the pricing
problem has finally to be solved by numerical methods.

In this article we work with reduced form models where such a contract without a
recall option for the issuer can be expressed as a standard American contingent claim
(see also Davis and Lischka [5] for a detailed introduction and a precise description of the
contract). The special feature of the current article is that we enrich the standard Black
and Scholes model by introducing some default risk of the issuer. Once default has occured
payments stop immediately. The main purpose is to obtain analytical formulae for the no-
arbitrage price of a perpetual convertible bond under different default intensities through
characterizations in terms of free boundary problems. It turns out that the default risk
changes the structural behavior of the solution essentially. Roughly speaking, in models
without default bonds are converted only by the time the stock price is high, cf. [4], [9],
[11], [12], [15], and [16]. The ratio behind this is that for low stock prices the holder
prefers collecting the prespecified coupon payments, whereas for higher stock prices the
dividends payed out exclusively to stockholders become more attractive which may cause
the bondholder to convert. We model the default intensity of the issuer as a nonincreasing
function of the current stock price. In this setting also a low stock price may cause the
holder to convert the bond (even if the yield is low) in order to get rid of the high risk
that the issuer defaults which would make the contract worthless.

The paper is organized as follows. In Subsection 1.1 we introduce the stochastic model.
Stopping times depending on the default state of the issuer are reduced to stopping times
without using this information. We do this in a mathematical framework differing from
the standard one in credit risk modeling which is based on the progressive enlargement of
the filtration without the default event, cf. e.g. Chapter 5 in [3]. We think this provides
some interesting additional insights — but the resulting payoff process (1.4) is of course the
same. Subsection 1.3 provides some general properties of the value function of convertible
bonds with varying default intensities. In Section 2 we consider the simplifying case that
there are two different default intensities depending on the current stock price. In Section 3
we consider the case that the default intensity is a power function of the current stock
price (with negative exponent). In Section 4 the results of Sections 2 and 3 are represented
by some plots. Parts of the unavoidable technical proofs are left to the appendix.

1.1 The model

Consider the following Black and Scholes market. We have a filtered probability space
(Q,F,F = (Ft)ier-gu{+oc}, P), where the filtration [ satisfies the usual conditions and
F=Fy = U(ﬂ,té R>0). The riskless asset B is given by By = €' for all ¢ > 0, where
r > 0 is the interest rate. The process S models the risky stock paying dividends at rate
0St, where 6 € (0,7). S is given by the formula

Sy = exp(cW; + (r — 6 — o?/2)t), t>0,



where o > 0 is the volatility and W a standard Brownian motion under the unique
equivalent martingale measure P ~ P. This means that the discounted cum dividend
cumulative price process (exp(—rt)S; + f(f exp(—ru)o0S, du)i>o is a P-martingale. Let for
each s > 0, the measure Py be the translation of P such that Ps(Sy = s) = 1. F is the
natural filtration generated by W.

In this market we consider a perpetual convertible bond, that is an American contin-
gent claim with infinite horizon which gives the holder the right to convert the contract
at a (stopping) time of his choosing in a predetermined number v € R of stocks, while
receiving coupon payments at rate ¢ > 0 up to this (possibly never occuring) time. If de-
fault occurs before the conversion time of the holder, the contract is terminated and the
holder is left with only the coupon payments he has collected up to default. For simplicity
(and as it would not be an interesting feature in combination with default risk) we do not
allow for recalling, i.e. the issuer may not terminate the contract.

For including default in the mathematical model we extend the probability space above
to F ® B(R-() containing a random variable e € R, which is both under P and under P
independent of S and exponentially distributed with parameter 1. We allow for the default
intensity of the issuer to depend on the current value of the stock, namely it is given by
the process (x(St))i>0 for some suitable non-negative Borel-measurable function y. That
is to say, defining the process ¢ by

t
0
the time of default is defined as
o~ (w,e) == inf{t > 0] py(w) > e},

which is the generalized left-continuous inverse of ¢ (with the usual convention that
inf() = o0). Note that this corresponds to the first jump time of a Cox process with
intensity process (x(S:))i>0. Throughout this article we will only consider non-negative
intensity functions x : Ryg — Rxq for which (1.1) defines a finitely valued non-decreasing
continuous process.

The payoff process X corresponding to such defaultable convertible bond is thus given
by

! el we)
Ailore) = Hedr<e) (ertf}/St(CU) " / ce ™ du) + Ligi(w)>e} / ce” " du
0 0
for all t > 0 and X (w,€) := f0¢*1(w7e) ——

Definition 1.1. A stopping time w.r.t. the enlarged information is an (F @ B(Rsg) —
B(R>oU{+0o0}))-measurable mapping 7 : xR~y — RsoU{+00} with {w € Q| 7(w,u) <
t} € Fi for allt € Rsg, u € Ryg such that for allw € Q, u € Ry the implication

r(w,u) < p Hw,u) = V' > Grwuwy (W) © T(w,u') = 7(w,u) (1.2)
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holds. The set of these stopping times is denoted by T.

Remarks 1.2. (i) The lhs of (1.2) means that there is pre-default stopping. As the
default event should be non-predictable we assume that this stopping takes place ir-
respective of when exactly default occurs after T(w,u), i.e. for allu’ with o= (w,u’) >
T(w,u) we should have T(w,u') = 7(w,u).

(ii) By augmenting the model with the default event, the market becomes incomplete. On
the enlarged probability space the set of martingale measures is no longer a single-
ton. The measure P introduced above is the so-called minimal martingale measure
of Follmer and Schweizer [8]. This measure has the nice property that it respects
orthogonality in the sense that the “untradable” random wvariable e remains inde-
pendent of S and possesses the same distribution as under P.

(#i) In our model default of the issuer is not identified with default of the firm. This
includes so-called exchangeable bonds where the issuer is not the firm itself but
typically one of its major shareholders. Thus the default intensity x(S;) does not
enter into the no-arbitrage drift condition. Note that this differs e.q. from the model
in [2]. An exchangeable bond may be converted into existing shares and not into new
shares. This destroys the advantages a firm value model possesses in comparison to
a reduced form model.

Since X stays constant after default and by the non-predictability of e from Defini-
tion 1.1, it is enough to consider F-stopping times and average over e.

Proposition 1.3. Let 7, denote the set of [a,b]-valued F-stopping times. We have for
all s € Ry

sup E; [X;] = sup E [L,], (1.3)
reT To,00

where the F-adapted continuous process (Ly)ier. ui+oo} 5 given by
t
L, = G_rt_@t’}/st + / ce” TP dU,, t e RZO (]_4)
0

[o¢] — —
and Lo := [~ ce™™ % du.

Remark 1.4. The proof is based on representation (1.8) which says that any stopping
time w.r.t. the enlarged information can be expressed by F- stopping times. This is an
analogous result to Dellacherie, Maisonneuve, and Meyer [6], page 186, for the standard
mathematical framework based on the progressive enlargement of the filtration without the
default event, cf. Chapter 5 in [3].



Proof. Step 1. Given a 0 € 7 o, we obviously have that 7(w,e) := o(w), Ve € Ry, is an
element of 7 and we can calculate

Es [XT(w,e)<wae>] - Es

g, ) (w)<e} <€_r”(“)750<w> (w)

o(w) e (w.e)
+ / ce "™du | + ]_{%(w)(w)ze} / ce ™ du
0 0

o(w)
e Po(w) (@) (6_TU(W)’}/SU(W)(LU) +/O ce T du)

Po(w) (w) §071 (wvg)
—I—/ 6_5/ ce "™ dud |, (1.5)
0 0

where the second equality uses that e is independent of F and exponentially distributed

- F,

with parameter 1. By interchanging the order of integration and using that u < ¢~ }(w, ¢) <
o(w,u) < & we obtain for any w € )

Por(w) (W) e N (wg) o(w) o (w) (W)
/ e * / ce " dudé = / ce” ™ / e tdédu
0 0 0 u(w)

o(w) o(w)
= / ce ") qy — P (@) / ce” " du.
0 0

Thus the rhs of (1.5) coincides with E, [Ly(.(w)] which implies that sup, 7 E,[X,] >
supy,  Es [L,].
Step 2. To establish the opposite direction, take a 7 € 7 and let

o(w) :=inf{t € Qs¢ | T7(w,u) <t, for some u € Q=g with ¢ (w) < u}, (1.6)
(recall that inf () = co) and
(w,e) :=T(w,e) Ve (w,e). (1.7)
Let us show that

0 €T and T(w,e)= o(w) for po(w) <e (1.8)
700 7 5((“)7 e) for Po(w) (w) > e.

First, note that for every ¢ > 0 we have

{lweQ|ow) <t} = U U;{wEQ|T(w,u)§3and<ps(w)<u};€ft.

SGQQ(O,t) u€Q>0 E]_-;,C]_-t

Thus, by the usual conditions of F, we have indeed o € 7 . That for any e € R,
(-, e) € Ty with (-, €) > ¢ (-, €) is obvious.
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Let (w,e) € Q x R with e > ¢,y (w). Let us show that

T(w,e) = o(w). (1.9)

First suppose that o(w) = oo, so that e > ¢ (w) and ¢~ (w,e) = oo. From (1.6)
we see that this means 7(w,u) = 0o, Yu € Qs N (Poo(w), 00). If it were the case that
T(w,e) < oo, then by (1.2) we would have 7(w,u) = 7(w,e), Yu € (Pr(we)(w),o0), but
combining this with the previous sentence we would arrive at 7(w,e) = oo. Thus (1.9)
holds for o(w) = oc.

Now suppose that o(w) < co. By definition of the infimum and the continuity of the
paths of ¢ there is a sequence (t,, u,)neny C Q2 with ¢, | o(w), o(w) < t, < ¢ 1 (w,e),
o1, (W) < up, and 7(w,u,) < t, for all n € N. For any n € N it follows from ¢, (w) < u,
and 7(w,u,) < t, that 7(w,u,) < ¢~ Hw,u,) and from 7(w,u,) < t, and t, < ¢ ' (w,e)
that € > ¢;(,4,)(w). Combining these with (1.2) gives

T(w,u,) = 7(w,e), VneN, (1.10)

and since T(w,u,) < t, | o(w) it follows that

T(w,e) < o(w).

To establish the reversed inequality and thus (1.9) it is on account of (1.10) enough to
show o(w) < 7(w, u,), Vn € N. If this were not true we would have an s € (7(w, u,), o(w))N
Q for some n € N. Using this with o(w) < ¢, and ¢y, (w) < wu, it would follow that
T(w,u,) < s and @s(w) < Yoy(w) < ¢, (w) < un, which would by (1.6) result in
o(w) < s and thus a contradiction.

Finally, let (w,e) € Q x Ryo with e < @y (w). We need to show that 7(w,e) >
¢ ! (w,e). Assume that 7(w,e) < ¢! (w,e), so that we could find an s € Q with

Prwe) (W) < ps(w) < e < Py (W)
By the first and second inequality, together with (1.2), we would have that s is in the set

on the rhs of (1.6) and thus o(w) < s. But this contradicts with the last two inequalities.
Thus we have established (1.8).

From (1.8) we see that if either ¢ (,e)(w) < € or Yo)(w) < e, then 7(w,e) = o(w).
By this property it follows directly from the definition of X that

Xf(w,e) (w, e) - XO'(UJ) ((,d, e)'

The same calculation as in Step 1 shows that E, [XT(%e) (u)7e)} = E, [L(,(w) (w)} and the
statement of the proposition follows. O

We conclude with some notation.

Definition 1.5. (i) Byv: Ry — Ry we denote the value given by the rhs of (1.3) as
a function of the starting price of the stock S.
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(ii) The infinitesimal generator of S we denote by L, that is

2 2

(iii) For any interval I C Ry we denote by 7(I) the first exit time of I, that is 7(I) :=
inf{t >0]S, & I}.

1.2 Constant default intensity

If the intensity function x in (1.1) is constant, the problem (1.3) can be reduced to the
case without default and a higher discount factor. This shows the following proposition.
Its proof follows directly from Proposition 1.3 and [9], Theorem 4.1(i) and is therefore
omitted.

Proposition 1.6. Let x(s) = q for some q € R>y. We denote the associated value function
by vy, that is

U4(8) :== sup Eq {e("*q)TfyST —|—/ ce” o du} : (1.11)
0

7€70,00

Let B < 0 <1 < 8% be the solutions of c?3(8 —1)/2+ (r — )3 — (r +q) =0, so that

2(0 + q)
0—2

s = 20D (g0 - ) =

. (1.12)

We have that the optimal stopping time in (1.11) is given by 7(0, 8,), where
A Bc

T+ (B — 1)

and furthermore

ooy = J 780 B /() on (0.5,)
! Vs on [§,,00).

Note that q — 3, is continuous and strictly decreasing with limits 5o and 0 for ¢ | 0 and

q — oo respectively, and that .
Sq > . (1.13)
T (0 +q)

Finally, we have that the pair (v4|os,),54) 15 the unique solution to the free boundary
problem in unknowns (f,b) € C?(0,b) x Ry

(L—=(r+q)f(s)+c=0 on (0,b)
flo=) =0, f'(b—) =~ (1.14)
f(0+) € Rao.



Remark 1.7. A common approach to find analytical expressions for the value function
and the optimal strategy of optimal stopping problems is to guess candidate expressions by
constructing € solving an appropriate free boundary problem, which has a function and
boundary point(s) as solution, and to verify the correctness of the guess by showing that
the corresponding candidate value process

(i) dominates the payoff process
(i) is a supermartingale
(71) is a martingale when stopped at the first time it hits the payoff process

(cf. Lemma A.1). Uniqueness of solutions of the free boundary problem follows implicitly
from this.

In the upcoming sections we will work with free boundary problems that allow only for
a semi-explicit characterization of its solution set. The resulting expressions are explicit
enough to be useful, but showing by direct means that a solution indeed exists does not
always seem easy (like for the free boundary problems involving two boundary points used in
Theorem 2.2 (ii) and Theorem 3.3 (ii)). This issue we resolve by proving in the upcoming
Subsection 1.3 that v satisfies a set of properties rich enough to allow to conclude that v
and the associated optimal exercise level(s) indeed form a solution to the free boundary
problem under consideration, thus implicitly yielding existence of solutions.

1.3 Some results for general intensity functions

The following theorem states some properties of v, mainly for use in the examples we
consider in the upcoming sections. Note that the sign of the function A defined below
corresponds to the sign of the drift rate in the Ito-decomposition of L and will be used
throughout for determining the shape of stopping and continuation regions, using (ii) and
(iv) of Theorem 1.9.

Remark 1.8. Aslimy; .o L; ezists a.s. and 7 € Ty oo may take the value +00, the standard
theory of optimal stopping on a compact time interval can directly be translated to our
setting. Especially, as L has continuous paths and is of class (D), we already know that
the [0, ool-valued stopping time inf{t > 0| U, = L;} is optimal, where U denotes the Snell
envelope of L, cf. the proof of Theorem 1.9 (i).

Theorem 1.9. Let the function A : R.g — R be given by A(s) = ¢ — (6 + x(s))s. We
have the following.

(i) v is a continuous function with vs < v(s) < 0o(s) on Rsg. The optimal stopping
time 1is attained and given by 7" := 7(C), where C = {s € Rog|v(s) > s} is
the continuation region. Let S = Ry \ C be the stopping region. We have C C
(0, 80). Furthermore, suppose that (Xn)nen @S a sequence of intensity functions, with



associated value functions denoted by v,, converging to x in the max-norm. Then
vp converges to v in the max-norm.

(ii) Let I C Rsg be some interval. If X <0 on I and 01 C S, then I C S. If X >0 on
I, then I CC.

Now suppose that x is cadlag or caglad and that its set of discontinuities, denoted by
D, s finite. Suppose furthermore that OC is finite, i.e. that C is a finite union of open
intervals (from (ii) we see that a sufficient condition for this is that A changes its sign at
most finitely often). Under these assumptions the following holds.

(iii) Set N, := (CN D,)UdC. We have that v € C*(Rs¢\ N,) N CH(Rso) and v satisfies

=0 onC\ D,

(£—(T+X(S)))U(5)+C{ <0 onRsg\N,.

(iv) Let sy € Rsg. Suppose that there exists € > 0 such that X € C'(sg, s + €) and
that either X(so+) > 0 or both A(so+) = 0 and N(sp+) > 0. Then sy € C. The
same holds if X € C'(sy — €,50) and either X(so—) > 0 or both A(sp—) = 0 and
N(sp—) < 0.

Proof. Ad (i). The lower and upper bound for v are obvious. Since (exp(—(r—0)t)S;)>o is
a martingale and § > 0, it follows that L is of class (D), i.e. that the family {L, |7 € Ty o}
is uniformly integrable. It follows that the Snell envelope U of L is well defined and of
class (D), cf. [13], Theorem 3.2 e.g. For any ¢ > 0 we have

Uy = esssupE[L. | F]

Telz-t,oo

t
= / ce " dy e
0

xess sup E; {e‘T(T_t)_(‘pT_%)’yST%—/ ce T (Pu=wr) qyy .7-}]
T€Tt, 0 t
t
= / ce” " du 4 e P (S)). (1.15)
0

The above calculation is at least intuitively clear by the Markov property, for a rigorous
justification we refer to Theorem 3.4 in [7]. Although the authors work with a payoff of the
form ¢g(X;) for a suitable function g and a Markov process X it also covers this case if we
regard L as a function of the Markov process (¢, Sy, ¢, fot exp(—ru — ¢,) du)s>o. Namely,
the resulting four-dimensional value function has the form of the rhs of equation (1.15).

*For sets A C Ry, A denotes the boundary of A in Ry, i.e. if A = (a,b) with a € R>o and
b € Rug U {+00} then A = {a,b} N Rsg. Furthermore the closure of A in R+ is denoted by A, i.e.
A= AUJdA.



Continuity of v follows from Proposition 4.7 in [7]. From general theory on optimal
stopping, see Theorem 5.5 in [13] e.g., together with (1.15) it follows that the optimal
stopping time in v is attained and given by inf{t > 0| U; = L;} = 7(C).

Let x, tend to x in the max-norm as n — oo, denote by ¢, the max-norm of y — x,,.
Since vs < v(s) < 9g(s) we have v,(s) = v(s) = s on [, 00) and we may restrict the set
of stopping times over which is maximized in v and v,, to those that are bounded above
by 7(0, 89) on account of 7(C) < 7(0, §p). Using this we find by some easy calculations
that [v(s) — v, (s)| < ¥50C(en) + [y~ ce™™(1 — e~*) du for any s € (0, %), where C(e,)
is the maximum value the function z — e"(1 — e~ ") attains on (0, 5], yielding the
result.

Ad (ii). An application of Itd’s formula yields

t t
Li=vs+ / ey S, AW, + / e (S,) du. (1.16)
0 0

Let so € I. First let A < 0 on [ and 9] C S. By (1.15), using that v(s) = vs on I, we
find that we may write
v(sg) = sup Eg, [L:(I)} . (1.17)
7€70,00
Since A < 0 on I, (1.16) shows that L™) is a local supermartingale. Since L is of class
(D), it follows by Doob’s optional sampling that the supremum in (1.17) is attained by
7 = 0 and thus indeed v(sg) = 7yso.

Next let A > 0 on I. Note that this implies that I is bounded from above since A < 0 on
[c/(67), 00). It follows that the local martingale part of L™) in (1.16) is a true martingale.
This allows to take any ¢ > 0 and use again Doob’s optional sampling together with A > 0
on [ and P, (7(I) > 0) = 1 to deduce that v(sg) > Es [Linrny] > vS0.

Ad (iii). Step 1. Note that C \ D, is open in R5, by continuity of v and since D, is
finite. Let us show that on this set, v is a C*-function satisfying (£L— (r+x(s)))v(s)+c = 0.

For this, take some environment I = (a,b) C C\ D, with ¢ > 0, b < oco. By the
assumptions on x and since IN D, = () we have y € C°(I). First consider the homogenous
boundary value problem

(- rxonsg=0 ol L1s)

and let us show that it only has the trivial solution. Let f € C?(I) be any solution and
consider the continuous process Z given by Z; = exp(—r(t AT(1)) — @irr(r)) [ (Sinrry) for
all t > 0. Itd’s formula shows that Z is a local martingale. Clearly, Z is also a bounded
process so that Doob’s optional sampling shows that indeed f(s) = E;[Zy] = E;[Z; ()] on
I, the rhs vanishing on account of f =0 on 0OI.

By the Fredholm Alternative, the fact that (1.18) is only solved by the trivial solution
implies that the boundary value problem
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{ (L= (r+x(s)f(s) +ec=0 onl
f=w on 0f

has a solution f € C?(I). An application of Lemma A.1 (i) yields for all s € I, using that
Py(1(I) < ) =1,

()

f(s) = E,

677”7'(1)*4;07—(1)1}(57_(1)) + /

ce” U du] .
0

Since I C C, (1.15) shows that for any s € I, v(s) can be written as the rhs of the
above formula. Thus v = f on I, yielding the assertion.

Step 2. Let us show that v € C?(Rx \ N,) NC*(Rsg). Recall that N, = (CN D,)UaC
is by assumption finite, let a € N, and € > 0 so that with [ := (a — €,a + €) we have
I'NN, = {a}. Since v € C*C \ D,) (by Step 1) and v(s) = ys on S = Ry \ C, the
assertion follows if we show that v € C1(I). In particular, since we already have

v e C*a—ealUC?a,a+e), (1.19)

we know that v'(a—) and v’(a+) both exist and it remains to show that they must coincide.
To see (1.19), by construction of I both (a — €,a) and (a,a + €) are subsets of either S
or C\ D,. Since v(s) = 7s on S there is nothing to show for that case, while on subsets
of C\ D, we have from Step 1 that v satisfies (£ — (r + x(s)))v(s) + ¢ = 0, so that
by a standard result from the theory of ODEs (cf. e.g. [10], Ch. II, Theorem 1.1 and
Theorem 3.1) it follows from the fact that y(a+t) exists and is finite (by our assumption
on ) that also the corresponding v”(a+) exists and is finite.

So let us show that v'(a—) and v'(a+) are equal. Recall that the Snell envelope U
can be expressed as (1.15). On account of (1.19) we may apply the change-of-variables
formula (A.1) from the proof of Lemma A.1 (cf. the remarks preceding that formula) and
we obtain

where M is given by

o tAT(I)
M, = 5/ e " (V' (Syt) + V' (Sy—)) Sy dW,, t>0.
0
Note that M is a true martingale on account of the boundedness of I and of v' on 1.
Let us start S at a. First consider a € C N D,,. By construction we have I C C, so that

(L—(r+x(s)))v(s)+c=0on I'\{a} by Step 1. This means that in the above decomposition
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of U™ the drift part consists solely of the integral with respect to local time. Thus if
we had v'(a—) # v'(a+), then U™ would be a strict super- or submartingale. But this
is impossible since U7!) is a martingale, which follows directly from the well known fact
that U7 is a martingale (see e.g. [13], Corollary 5.3) and 7() < 7* on account of I C C.

Next consider a € dC C S. Since v(a) = ya while v(s) > s on I we have v'(a—) <
v'(a+). So if v'(a—) = v'(a+) did not hold, then v'(a+) — v'(a—) > 0. But the above
decomposition of U shows that this would mean that the process Z given by 7, =
f(f l{gu:a}dUtT D for all ¢ > 0 is a strict submartingale. However, this is impossible since
it is well known that U is a supermartingale, see e.g. [13], Lemma 3.3.

Step 3. Let us show that (£ — (r+x(s)))v(s)+c¢ < 0 on R.g\ N, (which is an open set
since N, is finite). Taking the result from Step 1 into account, it is enough to show that
(L—(r+x(s)))v(s) + ¢ < 0 on the inner of S (denoted by inn(S)). This however is clear.
Namely, since v(s) = vs on § we have for any s € inn(S) that (£ — (r+ x(s)))v(s) + ¢ =
A(s). Suppose that we had A(s) > 0. By the assumptions on x we would have A > 0 on
either (s — ¢€,5) or (s,s + ¢€) for some € > 0, but this means by (ii) that s € C, which
contradicts with s € inn(S).

Ad (iv). Set I := (sg, so+¢€). Let us assume that sy € S and derive a contradiction. We
have either Case 1: A(so+) > 0 or Case 2: A(sop+) = 0 and N (so+) > 0. Since A\ € C*(I)
(and thus also y € C'(I)) we may assume w.l.o.g. that A > 0 on I, which means that
I C C (ct. (ii)) and that (£ — (r + x(s)))v(s) + ¢ =0 holds on I (cf. (iii)), with, since we
assumed sy € S, v(sp+) = vsp and v'(so+) = 7.

For Case 1, taking the limit for s | so in (£ — (7 + x(s)))v(s) + ¢ = 0 we find,
using v(so+) = vSo, v'(so+) = v and A(sp+) > 0, that v"(sp+) < 0. But again using
v(so+) = vso and v'(so+) = v this would imply v(s) < vs on (so, so + €') for some € > 0,
yielding the required contradiction.

For Case 2, taking the same limit as in Case 1 this time yields v”(so+) = 0 on account
of A(sop+) = 0. On I, differentiating the equation (£ — (7 + x(s)))v(s) + ¢ = 0 once (which
is possible since x € C1(I)) we find

0.2

7321/”(3) = (6 —r—0?)sv"(s) + (x(s) + 8)V'(s) + x'(s)v(s).

Furthermore X (s) = —(d + x(s))y — X'(s)7vs, so we may take the limit for s | sy in the
above equation and use v(sp+) = 7vso, V'(so+) = 7, v"(so+) = 0 and N(so+) > 0 to
derive that v"(so+) < 0. But this would again imply v(s) < s on (sg, So + €) for some
¢ > 0 and yield a contradiction.

[]

Remark 1.10. Theorem 1.9 (i) shows that v is C* across the points in C and C N D,.
For OC this is just the usual smooth pasting condition at the boundary between continuation
and stopping region. For so € C N D, we may use the differential equation that governs v
around sq to compute v"(so+) — v"(so—) = 2v(s0)(x(s0+) — Xx(s0—))/c?. That is to say
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that a jump of x at sy causes a jump of v" in the same direction, but it does not affect
the continuity of v'.

2 Piecewise constant intensity function

In this section we will address in more detail the case that y is given by x(s) = 1f<5p
for parameters p, s > 0. The process ¢ from (1.1) is now given by

t
O = / plis,<s du
0

for all £ > 0 and we denote the associated value function by v,, that is

vp(s) = sup E[L;] = sup E; {e_”_%757+/ ce TP du} ,
T€70,00 T7€70,00 0
with continuation and stopping regions denoted by C, and S, resp.

Throughout we will make repeated use of the functions 0, and associated optimal
stopping levels 5, which were discussed in Proposition 1.6. Note that for any p > 0, from
Theorem 1.9 (i) & (iii) and x(s) < p we know that v, is a non-decreasing C* (R~q)-function
with 0, < v, < 0.

The drift rate A of L takes the form A(s) = ¢ — vs(d + plys<sy). If A(5+) < 0, ie.
5> ¢/(79), S, has the same structure as the optimal stopping region of v, see Theorem 2.1
below.

On the other hand, if A(5+) > 0, ie. 5 € (0,¢/(7d)), A is strictly positive on
(0,¢/(y(0 + p))) U (5,¢/(76)), which for p large enough causes S, to be the union of
two disjoint intervals, one contained in (¢/(v(d 4+ p)), 5) and one contained in (¢/(vd), So).
See Theorem 2.2 below, resp. Figures 1 & 2 in Section 4.

Theorem 2.1. Suppose that s > ¢/(v0). For ¢ € Rsg,b € Ry let

(55— 1b—Ble/r+q) (55— 1)9b— Ble/(r +9)
(55— Db G-t

where (B, B3 are defined like s, and v, in Proposition 1.6. We have

ci(b) := c3(b) =

1) If 5, < §, then v, = U,,.
P p = Up

(i1) If $, > 5, then S, = [by, 00), where b, € (5p, S¢) is the unique solution on (§,00) of
the following equation in b

(3 = BIRO + (5 = B - 2L 21
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and

(58)5™ + B(b,)5% + ep/ (r(r+ ) ) (/)% +¢/(r+p) on (0,5)

vp(8) = 9 A(b,)s% + A(by)s% + ¢/r on [5,b,)
Vs on [b,, 00).
(2.2)

Proof. Ad (i). Recall from Proposition 1.6 that the free boundary system (1.14) has a
unique solution (f,,b.), with b, = 5, and f. = 0p|op,), and that by extending f. by
setting f.(s) = vs on [bs,00) we get f. € C*(Rso \ {bs}) N CY(Rso) and f, = 0. Let us
show that v, = f..

By assumption we have b, = §, < § and thus x(s) = p on (0,b,), which yields by
(1.14)

(L= (r+x(s))fu(s) +e=0 on (0.0.), (2.3)

while on (b, 00) a direct calculation with f.(s) = vs and 8, > ¢/(v(d + p)) (cf. (1.13))
gives

(L= (r+x(9))f(s) +ec=A(s) <0 on (b, 00). (2.4)

Applying Lemma A.1 (i), thereby using (2.3) and f.(s) = s on [bs, 00), and Lemma A.1 (ii),
thereby using (2.3), (2.4) and f.(s) = 0,(s) > s on Ry, we find that f.(s) = sup,ez,  Es[L-]
on R-¢. Thus indeed v, = f..

Ad (ii). From v, < v, < 79, 8, > § and A being negative on (s, 00) it follows with
Theorem 1.9 (ii) that S, = [b,, 00) for some b, € [5,, 5.

Step 1. From Theorem 1.9 (iii) it follows that the pair (vy|(,,), bp) solves the following
free boundary problem in unknowns (f,b) € C?((0,b) \ {5}) N C'(0,b) x (5, 0).

f O+) S R>0
(L—=(r+p)f(s)+c=0 on (0, 5)
f(5=) = f(s+), f'(s—) = f'(5+)

0

on (s,b)

Let us show that this system has in fact a unique solution (f,b,), with b, equal to
the unique solution to (2.1) and f, given by the first two lines in the rhs of (2.2). Clearly,
for any b > s, f; solves both differential equations in the above system iff

C18% + Cys™ +¢/(r+p) on (0,3)
fb(S) - 50 50 _
C3sPt + CysP2 +¢/r on (3,b)

for constants C1, . .., Cy. Since 57 < 0 < (5, we have f,(0+) € R iff C; = 0. Furthermore
some straightforward calculations show that the four boundary conditions at s = § and
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s = b translate into explicit expressions for Cy = Cy(b),...,Cy = Cy(b) in terms of b and
the requirement that b solves (2.1). Using the identities (1.12), differentiating the lhs of
(2.1) with respect to b yields the expression

2(0y —cb™h)
o*(B3 — BY)
and on account of 35 > 0, 3) < 0 < 1 < 9 and 5 > ¢/(dv) this quantity is strictly
negative for b € (5, 00), thus it follows that (2.1) can have at most one solution on (8, c0).

- (3" - - (2)68} ,

So (f,bs) is indeed uniquely determined with b, = b,. Plugging b, = b, in the above
expressions for Cy(b), ..., Cy(b) shows that f, = f, is indeed given by the formulae in the
rhs of (2.2).

Step 2. We noted above already that b, € [$,, So]. It remains to show that b, < g
and b, > 5,. To see the former, note that from Proposition 1.6 and Step 1 we have
that the pairs (7(s,s0), 50) and (vp|(ss,), bp) both solve the following system in unknowns

(f,b) € C*(5,b) x (5,00)

{(E—r)f(s)—i—c:O on (8,b)
fo=) =b, f'(b=) = 1.

If we fix some b € (S, 00), the corresponding f in the above system is obviously uniquely
determined. This means that if we had b, = §y =: b,, then also v, = 0y on (8,0b,), but
this is clearly impossible since for any s € (s, b, ), there is a positive Pg-probability that S
spends a Lebesgue positive amount of time in (0, §) before reaching the optimal stopping
level b, implying v,(s) < 0g(s). Thus b, < .

To see b, > 5,, suppose that we had b, = 35, =: b,. From Step 1 we know that
v, satisfies (£ — 7)vy(s) + ¢ = 0 on (5,b,) with v,(b,—) = b, and v, (b.—) = v while
from Proposition 1.6 we know that v, satisfies (£ — (r + p))9,(s) + ¢ =0 on (0, b.) with
0p(bs—) = b, and ,,(b.—) = 7. Taking the limit for s T b, in both differential equations
and making use of the mentioned boundary conditions at s = b,—, it readily follows on
account of the different potentials that vy (b.—) < 9, (b.). This however means, taking
into account that by the boundary conditions v, and 9, and their derivatives coincide at
s = b,—, that 0, > v, on (b, — ¢,b,) for some ¢ > 0, thus yielding a contradiction to
Up < Up. O

Theorem 2.2. Suppose that 5 € (0,¢/(67)). There exists a unique p € (0,00) with
$5 € (0,5) such that the following holds.

(i) For p € (0,p) we have S, = [b,,00), where b, € (c/(67) V 8p,80) is the unique
solution of equation (2.1) on (c/(d7y),00) and v, is given by the rhs of (2.2).

(i1) For p € [p,00) we have S, = [8,, ap] U [by, 00), with az = S5, where the pair (ay,by)
is the unique solution of the following system of equations in unknowns (a,b) €
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[5p,8) % (¢/(7), %0)

()55 + B(a)5% +¢/(r+p) = A)5H + 3(b)5% + ¢/r (2.5)
FE(a)sh + Fch(a)s® = B ()5 + B (b)5% (2.6)
and
( Up(s) on (0,5,)
Vs on (5, ay).
vp(s) = ¢ A(ay)s™ + AB(ay)s™ +c/(r+p) on (a3 (2.7)
A(by)s™ + S(by)s% + ¢/r on (5,b,)
e on [by, 00).

Proof. Let us prove the assertion for
p:=1inf{p > 0[S, N (0,5) # 0}. (2.8)

Obviously, there can be at most one p for which (i) and (ii) hold both. Since v, > 0, and
50 > ¢/(07) > § (by assumption and (1.13)) we have p > 0 and §; € (0, 5). Obviously
p < 00.

Ad (i). Since S, N (0,5) = @ and XA > 0 on (5,¢/(67)) we have by Theorem 1.9 (ii)
& (iv) that S, N (0,¢/(6)] = 0. Furthermore, since A < 0 on (¢/(dv),00) we get by
again Theorem 1.9 (ii) and v, < v, < 7y that S, = [b,, 00) for some b, € [, 5] with
b, > ¢/(d). For the remaining statements of (i) the same proof as for Theorem 2.1 (ii)
applies.

Ad (ii). Step 1. Take some sy € S, N (0,5), which is non-empty by the assumption
(note that, due to the continuity of p — v, in the max-norm (cf. Theorem 1.9 (i)), the
infimum in (2.8) is attained). From v,(sg) = vyso and so < 8, it follows that

vp(8) = p(s), Vs < sg. (2.9)

Namely, starting S at s € (0, so] the process never enter the default-free region (s, o)
when optimally stopped at S,. Thus the optimal payoff of v,(sy) coincides with the cor-
responding payoff of the potentially smaller claim when default occurs everywhere with
rate p. Now, (2.9) means that S, N (0, so] = [$p, o). Since sq is an arbitrary element of
S,N(0, 5), this implies in particular that S,N (0, 5) is an interval. Since A(5+) > 0 we have
by Theorem 1.9 (iv) that § ¢ S,, which also means that we have S, N (0,5) =S, N (0, 5],
the latter being closed in R-y. In conclusion we arrive at S, N (0, 5) = [3,,a,]| for some
a, € [5,,5).

Furthermore, since A > 0 on (8, ¢/(d7)), A < 0 on (¢/(d7),00) and v, < 9y we get from
Theorem 1.9 (ii) & (iv) that S, N [5,00) = [b,, 00) for some b, € (¢/(d7), $]. The same
argument as in Step 2 in the proof of Theorem 2.1 (ii) shows that b, < §;. We have thus
established the shape of S, as in the statement.
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Step 2. Let us show that a; = §5, i.e. that S;N (0, 5) consists of a single point. From (i)
we know that for p € (0, §) we have v,(s) = C,s% 4 ¢/(r +p) on (0,35). By the continuity
of p — (5 and of p — v, in max-norm (cf. Theorem 1.9 (i)), C}, has a limit value Cj; as
p — p and we can write v;(s) = Cﬁsﬁg +c¢/(r+p) on (0,5). Clearly, C; has to be strictly
positive. Since 5 > 1, this formula shows that v, can touch s — s in only a single point.

Step 3. Finally, let us establish the stated formulae for (a,, b,) and v,|, s,). Consider
the following free boundary problem in unknowns (f, a,b) € C?*((a,s)U(5,b))NC'(a,b) x

[35,8) x (¢/(67), %0)

flat) =va, f'(a+) =~
(L—=(r+p)f(s)+c=0 on (a,3)
f(5=) = f(s+), f'(5—) = ['(s+) (2.10)
(L—=7)f(s)+c=0 on (5,b)
[ f(b=) =, f'(b—) =~

From Theorem 1.9 (iii) (and Step 1 for the intervals which contain a, and b,) we know
that the triplet (vp(a,.p,): ap,bp) solves this system. Let (f,a,b) be any solution to this
system. By considering the initial value problems consisting of the first and last two lines
of the system resp., it is straightforward to check that we have

Flias(s) = E(a)s™ +ch(a)s™ +¢/(r+p) and flsp(s) = Qb)s™ +3(b)s™ +¢/r (2.11)

(recall that ¢ , are defined in Theorem 2.1). As is readily checked, the remaining pasting
conditions at s = 3, i.e. the third line of (2.10), are satisfied iff (a,b) satisfies the system
of equations (2.5)-(2.6). Thus (a,, b,) indeed satisfies (2.5)-(2.6) and, taking into account
that v, = v, on (0, 5,] (by Step 1), v, is indeed given by (2.7).

It remains to show that (2.5)-(2.6) has at most one solution. For this, let (a,b) €
55,5) x (¢/(67), S0) be any solution. Defining the function f on (a,b) by (2.11), with the
understanding that f(5) := f|w5(5—) = f|Ep) (5+), we have that (f,a,b) is a solution to
system (2.10). Let us first show that

f(s) >~s on (a,b). (2.12)

From a > §,, 06 < r and ¢/(y(0 + p)) < §, (cf. (1.13)) it follows that ¢f(a) > 0 and
ch(a) > 0, using this with g7 < 0 < 1 < (5 a straightforward calculation shows that
flas” > 0, so that with the boundary conditions in s = a+ from system (2.10) we see
that flas(s) > 7vs. For f|sp), using system (2.10) we can take the limit for s T b in
(L —7r)fp(s) + ¢ =0 and use the boundary conditions at s = b— together with b > ¢/(67)
to see that f|sp” (b—) > 0. Furthermore, on account of 3 < 0 < 1 < (% a simple
computation shows that f ’(g’b)// might have at most one zero. From this structure of
flp the boundary conditions at s = b— and f|sp)(5+) = flas(5—) > 75 it readily
follows that f|s(s) > vs and thus (2.12) indeed holds.

Now, extend f to a C?((5,,0) \ {a, 3,b}) N C*(8,, co)-function by setting f(s) =
on [$,,a] U[b,00). Using that f satisfies (£ — (r + x(s)))f(s) +c¢=0on (a,5) U (5,b)(c f
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system (2.10)), that (£ — (r + x(5)))f(s) + ¢ = A(s) <0 on (5,,a) U (b,00) C (¢/(v(0 +
p)),5) U (¢/(d7),00) and that f(s) > s on [§,,00) (cf. (2.12)), we get from Lemma A.1
(i) & (ii) that

f(s) = sup Ej [L:(gp’oo)} on [§,,00).

Te%,oo

A second solution (az,bs) of (2.5)-(2.6) would by the same means as above allow to
construct an associated solution function f, on [3,, 00) that also equals the rhs of the above
formula. Thus f, = f, and since f(s) > ys iff s € (a,b) and fo(s) > ys iff s € (ag, by) (cf.
(2.12)) this indeed implies (ag, by) = (a, b), as required. O

3 Power based intensity function

In this section we look at an intensity function of the form x(s) = s™¢ for a > 0 and
we denote the associated value function by v,. This means that we get ¢, = fot S, ¢ du,
t >0, and

va(s) = sup E[L,;] = sup E; [e_”_“’WST—i—/ ce "M P du], (3.1)
0

Te%,oo Te?b,oo

we denote by C, and S, the associated continuation and stopping regions resp. The drift
rate is now given by \(s) = c—7ys(d+x(s)) = c—dys—~s'~“. It turns out that depending
on whether a < 1, a =1 or a > 1, v, behaves quite differently, see Theorem 3.3 below
and Figures 3 & 4 in Section 4.

Proposition 3.1. For any o > 0, v, is a non-decreasing C'(Rsq)-function with vs <
Va(8) < 0o(s) on Rug and v, (0+) = 0.

Proof. vs < v,(s) < 0g(s) on Rxg and v, € C*(Rxg) are immediate from Theorem 1.9 (i)

& (iii). That v, is non-decreasing is obvious by writing (3.1) as

Va(s) = sup E; {e‘”‘s_a‘“ys& +/ cem TS e du] :
0

7€T0,00

Using this expression and that (exp(—7t)S;)i>0 is a class (D) supermartingale we find by
Doob’s optional sampling theorem

va(s) <5 + B U cexp (—ru—s""¢.) d“]
0

and thus by dominated convergence it follows that v,(0+) = 0. O]

Investigating where A is positive (if anywhere) requires a few calculations and is done
next.

Proposition 3.2. Assume (for convenience) that 6 < 1. We have the following cases.
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(i) Let o € (0,1). Then X is strictly decreasing with A(0+) = c. We denote its zero by
Sy

(ii) Let o = 1. Then X is strictly decreasing with A(0+) = ¢ — . For ¢ > ~ we denote
its zero by s,.

(i4i) Let o > 1. Then X\ attains a strict mazimum in so := (§/(a — 1))~Y*. The set
J:={a>1|A(sg) > 0} satisfies

0 ife/v<d

7 ) (an00) if ¢/v € (6,1]
(1,oq) U (v, 00) ife/y e (1,6+1)
(1,00) ife/y=d+1,

where (if applicable) a; € (1,0 + 1) and . € (6 + 1,00) are the zeros of

5 (a—1)/« c
\ = - —.
(@)= (a - 1) Y

If a € J, X has two zeros s; < Sg < Sy

Proof. Cases (i) and (ii) are obvious. Also case (iii) is easily checked. Note that A(sg) > 0
iff U(a) > 0,s0 J ={a > 1|¥(a) > 0}. Taking into account the easily verified facts
U(1+4) = 1, ¥ is increasing on (1,0 + 1), ¥ is decreasing on (§ + 1,00) and ¥(o0) = 6,
together with 6 < 1, the characterization of J follows. m

Finally we turn to obtaining semi-explicit formulae for v, and the optimal exercise
level(s):

Theorem 3.3. Assume d < 1. Let I,, and K, denote the modified Bessel functions of the
first and second kind resp., of order v. Set

2 (0 7"—5)2
V= —\[2r+ | = — ,
oo 2 o

let the functions ¢1, ¢ : Rug — R be defined by

¢1(S) 1/2 (r=6)/c? I, (2\/_ —a/Z) and ¢2(S) :Sl/Z—(T—5)/U2KV (2\/§S—a/2>
ao

and the functions ci,cs : Ryg — R by

2 2 / r—38)/o /
c1(b) = gbg(“‘”/ 7 (bdy(b) — h2(b)) and c3(b) = bQ( V17 (1 (b) — b (b))
Furthermore, define F' : Ryg — R by
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b
F(b) =~ / =0/ =32 (%5/) A(E) d. (32)

We have the following.

(i) Suppose that o € (0,1) or both o« = 1 and ¢ > . Then S, = [by, 00), where b, is
the unique solution of F'(b) =0 on (s,,00) and

a02 fo ¢2 (r=8)/o _2d£
vals) = +¢2< ) (cabe) + 25 2 61O dg) on (0,b)  (33)

Vs on by, ).
In particular, v,(0+) = 0 and v, (04+) = oo for a < 1 while v,,(0+) = ¢ for a = 1.
(ii) Suppose that « =1 and ¢ <. Then S, = Rsg and v,(s) = s on Ryy.

(i1i) Suppose that a« > 1. If a & J then S, = Ry and v,(s) = vs on Rsg. Let a € J.
Then S, = (0, a4 U [by, 00), where the pair (aq,bs) is the unique solution of the
following systems of equations in unknowns (a,b) € (0, s;) X (s, 00)

c1(b)di(a) + ca(b)g le / il 52 20 g};)@(f) ¢ = ~va (3.4)
c1(D)¢ (a) + ca(b) MQ/ ¢1(¢ 52 )= g/{;)@(&) dé = v (35)
and
Vs on (0, a,]
; (3) _ ¢1(8) (Cl 0«72 fba (b 62(7"—5)/02_2 df) (3 6)
o Fébol(s) ( MQ fba (€ 62(7"75)/5272 d§> on (au, ba) .
Vs on [by, 00).

Proof. First suppose that either both & = 1 and ¢ < v or a € (1,00) N J¢ These are
exactly the cases for which \ is everywhere non-positive, cf. Proposition 3.2. It follows from
Theorem 1.9 (ii), thereby using [$p,00) C S, that indeed S, = R and thus v,(s) = s
on R. . It remains to consider « for which X is not everywhere non-positive, in particular
we can assume for the sequel that s,. is well defined and so is s; if @ > 1, cf. Proposition 3.2.
The remainder consists of three steps, in the first two we study two free boundary
problems by analytical means and in the last one we use these to deduce the statements.
Step 1. Consider the free boundary system in unknowns (f,b) € C*(0,b) x (s, 00):

v (3.7)



Let us show that it has a (unique) solution pair (fi, b,) iff F'(s,) < 0 and that if F'(s,) <0
holds, b, is the unique solution of F'(b) = 0 on (s,,00), fi is given by the first two lines of
(3.3) with b, replaced by b, and f/(0+) equals 0o, ¢, 0 for a < 1, « =1, @ > 1, resp.

First, for any b € (s,,00) we have from Lemma A.2 (i) and the general theory on
ODEs that the initial value problem consisting of the first two lines of system (3.7), so
without the condition f(0+4) = 0, admits a unique solution f = f;,, with

£(5) :¢1<s>( / T dé) + 6 >( / S d&))

for s € (0,b). So in order to find the solutions to system (3.7) we need to find those
b € (s,00) for which f,(04+) = 0. Using ¢1(0+) = o0, ¢2(0+) = 0 and (A.4) from
Lemma A.2 (ii) & (iii) we see that this holds iff the first of the two bracketed terms in
(3.8) vanishes as s | 0, which using the formula for ¢; boils down to

B/ (b (B) — ol / €200/, (¢) d = 0, (3.9)

On account of ¢2(0+) = ¢5(04+) = 0 by Lemma A.2 (ii) the above lhs vanishes as
b | 0. Furthermore, differentiating this lhs, thereby using that by definition (£ — (r +
x(5)))¢2(s) = 0 (Lemma A.2 (i)), gives the quantity —2b62=9/7*=24,(b)A(b) /2. So (3.9)
may be written as F'(b) = 0 with F' given by (3.2) and furthermore this derivation shows,
together with ¢o > 0 (Lemma A.2 (i)) and A < 0 on (s,,00) (cf. Proposition 3.2) that I’
is strictly increasing on (s,,00), thus it has a (unique) root on this interval iff F'(s,) < 0.
If F(s,) <0 holds and b, denotes this unique root, the pair (fs,b,) is thus the unique
solution to system (3.7), where f, = f,. takes the required form by adjusting (3.8) for
b = b,. A straightforward computation with ¢,(0+) = 0 and (A.5) from Lemma A.2 (ii)
& (iii) yields that f[(0+) equals oo, ¢, 0 for a« < 1, a =1, a > 1, resp.
Step 2. Suppose in this step that o > 1, so that s; is well defined. Consider the free
boundary problem in unknowns (f, a,b) € C?(a,b) x (0, s;) X (s,,0):

(L—(r+x(9))f(s)+¢c=0 on (a,b)

fo=) =b, f'(b=) =~ (3.10)

fla+) =va, f'(at+) = 7.
Let us show that the set of solutions consist of all pairs (a, b) that satisfy (3.4)-(3.5), with
associated solution function f given by the first two lines of the rhs of (3.6) with a, and
b, replaced by a and b resp., and that for any solution we have f(s) > s on (a,b).

By the same arguments as in Step 1, for any (a,b) € (0,s;) X (s,,00) there exists a
unique C?(a, b)-function that satisfies the initial value problem consisting of the first two
lines of system (3.10), namely fy(s) as given by (3.8), considered for s € (a,b). Using
this formula for f, shows readily that f,(a+) = va and f}(a+) = v hold iff (a,b) satisfies
(3.4)-(3.5).
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Let now (f,a,b) be any solution to the system. For proving that f(s) > s on (a,b)
we only need the system itself and the sign of A from Proposition 3.2. First consider f
on [s,,b). Taking the limit s T bin (£ — (r + x(s)))f(s) + ¢ = 0 and using the boundary
conditions in s = b— we find that o?0*f"(b—)/2 = —X(b) > 0. Thus, by again the
boundary conditions at s = b—

f'(s)Tvand f(s)—ys | 0assTb. (3.11)

Now suppose that s € [s,, b) exists with f(sg) = vso and let it w.l.o.g. be the largest such
point, so that f(s) > s on (sg,b). It follows that there has to a point in (sg,b) where
f" is larger than ~y, otherwise namely f(sg) = 7s¢ is impossible on account of (3.11). Let
s1 € (s0,b) be the largest point where f’ attains the value v, so that f”(s1) <0, f'(s1) =~
and f(s1) > ~ys1. But if we plug the latter two into (£— (r+x(s1)))f(s1)+c¢ = 0 it follows
that o2s?f”(s1)/2 > —A(s1) > 0, and thus a contradiction is obtained.

The same idea, but "reflected”, can be used to show that f(s) > s on (a, s]. So it
remains to show that f(s) > s also holds on (s, s,). Suppose that this assertion does
not hold and let, using f(s,) > ~vs,, so be the largest solution of f(s) = ~ys on (s, s,), so
that f(s9) = vs2 and f'(s2) > ~. Plugging this in (£ — (r+ x(s2)))f(s2) + ¢ = 0 and using
that A(sg) > 0 it follows that f”(s2) < 0, so that

f'(s) ] fl(s2) >~vand f(s)—ysT0assT ss. (3.12)

It follows that there has to be a point in (s;, s3) where f’ is smaller than v, otherwise
namely (3.12) would imply that f(s;) < vs; and we know already that f(s;) > vs;. In
particular, taking again (3.12) into account, f’ has to have a largest point s3 € (s, s2)
where it equals 7, i.e. f”(s3) > 0, f'(s3) = v and f(s3) < vs3. But as before we can
plug the latter two into (£ — (r + x(s3))) f(s3) + ¢ = 0 and use A(s3) > 0 to derive that
f"(s3) < 0 and obtain a contradiction.

Step 3. Ad (i). Let a € (0,1) or both a = 1 and ¢ < . Using the behaviour of A from
Proposition 3.2, it follows from Theorem 1.9 (i), (ii) & (iv) that S, = [b,, 00) for some
bo € (Sr, S0]. Next, applying Theorem 1.9 (iii) and using v,(0+) = 0 (by Proposition 3.1),
it follows that the pair (val(o.),ba) solves the free boundary system (3.7). As seen in
Step 1 this system has a unique solution pair (f,,b.). Thus we may identify b, = b, and
Val(0p,) = f+ and using the properties of (f.,b,) derived in Step 1, the results follow.

Ad (iii). Let @ > 1 and a € J. Using the behaviour of A from Proposition 3.2, it follows
from Theorem 1.9 (i), (ii) & (iv) that there are two possibilities, either S, = [b,, 00) or
So = (0, a4) U [by, 00) for some a, € (0,s;) and b, € (s, So]. Let us show that the former
can not hold. Namely, if this were the case, it would by the same means as in the previous
paragraph follow that (va(0,.),ba) is the unique solution to system (3.7). But the result
from Step 1 would now imply that v/, (0+) = 0 and since v,(0+) = 0 (cf. Proposition 3.1)
this would contradict with v,(s) > s on Rxy.

So indeed S, = (0,a,] U [by,00). From Theorem 1.9 (iii) we have that the triplet
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(Va|(an,ba)s Gas ba) solves the system (3.10) from Step 2. It follows by Step 2 that (aq,ba)
solves equations (3.4)-(3.5) and that v, is given by (3.6). So it remains to show that (3.4)-
(3.5) has at most one solution. For this, let (a,b) be any solution to those equations and
let, by Step 2, f € C?%(a,b) be the function for which the triplet (f,a,b) solves system
(3.10). We extend f to a C%*(Rsq \ {a,b}) N C'(Rso)-function by setting f(s) = s on
(0,a]Ub, 00). Applying Lemma A.1 (i), thereby using that f(s) = vs on (0, a]U[b, 00) and
(L—(r+x(s)))f(s)+c=0on (a,b), and Lemma A.1 (ii), thereby using that f(s) > s on
R.g (cf. Step 2) and (L—(r+x(s)))f(s)+c = A(s) < 0on (0,a)U(b,00) C (0,s)U(s,,0)
(cf. Proposition 3.2), it follows that f(s) = sup,cq, _ Es[L;] = va(s) on Rxo. Since, using
Step 2, f(s) > vs iff s € (a,b) and v,(s) > s iff s € (aqa,bs), this indeed implies
(a,b) = (aq,ba). O

4 Some plots

28 4 6 8 c/(6y) 12 by

Figure 1: Situation as in Theorem 2.2 (i), with ¢ = 0.2, r = 0.1, 6 = 0.05, vy =1, ¢ = 0.5,
s = 2.5 and p = 0.06. The solid line is v, the three dotted lines are (from the bottom up)
s +— s, U, and ¥y resp. Note that 9y is the value in the standard case without default.
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‘\ | [ | . | . | . | . | i
S aps 4 6 8 c/(6y) 12 by

Figure 2: Situation as in Theorem 2.2 (ii), with the same parameters as in Figure 1, except
with p = 0.4. The solid line is v,, the two dotted lines are (from the bottom up) s — 7s
and vy resp. Note that v is the value in the standard case without default.

0.2

0.2 0.4 0.6 0.8 1 s b,

Figure 3: Situation as in Theorem 3.3 (i), with 0 = 0.2, r = 0.1, 6 = 0.05,y =1, ¢ = 1.25
and o = 0.2. The solid line is v,, the dotted one is s +— 7s.
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Figure 4: Situation as in Theorem 3.3 (ii), with the same parameters as in Figure 3, except
with a = 5. The solid line is v,, the dotted one is s — ~s.

A Appendix

Lemma A.1. Let I C Ry be an interval and Ny C I be a finite set. Let f be a continuous
function on I such that f € C*(I\ N;)NCY(I) and the limits f"(ak) exist and are finite
for all a € Ny. We have the following.

(1) Suppose that f is bounded and satisfies (L — (r+x(s)))f(s)+c=0 on I\ Ny. Then

f(s) = Eq

7(I)
1{T(I)<oo}€_”(1)_%“)f(ST(I)) +/ ce” "M P du] ., Vsel.
0

(ii) Suppose that f satisfies

{<c—<r+x<s>>>f<s>+cso on I\ Ny
f(s) > s on I.

Then

f(s) > sup E, [L:(I)} , Vsel.

7€T0,00

Proof. First consider a function that satisfies the weaker requirement h € C*(I\ D)NC(I)
for some finite set D, with existing and finite limits h”(a+) for all @ € D. Applying the
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change-of-variable formula from [14] we may write

t

' 1
B(S) = h(s) + [ Lsem(S)dS+ 5 [ Lis.en(S.)d(S.5),
0 0
1 t
_ / N NI a >
+2anD/0(h(a+) W(a—)) dLy, >0,

where L* denotes the local time of S at a and is defined as the cadlag version of

1 t
LY =P —lim - lia<s,<atel d(S,S),, t=>0.
el0 € 0 -

Now let f € C*(I\ N;)NC*(I) be as in the statement of the lemma, take some s € [
and let S start in s. Define the process Z by

tAT(I)
7y = e_T(MT(I))_%ATU)f(St/\T(I)) +/ ce " Pedu, t>0. (A.2)
0

Using the above formula (A.1) we can write Z = Zy + M + A, where Zy = f(s), M is a
local martingale given by
tAT(I)
M, = / e " TPug S, f1(Sy) dW,, t>0,
0

and the drift A is given by

tAT(I)
A = / Lisuany @™ (£ — (r 4+ X(S))F(Sa) + o] du, t> 0.
0

Ad (i). Since f satisfies (£ — (r+x(s)))f(s) +c=0o0n I\ N, A vanishes and thus Z
is a local martingale. Furthermore, since f is bounded and continuous on I, (A.2) shows
that Z is a bounded process and that as t — oo

(1)
Zy = Zoo = Lr(ny<oye” DT f(So) + / ce”" P du, Py —as.
0

By dominated convergence it follows that Ey[Zy] = E[Z], yielding the result.
Ad (ii). On account of f(s) > s on I we see from (A.2) that

Z,> L' vt >o. (A.3)

Since f satisfies (£ — (r 4+ x(s)))f(s) +¢ <0 on I \ Ny, A is non-increasing and thus Z
is a local supermartingale. Since Z is non-negative by (A.3), it is a true supermartingale.
This implies for any 7 € 7y o and t > 0, using Doob’s optional sampling and (A.3), that

f(s) = Es[Zo] > Es[Zinr] > Es [LZA(IT)] Since L is of class (D), we can let ¢t — oo and

obtain f(s) > Eq [LI(I) } , which yields the result.
[l
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Lemma A.2. Let a > 0 and let the functions ¢1 and ¢o be defined as in Theorem 3.5.
Furthermore let b € Rwg and set A := 2(r — §) /0. We have the following.

(i) ¢1 and @9 are positive, linear independent C®(Rsg)-functions such that (L — (r +
s7))p12(s) = 0. The Wronskian of (¢1, ¢o) is given by s — as™/2.

(i) We have ¢1(0+) = oo and ¢2(0+) = 0, ¢5(0+) = 0.

(iii) Let s | 0. Then

/5A%1 JE— 0, s /§A2 (€) d — 0 (A4)

and

oo ifae(0,1)
b (s /£A2 %+¢2(/5A2 &) ds—{ 0?4 ifa=1 (A5)
0 if a > 1.

Proof. The facts about Bessel functions used in this proof can be found in [1] p. 358 —
378 e.g. Recall from Theorem 3.3 that

¢1(3) 251/2 (r— 5)/0' <2\/_ a/2> and ¢2< )_51/2 (r—8)/o? K (2\/_ a/2>

where

Ad (i). For arbitrary p the functions I, and K, are by definition two positive, linear
independent solutions of the modified Bessel equation 22y (z)+zy/(x) — (22 + p?)y(x) = 0
on R. By some standard substitutions and calculations it can be checked that consequently
(L—(r+s%))¢12(s) = 0. The Wronskian of (¢1, ¢2) can by standard means be derived
from the Wronskian of (/,, K,), which is known to equal s — —1/s.

Ad (ii). We use the asymptotic expansions for z — oo, denoted in the form f(z) ~
9(2) >0 ez " and normalized such that ¢y = 1, from Table 1.

From the exponential increase and decay of I,(z) and K,(z) as z — oo as seen in
Table 1 it readily follows that ¢;(0+) = oo and ¢2(0+) = 0. Computing ¢5(s) and using
the expansions of K, and K, from the Table 1 we find ¢5(0+) = 0.

Ad (iii). We only show (A.5) since the same means can be used to show the easier
(A.4). First consider the term ¢ (s) [ €4 2¢2(€) d€. For arbitrary x, the expression
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f g Coefficient ¢,
) | e*/V2mz —(4v* —1)/8
I'(2) | e*/\V2rz — (4% +3)/8
(2) | e */m/(22) | (4*—1)/8
Ky(z) | —e?y/m/(22) | (4° +3)/8

Table 1: Asymptotic expansions

/ e exp (—&aﬂ ae
0 ao

allows for an asymptotic expansion for s | 0 by repetitively applying partial integration.
Combining this with the expansions of ¢} (s) and ¢9(s) for s | 0 obtained by using Table 1,
we arrive after some algebra at

s 2 2
i(s) /0 5““2¢2(£)d£=—%sa/2—1+O‘T"sa—1+o(s3a/g‘l), s10. (A.6)

Next consider the expression ¢} (s) f: 4720, (€) d€. Since ¢h(0+) = 0 (cf. (ii)), its limit
value for s | 0 is independent of the value of b. Now we can repetitively apply partial

b
/ £ exp (ws-ﬂ aé
s ao

and use the expansions of ¢;(s) and ¢5(s) for s | 0 obtained by using Table 1 to deduce
after some algebra that for all b small enough

integration on the expression

b 2 2
o) [ E1201()dg = {5t ST O 46 (5)C0), s L0, (AT)

where C(b) is a sum of terms that come from the partial integration. Thus, if we add
(A.6) and (A.7) we see that their leading terms cancel against each other and (A.5)
indeed follows. O
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