Detecting inclusions of mixed type
In optical tomography

Bastian Gebauer
bast i an. gebauer @eaw. ac. at
Johann Radon Institute for Computational and Applied Mathematics (RICAM)

Austrian Academy of Sciences, Linz, Austria
Joint work with Nuutti Hyvonen, Helsinki University of Technology, Finland

Culminating Workshop of the
RICAM Special Semester on Quantitative Biology analyzed by Mathematical Methods,
Obergurgl, Austria, January 22-27, 2008

Bastian Gebauer: "Detecting inclusions of mixed type in optical tomography”



Optical tomography

$» Optical tomography:
Use low-energy visible or near infrared light for medical imaging

®» General forward model:
Photon transport models (Boltzmann transport equation)

$» For highly scattering media:
Diffusion approximation for photon density wu:

V-oVu—puu=>0
o> 0: diffusion coefficient

1> 0: absorption coefficient

®» Inverse problem of (diffusive) optical tomography:

Reconstruct (properties of) ¢ and p from pairs of Neumann and
Dirichlet boundary values of w.
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M athematical formulation

e

(0 C R™ smoothly bounded domain, o, i € L5°(2).

e

For every input flux f € L?(09) there exists a unique solution
u € H(Q) of

V-oVu—pu=0 inQ, v-oVu|lgg=[f on0S,
$» The Neumann-to-Dirichlet map
A:fulpa, L*(00Q) — L*(09),

IS linear, compact and self-adjoint and can also be considered as an
isomorphism from H~1/2(0Q) to H'/2(9).
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Detecting inclusions

® Consider the special case that
c=14+K, p=1+n

where k,n € L*°(2) are compactly supported in €.

» Goal:

Determine support of x and n ("the inclusions”) from comparing A
with reference operator Ay : f — ugloq, where

Aug—ug=0 inQ, Jyuglogg =[f ondQ,
l.e., the Neumann-to-Dirichlet operator of a domain without
Inclusions.

$» Fairly recent, fast methods for detecting inclusions:

Linear Sampling / Factorization Method
(LSM: Colton and Kirsch 1996, FM: Kirsch 1998, FM for EIT: Brthl and Hanke 2000)
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Virtual measurements

D: smoothly bounded inclusion, i.e. the support of x and n. Q \ D conn.

$» LSM/FM are based on a relation between the (real) measurements A
and the so-called virtual measurements

L: e HY20D) — v|gq € L?(09),

where v solves Av — v = 0 outside D with d,v|sq = 0.

® R(L)determines D:
(Traces) of singular solutions ¢, of

AD, — D, =6, 9,P.]o0 =0
belong to R(L) ifand only if z € D.

If R(L) is known, then the inclusions can be found by testing for each
point z € 2 whether ®, € R(L) or not.
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LSM / FM

Relation between (real) measurements A and virtual measurements L:
® LSM:R(L) D R(Ag—A)
~ {z|®. € R(Ao—A)}CD
(holds for all kinds of inclusions).
® FM: R(L)=R(JA¢ — A|'/?)

- {z &, € R(|Ao — A|1/2)} - D

(needs additional assumptions on inclusions).
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Properties

Properties of LSM/FM:

$» Range test
D, € R(Ag — A), resp., . € R(|Ag — A|Y?)
IS easy to implement and extremely fast (no iterations, no forward
solutions!)
® M also yields theoretical uniqueness result.
However,
® LSMis only guaranteed to find a subset of the inclusion.
®» M needs additional assumptions on inclusions.
$» Implementation of the range test needs additional threshold

parameter. Finding a convergent threshold choosing strategy is still
an open problem!
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Known results

Assume that either k,7 > 0 or x,n < 0.

$» Known results for optical tomography:

o FM works if conductivity jump & is strictly positive (or negative)
and the absorption jump 1 does not interfere with injectivity of
Ao — A. (Hyvonen 2004, Kirsch 2005, G. 2006)

» FMworks if k = 0 and absorption jump n is strictly positive (or
negative). (Hyvonen 2005)

9o Here:

o Treat combinations of absorption and conductivity perturbations.

o Treat smooth transitions between inclusions and background
(analogous result for EIT: G. and Hyvonen 2007)

o Treat inclusions with unconnected complements.
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Concepts of support

91,92 € L>(Q), supp g1, supp g2 C {2
Definition (0€2-support):

Suppgsq g1 IS the complement of the set of all z € €2 for which there exists a
(relatively) open connected U c Qwithx € U, 90 NU # 0, g1|y = 0 a.e.

Combined 90€2-support:
SUpPgg, (91, 92) = suppaq(|g1] + |g21)-

(goes back to analogous definition of the infinity-support by Kusiak and Sylvester 2003)

"suppsq (91, 92) IS closed and contains the support of g; and g, together
with all the holes that cannot be connected to the boundary without
crossing the support.”
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Concepts of support

91,92 € L>(Q), supp g1, supp g2 C {2

Definition shaded set:

sh(g1, g2) Is the set of all y € €2 for which there exists a smooth domain

D c Q,with D c Q2 and Q\ D connected, such that y € D and for each
z € 0D there exist constants ¢,,r, > 0 such that

lgi| > e.I almost everywhere in B,._(z),
forj =1o0rj = 2.

"sh(g1, g2) Is open and contains = € € if one cannot travel from z to the
boundary 02 without going over a strictly positive hump in |g1| or in |go|."
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horizontal lines: kK = 1

h
vertical lines: 7 = 1 SUPPa0 (K’ 77) S (K’ 77)

Here: Sh(’ﬁv 77) — SUpPPpn (’{7 77)
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horizontal lines: kK = 1

h
vertical lines: 7 = 1 SUPPa0 (K’ 77) S (K’ 77)

In general: sh(x,n) C suppyq (K, 7).
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Main result

Theorem
Assume that either k,n > 0 or k,n < 0.

(I)y|89 c R(|Ao — A|1/2) — Y € suppyq (K, N)
®yloo € R([Ao — A[Y?) = y¢sh(k,n)

In other words, the set of points detected by the FM
{y € Q| ®yloa € R(1Ag — A|'/?)}
lies between sh(x,n) and suppygq (K, 7).
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Pr oof

Main ideas of the proof:

$» Monotonicity properties of NtD-Mappings: Let o7 < 05 < g3 and
p1 < p2 < pz. Then

R{(Al _ A2)1/2} | R{(A2 _ A3)1/2} C R{(A1 _ A3)1/2} |

~» A point is detected by FM if it has a neighbourhood for which FM
works. (FM can be applied locally.)

$» Every point that is "surrounded by detected points" is itself detected
by the FM.

~» Holes in the inclusion are (falsely) detected by FM.
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Remarks

® Result treats "lower order perturbation” » and "higher order
perturbation” x in a symmetric way.

e

Result needs no regularity or jump conditions for n or «.

$» Result includes known results on FM for optical tomography except
for points on the inclusions boundary.

® Resultis easily extended to anisotropic diffusivities, non-constant
background diffusion or absorption, partial boundary data or other
real elliptic equations (e.g., Lamé equations in linear elasticity).

However, perturbations n or « have to be in the same direction. FM for
Indefinite problems is still an open question!
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Simulated data

Simulated data for the forward problem

» O: two-dimensional unit disk

$» Dbackground diffusion oy = 0.05, absorption 1y = 0.5 corresponding to
the optical parameters of a neonatal head
(cf. Arridge 1999, HyvOonen 2007)

# Ininclusions background parameters are doubled.

$» Neumann-to-Dirichlet boundary maps Ay — A approximated in
trigonometric basis functions using commercial finite element
software Comsol.
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| mplementation of the FM

Let (v;, A,;) be the spectral decomposition of Ay — A.
Picard criterion:
ylon € R(JAo — A[V?)
If and only if

o0

_ 1 [(D@ylaa, vj) L2(00)|*
||(I)y|89||%2(ag) =1 |)‘j’

< X0

fly):

Using a SVD of the finite-dimensional approximation to A;g — A one
defines a finite series f(y) ~ f(y).

. { f(y) large, when ®,|oq & R(JAg — A|'/?).

~

f(y) small, otherwise.

~ A plot of (a monotone function of) f should reveal the inclusion.
==+ Convergent treshold choosing strategy for f is still an open problem!
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Numerical results

horizontal lines: x = o contour lines of f
vertical lines: n = uyg
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Numerical results

horizontal lines: x = oy f(y) contour lines of f
vertical lines: n = uyg
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Numerical results

Numerical results with 0.1% noise
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Example with smooth transition

~

real conductivity f(y) contour lines of f

Example from EIT with smooth transition (from G. and Hyvénen 2007)
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Conclusions

$» FM simultaneously detects diffusive and absorbing inclusions in
optical tomography.

® Holes inside the inclusion are falsely detected by the FM.

e

FM detects also smooth deviations, not only jumps.
®» Open problems (not only for optical tomography):

o FM for indefinite problems

» Convergent treshold choosing strategy for the range test.
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