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Setting

M: measurement device
(2. magnetic object

® Apply surface currents J on M
(time-harmonic with frequency w).

~+  electromagnetic field (E“, H¥)

A (time-harmonic with frequency w)

® Measure field on M
(and try to locate 2 from it).

//ﬁfﬂ

wavelength ~ 15km > size of object ~ 10 cm
(~~ frequency w very small)

What happens when w — 0? I
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Maxwell’s equations

Time-harmonic Maxwell’s equations

curl HY +iweE* = J inR3,
—curl B +iwpHY = 0 inR3,
div(eE®) = 0 inR3,

div(pH*”) = 0 inR?,

Silver-Muller radiation condition (RC)

/ ‘u/\\/ﬁH“’—i—ﬁEw’QdJ:o(l), p — 0.
)

P

E«:. electric field e. dielectricity (= const. around M)
H“: magnetic field . permeability (magnetic properties)
w: frequency J. applied currents, divJ =0, suppJ C M

relative parameter values: ¢ = 1, u = 1 outside some bounded domain
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Formal asymptotic analysis

Solve Maxwell’'s equations for £«
1

curl — curl B — w?eE* = iwJ inR3,
]
div(eE¥) = 0 in R® (redundant),

Real frequency 20kHz ~+  relative parameter w ~ 4 x 1074 m™!

Neglecting terms in w? suggests that £“ ~ iwF, with

curl l curl E = J
7
div(eE£) = 0 (notredundant anymore)

Rigorous asymptotic analysis (for fixed incoming waves):

Ammari, Nedelec: Low Frequency electromagnetic scattering,
SIAM J. Math. Anal., 2000.
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| nter pretation

1
“~iwk, where curl—curlE=J, div(eFE)=0
i

£ B :=curl E solves J

curl %B =J, divB =0.

~» B is the magnetostatic field generated _ 5
by a steady current J (Ampere’s Law).

®» PB=curlE ~ FEisavector potential of B
(unigue up to addition of A with curl A =0, i.e.upto A = V).

® div(eF) = 0 determines E uniquely (so-called Coulomb gage).

1 : .
~ curl—curl E = J, div(eF)=0 describe magnetostatics.

L4

Figure based on htt p: // de. wi ki pedi a. org/wi ki / Bi | d: Recht eHand. png, published
under the GNU Free Documentation License (FDL) by "Frau Holle".
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Rigorous mathematical results

Assume that
o JeTL2(M;C?%,ie. JeTL*(M;C?),divapqJ =0and v - J|gy = 0.
® ¢, p€ L°(R3;R) are identical to 1 outside some bounded domain.

® cis constant in some neighborhood of M

Theorem

# There exists a unique solution £ of the magnetostatic equations.

o For every bounded domain D, there exists C' > 0, wg > 0, such that

for every 0 < w < wp and every J € T'L?(M) there is a unique
solution £ of Maxwell's equations and

|EY —iwE|| grcun,p) < Cw? ||| 702(Mm)-
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M easur ements

M » Permeability u(z) =1+ p1 xa(x), 1 >0
—_— # Apply surface currents J on M
< ~» electromagnetic field (E“, H*)

9

o Measure field on M
"Full set of measurements” corresponds to measurement operator

2 3 2 .3
pe . ) TEME) = TLM:C), E* solves Maxwell’s eq.
J = EZ|um,

Magnetostatic measurements would be

N { TLAM;C?) — TL(M;CP),

F solves magnetostatic eq.
J = ET‘M?

A= LAY £ 0W?) in LITLX(M;CP), TLA(M; C?))

(109,
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| nver se Problem

To reconstruct €2 we apply the so-called Factorization Method:

® Method was originally developed by Kirsch (1998) for far-field
measurements in inverse scattering (Helmholtz equation)

® Method was generalized to EIT by Brthl and Hanke (1999).

® Method works for harmonic vector fields (Kress, 2002) and for
far-field measurements for Maxwell's equations (Kirsch, 2004)

® Method works for general real elliptic equations (G, 2005)

Here:

® Magnetostatic equations are real elliptic differential equation.
~ ) can be reconstructed from magnetostatic measurements A
& A="AY+0(w?)

~» ) can be reconstructed from electromagnetic measurements A%
(when the frequency w is small).
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Factorization M ethod

Factorization Method compares A with reference measurements Ag
(reference = without object 2)

M
® Range identity: A
R((A = Ao)'/?) = R(L), L
with some auxiliary operator L. =

~ R(L) is determined by the measurements A, Ay.

® Test functions: For points z below M
ze€Q ifandonlyif (v,)-|m € R(L)

with certain functions v, having a singularity in z.

~»  Object €2 can be located from R(L).
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Numerical results

Detection algorithm: For every point z on a sampling grid below M:
» Test whether (v.),|a € R((A — Ag)/?).

# If yes, mark point as "inside object (".

Christoph Schneider tested this method with his code from the
BMBF project "HUMin/MD — Metal detectors for humanitarian demining".

Measurement device M: 40 cm x 40 cm

Scatterer ("the mine"): Ball, 8 cm diameter, 15 cm — 20 cm below M
Permealbility "y = 00” In (2

Frequency 19,2kHz ~ w ~ 4 x 1074 m~!

Currents imposed / electric fields measured on 100 "loops” on M

© o o o 0 b

Simulated data (BEM) using code from K. Erhard, Goéttingen
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Numerical results - asymptotics

E Numerical test for convergence
107k 1 - e "t
| wr [ =R~ - &|| /1IA],
1w
S| Owh)
107 where
_ AY =~ AY —AY
: ]\ = [\10_7 ~ A-— AO
07 O@W?) 1 are calculated with the forward
| solver from Goéttingen.
3 ~ 0 A= i]\w + O(UJQ)
: Ow?) = 1w
10 10 W 10 10
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Numerical results - reconstruction

Ball with radius r = 4cm located 15¢m below M
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Numerical results - reconstruction

Ball with radius r = 4cm located 20em below M
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