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wi A parabolic-dliptic problem

Let
Qc BCR"”

be bounded domains with smooth bound-
aries, and @ := B\ () connected.

Heat equation:
O(xalr)u(z,t)) =V - (k(x)Vu(z,t)) =0
with s =1on @ and x(xz) — 1 € L ().

Boundary Measurements: A; : g — u1|sp, Where

Ot(xqui) — V- (kVuy) = 0 in Br := B x (0,T),
dur = ¢ on 9By := 0B x (0,T),
ui(x,0) = 0 on .

Goal: Reconstruct 2 from given boundary measurements A;.
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wi| FOrward problem: Uniqueness

Lemma 1
fu; € HYO(By) := L?(0,T, H*(B)) solves
Ot(xqui) — V- (kVuy1) =0 inBrp (1)

in the sense of distributions, then

O,u1 € H2°0Br),

ulg € W(0,T,HY(Q), HY(Q)) c C°(0,T,L*(Q))

(with respect to H1(Q2) — L*(Q) — HY(Q)").

Furthermore u; € HYY(Br) solves (1) iff uy € H°((Q U Q)7) solves

Ou; — V- (kVuy) = 0 inQp, [urlog = 0,

Au; = 0 inQr, [kOuilan = O,

and the solution ist uniquely determined by 0, u1|sp and uy (x, 0)|q.
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Forward problem: Existence

Lemma 2

1
— 35,0 . .
Given g € Hy 2 (0B7) there exists a solution u; € H"0(Br) of
g

O(xoui) = V- (kVu1) = 0 inBr:=DBx(0,T),
ou, = g ondBp:=0Bx(0,T),
up(x,0) = 0  on €.

Proof.

1. Equivalent variational problem: Find u; € H'°(Br) that solves

T

/OT/BF&VUlVUda:dt_AT((U|Q)',U1\Q>dt:/ (g(t),v|o5) dt

0

for all v € HYY(Br) with v|q € W(0,T, H'(R2), H'(R2)") and
v(z,T)=0on Q.

2. Existence of a solution follows from Lion’s Projection Lemma.

Ir
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i A reference problem

Reference Measurements (without inclusion (2):
Ao : g uoloB,
where
Aug(x,t) = 0 inBx (0,7T) (2)
g onoB x (0,T) (3)

ayuO

1
Lemma 3 Given g € H,, * ’0(8BT) there exists a solution ug € H''°(B7) to (2), (3).
ug is unique up to addition of u(x,t) = c(t) with c € L?(0, T, R).

Factoring out L2(0, T, R) and using L2(dBr) < Ha. 2°(8Br)

Updated Goal: Reconstruct €2 from given
~ Ao,Al . Lg(@BT) — L?}(@BT)
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w’ Virtual Measurements

Y. given boundary flux on o€,

L: H;2007) — L2(8By),
9B Y — vlas,
where
Av(xz,t) = 0 InQr, (4)
d,v = 0 ondBr, (5)
d,v = Y onodQr. (6)

R(L) determines

vl € R(L) ifandonlyif zé€Q

where v, solves (4) in By \ {z}, v, solves (5), v, suff. singularin z € B,
e. g. the dipole functions from EIT (constant in time, cf. [Brihl, Hanke]).
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w’ Factorization M ethod

Key identity of the Factorization Method (for other problems!):

R(L) = R((Ao — A1)'/?).

~ R(L) (and thus §2) can be computed from the measurements.

Such an identity
$» was originally developed by Kirsch for Inverse Scattering

® s known (under suitable conditions on the inclusion) for
# Electrostatics (Hahner)

o EIT (Brahl, Hanke), also with different electrode models (Bruhl,
Hanke, Hyvonen) and in the half space (Schappel)

Diffusion tomography (Kirsch), also with Robin B.C. (HyvGnen)
# general real elliptic problems (G.)

e

Does a similar identity hold in this parabolic-elliptic case?
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Main Result

Theorem 4 with A := Ag — 2 (A; + A}) we have

Corollary 5  with appropriate functions v, that solve

Av,(x,t) = 0 inBp\{z}, v, suff. singularin z € B,
1
v:lop = 0, Oyv:lon € HA(0,T, H *(09)).
this yields

z€Q ifandonlyif v.|op € R(AV?).
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Sketch of the Proof

® Factorization Ag — Ay = (L) F(Le)*, with F £ F*,

~

v A=Ag— (A1 + A}) = (L) F(L)*, with F = L(F + F*) = F*.

~

® |If ||Az|| < ||Bx| for all x then R(A*) C R(B*).

v R(AY?) = R(L.FY?) C R(L).

® (F , > c||F1o]l? . -
( ¢7 ¢)HE’O(8QT) - CH 1¢H H™ %~ 1(0Qr)
w R(FY2) D R(FI¥), where I : H; 2°(0Qp) — H=3~4(0Qy).

—  RGFY2)D H(0,T, Hs * (09)).
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Final Remarks

® A possible choice for v, are the dipole functions from EIT (constant in
time), e. g. for the unit circle in R? (cf. [Brihl]):

vlon = 2EZ0 D e Rz i Leq

T |z —x]?

holds for all directions d € R?, |d| = 1.

® Corollary 2 contains the theoretical result:

‘ (2 1s uniquely determined by A;. I

® () does not have to be connected.

® Unlike EIT the case x < 1 cannot be treated by simply interchanging
AO and A;.
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