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® Factorization Method for a Diffusion Example
® Extension to general real elliptic problems
® (Application: An inverse problem in Linear Elasticity)
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i A Diffusion Example

B C R™ bounded domain
k€ L°(B) diffusion parameter
) absorption parameter
B) particle density
) applied (boundary)
particle flux

Boundary Measurements: Aq : g — ug|r € H'/?(T), where

—div(kgradug) +cug = 0 in B
KO, ug = ¢ on1l :=0B
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i Boundary M easurements

Inclusion 2 C B with different parame-
ters:

Kk — k1 € L2(Q)

c—c € L)
Boundary Measurements:
Ay HY2(T) — HY2(T), g — w7,
where

—div((k — k1xq)graduy) + (c —cixo)uy = 0 in B

KO, U1 onT :=0B

‘ Goal: Reconstruct 2 from given Ay and A;. I

|
Q
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g Virtual M easurements

Y. given boundary flux on > := 9()

T L: H Y% — HY*(T), ¢ — v|r, where

—div(kgradv) +cv = 0 InQ (1)
kO,bv = 0 onT (2)
kO,bv = Y onX (3)

® R(L) determines

v.|lr € R(L) ifandonlyif ze€Q

where v, solves (1) in B\ {z}, v, solves (2), v, suff. sigularin z € B.

® [, v, independentof ki, 1
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i Range characterization

Key identity of the Factorization Method:

R(L) = R((A1 — Ao)'/?)
~ R(L) (and thus 2) can be computed from the measurements.

Such an identity

® was originally developed by Kirsch for Inverse Scattering
$» s known for

# this diffusion example (Kirsch), also with Robin B.C. (HyvGnen),
# Electrostatics (Hahner),

o EIT (Bruhl, Hanke), also with different electrode models (Bruhl,
Hanke, Hyvonen) and in the half space (Schappel).

Can it be extended to general real elliptic problems?
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ni| Framework for Diffusion Example

—div(kgradug) +cug = 0 in B

Ao : g — uglr, where
09 olr { kO,ug = g onT :=0B

< Ay = /YB—>TA0_1'7,B_>T7 Iwhere

Y1 : HY(B) — HY2(T), u~ u|r,
Ao: H'(B)— H'(B), (Aou,v)= [5(kVuVv+ cuv) dx

Analogously

® A =rv5_7ATs 1 Bwhere 4, : H'(B) — H'(B)/,

(Ar1u,v) = [5 ((k — K1xQ)VuVo + (¢ — cixo)uv) dz

GUTENRF/&@AT Bastian Gebauer: "The Factorization Method for Real Elliptic Problems”



ni| Framework for Diffusion Example

Ay, A1 share a common part:
Ay = Eé?AQEQ -+ E&AQ,OEQ
Ay = Eé?AQEQ + E&AQJEQ,
where Eg : H'(B) — H*(Q),u — u|g (Eq analogously) and
(Aqu,v) = [, (KVuVo + cuv) dz
(A ou, v) Jo (kVUuVY + cuv) dz
(Ag1u,v) Jo ((k = K1)VuVo + (¢ — c1)uv) do

Virtual measurements:

8 |L=r0-1A5" 5 I
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ni A general setting

Given real Hilbert spaces
H(B), H(Q), H(Q), H(T), H(X)
with suitable restriction operators
Ex: HB) — H(X), X €{Q,Q}
and suitable trace operators
Tx—y: H(X) — H(Y),
(X,Y) e {(B,1),(Q,T),(Q,%), (€, %)},

let Ag : H(Q) — H(Q)', Aq.0,Aq1: H(Q) — H(Q)' be continuous,
symmetric and coercive and define (: = 0, 1)
A; = EQAQEQ —+ Ebz‘lg),z'Eb7

. —1_7
A, = ’YB—>TA-_1’Yj3 . and L := VQHTAQ Vo5

When does R(L) = R((A; — Ag)'/?) hold?
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wi Main Result

Theorem

If Aqo — Aq.1 is coercive, then

R((A1 — Ao)'/?) = R(L).

® To take the square root, H(T) is identified with its dual.

® Diffusion Example:

(Ao — Aq1)u,v) = / (k1VuVv + ciuv) dz
Q

~ Aqo — Aq,1 coercive if k1, c; € LE°(9).
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wi Sketch of the Proof

Theorem
If Aq,0 — Aq.1 is coercive, then

R((A1 = Ao)'/?) = R(L).

® Factorization: Ay — Ag = LFL’, where
F = (vg_5)AQEqQ(AT — AT EHAQYG_x:-
Yo_.x: continuous right inverse of y¢_x
® (A" AT > AJIEL(Aqo — Ag1)EaAy!
~ F' coercive If Aqg o — Aq, 1 coercive.
® As A*A = B*Bimplies R(A*) = R(B*):
R((A1 — Ag)Y/?) = R(LFY?) = R(L).
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i Linear Elasticity

A, u. Lamé-constants
u. displacement
g. applied (boundary) forces

e(u):=3 (Oiu; + dju;),; strain tensor
I:=(di;)

©J

Boundary Measurements: A; : g — u;|7, where
div((A — Aixo)(tre(u)l +2(p — p1xa)e(uw)) = 0 inB
(A(tre(u)I 4+ 2pe(u))yr = g onT =0B

i =1: withthe terms A\ xq, t1xo
1 = 0: without
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i Linear Elasticity

Fits into our generalized framework with

(Agu,v) = fQ (Atre(u)tre(v) + 2ue(u) : e(v)) de
(Agou,v) = [, (Atre(u)tre(v)+ 2ue(u) : e(v))de
(Ao u,v) = [ (A=A tre(u)tre(v) +2(pu — p1)e(u) : e(v)) da

(H(B), H(T), ... suitable factor spaces of H*(B)3, H'/2(T)3,...)

((Ag.o — Aq.1)u,v) = /Q (A tre(u)tre(v) +2uie(u) : e(v)) de

~ If A >0, € LT () then Ao — A1 is coercive and thus

R((A1 — Ao)'/?) = R(L).

(v z € Qiffv, € R(L) = R((A1 — Ag)'/?) with suitable test functions v..)
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® Factorization Method can be generalized to real elliptic
problems

® Range characterization holds if the inclusions satisfy a
coercivity condition.

® Coercivity condition can easily be translated into conditions
on the coefficients of a given elliptic equation.
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