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ABSTRACT. In dimension n > 3, we prove a local uniqueness result for the
potentials g of the Schrédinger equation —Awu + qu = 0 from partial bound-
ary data. More precisely, we show that potentials q1,q2 € L°° with positive
essential infima can be distinguished by local boundary data if there is a neigh-
borhood of a boundary part where g1 > g2 and ¢1 # g2.

1. INTRODUCTION

Let Q CR", n > 3, be a Lipschitz-domain with outer normal v and L3°(€2) denote
the subspace of L (Q)-functions with positive essential infima. We consider the
question whether the potential ¢ € L3(Q2) in the Schrédinger equation

(1.1) —Au+qu=0 in Q

is uniquely determined by partial boundary data on a possibly arbitrarily small
non-empty relatively open subset I' C 0f).

For such a boundary subset I' C 992 and ¢ € LY (Q), the partial boundary data, we
consider in this work, is given by the local Neumann-to-Dirichlet (NtD) operator

(1.2) Ar(q) : LX(T) = L*(T), g~ uf|r,
where ugg) € H'(Q) is the solution of

: : g, onl,
(1.3) —Au,gg) + qugg) =01in Q with &,uflg)bg = {07 on 9O\ T.

Ar(q) is easily shown to be a compact self-adjoint linear operator.

In this article, we will show the following local uniqueness result.

Theorem 1.1. Let q1,q2 € LE(Q) and V. C R™ be an open connected set with
G >qponQNV and T : =000V #£0. Then,

(1.4) qilonv # @2lonv  implies  Ar(q1) # Ar(gz)-

Moreover, in that case Ar(q2) — Ar(q1) has a positive eigenvalue.
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The inverse potential problem of the Schrodinger equation is closely related to
the inverse conductivity problem (Calderdn Problem [4, 5]). For both problems,
uniqueness from full boundary data on 92 has been extensively studied in the last
30 years. To give a brief overview of prominent contributions, we list Kohn and
Vogelius [22, 23], Sylvester and Uhlmann [27], Nachman [25], Astala and Paivérinta
[1], Bukhgeim [3], Haberman and Tataru [9].

The uniqueness problem from partial boundary data has attracted growing atten-
tion over the last years. Typically, this is studied for data of type Cf or Cév on
sets P, T'N C 99, where

C'qD = {(U|[‘D76VU|FN) : —Au+ qu =0, supp (ulga) C FD} ,

C’év = {(u|pn,8yu\pw) : —Au+qu =0, supp (J,ulsq) C FN}.

Obviously, for potentials ¢ € L3 (), the question of uniqueness from data of type
C’év with T' = T'P = T'V is equivalent to the question of uniqueness from the local
NtD operator Ar(q).

Hereafter, we list some recent results. Let us also refer to the article of Kenig and
Salo [21] for a further overview.

For dimension n = 2, Imanuvilov, Uhlmann and Yamamoto showed uniqueness
from data of type Cé) in [16], where I'” = I'V is an arbitrary open subset in 99

and the potentials are in C2+ (ﬁ) for a > 0.

For dimension n > 3, Kenig, Sjostrand and Uhlmann proved uniqueness from data
of type CP for ¢ € L>(Q) in [20], where I'” and I'V are open neighborhoods
slightly larger than a front face and a back face of 0f, respectively. Nachman and
Street presented a constructive proof of this result in [24]. In [17], Isakov proved
uniqueness from data of type Cf for ¢ € L°°(2) assuming I'P = I'V and that the
remaining boundary part is contained in a plane or a sphere. In [19], Kenig and
Salo presented a result that unifies and improves the approaches of [20] and [17].
In particular, they reduced the assumptions regarding the sets I'?, I'V and, if so
(in [17]), the remaining boundary part. Let us refer to their article for a detailed
description.

Theorem 1.1 is, to the knowledge of the authors, the first result that presents
a uniqueness result for partial data on an arbitrary non-empty relatively open
boundary part I' C 99 (with I' = I'P? = I'V) for dimension n > 3. Except the
assumption that € has to be a Lipschitz-domain, there are no further assumptions
to the boundary required: neither to the boundary part I' nor to the remaining
boundary part.

This paper is organized as follows. In Section 2, we prove Theorem 1.1. For this
purpose, we present and combine a monotonicity relation for the local NtD operator
(Lemma 2.1) and a new variant of the concept of localized potentials (Lemma 2.2,
cf. [8] for the initial concept). Lemma 2.1 presents a monotonicity inequality that
yields a lower bound for the change of the local NtD operator (represented by its
corresponding quadratic form) caused by a potential change. This lower bound
depends on the spatial change of the potential weighted by the solution of the
Schrodinger equation for the initial potential. Lemma 2.2 shows a possibility to
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control the lower bound of the monotonicity inequality.! The approach of combining
a monotonicity relation with the concept of localized potentials has previously been
used in [13, 11, 12]. The proofs of the Lemmas 2.1 and 2.2 are postponed to the
Sections 3 and 4, respectively.

2. THE PROOF OF THEOREM 1.1

Let 1,92 € LY (), let V. C R™ be an open connected set and let T' := 90Q NV # (.

To prove Theorem 1.1, we combine a monotonicity inequality (Lemma 2.1) for
Neumann-to-Dirichlet operators with a result about the existence of localized po-
tentials (Lemma 2.2).

Lemma 2.1. Let g € L*(T) and uy = u((ﬁ) € HY(Q) be the corresponding solution
of (1.3). Then,

(2.1) (0. (Ar(@) = Ar() )y > = [ (2 = s o

Lemma 2.1 is proven in Section 3.

Lemma 2.2. Let q; > g2 on QanNnv (z'.e., ql|QﬂV > q2|QmV and Q1|va % q2|va).
Then, there exists a sequence (gm)men C L*(T) such that the corresponding solu-

tions (Um),,en = (U«(ﬁ’")) L C HY(Q) of (1.3) fulfill
me
(2.2) lim (@1 — @)um?dz =00 and lim (@1 — @2)um?de = 0.

Lemma 2.2 is proven in Section 4.

Proof of Theorem 1.1. First, we apply Lemma 2.2: There exists a g € L?(T") such
that the corresponding solution u := u,(ﬁ) of (1.3) fulfills

/ (@1 — g2)u*dz >1 and / (1 — q2)u*da > —1.
Vo N%

Now, we apply Lemma 2.1 and obtain

(9, (Ar(g2) — Ar(ql))g)Lz(p) 2> - /Q(Q2 —q)u’ dz

=/ @—mﬁm+/ (g1 — ga)u® da
vVNnQ

Q\v
>1—-1=0.

This shows that Ar(¢g2) —Ar(q1) is not semi negative definite and thus has a positive
eigenvalue. O

1Originally7 the concept of localized potentials was used to locally control electrical potentials
for the inverse conductivity problem. Since in this work it is used to locally weight the potentials
of the Schrodinger equation, it seems appropriate to keep with the name “localized potentials”.
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3. MONOTONICITY FOR NEUMANN-TO-DIRICHLET MAPS

Again, let q1,¢2 € L°(£2), V C R™ be an open connected set and I' := 902NV # (.

Such monotonicity estimates are well-known for the inverse conductivity problem,
cf., e.g., Ikehata, Kang, Seo, and Sheen [18, 15].

Lemma 2.1 follows from [11, Lemma 4.1]. Since the proof is simple and short, we
include it for the sake of completeness.

Proof of Lemma 2.1. Let g € L*(T') and u; := uéf) € H'(Q) be the corresponding
solutions of (1.3) for i € {1,2}. Then,

bi(us, w) == | Vu;Vw + quwdr = / gw|rds =: l(w) Yw e H(Q), i € {1,2}.
Q r
Now, we use this and consider
(9. (Ar(g2) — Ar(ar)) Q)L2(p)
= l(uz) — l(u1) = ba(ug, uz) — 2ba(ug, ur) + by (u1,u1)

S /Q(q2 — ql)u% — (V(ug — ul))2 —qa(ug — uz)Q dz.

Since g > 0, the assertion follows. O

4. LOCALIZED POTENTIALS

Again, let q1,¢2 € L(£2), V C R™ be an open connected set and I' := 90Q NV # (.
In addition, as assumed in Lemma 2.2, let ¢1 > ¢2 on Q NV (i.e., ¢1lonv = ¢2lonv
and qi]onv # g2lonv)-

Since the open set VN2 is a countable union of closed balls and g1 > ¢ on 2NV,
there exists a closed ball

(4.1) BCVNQ where ¢ > g
and V' \ B is connected.

To prove Lemma 2.2, we introduce two operators in Definition 4.3 and present
some properties of these operators and their adjoints in Lemma 4.4. In the proof
of Lemma 4.4, the following two theorems play a key role.

Theorem 4.1. Let Hy, Hy be two Hilbert spaces, L € L(Hy,Hs) and h € Hs.
Then,

(4.2) heR(L) & 3C>0:|(hg)m|<C|L*|n, Vge Ho.

Proof. This is a well-known result from functional analysis (see, e.g., the book of
Bourbarki [2]). For Banach spaces, a proof is given in [7, Lemma 3.4]. O

Theorem 4.2 (Unique continuation from sets of positive measure). Let Q' € R™,
m > 3, be a connected open set and q € L>(Q'). The trivial solution of

(4.3) —Au+qu=0

is the only H'(Y')-solution vanishing on a measurable set of positive measure.
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Proof. Theorem 4.2 is the combination of the following two results (cf. the work of
Rachid Regbaoui [26, proof of Theorem 2.1]).

(a) HY(QY)-solutions of (4.3) that vanish on a measurable set of positive mea-
sure have zeros of infinite order (see, e.g., the result of de Figueiredo and
Gossez [6, Proposition 3] or the result of Hadi and Tsouli [10, Theorem
2.1)).

(b) The trivial solution u = 0 is the only H!()')-solution of (4.3) that has a
zero of infinite order (see, e.g, the book of Hérmander [14, Theorem 17.2.6]).

O
Definition 4.3 (Virtual measurement operators). Let B C V N be a non-empty

closed ball with q; > g2 on B as in (4.1). The operators Lp and Lg\y are defined

(4.4) Lp: L*(B) — L*(I), f—vBlr,
(4.5) Lovwv : L*(Q\ V) = L*(T), h = va\vr,

where vg, v\ € H'(Q) are the unique solutions of

(4.6) —Avg + qrup = |1 — q2|1/2fXB in Q with 9d,vplan =0,
(4.7) —Avo\v + qvo\v = |1 — QQ|1/2hXQ\V in Q with J,vo\v]aea =0,

or equivalently
(4.8) / Vug - Vw + qqupwdx = / lg1 — q2|1/2wf dr Yw e H'(Q),
Q B

(4.9) / Vovg\v - Vw + qrog\vwdz = / lg — go|?whde Yw e HY(Q).
Q N

Lemma 4.4. (a) The adjoint operators
(4.10) Ly : L*(T) = L*(B) and L&y : L2(T) = L*(Q\ V)
fulfill
o /2 * _ _1/2 ’
(4.11) BY <|111 q2| U)’B and Loy yg <|Q1 q2| U) v’

where u = u((ﬁ) € H'(Q) is the corresponding solution of (1.3).

)
(¢) R(Lp) N"R(Lanv) = {0}.
) R(Lp) € R(Lavv)-

)

Proof. (a) For f € L?(B), let vg) € H'(Q) be the solution of

va) -Vw + qlv(Bf)w dz = / lgn — q2|"Pwfdz Vw e HY(Q).
Q B

Then, in particular,
LBf = ’U(Bf) |F~
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Furthermore, for g € L(T), let uql) be the corresponding solution of (1.3).

Then, u((ﬁ) also solves the equivalent variational formulation
/va Vu ) 4+ qlwu(g) dz = /Fgw|p ds Yw e H'(Q).
Hence, for arbitrary f € L?(B) and g € L?(T),
(f,Ls9)r2By = (LBf,9)12(r) = /ngg)h ds
/ Vug () - Vul®) + qlvg)ugﬁ’) dx
- /B 01— go] /200 £

- (f, (|Q1 - CI2\1/2“§£1’)) |B)L2(B>'

This yields L9 = (|CJ1 - Q2|1/2uq1 )‘
Analogously, it follows L _( — |20 ))
nalogously, it follows Lg, 1.9 lg1 — g2 v’

First, we prove the injectivity of L}. Let g € L2(I‘) with L3g = 0 and

u = ufﬁ) € H(Q) be the corresponding solution of (1.3). ;From (a) it

follows Lyg = (|q1 - qQ\l/Zu) |p. Since ¢1 — g2 > 0 on B, there exists a
measurable set £ C B of positive measure where |3 — q2|1/ 2 £ 0. Hence,
(lg1 — @2/*?u) | = 0 implies u|p = 0. ;From Theorem 4.2 it follows that
uw =0 on Q and thus g = d,u|r = 0. This shows the injectivity of L}; and
thus R(Lg) = N(L%)*+ = L*(T).

Recall that B and ©Q\ V are closed in € and that V' \ B is connected. Let

¢=Lpf=LowheR(Lp)NR(Lo\v)

and vp,vo\v € H'(Q) be the corresponding solutions of Definition 4.3.
First, we show that

vB = VUo\y on Q\(EUQ\V)z(QﬂV)\B:

On QU YV, we define the continuations
. ) a1, on Q,
= 1, onV\Q,
5o {v, on €, and @ = {8%,11, on 2,

0, onV\Q, 0, on V\ Q,

where v := v —vo\v.
Obviously, @,9; € L*(QU V). To verify that o € H'(QU V), it is left to
show 0., = ¥;. This can be shown by using

vlr = vBlr —va\vlr =¢ — ¢ =0.
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Let ¢ € D(QU V), then,

/ 00, pdr = / 00y, pdw
Quv Q

:—/npawjvdx—i—/ (pv)|rv;ds
Q X9)

z—/ngoda::—/ v de.
Q Quv

Now, we go on showing (4.12). Since v = 9|q fulfills

/ Vv - Vw 4+ quvw dx
Q

- / a1 — ] Pw(fxs — hyaw)de Y € HY(Q),
Q
it holds

Vo-Ve+qipde=0 VoeD(V\B).
V\B

We obtain that @ (as a function in H! (V' \ B)) solves
—A94+qv=0 on V\B

and vanishes on V'\ Q. Since V '\ Q is a non-empty open set (V' is open and
has a non-empty intersection I with the Lipschitz-domain §2) and V' \ B is
connected, Theorem 4.2 shows that ¥ =0 on V' \ B and thus

vp =vg\y on (VNQ)\B.
To finally show ¢ = 0, we define
D on Q\ B,
T vo\v on B.

We can partition test functions (in D(2) and H'(Q)), by using smooth
partitions of unity, to prove that u is an H!(Q)-function and the unique
solution of

—Au+qu=0 on £,
Oyulpn = 0.
Hence, u has to be equal to the trivial solution and thus
¢ =wvBlr =ulr =0.

This simply follows from (b) and (c).
Let us assume there exists a constant C' > 0 such that

IL5gll < CllLeyvall Vg € LA(D).
Then,
R(Lg) € R(Lo\v)
immediately follows from Theorem 4.1 and this is a contradiction to (d).

O
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Proof of Lemma 2.2. The assertion follows from Lemma 4.4:

The trivial case is that when L?}\v is not injective. Then, there exists an element
g € L*(I") \ {0} with [ L&y vgll = 0. By the injectivity of L we have ||Lygl| =:
cg > 0. In this case, we can set g,, := mg for all m € N.

When LE\V is injective, we derive a suitable sequence (g, )men C L?(T) as follows.

Let C, = m? for m € N. Lemma 4.4 (e) implies the existence of a sequence
(g;n)mEN - L2(F) with

(4.13) ILBgmll > Cml Loy gl Ym € N.

In particular, this implies g/,, # 0 for all m € N. Since LE\V is injective, we can set
I
;'()\Vg;n Il

By multiplying (4.13) with %”, we obtain

mHLQ\Vg;IL

ILEgm| >m Vm e N.

Im = mlL

Furthermore, it holds

1
L m|| = — V N.
Loy g m me

For both cases, we obtain a sequence (¢, )men such that

lim (1 — @)upn?dz = lim ||Lgm|?* = oo,
. . 2 — 1 * 2 _
im Q\V(ql 2)um” dz = Tim Loy gm|” =0
where u,, 1= u,(lf’"') € H'(Q) is the corresponding solution of (1.3). O
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