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A UNIFIED VARIATIONAL FORMULATION FOR THE
PARABOLIC-ELLIPTIC EDDY CURRENT EQUATIONS*

LILIAN ARNOLD' AND BASTIAN HARRACH?

Abstract. Transient excitation currents generate electromagnetic fields which, in turn, induce
electric currents in proximal conductors. For slowly varying fields, this can be described by the eddy
current equations, which are obtained by neglecting the dielectric displacement currents in Maxwell’s
equations. The eddy current equations are of parabolic-elliptic type: In insulating regions, the field
instantaneously adapts to the excitation (quasistationary elliptic behavior), while in conducting
regions, this adaptation takes some time due to the induced eddy currents (parabolic behavior). For
fixed conductivity, the equations are well studied. However, little rigorous mathematical results are
known for the solution’s dependence on the conductivity, in particular for the solution’s sensitivity
with respect to the equation changing from elliptic to parabolic type. In this work, we derive a
new unified variational formulation for the eddy current equations that is uniformly coercive with
respect to the conductivity. We then apply our new unified formulation to study the case when
the conductivity approaches zero and rigorously linearize the eddy current equations around a non-
conducting domain with respect to the introduction of a conducting object.
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1. Introduction. Transient excitation currents J(x,t) generate electromagnetic
fields, E(x,t) and H(z,t), which can be described by Maxwell’s equations

curl H = e0;E + oFE + J,
curl B = —uoiH,

where the curl-operator acts on the three spatial coordinates, J; denotes the time-
derivative, and (under the assumption of linear and isotropic time-independent ma-
terial laws) o(x), (), and p(z) are the conductivity, permittivity, and permeability
of the considered domain, respectively, material.

For slowly varying electromagnetic fields, the displacement currents e%—f can be
neglected. This leads to the transient eddy current equations

(1.1) curl H = oF + J,
(1.2) curl E = —p0: H,

respectively, after eliminating H,

(1.3) Oi(oE) + curl <£ curlE) = —0J.
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The eddy current model is well established in the engineering literature; cf., e.g.,
Albanese and Rubinacci [2] or Dirks [14]. A rigorous mathematical justification has
been derived by Alonso [3] and Ammari, Buffa, and Nédélec [4] for the (low-frequency)
time-harmonic case. This also justifies the transient model when the excitation is
composed of low-frequency components; cf. [4, sect. 8].

In a typical application the domain under consideration consists of both con-
ducting regions (o(z) > 0) and nonconducting regions (o(x) = 0), which has two
interesting consequences. The first one is that (1.3) is of parabolic-elliptic type. The
physical interpretation is that the time-scale is different in the conducting and the
insulating regions. In the insulating regions, the field instantaneously adapts to the
excitation (quasi-stationary behavior), while, in the conducting regions, this adapta-
tion takes some time (due to eddy currents induced by the varying electromagnetic
fields). A particular consequence is that initial values are meaningful only in the
conducting region.

The second consequence is that (1.3), together with initial values, does only de-
termine F up to the addition of a gauge field, which is a curl-free field that vanishes
inside the conductor. However, in many applications, one is interested only in 0 F, or
curl £, anyway.

Several well-posed variational formulations have been proposed for the eddy cur-
rent equations and used for the numerical solution; cf., e.g., [8, 7, 6, 15, 5, 18, 19, 20, 1].
These approaches concentrate on solving the eddy current equations with a fixed con-
ducting region in which the conductivity is assumed to be bounded from below by
some positive constant. Accordingly, the variational formulations, with their underly-
ing solution spaces and coercivity constants, depend, in some form or another, on this
lower bound, on the support of the conductivity, or on both. A noteworthy exemption
appears when o is constant inside the conductor. Then, a solution of (1.3) can be
found by considering the standard variational formulation of (1.3) (see (2.4) below)
in the space of divergence-free functions, where it is coercive. In the general case of
spatially varying o, however, the solution of (1.3) will not be divergence-free in the
conductor. In that case, restricting the standard variational formulation of (1.3) to
the space of divergence-free functions will not yield the true solution up to a gauge
field.

Inverse problems, as well as sensitivity considerations, require a unified formu-
lation with respect to o. An important application is landmine detection, where a
source current in an inductor coil is used to generate electromagnetic fields that, in
turn, induce currents in a buried conductor. The resulting change in the magnetic
field can then be measured by a receiver coil, so that, from one or several such mea-
surements, one may try to reconstruct information about the buried object; cf., e.g.,
[17] for a formulation of the corresponding measurement operators. A natural ap-
proach to these inverse problems is to start by linearizing the problem with respect
to o around a homogeneous nonconducting state. Roughly speaking, this leads to
the following question: How does the solution of the elliptic magnetostatic problem
(i.e., (1.3) with ¢ = 0) change if the problem becomes a little bit parabolic? For a
scalar analogue this question has been answered in [16]. To the best knowledge of the
authors, no rigorous linearization results are known for the eddy current model so far.

In this work, we derive a new unified variational formulation for the eddy current
equations that is uniformly coercive with respect to o. To be more precise, what we
present is a variational formulation that is uniformly coercive (and hence uniquely
solvable) in the space of divergence-free functions and whose solution agrees with the
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true solution up to the addition of a gradient field. At this point, let us stress again
that, for spatially varying o, the standard variational formulation of (1.3) restricted
to divergence-free functions does not determine the solution up to a curl-free field.

We apply our new unified formulation to study the limit of the solutions of (1.3) for
o — 0 and prove convergence against their magnetostatic counterparts. We then turn
to the above-mentioned question and rigorously determine the directional derivative
of the solutions of (1.3) with o = 0, with respect to o; i.e., we linearize the solutions of
the elliptic (magnetostatic) problem with respect to the problem becoming parabolic
in some parts.

This paper is organized as follows. In section 2 we introduce the necessary no-
tation, derive the standard variational formulation for (1.3), characterize well-posed
initial conditions, and prove uniqueness of solutions (up to gauge fields). Section 3
contains our main theoretical tool, which is a new uniformly coercive variational for-
mulation that determines the solution up to the addition of a gradient field. This also
proves solvability of the eddy current equations. Finally, in section 4, we apply our
new unified formulation to study the dependence of the solutions when the conduc-
tivity approaches zero and rigorously linearize (1.3) around a nonconducting domain
with respect to the introduction of a conducting object.

2. The eddy current equation.

2.1. Notation and general assumptions. Let 7' > 0. Let u € LT(R3)7 where
we denote by L3°(R?) the space of L°°(R?)-functions with positive (essential) infima
(denoted by inf i). Let 0 € LL(R?) have bounded support Q, where L (R?) is the
space of L>(R3)-functions that are almost everywhere nonnegative.

D(R), D(R?), D(]0,T]), respectively, D(R?>x]0,T[), denote the space of C>-
functions in z, t, respectively, (x,t), which are compactly supported in R, R3, ]0, T,
respectively, R®x]0,7[. We will also use the notation D([0,7]), respectively, the
notation D(R3 x [0, T), for the space of restrictions of functions from D(]—oo, T),
respectively, D(R3 x]—oo, T[), to [0, T], respectively, R x [0, T].

D'(R?) denotes the space of distributions, i.e., continuous linear mappings from
D(R?) to R. D'(R3x]0,T)? is defined likewise.

Let L2(R?) and W (curl) denote the distributional spaces

L2R?): = {E € D'(R®)|(1 + |2[*) 2 B € LA(R%)},
W(curl) : = {E € L}(R%)?| curl E € L*(R*)*}.
L2(R®)™, n = 1,3, and W (curl) are Hilbert spaces with norms
_1
Il = I+ 12172 - lresye and [ Iy ey = 1 15 + [l curl - [[2azays.
We introduce the Beppo—Levi spaces

WY (R?): ={E € L}(R*) | VE € L*(R?)*},
Wh:=W(R*)? = {E € L;(R*)* | VE € L*(R?)**°}.
In the latter space, VE denotes the 3 x 3 Jacobian of E. For a bounded domain

O C R? with smooth boundary and connected complement, W!(R? \ O) is defined
likewise. These spaces are Hilbert spaces with respect to the norms

Hwr@sy = IV-ll2@eys,  I-llwr@svoy = IV-l2@svoys, I-llws = V- [[2@syexs;
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cf.,, e.g., [11, IX.A, §1] and [12, XL.B, §1].

Note that D(R?) is dense in L2(R?) and in W'(R?) and that D(R?)? is dense in
L2(R?)?, W (curl), and W*,

We denote the dual space of a space H by H’ and the dual pairing on H' x H
by (-, Yg'xm. Throughout this work, we frequently use the dual pairing between
W (curl) and W (curl); hence we write in this case

<G, E> = <G, E>W(curl)’><W(curl) for G € W(Curl)’, E e W(Curl).

We also write R3. := R3x]0,T[ and L?*(R3.) instead of L*(R3x]0,T[) and usually
omit the arguments z and ¢; we use them only where we expect them to improve
readability.

For a Banach space X, C(0,T,X), and L?(0,T, X) denote the spaces of vector-
valued functions

E: [0,T] = X,

which are continuous on [0, T, respectively, and square integrable; cf., e.g., [13, XVIII,
§1]. Spaces of functions with vector-valued time-derivatives will be introduced in some
detail in subsection 2.2.

We consider the space L2(0, T, W (curl)) as the space to look for a solution of (1.3).
Generally, it is not the case that every E € L%(0,T, W (curl)) has some well-defined
initial values. However, in the following we show that at least every solution of (1.3)
has well-defined initial values. Then, we derive a standard variational formulation
and discuss in what sense uniqueness can be expected.

In this paper, we assume that we are given the time-derivative of the excitation
currents

(2.1) Jy € L*(0,T, W (curl)’) with div.J; =0
and Ey € L*(R?)? with div(cEp) = 0.

THEOREM 2.1. Let E € L?(0,T,W(curl)). The eddy current problem reads

(2.2)  Oi(o(x)E(z,t)) + curl <ﬁ curlE(x,t)) = —Ji(x,1) in R3x]0, T,

(2.3) Vo(x)E(x,0) = \/o(z)Eo(x) in R®.

The following holds.
(a) For every solution E € L*(0, T, W (curl)) of (2.2) we have

VoE € C(0,T, L*(R3)?).

(b) E € L*(0,T,W (curl)) solves (2.2)—(2.3) if and only if E solves

T T
1
—/ / crE-8t<I>da:dt—|—/ / —curl B - curl ®dx dt
0o Jr3 0o Jr3 M

(2.4) =- /OT<Jt,<I>> dt + /RS oEy - ®(0)dx

for all ® € D(R3 x [0,T])3.
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(¢) Fquations (2.2)—(2.3) uniquely determine curl E and /o FE. Moreover, if E €
L2(0,T, W (curl)) solves (2.2)~(2.3), then every function F € L?(0,T, W (curl))
with curl F = curl E and \/oF = \/oE also solves (2.2)—(2.3).

Before we prove Theorem 2.1 in the following subsection, let us stress again the
somewhat subtle point that the initial condition (2.3) is meaningful only for solutions
of (2.2). When we speak of a solution £ € L2?(0,T, W (curl)) of (2.2)—(2.3), this is
to be understood in the following order: First, E € L?(0,T, W (curl)) has to solve
(2.2) so that \/oE € C(0,T,L?(R?)3), and, second, this continuous function /o F
has to fulfill the initial condition (2.3). Note that this is similar to the interpretation
of Neumann boundary values for second-order elliptic equations.

The multiplication with 4/ in the initial condition (2.3) can be interpreted as
stating that, wherever it makes sense to speak of initial values, they must agree with
Ey. In Q = suppo, the equation is parabolic, and initial values are meaningful
and necessary. Outside of €2, where the equation is elliptic, initial conditions are
meaningless, and (2.3) does not contain any information.

Let us stress that, in this section, we require only that o be nonnegative, be
bounded, and have bounded support.

2.2. Initial values, a standard variational formulation, and uniqueness.
For E € L*(0,T,W (curl)) we have that E(t),curl E(t) € L?*(R®)3 for ¢t €]0,T] a.e.
and consequently the products

icurlE(t), cE(t) € L*(R%)
are well defined. Moreover, the assumption div(cEp) = 0 is well defined in the sense
of distributions since Fy € L%(R3)3. Since D(R3)3 is dense in W (curl), we can also
regard L2(0,T, W (curl)’) as a subspace of D’(R*x]0,T[)3. Hence, div J; is also well
defined in the sense of distributions.
Now, the transient eddy current equation (2.2) is equivalent to

T T T
1
(2.5) —/ / oE-(?t(I)dxdt—l—/ / —curlE-cuﬂ(I)dxdt:—/ (Jy, @) dt
0 JR3 0 JRr3H 0

for all ® € D(R3x]0,T[)3.

In the rest of this subsection, we continue along the lines of [16, section 2].

We first recall the definition of the time-derivative in the sense of vector-valued
distributions: For two Banach spaces X,Y and a continuous injection ¢ : X — Y,
E € L?(0,T,X) has a time-derivative in L?(0,7,Y) in the sense of vector-valued
distributions if there exists £ € L2(0,T,Y’) which fulfills

T T
/ Eodt = —/ LE Oppdt  for all ¢ € D(]0,TY)
0 0

(cf., e.g., [13, XVIIL, §1]). For a Gelfand triple V < H < V' of real separable Hilbert
spaces V and H, the space

W0, T,V, V') = {E € L2(0,T,V)| E € L*(0, T, v’)}

is defined by taking the time-derivative with respect to the injection ¢/t : V — V.
The image of the space W(0,T,V,V’) under ¢ is continuously embedded in C(0, T, H),



UNIFIED FORMULATION FOR THE EDDY CURRENT EQUATIONS 563

and, for E, F € W(0,T,V,V’), the following integration by parts formula holds:

T
| (@O + (FO. B)vv] dt = (BT P = (O F O

where (-, )3 denotes the inner product of H; cf., e.g., [13, XVIII, §1, Thms. 1,2]. As
a special case we have

H'Y(0,T,V)=W(0,T,V,V),

where V = H is identified with its dual and ¢ is the identity mapping.
In view of (2.2), we introduce the space

W, == {E € L*(0,T,W (curl)) | (cE)" € L*(0,T, W (curl))},

where (0 F)" denotes the time-derivative of o E € L*(R3.)? in the sense of vector-valued
distributions with respect to the canonical injection L?(R3)3 < W (curl)’. Note that
for every E € H*(0,T,W (curl)), oE € L*(R3)3, and, in that sense, E € W, with
(0E) = oE.

LEMMA 2.2. If E € W,, then \/oE € C(0,T,L*(R?)3). Additionally, for two
fields E, F € W, the following integration by parts formula holds:

T T
(2.6) /O<(0E)',F>dt+/0 ((aF)',E)dt:/R3U(E(T)-F(T)—E(O)-F(O)) dz.

Proof. In [16, section 2] this lemma is proven for a scalar analogue. We repeat
the proof for the convenience of the reader.
We define the space L2 by taking the closure of

{VoE|E € L*(R*)*} C L*(R?)?

with respect to the L?(R?)3-norm. L2 is a separable Hilbert space equipped with the
standard L?(R3)3-inner product.
Then we define a mapping I by

I: W(curl) = L2, Ew~ \oE,

which is continuous and has dense range. We identify the Hilbert space L2 with its
dual. Then, after factoring out the nullspace N of I, we obtain that

t: W(ewl)/N - L?, E+Nw—IE
defines an injective, continuous mapping and hence a Gelfand triple
W (curl)/N < L2 < (W (curl) /N
For all G € L2 the dual mapping ¢/ is given by

(2.7) (G, F + N)w(curl) /N) x W (curl) /N = / G-voFdz forall F € W(curl).
R3

Let E € W, and let G = (¢E) € L?(0,T,W(curl)’) be the time-derivative of
oE € L*(R3.)3 with respect to the canonical injection L?(R?)3 < W (curl)’. Now we
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show that G is the time-derivative of E + N € L2(0,T, W (curl)/N) with respect to
V. For ¢ € D(]0,T[) and F € N we have

T T
/0 <G(t),F>ga(t)dt:—/O /R GE(t) - Fdz dyp(t) dt =0,

and thus (G(t), F) = 0 for t €]0,T[ a.e. Hence, G(t) € N+ and we can identify G
with an element of L2(0,T, (W (curl)/N)"). Then, for F + N € W (curl)/N it follows
that

T T
/0 (G(8), F 4 N ety /vy ot (eurty/ v (1) d = / (G(t). Feolt) dt
T
= —/ / cE(t) - Fdxdwp(t)dt
0 R3
T

= - A <L/L(E(t) + N)7 F+ N>(W(Curl)/N)’XW(Curl)/Nat(p(t) dt
and, accordingly, G = (E + N)  and E+ N € W(0,T, W(curl)/N, (W (curl)/N)").
Now, it follows that \/oE = «(E + N) € C(0,T,L2) C C(0,T, L*(R3)3), and using
(2.7) we obtain the integration by parts formula (2.6). O

For the next lemma recall that for E € L?(0,T, W (curl)) the equation (1.3) is to
be understood in the sense of distributions; cf. the beginning of this subsection.

LEMMA 2.3. Ewvery solution E € L*(0,T, W (curl)) of (1.3) is in W, and thus
has well-defined initial values

Vo(z)E(z,0) € L*(R3)3,
Fort €]0,T[ a.e., (cE) (t) € W(curl)’ is given by

(2.8) ((cE) (t), F) = —(Ji(t), F) — /11&3 %curlE(t) -curl F'dz  for all F € W{(curl).

Proof. Let E be a solution of (1.3). Define G(t) € W (curl)’ by

(G(t),¥) := —(Ji(t), T) — / %curlE(t) -curl dz for all ¥ € W(curl).
R3

Then G € L?(0,T, W (curl)’), and, due to the fact that E solves (2.5) with & = Wy
for all ¢ € D(]0,T[) and all ¥ € D(R3)3, it holds that
T T T
(2.9) / (G(t), ¥)p(t)dt = —/ / oF - Udzdypdt = —/ (0E(t), ¥)0,p(t) dt.
0 0 Jr3 0
Since D(R3)? is dense in W (curl) and both sides depend continuously on ¥, we obtain
that (2.9) holds for all ¥ € W (curl). Now it follows from the fact that W (curl) ®
D(]0,T]) is dense in L?(0,T, W (curl)) that G = (0 E)" with respect to the canonical
injection L?(R3)® < W (curl)’. This shows that £ € W,. 0
Lemma 2.3 shows that the initial condition (2.3) makes sense for solutions of
(2.2), and, in that sense, we can speak of solutions E € L?(0,T, W (curl)) of (2.2)-

(2.3). Now, we give an equivalent variational formulation.
LEMMA 2.4. The following problems are equivalent:
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(a) Find E € L?(0,T, W(curl)) that solves (2.2) and (2.3).
(b) Find E € W, that solves (2.3) and

T
(2.10) / (o dt+/ / —curl B curl Fdzdt = / (Jy, F)dt
0 R? 0

for all F € L?(0,T, W (curl)).
(c) Find E € L*(0,T,W (curl)) that solves

_/ {(o dt+/ /—curlE curl F'dx dt
0 R®

:_/O (Jt,F>dt—|—/RsaE0-F(0)dx

for all F € W, with \/oF(T) = 0.
(d) Pind E € L*(0,T, W (curl)) that solves

/ / oF - 8t<I>dxdt+/ /—curlE curl ® dz dt
R3 R3

:_/O (Jt,¢>dt+AsaE0'@(0)d$

for all ® € D(R3 x [0,T])3.

Proof. We start by showing (a) = (b). If E € L?(0,T, W(curl)) solves the
eddy current equations (2.2)-(2.3), it follows from Lemma 2.3 that E € W, and
(2.10) holds for all F(z,t) = G(x)¢(t) with G € W(curl) and ¢ € D(]0,T[). Since
W (curl) ® D(]0,T[) is dense in L2(0,T, W (curl)), and both sides of (2.10) depend
continuously on F' € L2(0,T, W (curl)), (b) follows.

(b) = (c) follows from the integration by parts formula (2.6).

(c) = (d) follows from the fact that for ® € D(R3 x [0, T[)? the time-derivative
(o®) € L*(0,T,W(curl)’) of o® € L?(R3.)® with respect to the canonical injection
L?(R3)? — W (curl)’ is the image of the classical time-derivative 09, ®(t) under this
injection, i.e.,

((o®@) (¢), E(t)) = / 00, ®(t) - E(t)dz for t €]0, T a.e.
R3

Finally, to show the implication (d) = (a) we use (d) with ® € D(R3x]0,T[)3.
Then E € L*(0,T, W (curl)) solves (2.3), and Lemma 2.3 yields E € W,. Now,
the integration by parts formula (2.6) applied to (d) with ® = ¥y, ¥ € D(R3)3,
¢ € D(0,T]) with ¢(0) = 1, and using Lemma 2.3 implies that /oEy =
VoE(0). O

Now, the proof of Theorem 2.1 reads as follows.

Proof of Theorem 2.1.

(a) This follows from Lemmas 2.2 and 2.3.

(b) This follows from the equivalence of (a) and (d) in Lemma 2.4.

(¢) Assume that F € W, is a solution of (2.2)—(2.3) with /o E(0) = 0 and J; = 0.

Using Lemma 2.4(b) and the integration by parts formula (2.6) implies

0:/ (o dt—l—/ / —curl E - curl E da dt
0 ]R

> §||\/5E(T)||L2(R3)3 + m” curl B||7a s 0
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We obtain curl F = 0 and /o E = 0. The second assertion is obvious. O

3. A unified variational formulation. In this section we present a new,
uniquely solvable, and uniformly coercive variational formulation that determines the
solution of the eddy current equations, (2.2) and (2.3), up to the addition of a gradient
field. From this we obtain solvability of (2.2) and (2.3) and a continuity result that
is uniform with respect to the conductivity o.

Our general approach is as follows. We write

E=F+Vu

with a divergence-free field E and a gradient field Vu. Note that this is very similar
to the classical (4, p)-formulation with Coulomb gauge (cf., e.g., [9, LA, 4, §3]), where
A is a divergence-free magnetic vector potential and ¢ a scalar function with

E=—-0,(A+ V).

The crucial point is to consider Vu = Vu as a continuous linear function of E;
cf. Lemma 3.1. This allows us to rewrite the eddy current equations (2.2)-(2.3) as
a variational equation for E, which is uniformly coercive on the space of divergence-
free functions and thus uniquely determines the field E. Note that E does not solve
the eddy current equations. Our new variational formulation enables us to study the
asymptotic behavior of E for o — 0. From this we can then deduce properties of the
asymptotic behavior of any solution E of the eddy current equations.

For our results we need stronger assumptions on o. Let R > 0 and Bp denote
the open ball with radius R centered at the origin. In the following, we assume that

o€ Ly (R®) :={0 € L¥(R®)|Q:=suppo C Bg, 0 € LY(Q), and Is € N:
Q =U;_;Q;, where(};, are bounded Lipschitz domains with
0NQ;=0,4,7=1,...,s i#7j, and R*\ Q is connected}.

Note that our continuity results do not depend on the lower bound of .
The case of o = 0 is treated separately.
LemMA 3.1. There is a continuous linear map

L2(R*)® — H(curl0,R?) := {E € L*(R*)*| cwrl E = 0}, E + Vug,
with
(3.1) div(o(E + Vug)) =0 in R

and which extends (by setting Vug(t) := Vugy) for t €0,T] a.e.) to a continuous
linear map

L*(0,T, L3(R*)®) — L*(0,T, H(curl0,R%)), E + Vug,
Jor which E € H'(0,T, L2(R?)?) implies
Vup € HY(0,T, H(curl0,R*))  and (Vug) = Vuy.

Proof. Let E € Li(R3)3. Due to Poincaré’s inequality (cf., e.g., [10, IV, §7, Prop.
2]), the fact that o is positively bounded from below on 2, and the Lax—Milgram
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theorem (cf., e.g., [22, section 8, Thm. 8.14]), there exists a unique up € HE(£2) that
solves

(3.2) /aVu-Vvdxz—/aE-Vvdx for all v € H'(Q).

Q Q
Here, H}(Q) := {v € H'(Q)| fQi vde = 0,¢ =1,...,s}. Furthermore, ug depends
continuously on E|q € L(Q)3.

We extend up to an element of W!(R3) by solving Au = 0 on R?\ Q with
ulag = uglaq for u € WHR3\ Q). Again, the Lax-Milgram theorem provides a
unique solution which depends continuously on ug|sq and thus on F.

Let ug again denote its extension. Then ug € W1(R?), and the mapping E
Vug is well defined, linear, and continuous with a continuity constant that depends
on the lower and upper bounds of o. Moreover, (3.1) is fulfilled.

The remaining assertions follow from standard time regularity arguments; cf.,
e.g., the proof of Lemma 3.7(a) below. a

For the rest of this paper, let Vug denote the image of £ under this mapping.
Note that there are different possibilities for constructing this map, but /oVug is
uniquely determined by the condition (3.1). Moreover, it holds that

(3:3) IVoVugllzes < VT L2y,

and, obviously, for all E € W', we have E + Vug € W (curl).
The fact that the curl of a solution is unique, but not the solution itself, leads to
the idea to work with spaces where || curl- || 2(rs)s defines a norm. Therefore, let

WS ={EeW'=W'R*?|divE =0}, |- |¢:=|curl|pz2mgs)s.

On W}, we have that || - w1 = [V - [[L2@s)sxs = || - o (cf., e.g., the proof of [11
IX.A, §1 Thm. 3]), so that W} equipped with the norm || - ||¢ is a Hilbert space.
We define the bilinear form a: L0, T,W') x H'(0,T,W') — R by

(3.4) / o(E+ Vug) <I>dxdt—|—/ / —curl £ - curl @ dz dt,
R3 R3

and, motivated by Lemma 2.4(d), the linear form [ : H*(0,T, W) —

T
l(@) = —/ <Jt,@> dt+/ (TEO . (I)(O) dzx.
0 R3
Now we can state the main result of this section. Let
Hpo(0,T, W) :={¥ € H'(0,T,W}) | ¥(T) = 0}.

THEOREM 3.2.
(a) If E € L*(0,T,W}) solves

(3.5) a(E,®) =1(®) for all ® € H}(0,T,W3),

then E + Vug € L*(0,T, W (curl)) solves (2.2)-(2.3). a|H%0(O’T)W<1>)2 is uni-
formly coercive with respect to || - ||L2(0,T,W<1>)~'

1
a(®, ®) > WHQ)H%%O,T,WQQ for all ® € Hy(0,T,W}).
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(b) There is a unique solution E € L*(0,T, W§) of (3.5). E depends continuously
on J; and \/oEy:
(3.6)
HE||L2(O,T,W<1>) < max(||ploos 2) max(\/gn‘]t||L2(07T7W(curl)/)7 Vo Eoll L2 (r3)3)-

E+Vug solves the eddy current equations (2.2)~(2.3), and any other solution
E € L*(0,T, W (curl)) of (2.2)(2.3) fulfills

(3.7) curl B = curl B, oE = o(E + Vug).
curl E and \/oFE depend continuously on J; and \/oEjy:

[ CUT1E|\L2(R3T)3 < max(|| ¢l oo, 2) max(\/g”‘]t||L2(07T7W(cur1)’)v ||\/EEO||L2(R3)3)7
||\/EE||L2(]R%,)3 S 4\/ 1+ R2||\/E||Oo|| CUI'IEHLz(R%)?,.

If o equals zero, we have the following result.
THEOREM 3.3. For o =0, E € L*(0,T,W}) is a solution of (2.2) if and only if
E solves

(3.8) ao(E,F) =1o(F) for all F € L*(0,T,W}),
where ag and ly denote a(-,-) and I(-) with ¢ = 0. There exists a unique solution
E ¢ L?(0,T, W<1>), and this solution depends continuously on Jy:

1Bl L20,r,w2) < V5| il oo |t 20,7, w (curty ) -

The proofs can be found in the following subsection. R
COROLLARY 3.4. Let (0)nen C L35 (R3) be a bounded sequence and E,, n € N,
be the corresponding unique solutions of (3.5). Then the sequences

(En)nen € L*(0,T,W})  and  (v/onEp)nen, (VouVug Jnen C L*(RE)?

are bounded. The bounds depend on the bound of (opn)nen-
In particular, for any sequence (Ep)nen C L*(0,T,W(curl)) of corresponding
solutions of (2.2)~(2.3) the sequences

(curl By )nen, (V0 En)nen C L*(R3)3
are bounded.

3.1. Existence. To show the first part of Theorem 3.2(a), we will make use of
the following simple decomposition.

LEMMA 3.5.

(a) Every ® € D(R?)3 can be written as

d =T+ Ve,

with & € W}, ¢ € WH(R?), and Vo € W',
(b) Every ® € D(R3 x [0,T])® can be written as

& =T+ Vo,

with O € Hio(0,T,W}), ¢ € H'(0,T,W'(R%), Vé € H'(0,T,W"), and
Vo(T) = 0.
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Proof. Let ® € D(R?)2. Then the Lax-Milgram theorem yields a unique solution
¢ € WH(R?) of

A¢p =divd in R3.

By standard regularity results ¢ € C*°(R?). For a centered ball B C R? containing
the support of @, ¢ solves the exterior Dirichlet problem

Ap=0 inR3\B, ¢lopec HY*(OB)

so that it follows from, e.g., [21, Thm. 2.5.1] that V¢ € W!(R3 \ B)3, and hence
Vo € W With ¥ := & — V¢ € W} we obtain assertion (a).

Assertion (b) follows from standard time regularity arguments; cf., e.g., the proof
of Lemma 3.7(a) below. 0

We will prove the existence result in Theorem 3.2(b) using the Lions-Lax—Milgram
theorem.

LeEMMA 3.6 (Lions—Lax—Milgram theorem). Let H be a Hilbert space and V' be
a normed (not necessarily complete) vector space. Let a : H x V. — R be a bilinear
form satisfying the following properties:

(a) For every ® € V, the linear form E — a(E, ®) is continuous on H.

(b) There exists a > 0 such that

inf  sup |a(E,P)| > a.
I®llv=1E|y<1

Then for each continuous linear form 1 € V', there exists E; € H such that
1
a(E, ®) = (,D) for all® €V and ||E||x < EHZHV’-

The proof of Lemma 3.6 can be found, for example, in [23, III.2, Thm. 2.1,
Cor. 2.1].
Proof of Theorem 3.2.
(a) Obviously, for gradient fields V¢ € H'(0,T, W) with ¢ € H'(0, T, W'(R3)),
a(-, Vo) as well as [(V¢) vanish. (For the latter, recall that div.J; = 0 and
div(cEp) = 0.) Hence, it follows from the decomposition in Lemma 3.5, and
from the linearity of a and [, that (for any E € L*(0,T,W}))

a(E,®) =1(®)
holds for all ® € D(R* x [0,T[)* if it holds for all & € Hzp,(0,T,W}).

Lemma 2.4 yields the first assertion.
For ® € H}, (0,7, W<1>)7 Lemma 3.1 and the integration by parts formula

(2.6) yield
/ / (® + Vug) - @dxdt—F/ / = |eurl ®|* dadt
R3 RrR3 W

1
(3.9) > SIVo(® + Vua)(0)]|72 gsys + WH(I)HH(O T,W})

\]

and thus the second assertion.
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(b) We will apply the Lions-Lax—Milgram theorem. We use the Hilbert space
H = L*(0,T,W}) and equip its subspace V := Hp,(0,7,W}) with the
norm

12} = ||(I)||i2(07T7W<1>) + V(@ + Vue)(0)[[ 72 gays-
Then (3.9) implies that
1

inf su a(E,®)> inf |a(P,P)]> —F———.
||<1>nv:1”EHHp§1|( ) ||<1>|\v:1|( ) max (|| /| o, 2)

Given ® € V we set C := max(H(I)HLz(O,T,Wé), ||(i>||L2(O,T,L2(BR)3))~ Then it
follows from (3.3) and p € LS°(R?) that for all E € H

T
|a(E,<1>)|:/ / {—U(E—I—VUE)-fb—i—lcurlE-curl(I)] da dt
0 JRs 12

[ 1
< C 2Bl VEB a0 + o Bl |

[ 1
< € |lolla2l Bl + o IBlomy |

[ 1
< © [ lol2VTF BBl onszoon + gzl Bllorwy|

inf p
Similarly to the proof of [12, XI.B, §1, Lemma 1], it holds that
(3.10) |F|l, < 2[VF|| 2@y =2||Flle  for all F € W,

and thus
1
< 24— )
a(E.9)] < C |40/ T+ B + | [ Ell

Hence, for fixed ® € V, a(-, @) is continuous on H.
Equation (3.10) also yields

(311) [ F Ry eury = IFI2 + | curl Fl3agmos < 5|F|3  for all F € W},

so that we obtain, for all € V,

T
(@) = ‘—/O <Jt,¢’>dt+/Rg o Ep - B(0) da

< el 2 o,7,w (curty) | @l 2 0,7, W (curt))
+ Vo Eollp2(ms)s [V (P + Vue)(0)] 2 (rs)s
< max (V5| i 20,7, (curty)s VT Eoll L2 zey2 ) |2 v-

Hence, I € V' and

[l < max(\/gHJt||L2(O,T,W(curl)/)a Vo Eol| L2®s)s)-
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Now, Lemma 3.6 yields the existence of an E € H = L?(0,T, W<1>) that fulfills
(3.5) and depends continuously on [, i.e.,

HEHL2(O,T,W<1>) < max(||ploo 2) max(\/gn‘]tHL2(07T7W(curl)/)7 Vo Eoll L2 (®3)3)-

Part (a) yields that E + Vug € L*(0,T, W (curl)) is a solution of the eddy
current equations (2.2)-(2.3).
To show uniqueness, let Ey, E; € L*(0,T,W}) be two solutions of (3.5).

Then, F; + Vug , Ey+ Vug, € L*(0,T, W (curl)) both solve the eddy current
equations (2.2)—(2.3). Now, Theorem 2.1(c) implies

curl By = curl(El + V“EI) = curl(Eg + VuE2) = curl B,
and it follows that
0 = H curl(El — E2)||L2(R3)3 = HEI — E2H<>.

The remaining assertions of (b) follow similarly from Theorem 2.1(c). O
Proof of Theorem 3.3. Theorem 3.3 follows from p € L5°(R?), (3.11), and the
Lax—Milgram theorem. 0O

3.2. On time regularity. We close this section by showing a result on time
regularity of the solutions.
LEMMA 3.7. Let J; € HY(0,T,W(curl)’) and Ey € W (curl) such that

curl <l curl Eo) = —J¢(0)
W

in addition to the general assumptions (2.1) on J; and Eo. Let E € L*(0,T, W§) be
the solution of (3.5). Then, the following hold.

a) Ee€ HY0,T,WL) and F = (E)" is the solution of

%

~ T
(3.12) a(F,®) = —/ (), ®)dt  for all ® € Hp(0,T,W3).

0
F =F+Vug € L*0,T, W(curl)) solves
O¢(oF) 4 curl <l curlF) =—(Jy) inR3x]0,T]
1

with zero initial conditions.
(b) For any solution E € L*(0,T, W (curl)) of the eddy current equations (2.2)—
(2.3) we have that

E|Q S Hl(OaTv LQ(Q)S)v (E|Q) = F|Qa
curl E € HY(0,T, L*(R*)?), (curl E) = curl F = curl F.

Proof.
a) Theorem 3.2 yields that (3.12) has a unique solution F' € L2 0,T,W}), so it
(a) y q 5

remains only to show that F = (E)", which, in turn, follows if

t
Z(t) = / F(s)ds + Eo + Vg, € H'(0,T, W)
0
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solves (3.5). Here, vg, € W!(R3) is the unique solution of
Avg, = —divE;, in R®.

Let ® € Hpo(0,7,W}). We define

t T
\Il(t)=/0 @(s)ds—/o ®(s)ds € Hpo(0,T, W5).

Note that our general assumption div(cEy) = 0 together with Lemma 3.1
implies that

oVuz) = chu(EoJrvao) = —0oVug,,

so that we obtain
a(Z,®) = / / <—U(Z +Vuz) @+ —curlZ - curl@) dz dt
0 Jr3 K
T .1 .
= / / <cr(Z +Vugz) - ¥ ——curl Z - curl\I/) dx dt
0 Jr3 H
. 1
+/ (U (Z(0) + Vugz() - ¥(0) — m curl Z(0) -curl\I!(O)) dz
R3
= —a(Z,0) +/
R3

T
0 R3

<0E0 - P(0) — 1 curl Ey - curl \I!(O)) dz
L

T
:_/ (Jt,\i/>dt—|—/ oEy - (0)dz = I(®).
0 R3

(b) Part (b) follows immediately from (a) and Theorem 2.1(c). O

The analogous assertion holds for o = 0.

LEMMA 3.8. Let 0 =0, and let J; € H*(0,T, W (curl)’) in addition to the general
assumptions (2.1) on Jy.

IfE € L?(0,T, W} is the solution of (3.8), then E e HY(0,T, W) and F = (E)
is the solution of

1
curl (; curlF) =—(Jy) inR*x]0,T].

The proof is analogous to the proof of Lemma 3.7(a).

4. Sensitivity analysis. In this section we keep Ey and J; fixed and analyze
the solution(s) behavior if o approaches zero. To this end, let (¢,,)nen C L% (R3) be
a sequence such that

lim o, =0 in L>(R?).

n— 00

Corresponding to (0 )nen, let (Ey)nen € L*(0, T, W (curl)) denote any sequence
of solutions of (2.2)-(2.3), and let (Ey,)nen C L*(0,T,W}) denote the sequence of
unique solutions of (3.5). For o =0, let E € L?(0,T, W (curl)) denote any solution of

(2.2), and let E € L?(0,T, W) denote the solution of (3.8).
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Our first result is that the solutions converge.
THEOREM 4.1. It holds that

curl B, — curl B, /0,E, — 0 in L*(R3)3, and (0,FE,) — 0 in L*(0,T, W (curl)).

Moreover, we show that (under some regularity assumptions) the directional
derivative of E with respect to o exists and can be characterized in the following
way.

THEOREM 4.2. Let J; € HY(0,T, W (curl)’) and Ey € W (curl) such that

1
curl (; curl Eo) = —J¢(0)

in addition to our general assumptions (2.1) on J; and Ey. Let d € L¥(R?) and
h > 0. Let Eq € HY(0,T,W (curl)) be a solution of (2.2) with o = 0 that fulfills
div(dE4) =0 and F € L*(0,T, W (curl)) be a solution of

1 :
curl (; curl F) = —dE; inR*x]0,T].
Let By, € L*(0,T, W (curl)) be a solution of (2.2)~(2.3) with o = hd. Then
1
E(curl Ep —cuwrlE) = curl F in L*(R3)3 (h —0T).

Let us first comment on the existence of E; and F. For instance, we can choose
E; = E—l—VuE, where Vu g is the image of E under the mapping defined in Lemma 3.1
with ¢ = d. Then the time regularity of E4 and the existence of F' follow from
Lemmas 3.8 and 3.1 and Theorem 3.3. Note that F4, F, and also Ej, are not unique.
Theorem 4.2 holds for every choice of E, Ey4, and F.

The two theorems are proved in the following two subsections.

4.1. Convergence. Obviously, /o, Eg — 0 in L?(R?)3.
LEMMA 4.3. It holds that

E,—E inL*0,T,W}) and +/0p,En, JouVug —0 in L*(R})%.

Proof. First, we show that En —~ E. To prove this it suffices to show that
every subsequence of (E,)nen has a subsequence that converges weakly against E.
From Corollary 3.4 we know that (E,)nen C L?(0,T,W}) is bounded. Using that
supp o, C Br and Lemma 3.1, we obtain the second part of the assertion,

VO En, /0, Vug —0 in L*(R})%.

Alaoglu’s theorem (cf., e.g., [22, Thm. 6.62]) yields that every subsequence of
(Epn)nen contains a subsequence (that we still denote by (E, )nen for ease of notation)
that converges weakly against some E’ € L2(0,T, W{). We show that all these weak
limits are identical to E:

E, — E' in L*(0, T, W) implies that curl E, — curl B’ in L?(R3.)3, so that for
every ® € Hpo (0,7, W}) the left-hand side a(E,,®) of (3.5) with 0 = &,, converges
against aO(E’ , @). Clearly, the right-hand side of (3.5) with 0 = o, converges against
lo(®). Hence, E’ solves (3.8), and thus uniqueness provides E = E’, and hence

E,—~FE in L*(0,T,W}).
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Since E,, + Vu 7, solves the eddy current equations (2.2)-(2.3) with o = o, we
obtain using Lemma 2.4(Db)

T T
H'u_% CllI'lEnH%ﬂ(R%p = _/ <(Un(En+qun)).’E"+qun>dt_/ <Jt’En> dt
0 0

1 T -
< SIVE Bty = [ (B
= LEEl? Tl 1E - cwl B, dzd
= §|| onEoll2(rsys + , g cwlE - curl B, dz t,
0o JRr3 M
and hence
. _1 ~ _1 ~
h?rznjolip |72 carl By || 2rays < [|p7 2 curl B[ L2 (ms s,
which, together with E, —~E, yields E, > E. O

Proof of Theorem 4.1. For any solutions F,,, respectively, F, of (2.2)—(2.3) with
0 = oy, respectively, o = 0, we have that

VonE, = \/Un(En + VuEn), curl B, = curl E,, and curlE =curlE,

so that Lemma 4.3 provides curl E,, — curl £ and \/EnEn — 0.

From the explicit form (2.8) of (0, E,)" given in Lemma 2.3, we obtain for all
F € L*(0,T, W (curl))

T
1
/O (0B F) ] < el cul( = By acegy | ourl Flageg

and hence (0, E,) — 0. a

4.2. Linearization results. To characterize the directional derivative of E with
respect to o, some more time regularity is needed. To this end, we assume in addition
to (2.1) that J, € HY(0,T, W (curl)’) and Ey € W (curl) such that

1
curl <— curl EO) = —J¢(0).
L
LEMMA 4.4. For everyn € N, E,, — E € L?(0,T, W (curl)) solves
1 L
curl ; curl(E, — E) | = —op,E, in R°x]0,T].

Moreover, there is a constant C' such that

||En - E||L2(07T7W<1>)

<C.

lim sup
n—o0 llonlloo

Proof. From Lemmas 3.7 and 3.8 we know that the time derivatives of E.,E,u B,
and E,|q, exist. Then, it is easily checked that E’n — F solves

T .
ao(En—E,@):—/ / on(Ep +Vu: ) ®dzdt
0 R3 En
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for all ® € Hyp(0,T, W) and thus also for all ® € L*(0,T, W}). So the first assertion
follows from the identity (E, + Vug ), = Enla,.

From Theorem 3.3 and (3.3) we now obtain a constant C’ > 0 (depending on
and R) so that

”En - E~HL2(O,T,W<1>) < CIHVUn||w||V0nEn||L2(R§-)3

< 2Clonlloo | (Bn) Il 2(0,7.L2(B)?) -

As every (E,)" solves (3.12) with o = o,,, Corollary 3.4 yields that ((E,) )nen is a
bounded sequence in L?(0,T, W} ), and thus the second assertion follows. 0

LEMMA 4.5. Let d € L (R3) and By = E + Vug, where Vuy is the image of
E under the mapping defined in Lemma 3.1 with o = d. Let F € L?(0,T, W<1>) be the
solution of

T
(41)  ao(F,®) = —/O . d(Eg) - ®dzdt  for all ® € L*(0, T, W}).

Furthermore, for h > 0 let By, € L*(0,T, W) be the solution of (3.5) correspond-

ing to 0 = hd. Then for h — 07
1 . . -
E(Eh —E)—F in L*(0,T,Wy).

Proof. Lemmas 3.7, 3.8, and 4.3 yield that (Ej,)" — (E)" in L2(0,T,W}). The
mapping defined in Lemma 3.1 does not change if we take ¢ = d instead of o = hd.
Hence, as d is fixed, the continuity of this mapping implies that VuEh — Vué in
L2(RS)2.

From Lemma 4.4 we obtain that for all ® € L*(0,T, W})

T
ao (%(Eh—E)—F,@)z—/ / d(Ep + Vug, — E —Vug) - ®dzdt.
0 R3

The assertion now follows from setting ® := %(Eh — E) — F and using the coercivity
of ag. a

Proof of Theorem 4.2. Let Eq € H'(0,T, W (curl)) be a solution of (2.2) with
o =0 that fulfills div(dE,;) = 0 and F € L?(0,T, W (curl)) be a solution of

1 .
curl (— curl F) = —dF; inR3x]0,TT.
W

Let E’d and F be as in Lemma 4.5.

Since both E; and Ej solve (2.2) with o = 0, we have curl E; = curl E,;. Hence,
for ¢t €]0, T a.e., using the Poincaré lemma on Bp (cf., e.g., [11, IX.A, §1, Lemma 4]),
we obtain a p € HY(Bg) with (Ey(t) — Eq(t))| sy = Vp. Now div(d(Eq — E4)) = 0
implies that

dVp-Vedr =0 for all ¢ € D(R?)
R3

so that VdVp = 0. It follows that d(Eg) :~d(Ed)' and hence curl F = curl F.
Since also curl B, = curl B}, and curl E = curl E, the assertion follows from Lemma
4.5. |
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