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Abstract

We consider the scattering of time-harmonic plane waves by a compactly supported inhomo-
geneous scattering obstacle governed by the Helmholtz equation. Given far field observations
of the scattered fields corresponding to plane wave incident fields for all possible incident and
observation directions we study the inverse problem to recover the support of the scatterer. We
propose a qualitative monotonicity-based regularization scheme which combines monotonicity-
based shape reconstruction with one-step linearization to reconstruct a discrete approximation
of the shape of the scatterer from noisy far field data. The purpose of the one-step linearization is
to stabilize the monotonicity approach to shape reconstruction. We show that the monotonicity-
based regularization scheme recovers the correct shape of the scatterer for noise-free data. Fur-
thermore, we establish that the solution of the monotonicity-based regularization converges to
the exact solution as the noise level tends to zero. We present numerical examples to illustrate
our theoretical findings.
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1 Introduction

The determination of a compactly supported scattering object given knowledge of far field observa-
tions of incident waves and scattered waves is a severely ill-posed nonlinear inverse problem that has
received considerable attention in the last fifty years (see, e.g., [5]). In this work the wave motion
will be described by a scalar Helmholtz equation. We consider inhomogeneous scatterers, where the
incident wave fields penetrate into the interior of the obstacle, and as usual we make the assumption
that the scatterer is embedded in an unbounded uniform medium. In this case, the reconstruction
methods available in the literature can basically be divided into three different classes. These are
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(i) methods based on linearized inverse scattering models such as the Born approximation (see,
e.g., [1, 20, 29] or [9, Sec. 8.1]), (ii) iterative regularization schemes based on nonlinear optimization
(see, e.g., [10, 19, 26, 27, 34]), and (iii) qualitative shape reconstruction schemes based on some sort
of sampling strategy (see, e.g., [2, 6, 7, 17, 28, 30]). The first class of methods usually only works
well at low frequencies or for small contrasts in the refractive index between the background medium
and the scattering obstacle, when linearizations of the scattering problem give suitable approxima-
tions. Iterative regularization algorithms require the solution of many direct scattering problems
during the reconstruction, which is computationally expensive, and they often also suffer from pos-
sible local minima. Qualitative sampling-type reconstruction methods usually come with a sound
mathematical justification, and they are computationally efficient since no nonlinear optimization
methods are required for their resolution. They are only mildly dependent on the geometry and
physical properties of the scatterer, but on the other hand most qualitative reconstruction methods
are rather sensitive to noise in the given data.

The purpose of this paper is to initiate the study of reconstruction schemes for inverse medium
scattering problems that combine the rigorous theoretical foundation of qualitative reconstruction
methods with the favorable stability properties of Born-based inverse scattering or iterative regular-
ization schemes. A monotonicity-based regularization method for solving the inverse conductivity
problem by combining the qualitative sampling-based monotonicity method from [25, 37, 38] with
a one-step linearization (see, e.g., [4]) has been proposed in [21, 22]. This technique has later
been applied to an inverse boundary value problem in stationary elasticity in [11]. Recently, the
first extension of this framework to an inverse boundary value problem for the Helmholtz equation
has been established in [12]. This work builds on the monotonicity-based reconstruction method
from [23, 24]. The non-coercivity of the Helmholtz equation renders this generalization significantly
non-trivial and requires a number of new ideas.

Following [12], we develop a constrained optimization problem for the sum of the eigenvalues of
the linearized residual operator associated to the inverse scattering problem. Here the admissible
set of refractive indices is determined by a monotonicity criterion from [17], which is based on a
monotonicity relation between the index of refraction of the scatterer and the eigenvalues of the
linearized residual operator. We show that in the noise-free case the unique minimizer of this
constrained minimization problem exactly determines the support of the scatterer. This is mainly
due to the fact that the minimizer coincides with the largest element in the admissible set, which
is determined by the monotonicity test. Therefore, the theoretical results for the monotonicity
method from [17] can be applied. For noisy data we have to suitably modify the cost functional as
well as the admissible set in the constrained optimization problem. The admissible set is defined in
terms of a relaxed monotonicity criterion (see, e.g., [13, 14] for contributions on the regularization
of the monotonicity method for the inverse conductivity problem). In the cost functional we add a
scalar multiple of the norm of the linearized residual operator as a regularization term to the sum
of the eigenvalues of the linearized residual operator. This significantly improves the reconstruction
in particular at low frequencies or for small contrasts in the refractive index, when linearizing
of the forward problem is appropriate. Our main theoretical result for noisy data states that the
reconstructions of the support of the scatterer obtained by minimizing the regularized cost functional
tend to the exact support of the scatterer as the noise level tends to zero.

Since the constrained optimization problem associated to the new monotonicity-based regular-
ization scheme is equivalent to a convex semidefinite minimization problem, it can be implemented
efficiently using standard software packages. In our numerical examples we use CVX from [8, 16],
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and we compare the reconstructions obtained by this new approach to results obtained by the
factorization method from [30].

The remainder of this article proceeds as follows. In Section 2 we briefly outline the theoretical
background on the direct scattering problem and introduce the far field operator and its lineariza-
tion. Then, in Section 3, we develop the monotonicity-based regularization method for the inverse
scattering problem, and we analyze convergence and stability of this approach. Numerical results
are given in Section 4, and we close with some conclusions.

2 Scattering by an inhomogeneous obstacle

We consider scattering of time-harmonic scalar waves in Rd, d = 2, 3, by an inhomogeneous obstacle
supported in some bounded open subset D ⊆ Rd. Let uig be a Herglotz incident field with density
g ∈ L2(Sd−1) and wave number k > 0, which is defined by

uig(x) :=

∫
Sd−1

eikx·θg(θ) ds(θ) , x ∈ Rd . (2.1)

The scattering object is fully described by the refractive index n2 = 1 + q ∈ L∞(Rd), where
q ∈ L∞(D) denotes a contrast function. Throughout, we identify functions in L∞(D) with their
extension by zero to all of Rd whenever appropriate. We also assume that

0 < qmin ≤ q ≤ qmax <∞ a.e. in D

for some constants qmin, qmax > 0. Then, the total field uq,g ∈ H1
loc(Rd) is the unique weak solution

of the Helmholtz equation
∆uq,g + k2n2uq,g = 0 in Rd

such that the associated scattered field, usq,g := uq,g−uig, satisfies the Sommerfeld radiation condition

lim
r→∞

r
d−1
2

(∂usq,g
∂r

(x)− ikusq,g(x)
)

= 0 , r = |x| , (2.2)

uniformly with respect to all directions x/|x| ∈ Sd−1. Accordingly, the scattered field has the
asymptotic behavior of an outgoing spherical wave

usq,g(x) = Cd
eik|x|

|x|
d−1
2

u∞q,g(x̂) +O
(
|x|−

d+1
2
)
, |x| → ∞ ,

uniformly in x̂ := x/|x| ∈ Sd−1, where

Cd = eiπ/4/
√

8πk if d = 2 and Cd = 1/(4π) if d = 3 .

The function
u∞q,g(x̂) = k2

∫
D
q(y)uq,g(y)e−ikx̂·y dy , x̂ ∈ Sd−1 , (2.3)

is known as the far field pattern of usq,g (see, e.g., [32, Chap. 7] for further details on the direct
scattering problem).
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Next, we define the far field operator

F [q] : L2(Sd−1)→ L2(Sd−1) , F [q]g := u∞q,g , (2.4)

which maps densities of superpositions of plane wave incident fields to the far field patterns of the
associated scattered fields. As such it is often used as an idealized mathematical model for remote
sensing experiments. We recall that the far field operator is compact and normal; see, e.g., [32,
Thm. 7.20]. The inverse scattering problem we are concerned with is to recover the support D of
the scatterer from finitely many observations of F [q]. Here, we assume that we are also given some
sufficiently large region of interest Ω ⊆ Rd that contains the scatterers in its interior. We note
that at least the size of a sufficiently large ball or cube containing all scatterers can immediately be
estimated from the decay behavior of the Fourier or spherical harmonics coefficients of the given far
field data; see, e.g., [35, 36].

Denoting by X ⊆ L∞(Rd) the subspace of functions q ∈ L∞(Rd) with supp(q) ⊆ Ω and
ess infx∈supp(q) q(x) > 0, we write F : X → L(L2(Sd−1)) for the nonlinear operator that maps
a contrast function q ∈ X to the associated far field operator F [q] ∈ L(L2(Sd−1)).

Lemma 2.1. The nonlinear operator F is Fréchet differentiable at zero, and for any compactly
supported h ∈ L∞(Ω) its Fréchet derivative satisfies∫

Sd−1

g(F ′[0]h)g ds = k2

∫
Ω
h|uig|2 dx for all g ∈ L2(Sd−1) . (2.5)

Proof. For h ∈ L∞(Ω) compactly supported and g ∈ L2(Sd−1) let(
(F ′[0]h)g

)
(x̂) := k2

∫
Ω
h(y)uig(y)e−ikx̂·y dy .

Using (2.4) and (2.3) we find that

‖F [h]g − F [0]g − (F ′[0]h)g‖2L2(Sd−1) =

∫
Sd−1

∣∣∣∣k2

∫
Ω
h(y)

(
uh,g(y)− uig(y)

)
e−ikx̂·y dy

∣∣∣∣2 ds(x̂) . (2.6)

Since, ush,g := uh,g − uig ∈ H1
loc(Rd) satisfies

∆ush,g + k2(1 + h)ush,g = −k2huig in Rd ,

together with the Sommerfeld radiation condition (2.2), we obtain using the well-posedness of this
scattering problem or, equivalently, the invertibility of the associated Lippmann-Schwinger integral
equation (see, e.g., [32, Thm. 7.13]) that∣∣∣∣k2

∫
Ω
h(y)ush,g(y)e−ikx̂·y dy

∣∣∣∣ ≤ k2‖h‖L∞(Ω)|Ω|1/2‖ush,g‖L2(Ω) ≤ k2‖h‖L∞(Ω)|Ω|1/2‖k2huig‖L2(Ω)

≤ k4|Sd−1|1/2|Ω|‖h‖2L∞(Ω)‖g‖L2(Sd−1) .

Substituting this estimate into (2.6) shows that the operator F ′[0] : L∞(Ω)→ L(L2(Sd−1)) defined
by (2.6) is the Fréchet derivative of the nonlinear operator F at zero. The quadratic representation
(2.5) then follows from (2.1).

We note that F ′[0]h is just the Born approximation of Fh; see, e.g., [31]. It can immediately be
seen that F ′[0]h is compact and self-adjoint.
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3 Monotonicity-based regularization of one-step linearization

In this section we develop the mathematical framework of the novel monotonicity-based regulariza-
tion for the inverse scattering problem, which recovers an approximation of the support D of the
scatterer from finitely many observations of the far field patterns of scattered fields corresponding
to finitely many Herglotz incident fields. The method combines the sound theoretical foundation of
the monotonicity method with the numerical stability of a one-step linearization.

Denoting by {g1, g2, . . . , gN} ⊆ L2(Sd−1) an orthonormal system in L2(Sd−1), we assume that
we have access to finitely many observations

FN [q] :=
(∫

Sd−1

gjF [q]gl ds
)N
j,l=1

∈ CN×N . (3.1)

Since the far field operator F [q] is normal, the matrix FN [q] is normal as well. From Lemma 2.1 we
obtain that the Fréchet derivative F ′N [0] of FN in zero is given by

F ′N [0]h =
(
k2

∫
Rd
huigju

i
gl

dx
)N
j,l=1

∈ CN×N (3.2)

for all compactly supported h ∈ L∞(Ω). Since h is real-valued, we see that the matrix F ′N [0]h is
self-adjoint.

Our goal is to approximate the support of the scatterer D from the finite set of observations
described by FN [q]. To solve this inverse problem, we discretize the region of interest Ω =

⋃M
m=1 Pm

intoM disjoint open pixels Pm ⊆ Ω and approximate the unknown contrast function q by a piecewise
constant function h =

∑M
m=1 amχPm with unknown coefficients a1, . . . aM ∈ [0,∞). As usual χPm

denotes the indicator function for Pm. We write

Y : =
{
h =

M∑
m=1

amχPm

∣∣∣ a1, . . . aM ∈ [0,∞)
}
⊆ L∞(Ω) ,

and define the linearized residual R : Y → CN×N by

R(h) := Re
(
FN [q]− F ′N [0]h

)
.

Let λ1(R(h)) ≥ λ2(R(h)) ≥ · · · ≥ λN (R(h)) denote the eigenvalues of this self-adjoint matrix in
descending order. To recover the support of a piecewise constant function h, which approximates
the support D of the scatterer, we consider the constrained minimization problem

min
h∈A

( ∑
{j | λj>0}

λj(R(h))
)
, (3.3a)

where the admissible set A is given by

A :=
{
h =

M∑
m=1

amχPm

∣∣∣ 0 ≤ am ≤ min(qmin, βm)
}
. (3.3b)

Here, the linear constraint βm is defined by a monotonicity test in terms of the infinite dimensional
far field operator F [q] and its Fréchet derivative F ′[0] with respect to q at zero as follows:1

βm := max
{
β ≥ 0

∣∣ Re(F [q]− βF ′[0]χPm) ≥dm 0
}
, (3.4)

1Given any two compact self-adjoint operators A and B on a Hilbert space X, we write A ≥r B for some r ∈ N
when A−B has at most r negative eigenvalues.
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where dm = d(qmin, Pm) is the number of negative eigenvalues of Re(F [q] − qminF
′[0]χPm) in case

this number is finite; if d(qmin, Pm) is not finite, we set βm = 0.
The following lemma clarifies the connection between the linear constraint βm and the support

of the scatterer D.

Lemma 3.1. Let 1 ≤ m ≤ M and let βm ≥ 0 be defined by (3.4). Then Pm ⊆ D if and only if
βm > 0. Moreover, in this case βm ≥ qmin.

Proof. We first show that Pm ⊆ D implies βm ≥ qmin > 0. To see this, let Pm ⊆ D and choose
β ∈ [0, qmin]. Then, by the monotonicity relation [17, Thm 5.1(a)] and the non-negativity of the
self-adjoint operator F ′[0]χPm , there exists a finite dimensional subspace V ⊆ L2(Sd−1) such that

Re
(∫

Sd−1

g (F [q]− βF ′[0]χPm)g ds
)

= Re
(∫

Sd−1

g (F [q]− qminF ′[0]χPm)g ds
)

+

∫
Sd−1

g (qmin − β)(F ′[0]χPm)g ds

≥ 0

for all g ∈ V ⊥. In particular dm = d(qmin, Pm) <∞ in the definition (3.4) of βm, and we can choose
the subspace V such that dim(V ) ≤ dm = d(qmin, Pm). Since β ∈ [0, qmin] was arbitrary, we obtain
that βm ≥ qmin > 0.

The fact that Pm 6⊆ D implies that β = 0 follows immediately from the monotonicity relation [17,
Thm. 5.1(b)], which says that in this case there exists no finite dimensional subspace V ⊆ L2(Sd−1)
such that Re(F [q]− βF ′[0]χPm) ≥ 0 on V ⊥.

3.1 Convergence analysis for exact data

We show in Theorem 3.3 below that the constrained minimization problem (3.3) has a unique
solution ĥ ∈ A, and that supp(ĥ) approximates the support of the scatterer D. For the proof of
this result we require the following auxiliary lemma.

Lemma 3.2. For all m = 1, . . . ,M the matrix F ′N [0]χPm ∈ CN×N is self-adjoint and positive
definite.

Proof. Let v = (v1, v2, . . . , vN )> ∈ CN , and let {g1, g2, . . . , gN} ⊆ L2(Sd−1) be the orthonormal
system introduced at the beginning of Section 3. Using (3.2) we find that

v∗
(
F ′N [0]χPm

)
v = k2

N∑
j,l=1

vjvl

∫
Rd
χPmu

i
gj u

i
gl

dx = k2

∫
Pm

|uig|2 dx ≥ 0

with g :=
∑N

j=1 vjgj . This shows that F
′
N [0]χPm ∈ CN×N is self-adjoint and positive semidefinite.

To see that the matrix is in fact positive definite, we recall from [5, Thm. 3.27] that uig can only
vanish on the open subset Pm ⊆ Rd when g = 0. However, the latter is equivalent to v = 0.

Now we are ready to discuss the solvability of (3.3).
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Theorem 3.3. The minimization problem (3.3) has the unique minimizer

ĥ =

M∑
m=1

min{qmin, βm}χPm . (3.5)

In particular, we have for m = 1, . . . ,M that Pm ⊆ supp(ĥ) if and only if Pm ⊆ D.

Proof. Let h =
∑M

m=1 amχPm be an arbitrary element of the admissible set A and let ĥ be defined
by (3.5). Then, the definition of A in (3.3) immediately implies that h ≤ ĥ. Suppose that ĥ−h 6= 0.
Then

τ := ĥ− h =
M∑
m=1

τmχPm with τm := min{qmin, βm} − am ≥ 0 ,

and τm > 0 for at least one m ∈ {1, . . . ,M}. Let

λ1(R(h)) ≥ λ2(R(h)) ≥ · · · ≥ λN (R(h))

be the N eigenvalues of R(h), and denote by

λ1(R(ĥ)) ≥ λ2(R(ĥ)) ≥ · · · ≥ λN (R(ĥ))

the N eigenvalues of R(ĥ). Since

R(h) = R(ĥ) +
M∑
m=1

τmF
′
N [0]χPm ,

the positive definiteness of the self-adjoint matrices F ′N [0]χPm for all m ∈ {1, . . . ,M} established in
Lemma 3.2 together with Weyl’s inequality (see, e.g., [3, p. 62]) show that

λj(R(h)) > λj(R(ĥ)) for j = 1, . . . , N .

Accordingly, ∑
{j | λj>0}

λj(R(h)) >
∑

{j | λj>0}

λj(R(ĥ)) ,

which confirms that ĥ is the unique minimizer of the minimization problem (3.3).
Finally, it is clear from (3.5) that Pm ⊆ supp ĥ if an only if βm > 0. Lemma 3.1 says that this

is the case if and only if Pm ⊆ D.

Theorem 3.3 says that the unique minimizer of (3.3) coincides with the largest element in
the admissible set A. Accordingly, it contains the same information about the support of the
scatterer D as the linear constraints βm, m = 1, . . . ,M , from (3.4). Lemma 3.1 confirms that
this information determines the support of the scatterer D up with pixel accuracy. However, the
evaluation of min(qmin, βm), m = 1, . . . ,M , is relatively sensitive to noise in the observed far field
data, and the corresponding reconstructions deteriorate with increasing noise level. In the next
section we couple the monotonicity-based approach (3.3) with a simple one-step linearization, and
we show that when the coupling parameter is chosen appropriately, depending on the noise level,
then the solution of this regularized problem converges to the solution of (3.3) as the noise level tends
to zero. This means, we use one-step linearization to stabilize the monotonicity-based regularization
in the presence of noise.
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3.2 Regularization and stability analysis for noisy data

Suppose F δ[q] ∈ L(L2(Sd−1)) is a noisy version of the far field operator F [q] satisfying

‖F δ[q]− F [q]‖L(L2(Sd−1)) ≤ δ (3.6)

with some noise level δ > 0. Accordingly, let

F δ
N [q] :=

(∫
Sd−1

gj F δ[q]gl ds
)N
j,l=1

∈ CN×N , (3.7)

where {g1, g2, . . . , gN} ⊆ L2(Sd−1) is the same orthonormal system as at the beginning of Section 3.
Given such noisy far field observations we define the linearized residual Rδ : Y → CN×N by

Rδ(h) := Re
(
F δ
N [q]− F ′N [0]h

)
. (3.8)

Let λ1(Rδ(h)) ≥ λ2(Rδ(h)) ≥ · · · ≥ λN (Rδ(h)) denote the eigenvalues of this self-adjoint matrix
in descending order. Then we replace the constrained minimization problem (3.3) by

min
h∈Aδ

( ∑
{j | λj>0}

λj(R
δ(h)) + α(δ)‖Rδ(h)‖F

)
, (3.9a)

where α(δ) > 0 is a regularization parameter, and the admissible set Aδ is given by

Aδ :=
{
h =

M∑
m=1

amχPm

∣∣∣ 0 ≤ am ≤ min(qmin, β
δ
m)
}
. (3.9b)

Here we use
βδm := max

{
β ≥ 0

∣∣ Re(F δ[q]− βF ′[0]χPm) ≥dm −δI
}
, (3.10)

instead of the linear constraint βm from (3.4), where as before dm = d(qmin, Pm) is the number of
negative eigenvalues of Re(F [q] − qminF

′[0]χPm) in case this number is finite; if d(qmin, Pm) is not
finite, we set βδm = 0.

Lemma 3.4. For all m = 1, . . . ,M we have that βm ≤ βδm.

Proof. Let g ∈ L2(Sd−1). Using (3.6) we find that∣∣〈g,Re(F δ[q]− F [q])g
〉
L2(Sd−1)

∣∣ ≤ ‖g‖L2(Sd−1)‖Re(F δ[q]− F [q])g‖L2(Sd−1)

≤ ‖g‖2L2(Sd−1)‖F
δ[q]− F [q]‖L(L2(Sd−1)) ≤ δ‖g‖2L2(Sd−1) .

Thus, −δI ≤ Re(F δ[q]− F [q]) ≤ δI in quadratic sense, and for m = 1, . . . ,M the definition of βm
in (3.4) and (3.6) show that

Re
(
F δ[q]− βF ′[0]χPm

)
= Re

(
F [q]− βF ′[0]χPm

)
+ Re

(
F δ[q]− F [q]

)
≥dm −δI (3.11)

for all β ∈ [0, βm]. Accordingly, (3.10) yields βm ≤ βδm.
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Remark 3.5. (a) The linear constraint βδm still contains some information about the support of the
scatterer. Combining Lemma 3.4 with Lemma 3.1 we obtain that Pm ⊆ D implies βδm ≥ qmin, i.e.,
Pm 6⊆ D if βδm < qmin.

(b) Using the same arguments as in the proof of Theorem 3.3 it follows that for any fixed δ > 0
the constrained optimization problem

min
h∈Aδ

( ∑
{j | λj>0}

λj(R
δ(h))

)
, (3.12)

with Aδ as defined in (3.9b) has the unique minimizer

h̃δ =

M∑
m=1

min{qmin, β
δ
m}χPm .

This means that for the degenerate case when α(δ) = 0 the minimization problem (3.9) just recovers
the largest element in the admissible set Aδ.

(c) Minimizing the Frobenius norm of the linearized residual Rδ(h) as in (3.9) makes particular
sense for small wave numbers k (i.e., at low frequencies) or for small contrast functions q, when
the Born approximation F ′N [0]q constitutes a good approximation of FN [q] (see, e.g., [31]). In this
case we expect the regularized functional in (3.9) to yield significantly better reconstructions of the
support of the scatterer D when compared to minimizers of the unregularized functional (3.12). ♦

In the next theorem we establish that minimizers of (3.9) converge to the minimizer of (3.3) as
the noise level δ tends to zero, provided the coupling parameter α = α(δ) is chosen appropriately
with respect to the noise level. This means that the regularized solutions converge to a piecewise
constant function in Y that determines the support of the scatterer D up to pixel partition as the
noise level tends to zero.

Theorem 3.6. Suppose that α : [0,∞) → [0,∞) is an a priori parameter choice rule satisfy-
ing limδ→0 α(δ) = 0. Then, for any δ > 0, the minimization problem (3.9) attains a minimizer.
Furthermore, denoting by ĥ =

∑M
m=1 min{qmin, βm}χPm the unique minimizer of (3.3), and by

ĥδ =
∑M

m=1 â
δ
mχPm any minimizer of (3.9), we have that ĥδ → ĥ in Y as δ → 0.

Proof. The existence of at least one minimizer of (3.9) follows from the continuity of the cost
functional

Y 3 h 7→
∑

{j | λj>0}

λj(R
δ(h)) + α(δ)‖Rδ(h)‖F

and the compactness of the admissible set Aδ.
Now let (δn)n∈N ⊆ (0,∞) be a sequence converging to zero, and denote by ĥδn =

∑M
m=1 â

δn
mχPm

an associated sequence of minimizers. Since 0 < âδnm < qmin for all m ∈ {1, . . . ,M} and n ∈ N,
the sequence (âδn1 , . . . , â

δn
M )n∈N ⊆ RM is bounded, and thus has a convergent subsequence. With an

abuse of notation, we also denote this subsequence by (âδn1 , . . . , â
δn
M )n∈N. Moreover, we denote its

limit by (a1, . . . , aM ), and observe that 0 ≤ am ≤ qmin for all m ∈ {1, . . . ,M}.
From (3.6) we see that F δn [q] → F [q] in L(L2(Sd−1)) with respect to the operator norm

as n→∞. Thus, for any m ∈ {1, . . . ,M},

F δn [q]− âδnmF ′[0]χPm → F [q]− amF ′[0]χPm as n→∞
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in L(L2(Sd−1)), and using (3.11) we find that

Re
(
F [q]− amF ′[0]χPm

)
= lim

n→∞
Re
(
F δn [q]− âδnmF ′[0]χPm

)
≥dm lim

n→∞
(−δnI) = 0

in quadratic sense. Therefore, recalling (3.4) we obtain that am ≤ βm for all m ∈ {1, . . . ,M}. In
particular, we have shown that h :=

∑M
m=1 amχPm belongs to the admissible set A of (3.3).

Since min{qmin, βm} ≤ min{qmin, β
δn
m } for all m ∈ {1, . . . ,M} and n ∈ N by Lemma 3.4, we find

that ĥ ∈ Aδn for all n ∈ N. Accordingly,∑
{j | λj>0}

λj(R
δn(hδn)) + α(δn)‖Rδn(hδn)‖F ≤

∑
{j | λj>0}

λj(R
δn(ĥ)) + α(δn)‖Rδn(ĥ)‖F (3.13)

for all n ∈ N by the optimality property of hδn . Moreover, it follows immediately from our assump-
tions on α = α(δn) that∑

{j | λj>0}

λj(R
δn(hδn)) + α(δn)‖Rδn(hδn)‖F →

∑
{j | λj>0}

λj(R(h)) as n→∞ ,

and ∑
{j | λj>0}

λj(R
δn(ĥ)) + α(δn)‖Rδn(ĥ)‖F →

∑
{j | λj>0}

λj(R(ĥ)) as n→∞ .

Therefore, (3.13) yields ∑
{j | λj>0}

λj(R(h)) ≤
∑

{j | λj>0}

λj(R(ĥ)) .

Recalling that ĥ is the unique minimizer of (3.3) and that h ∈ A, we obtain that h = ĥ.
Since this is true for any convergent subsequence of the original sequence (âδn1 , . . . , â

δn
M )n∈N, we

have shown that ĥδn → h as n → ∞ also for the original sequence (δn)n∈N, which completes the
proof.

4 Numerical examples

We illustrate our theoretical findings by some numerical examples in R2. To simulate a finite number
of far field observations, which are then used as input data for the reconstruction algorithm, we
numerically approximate far field data u∞(x̂l; θm) corresponding to plane wave incident fields

ui(x; θm) := eikx·θm , x ∈ R2 ,

for N equidistant observation and incident directions

x̂l, θm ∈ {(cosφn, sinφn) ∈ S1 | φn = (n− 1)2π/N , n = 1, . . . , N} ,

1 ≤ l,m ≤ N . If the support D of the scatterer is contained in a ball BR(0) of radius R > 0 around
the origin, then choosing N & 2kR is sufficient to fully resolve the relevant information contained
in these far field patterns (see, e.g., [18]). Accordingly, the matrix

FN [q] =
2π

N

[
u∞(x̂l; θm)

]
∈ CN×N (4.1)

10



is unitary equivalent to the matrix FN [q] from (3.1) for the orthonormal system {g1, g2, . . . , gN} ⊆
L2(S1) with gn = ei(n−N/2) arg(·)/

√
2π for n = 1, . . . , N .

To simulate noisy far field observations F δ
N [q] as in (3.7) satisfying (3.6) for some noise level

δ > 0, we generate a complex random matrix E ∈ CN×N with uniformly distributed real and
imaginary parts and evaluate

F δ
N [q] = FN [q] + δ

E

‖E‖2
. (4.2)

We consider an equidistant grid on the quadratic region of interest

Ω =
[
− R√

2
,
R√
2

]2
=

M⋃
m=1

Pm , (4.3)

with quadratic pixels Pm = zm + [− `
2 ,

`
2 ]2 , 1 ≤ m ≤ M , where zm ∈ Ω denotes the center

of Pm and ` > 0 its side length. A short calculation shows that for each pixel Pm the matrix
Sm := F ′N [0]χPm from (3.2) is given by

Sm =
2π

N

[
(k`)2eikzm·(θm−θl) sinc

(k`
2

(θm − θl)1

)
sinc

(k`
2

(θm − θl)2

)]
1≤l,m≤N

∈ CN×N . (4.4)

Accordingly, we can rewrite the linearized residual from (3.8) as

Rδ(h) = V δ −
M∑
m=1

amSm ,

where we use the shortcut V δ := Re
(
F δ
N [q]

)
and as before h =

∑M
m=1 amχPm .

Next we detail our approach to determine the linear constraint βδm from (3.10), which satisfies

βδm ≈ max
{
β ≥ 0

∣∣ V δ − βSm ≥dm −δI
}
. (4.5)

We approximate the number dm = d(qmin, Pm) of negative eigenvalues of Re(F [q]− qminF
′[0]χPm)

by the number d̃m of negative eigenvalues of

V δ − qminSm + δI ∈ CN×N ,

where I ∈ CN×N denotes the identity matrix. This is done by evaluating the eigenvalues of this
self-adjoint matrix for each m ∈ {1, . . . ,M} numerically.

Then, we consider the generalized eigenvalue problem for the matrix pencil

Sm − λ(V δ + δI) , λ ∈ C .

Since Sm is invertible by Lemma 3.2,

det(Sm − λ(V δ + δI)) = 0 if and only if det(I − λS−1
m (V δ + δI)) = 0 .

Accordingly, recalling that both Sm and V δ + δI are self-adjoint, the generalized eigenvalues of
Sm − λ(V δ + δI) are real (including possibly ±∞), and there exists a corresponding orthonormal
basis of CN consisting of eigenvectors of Sm − λV δ. More precisely, λ ∈ (R \ {0}) ∪ {±∞} is a
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generalized eigenvalue of Sm−λ(V δ + δI) if and only if 1/λ ∈ R is an eigenvalue of the self-adjoint
matrix S−1

m (V δ + δI).
We denote these generalized eigenvalues by λ1 ≥ λ2 ≥ · · · ≥ λN , and an associated orthonormal

basis of eigenvectors by {x1, . . . , xN}. These can for instance be stably evaluated using the QZ-
algorithm; see [15, Sec. 7.7]. Then,

(V δ + δI)xj =
1

λj
Smxj , j = 1, . . . , N .

Choosing β∗m := 1/λ1, and denoting by V∗ the span of all eigenvectors corresponding to non-positive
generalized eigenvalues, we obtain that

x∗(V δ + δI)x ≥ β∗mx
∗Smx for all x ∈ V ⊥∗ .

If dim(V∗) = d∗, we use β∗m to approximate βδm. On the other hand, if r := d∗ − dim(V ∗) > 0, then
we choose β̃∗m := 1/λr+1 instead.

As has been observed in [12], the sum of all positive eigenvalues of the self-adjoint matrix Rδ(h)
in (3.9) can be written as a semidefinite program,∑

{j | λj>0}

λj
(
Rδ(h)

)
= min

X≥0
X−Rδ(h)≥0

trace(X) .

Hence, the minimization problem (3.9) is equivalent to

min
h∈Aδ
X≥0

X−Rδ(h)≥0

(
trace(X) + α(δ)‖Rδ(h)‖F

)
. (4.6)

To solve this convex minimization problem (see, [12, Rem. 6]) we used CVX, a package for specifying
and solving convex programs [8, 16].

Example 4.1. In our numerical examples we consider two scatterers, a kite and an ellipse, with
constant contrast function q = 1 (kite) and q = 2 (ellipse) as shown in Figures 4.1–4.4 (dashed
lines). We simulate the far field matrix FN [q] ∈ C32×32 from (4.1) for 32 incident and observation
directions using a Nyström method for a boundary integral formulation of the scattering problem
for two wave numbers k = 0.5 and k = 1. Therewith, we compute noisy data F δ

N [q] for δ = 0.01
and δ = 0.05 as described in (4.2), and accordingly V δ = (F δ

N [q] + F δ
N [q]∗)/2.

We consider Ω = [−5, 5]× [−5, 5] for the quadratic region of interest and divide it into M = 322

Pixels Pm,m = 1, . . . ,M , of side length ` ≈ 0.31 as described in (4.3). For each Pixel the self-adjoint
matrix Sm can be evaluated using (4.4). In the numerical implementation of the monotonicity-
based regularization (4.6) we use α(δ) = δ for the regularization parameter in (4.6). The linear
constraints βδm, m = 1, . . . ,M , in the definition of the admissible set Aδ from (3.9) are approximated
by β∗m, which are evaluated by solving generalized eigenvalue problems. Furthermore, we put
qmin = 1 in (3.9).

In Figures 4.1–4.4 (right) we present numerical results for the two different wave numbers (k = 0.5
and k = 1) and for the two different noise levels (δ = 0.01 and δ = 0.05). The first columns in these
plots display the reconstructions obtained by the novel monotonicity-based regularization method.
In the second column we show plots of the linear constraints β∗ that are obtained from the mono-
tonicity test (4.5) by solving generalized eigenvalue problems. To assess the performance of the
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Figure 4.1: Reconstructions for wave number k = 0.5 and noise level δ = 0.01.
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Figure 4.2: Reconstructions for wave number k = 0.5 and noise level δ = 0.05.

new method compared to a plain linearization approach, we include reconstructions obtained by a
simple Tikhonov regularization of the linearized problem in the third column of these plots. To this
end, we minimize

min
h∈B

(
‖Rδ(h)‖2F + δ‖h‖2L2(Ω)

)
,

where the admissible set B is given by

B :=
{
h =

M∑
m=1

amχPm

∣∣∣ am ∈ R
}
.

Finally, we also include reconstructions obtained by the factorization method (see, e.g., [33, Sec. 4]
or [32, Sec. 7.5]) in the last column. The corresponding plots show the logarithm of the reciprocal
of the usual Picard sum.

At the wave number k = 0.5 the monotonicity-based regularization gives good results for both
noise levels as shown in Figures 4.1–4.2. The plots of the linear constraint β∗ look very similar to
the reconstructions obtained by the factorization method, which is not completely surprising since
the theoretical foundations of the monotonicity test and of the factorization method are closely
related. The results obtained by Tikhonov regularization of the linearized problem are also good,
which suggests that the linearization error is reasonably small. This also partially explains why the
regularized (by the sum of all positive eigenvalues of the linearized residual) minimization of the
Frobenius norm of the linearized residual Rδ(h) in (4.6) works well.

At the larger wave number k = 1 the linearization error increases, accordingly also the results
obtained by the monotonicity-based regularization and also by Tikhonov regularization of the lin-
earized problem in Figures 4.3–4.4 are not as good as for k = 0.5. However, the linear constraint β∗
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Figure 4.3: Reconstructions for wave number k = 0.5 and noise level δ = 0.01.
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Figure 4.4: Reconstructions for wave number k = 0.5 and noise level δ = 0.05.

still gives at least comparable results as the factorization method. These results suggest that the
monotonicity-based regularization method developed in this work is a good alternative to existing
methods in the low frequency regime. Moreover, implementing the monotonicity-based reconstruc-
tion schemes from [17] using generalized eigenvalue problems as done here for the computation of
the linear constraint β∗ seems to stabilize the method considerably.

Conclusions

Based on [12], we have proposed a new qualitative optimization scheme for shape reconstruction for
inverse medium scattering problems. This monotonicity-based regularization method combines the
sound theoretical foundation of the monotonicity method with improved stability properties of a one-
step linearization. It works particularly well at low frequencies or for small contrasts in the refractive
index, where the linearization error is small. The method can be implemented efficiently using
semidefinite programming and does not require solving any forward problems during reconstruction.
As a byproduct, we have developed a novel numerical implementation of the monotonicity test
from [17] by means of generalized eigenvalue problems, which has shown to give good numerical
reconstructions also in the presence of noise.
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