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1 Introduction and motivation
Random discrete structures such as random graphs or matrices play an important role in several disci-
plines, including combinatorics, coding theory, computational complexity theory, and the theory of algo-
rithms. Over the past about 20 years, non-rigorous techniques from statistical mechanics have been adapted
for/applied to many of these problems. The monographs [3, 4, 8] provide an overview of random discrete
structures in general, and [9] of the statistical mechanics slant in particular. From a mathematical perspec-
tive, the obvious problem is to provide a rigorous foundation for the physics “predictions”. In this lecture,
I am going to give a very brief introduction into this work.

The concrete problem that we are going to focus on is the 2-coloring problem in random K-uniform
hypergraphs. Thus, fix an integer K ≥ 3, let N,M be a (large) integers, and set α = M/N . Recall that a
K-uniform hypergraph Φ with N vertices and M edges consists of a vertex set V of size |V | = N and an
edge set E of size |E| = M such that each e ∈ E is a K-element subset of V . We say that the hypergraph
Φ is 2-colorable if there is a map σ : V → {0, 1} such that σ(e) = {0, 1} for all e ∈ E. In other words, if
we think of 0, 1 as colors, then none of the edges is monochromatic.

Given K,N,M , let Φ = ΦK(N,M) denote the uniformly random K-uniform hypergraph on V =
[N ] with M edges. Throughout the lecture, we are going to be interested in the situation that N →
∞, while α = M/N remains fixed. We say that an event A occurs with high probability (‘w.h.p.’) if
limN→∞ P [A] = 1. The question that we are going to be dealing with are the following.

• For what α is Φ 2-colorable w.h.p.?

• If it is, how many 2-colorings are there?

Throughout, we write f(N) ∼ g(N) if limN→∞ f(N)/g(N) = 1.

2 Basics
The following result of Friedgut shows that there is a “non-uniform threshold” for 2-colorability.

Theorem 2.1 ([7]) For anyK ≥ 3 there is a sequence α2−col(K,N) such that for any ε > 0 the following
is true.

• If M/N < (1− ε)α2−col(K,N), then Φ is 2-colorable w.h.p.

• If M/N > (1 + ε)α2−col(K,N), then Φ fails to be 2-colorable w.h.p.

Unfortunately, the sequence (α2−col(K,N))N≥1 is not currently known to converge. Thus, we do not have
a 2-colorability threshold α2−col(K) that is independent of N . Moreover, the proof of Theorem 2.1 does
not reveal the actual value of α2−col(K,N).

Theorem 2.1 is merely a corollary of a much more general result from [7]. The proof of this more
general result is based on discrete Fourier analysis, and is beyond the scope of this lecture.
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Let Z be the number of 2-colorings of Φ. This corresponds to the partition function of the uniform
distribution over the set of 2-colorings of Φ (except that this set might be empty). We have the following
consequence of Friedgut’s theorem.

Corollary 2.2 ([1]) For any fixed α > 0 the sequence random variables{
1

N
|ln(Z ∨ 1)− E ln(Z ∨ 1)|

}
N≥1

converges to 0 in probability.

What can we say about the location of the 2-colorability threshold α2−col? Let us start with some
simple observations. First, if α < k−1(k − 1)−1, then the random hypergraph Φ is well-known to have a
very simple structure. Namely, consider the factor graph G(Φ) whose vertices correspond to the vertices
and edges of Φ, and where an edge e is adjacent to all vertices v such that v ∈ e. For α < k−1(k−1)−1, all
components of G(Φ) contain only O(lnn) vertices w.h.p. Furthermore, all but O(1) components of G(Φ)
are trees, while the remaining components contain only one cycle [10] w.h.p. In particular, each of these
components is 2-colorable, and thus so is Φ. However, this argument breaks down for α > k−1(k− 1)−1,
as in this case Φ is going to have a connected component on Ω(n) vertices with a plethora of intersecting
cycles w.h.p. As α increases, the size of this component grows rapidly [10].

Furthermore, it is easy to compute the expected number of 2-colorings. Indeed, it is easily seen that

1

N
ln EZ ∼ ln 2 + α ln(1− 21−k). (1)

To see this, observe that there are 2N maps σ : V → {0, 1}. Furthermore, given any σ, the probability that
a random edge e is bichromatic is at most 1 − 21−K . The above formula follows because the edges are
essentially independent.

As an immediate consequence, we obtain that Φ fails to be 2-colorable w.h.p. for any α such that

ln 2 + α ln(1− 21−k) < 0.

Since the expression is linear in α, it is easily verified that this occurs for α ≥ 2k−1 ln 2− ln 2
2 + εK . Here

and throughout, εK denotes a (varying) expression that tends to 0 as K gets large. Thus, we have

Proposition 2.3 If α > 2k−1 ln 2− ln 2
2 + εK , then Φ fails to be 2-colorable w.h.p.

3 The “vanilla” second moment method
As a next step, we aim to obtain an improved lower bound on α2−col.

Theorem 3.1 ([2]) Assume that

α < 2K−1 ln 2− 1 + ln 2

2
− εK . (2)

Then Φ is 2-colorable w.h.p.

The proof of Theorem 3.1 is based on the second moment method. For the sake of technical simplicity,
we are going to work with a modified random variable Ze rather than Z. More precisely, let us call a
map σ : V → {0, 1} equitable if ||σ−1(0)| − |σ−1(1)|| ≤

√
N , and let Ze be the number of equitable

2-colorings of Φ. Using Stirling’s formula and (1), we check that

1

N
ln EZe ∼

1

N
ln EZ ∼ ln 2 + α ln(1− 21−k). (3)

Thus, at least as far as the expectation goes, we are not giving away much by confining ourselves to
equitable 2-colorings.
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We are going to compare E[Z2
e ] to E[Ze]

2. More precisely, we are going to show that for α satisfying (2)
we have

E[Z2
e ] ≤ C · E[Ze]

2, (4)

where C = C(K) > 0 is independent of N . Then the Paley-Zygmund inequality

P [Ze > 0] ≥ E[Ze]
2

E[Z2
e ]

(5)

implies that
lim inf
N→∞

P [Ze > 0] ≥ C−1 > 0.

Hence, Theorem 2.1 implies that indeed Φ is 2-colorable w.h.p.
Thus, to prove Theorem 3.1 we “just” need to verify (4). That is, we need to work out the second

moment: summing over equitable σ, τ , we have

E[Z2
e ] =

∑
σ,τ

P [both σ, τ are 2-colorings]

=
∑
σ

∑
τ

P [τ is a 2-coloring|σ is a 2-coloring] · P [σ is a 2-coloring]

= E[Ze] · E[Ze|σ is a 2-coloring].

In the last line, which simply follows from symmetry, σ stands for any fixed equitable map. Let Cσ denote
the event that σ is a 2-coloring.

Thus, (4) is equivalent to
E [Ze|Cσ] ≤ C · E[Ze]. (6)

To compute the conditional expectation, let

Zω = |{τ : dist(σ, τ) = ωn, τ is an equitable 2-coloring}| .

Here dist(σ, τ) = |{v ∈ V : σ(v) 6= τ(v)}| denotes the Hamming distance. Then we can write E [Ze|Cσ]
as a sum

E [Ze|Cσ] =

n∑
w=0

E[Zw/n|Cσ].

It is easy to compute E[Zw/n|Cσ]. Indeed, consider one random edge e in our hypergraph. What is the
probability that e is bichromatic under both σ and another equitable τ with dist(σ, τ) = ωn? Clearly, for
symmetry reasons we have

P [e is monochromatic under σ] ∼ P [e is monochromatic under τ ] ∼ 21−K .

In addition,

P [e is monochromatic under τ |e is monochromatic under σ] ∼ ωK + (1− ω)K .

In fact, for this event to occur either σ, τ must agree on all K vertices in e, or they must differ on all of
them. The formula follows because these vertices are (essentially) uniformly distributed an independent.
Thus, by inclusion/exclusion

P [e is bichromatic under both σ, τ ] ∼ 1− 22−K + 21−K(ωK + (1− ω)K).

Since the edges are (essentially) independent, we get

1

N
ln P [Cσ, Cτ ] ∼ α ln(1− 22−K + 21−K(ωK + (1− ω)K)),

and thus
1

N
ln P [Cτ |Cσ] ∼ α ln

(
1− 1− ωK − (1− ω)K

2K − 1

)
.
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Furthermore, by Stirling’s formula the total number of equitable τ with dist(σ, τ) = ωn satisfies

1

N
ln

(
N

ωN

)
= H(ω) = −ω lnω − (1− ω) ln(1− ω).

Accounting for the various error terms carefully, we obtain

EZω ≤ C · exp(f(ω)N), where

f(ω) = H(ω) + α ln

(
1− 1− ωK − (1− ω)K

2K − 1

)
. (7)

Because the function f(ω) stands in the exponent, the sum is dominated by the maximum function
value. Indeed, using the Laplace method, one obtains the following.

Lemma 3.2 We have E[Ze|Cσ] ≤ C · exp(N maxω∈(0,1) f(ω)).

Thus, we need to study the function f(ω). Since f(ω) = f(1 − ω), we have f ′(1/2) = 0. Indeed,
ω = 1/2 turns out to be a local maximum, and a bit of algebra shows that

exp(f(1/2)N) = Θ(E(Ze)
2).

Hence, we find that
E[Ze|Cσ] ≤ C · E[Ze] iff max

ω∈[0,1]
f(ω) = f(1/2).

Basic calculus shows that this is true for α satisfying (2) (for some suitable εK). Thus, we have got
Theorem 3.1.

Corollary 3.3 ([1]) Assume that (2) holds. Then lnZ ∼ ln EZ w.h.p.

Proof. Due to (3) it suffices to prove that lnZe ∼ ln EZe w.h.p. This follows from the strong form of the
Palay-Zygmund inequality

P

[
Ze ≥

1

2
EZe

]
≥ E(Ze)

2

4E(Z2
e )

together with Corollary 2.2. 2

How do these results compare with the physics predictions? According to the 1RSB cavity method,

• dynamic 1RSB occurs at αd1RSB ∼ 2K−1 lnK/K,

• the static 1RSB phase transition occurs at

αs1RSB = 2K−1 ln 2− ln 2 + εK ;

This is a bit greater than the bound provided by Theorem 3.1. At this point, we expect that lnZ <
ln EZ − Ω(N) w.h.p.

• we have

α2−col = 2K−1 ln 2−
(

1

4
+

ln 2

2

)
+ εK .

This is somewhere between the bounds provided by Proposition 2.3 and Theorem 3.1.
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4 Quiet planting
The next goal is to study the implications of the second moment calculation on Belief Propagation fixed
points. In particular, we are going to verify the d1RSB prediction. Recall that the Bolzmann distribution
that we are interested in can be described as follows.

B1. Create a random hypergraph Φ.

B2. Sample a 2-coloring σ of Φ uniformly at random.

B3. The result is (Φ, σ).

Thus, the above experiments induces a probability distribution on hypergraph/2-coloring pairs (Φ, σ).
The Boltzmann distribution is difficult to analyse directly. By contrast, the following so-called planted

distribution is quite accessible.

P1. Generate a random map σ : V → {0, 1}.

P2. Choose a hypergraph Φ that is 2-colored under σ uniformly at random.

P3. The result is (Φ, σ).

A double-counting argument implies the following connection between the two distributions.

Lemma 4.1 (“quiet planting lemma”, [1]) Assume that α is such that lnZ ∼ ln EZ w.h.p. Then for any
event A we have

PBoltzmann [A] ≤ exp(o(n)) · Pplanted [A] + o(1).

Observe that Corollary 3.3 implies that the assumption of the quiet planting lemma is valid for α satisfy-
ing (2).

As an application of Lemma 4.1, we can now verify the prediction that the set of 2-colorings decom-
poses into tiny clusters for α > (1 + εK)2K−1 lnK/K. Indeed, let us say that shattering occurs if the set
Λ(Φ) of 2-colorings of Φ has a decomposition Λ(Φ) =

⋃N
i=1 Λi such that the following two conditions

hold.

SH1. For any 1 ≤ i ≤ N we have 1
N ln |Λi| < 1

N lnZ(Φ)− εK .

SH2. If 1 ≤ i < j ≤ N , then dist(Λi,Λj) ≥ εKN .

Condition SH1 enforces that each cluster only contains an exponentially small fraction of all 2-colorings.
Moreover, SH2 ensures that distinct clusters are separated by a linear Hamming distance.

Theorem 4.2 ([1]) There is a number K0 > 0 such that for K ≥ K0 and for

(1 + εK)2K−1 lnK/K ≤ α < 2K−1 ln 2− (1 + ln 2)/2− εK

shattering occurs.

Let f(ω) be the function from (7). The following is an exercise in calculus.

Lemma 4.3 Keep the assumptions of Theorem 4.2. There is ω′ ∈ [0, 1] such that

f(ω′) < 0 and sup
0≤ω≤ω′

f(ω) < f(1/2).

Proof of Theorem 4.2. Define the cluster of a 2-coloring σ as

C(σ) = {τ ∈ Λ(Φ) : dist(σ, τ) ≤ ω0} .

Lemma 4.3 implies together with Markov’s inequality that in the planted model, the following two condi-
tions hold with probability ≥ 1− exp(−εKN).
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• |C(σ)| ≤ E [Z] exp(−εKN), εK > 0.

• For all τ ∈ Λ(Φ) we have dist(σ, τ) 6∈ [ω0 − εK , ω0 + εK ], εK > 0.

Let us call σ good if the two conditions above hold.
We now construct the cluster decomposition of Λ(Φ) as follows (for Φ chosen uniformly at random).

Let Λ0 be the set of all σ ∈ Λ(Φ) that are not good. By Lemma 4.1, |Λ0| ≤ exp(−εKN) for some εK > 0.
Now, construct Λi for i ≥ 1 as follows.

• Pick a good σ ∈ Λ(Φ) \
⋃
j<i Λi.

• Let Λi = C(σ) \
⋃
j<i Λi.

It is easily verified that this decomposition satisfies SH1–SH2. 2

5 Static 1RSB
Remember that there is a gap between Corollary 3.3 and the physics prediction as to the s1RSB phase
transition. In this section we are going to remedy this discrepancy.

Theorem 5.1 ([6]) There is a constant K0 > 0 such that for K > K0 the following is true.

1. If α < 2K−1 ln 2− ln 2− εK , then lnZ ∼ ln E [Z] w.h.p.

2. If 2K−1 ln 2− ln 2 + εK < α < α2−col, then lnZ < ln E [Z]− Ω(N) w.h.p.

This theorem implies that there occurs a phase transition at α = 2K−1 ln 2 − ln 2 + εK . Indeed, (1)
shows that for smaller α, the free entropy density is a linear function of α. Thus, the free entropy density
is non-analytic at α = 2K−1 ln 2− ln 2 + εK .

To prove Theorem 5.1, we need to investigate the existence of frozen variables. Based on this concept,
we are going to prove the following. Throughout, we are going to assume that K ≥ K0.

Lemma 5.2 Assume that 2K−1 ln 2 − 10 ≤ α ≤ 2K ln 2. Let (Φ, σ) be chosen from the planted model.
Then w.h.p. we have

1

N
ln |C(σ)| = ln 2 + εK

2K
. (8)

To prove Lemma 5.2, let us call an edge e critical if it contains K − 1 vertices that take the same color
under σ. If v ∈ e is the unique vertex with the minority color, we say that e blocks v. In the planted model,
we expect to have N · (K + εK) ln 2 critical edges. Indeed, the number of edges blocking one particular
vertex v is asymptotically Poisson with mean (K + εK) ln 2, and these random variables turn out to be
nearly independent. Hence, we expect that all but about exp(−K ln 2) = 2−K vertices are blocked.

In fact, for K ≥ K0 the number of edges blocking a vertex v is going to be, say, at least 10 for most
vertices v. More precsiely, let Φ̂ be the largest sub-hypergraph of Φ in which every vertex v is blocked by
at least 10 edges that consist of vertices in Φ̂ only. We call Φ̂ the core of Φ. Using standard arguments
from probabilistic combinatorics, one can show the following.

Fact 5.3 W.h.p. the core Φ̂ contains all but K112−KN vertices.

If we try to recolor one vertex v in the core, we are going to have to recolor at least one other vertex in
each of the ≥ 10 edges that blocks v. Since these vertices are in the core, too, it seems plausible that this
process is going to trigger an “avalanche” of recolorings. Indeed, the expansion properties of the random
hypergraph imply the following.

Fact 5.4 Let τ ∈ C(σ). Then for all v ∈ Φ̂ we have σ(v) = τ(v).

Although the core dominates the random hypergraph Φ, the number of vertices outside is still a bit
bigger than 2−KN . To enhance the core, we construct the backbone of Φ as follows.
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BB1. Initially, let B be the vertex set of the core.

BB2. While there is a vertex v 6∈ B that has a blocking edge e such that e ⊂ B ∪ {v}, add v to B.

Once more based on standard arguments, we obtain the following.

Fact 5.5 W.h.p. the backbone contains all but (1 + εK)2−KN vertices.

By construction, Fact 5.4 implies that for all v in the backbone we have σ(v) = τ(v) for all τ ∈ C(σ).
Thus, Fact 5.5 yields 1

N ln |C(σ)| ≤ ln 2+εK
2K

w.h.p., as desired.
Let us now call an equitable 2-coloring of Φ tame if (8) holds. Moreover, let Z be the number of tame

2-colorings of Φ. Together with a double counting argument, Lemma 5.2 implies

EZ ∼ EZ. (9)

Furthermore, the definition of “tame” implies that if α < 2K−1 ln 2− ln 2− εK , then lnZ ∼ ln E [Z], we
have |C(σ)| ≤ EZ for all tame σ. As a consequence, we find that

E[Z2] ≤ C · E[Z]2 for α < 2K−1 ln 2− ln 2− εK .

Thus, the second moment method “works” for Z , which implies the first part of Theorem 5.1.
The second assertion follows from a “converse quiet planting lemma”. If α > 2K−1 ln 2− ln 2 + εK ,

then by similar reasoning as above we find that in the planted model w.h.p.

1

N
ln |C(σ)| > 1

N
ln E[Z] + εK

for some εK > 0. This estimate can be shown to be irreconcilable with the statement P[lnZ ∼ ln EZ] ∼ 1
(details omitted).

Remark 5.6 The above construction of the core and the backbone also implies the existence of multiple
Belief Propagation fixed points. Namely, if we start Belief Propagation from a 2-coloring σ as above, the
messages of the vertices in the backbone are going to remain one-point distributions (concentrated on the
color that the vertices are frozen to).

6 Into the s1RSB phase
Up to the εK error term, the following result matches the physics prediction as to the 2-colorability transi-
tion.

Theorem 6.1 ([5]) We have α2−col = 2K−1 ln 2−
(
1
4 + ln 2

2

)
+ εK .

The proof of Theorem 6.1 follows the prescription of the 1RSB cavity method. That is, we are going
to mimic the effect of picking a Parisi parameter y < 1. In the terminology of the previous section, this
means that we should work with solutions that have a larger number of frozen variables than occur in the
planted model.

This is technically difficult, e.g., because we are working with hypergraphs with an irregular degree
sequence. As a proxy, we are going to work with a prescribed number of blocked variables. Thus, let Zγ
be the number of equitable 2-colorings in which (1− γ)N variables are blocked. The idea is to carry out a
second moment argument for Zγ .

However, it turns out that E[Z2
γ ] ≥ exp(δN)E [Zγ ]

2 for some δ = δ(K) > 0. The reason for this
is fluctuations of the degree sequence. Roughly speaking, a graph with a “more regular” degree sequence
is more likely to have a large number of blocked variables. Hence the moments of Zγ are driven up by a
small number of “pathological” degree sequences.

To get around this problem, let d = (dv)v∈V denote the degree sequence of the random hypergraph Φ.
That is, dv is the number of edges vertex v appears in. We are going to fix one particular degree sequence
d and work with the random hypergraph Φd with that degree sequence.
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In this setup, even the computation of the first moment is non-trivial. The key element is the probability
that a given number of critical edges block the correct number of vertices. Hence, if we think of each
vertex as a “bin” of capacity dv and of each critical edge as a ball that is tossed randomly into a bin,
we need to calculate the probability of obtaining precisely γN empty bins. That is, we need to solve a
large deviations problem for an occupancy problem. Furthermore, we also need to optimize the number of
critical clauses. Of course, each of these comes with a “price”, i.e., we need to take into account the large
deviations principle of this random variable. In the case of a regular degree sequence (i.e., dv = dv′ for all
v), it is not very difficult to solve this problem precisely, but in the case of general degree distributions d it
is non-trivial.

In any case, we can identify a function g(γ) such that for a random d w.h.p. we have

1

N
ln E[Zγ ] = g(γ) + εK3.99−K .

Now, if the number of blocked (or frozen) variables is (1− γ)N , we expect that the cluster size satisfies

1

N
ln |C(σ)| = γ ln 2 + εK3.99−K .

Thus, a necessary condition for the success of the second moment argument is that (up to the error term)

γ ln 2 < g(γ). (10)

This necessary condition turns out to be (essentially) sufficient. That is, neglecting some technical details,
it is possible to carry out a second moment argument for (essentially) Zγ under the assumption that (10) is
satisfied (details omitted).

This fact allows us to also estimate the free entropy. Namely, for a given α let γ(α) be the largest
γ > 2−K for which (10) is satisfied. Then the free entropy comes to

1

N
E lnZ = (1 + εK)g(γ).
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