
PHASE TRANSITIONS IN RANDOM STRUCTURES

AMIN COJA-OGHLAN

ABSTRACT. These notes provides a perspective on phase transitions in random discrete structures informed by recent
ideas and techniques from statistical physics. The lectures are based on the publications [11, 20, 22].

1. RANDOM GRAPHS

1.1. Random graphs. The theory of random graphs started in 1960 with the work of Paul Erdős and Alfred Rényi
on the phase transition for the emergence of the ‘giant component’ [28]. Specifically, Erdős and Rényi investigated
the size of the largest component of the random graph G = G(n, p) with vertex set V = Vn = {x1, . . . , xn} in which
each of the

(n
2

)
possible edges is present with probability 0 ≤ p ≤ 1 independently. The most interesting regime

of the edge probability for this problem is p = d/n for a fixed number d > 0 and n À 1. Erdős and Rényi, whose
seminal papers on the theory of random graphs have over 12,000 citations at this time, proved the following result.

Theorem 1.1 ([28]). Let L (G) be the number of vertices in the largest component of G. Moreover, let λ(d) ∈ (0,1] be
the smallest fixed point of the function x 7→ exp(d(x −1)). Then 1

n L (G) converges to 1−λ(d) in probability.

The function d 7→ 1−λ(d) is identically 0 for d ≤ 1 because the only fixed point of exp(d(x −1)) is x = 1 in this
case. But for d > 1 we have 1−λ(d) > 0. Thus, d 7→ 1−λ(d) is non-analytic at the point d = 1. That is why we say
that a phase transition occurs.

Since the days of Erdős and Rényi the theory of random graphs has gone from strength to strength. Not only have
various models of random graphs been invented in order to study the evolution of complex networks [27, 35], an
objective already mentioned by Erdős and Rényi. But also have random graphs become the protagonists of mod-
ern coding theory [54]. For instance, novel probabilistic constructions known as low-density parity check codes,
based on random graphs, achieve channel capacity and allow for efficient encoding and decoding algorithms [41],
thereby solving the fundamental problem of coding theory since its inception by Shannon. Another application
of random graphs is remarkable constructions of integrality gap instances for convex optimisation problems [30].
Moreover, random graphs have been harnessed as gadgets in computer science to prove tight bounds on the com-
putational complexity of counting and sampling problems [32, 50, 55] as well as to construct candidate one-way
functions [24]. Furthermore, random graphs provide challenging benchmarks for the study of algorithms and in-
spired the discovery and design of new powerful algorithmic techniques, e.g., [3, 16, 15]. Moreover, in physics

FIGURE 1. The function 1−λ(d).
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FIGURE 2. The graph colouring problem.

random graphs have been investigated as models of ‘disordered systems’ such as glasses [44]. In addition, in com-
binatorics random graphs have been instrumental to the proofs of theorems whose statements are entirely deter-
ministic [9]. A recent example is the proof of the existence of combinatorial designs [38]. For a recent introduction
to the theory of random graphs see [31].

The quest for phase transitions has remained the guiding theme of the theory of random graphs and of proba-
bilistic combinatorics generally. There is by now a vast literature on phase transitions in discrete structures. A lot
of this work deals with the component structure of random objects, a question that is known as the percolation
problem. Generally speaking this type of question is very well understood by now, at least on models without an
underlying finite-dimensional geometry. Many other phase transitions are not understood nearly as well, and it
these challenging problems that these notes are about.

1.2. Random graph colouring. The single most prominent example is the random graph colouring problem. In
their 1960 paper [28] the sages posed a number of questions that guided the development of the theory of random
graphs for decades. Only a single one of these questions remains open to this day:

given d > 0, what is the chromatic number χ(G)?

Recall that the chromatic number of a graph is the least number q of colours that suffice to colour the vertices in
such a way that no edge joins two vertices of the same colour.

Based on computer experiments and heuristic arguments we expect that for any q ≥ 3 there is a sharp threshold
for q-colorability, i.e., a specific number dcol(q) > 0 such that

lim
n→∞P

[
χ(G) ≤ q

]={
1 if d < dcol(q),

0 if d > dcol(q).
(1.1)

(The case q = 2 is special, and much easier—why?) A result that gets close to establishing the existence of such a
dcol(q) for which (1.1) holds was proved by Achlioptas and Friedgut [4]. But what might be the value of dcol(q)? Let
Zq (G) be the number of q-colourings of G. A simple calculation of the first moment

E[Zq (G) | |E(G)| = m] =Θ(qn(1−1/q)m) (1.2)

shows that dcol(q) ≤ (2q −1)ln q +oq (1). Moreover, Achlioptas and Naor [6] managed to also estimate the second
moment E[Zq (G)2 | |E(G)| = m] to prove that

dcol
(
q
)≥ (2q −2)ln q +oq (1), (1.3)

leaving a gap of about ln q . Coja-Oghlan and Vilenchik [17, 23] refined these arguments to prove that

(2q −1)ln q −2ln2+oq (1) ≤ dcol
(
q
)≥ (2q −2)ln q −1+oq (1), (1.4)

reducing the gap to about 2ln2−1 ≈ 0.39. But both the upper bound and the lower bound proofs hit the wall at
these slightly different values, i.e., they fully exploit the potential of the respective proof methods.

An explanation as to why improving these bounds might be difficult can be put forward on the basis of heuris-
tic but compelling deliberations from statistical physics [42]. For the upper bound the reason is simply that the
bound is expected to be tight, up to the oq (1) error term. Indeed, the physics arguments even allow for an (as yet
unproven) prediction as to the exact value of dcol(q) for any q ≥ 3. The reason why improving the lower bound
is difficult is more subtle. Namely, the physics calculations predict that, up to the error term, the lower bound
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FIGURE 3. The evolution of the set Sq (G)

in (1.4) marks a second phase transition in the random graph colouring problem. To be precise, the so-called
condensation phase transition marks a point where the quantity d 7→ 1

n ln Zq (G) is expected to converge to a non-
analytic limit, not unlike in the case of Theorem 1.1. Specifically, the physics arguments predict that for a certain
dcond(q) = (2q −1)ln q −2ln2+oq (1) we have, in probability,

lim
n→∞

1

n
ln Zq (G)

{
= ln q + d

2 ln(1−1/q) if d < dcond(q),

< ln q + d
2 ln(1−1/q) if d > dcond(q).

(1.5)

Thus, up to dcond(q) the number Zq (G) takes the largest possible value permitted by the first moment bound (1.2).
Mathematically it is not even currently known that the random variables on the left hand side converge to a deter-
ministic limit in probability.

The conjecture (1.5) is based on a hypothetical cartoon of the evolution of the set Sq (G) of all q-colourings
of the random graph. According to this prediction the set Sq (G) undergoes two fundamental changes. First, for
d < (1+ oq (1))q ln q the set Sq (G) is well-connected and we may expect Markov chains to succeed in traversing
this set rapidly. This regime roughly coincides with the degrees for which efficient algorithms are known to find a
q-colouring of the random graph. But for d > (1+oq (1))q ln q the set of all q-colourings shatters into an enormous
number of well-separated tiny ‘clusters’, a phenomenon called dynamic replica symmetry breaking in physics. We
will learn more about this in the subsequent lectures. Furthermore, at the condensation point dcond(q) the set
Sq (G), although still composed of an enormous number of clusters, is dominated by the few largest ones. The
internal structure of the clusters is quite rigid and, e.g., the colours of most vertices are completely determined or
‘frozen’ throughout the entire cluster. In particular, the expected agreement

α(σ,τ) = max

{
q

(q −1)n

n∑
i=1

1{σ(xi ) = κ◦τ(xi )} : κ ∈Sq

}
− 1

q −1

of two randomly chosen colourings within the same cluster is about n(1−1/q +oq (1)) as n →∞. By contrast, two
colourings in different clusters are essentially ‘orthogonal’, i.e., their expected agreement is o(1).

One of the main results that we will prove in this lecture confirms the existence and precise location of the con-
densation phase transition as predicted by the statistical physics calculations. To state the theorem we introduce
a bit of notation. For an integer q ≥ 1 let [q] = {1, . . . , q}. Moreover, for a finite setΩ let P (Ω) be the set of all proba-
bility measures onΩ. We tacitly identify P (Ω) with the standard simplex in RΩ. Further, let P 2(Ω) be the set of all
probability distribution on P (Ω). Additionally, define

P 2
∗(Ω) =

{
π ∈P 2(Ω) : ∀ω ∈Ω :

∫
P (Ω)

µ(ω)dπ(µ) = |Ω|−1
}

.

Finally, letΛ(x) = x ln x, with the convention thatΛ(0) = 0.

Theorem 1.2 ([20]). Suppose that q ≥ 3. For β ∈ [0,∞], d > 0 and π ∈P 2∗([q]) let

Bq,β,d (π) = E

[
Λ(

∑q
σ=1

∏γ

i=1 1− (1−e−β)µ(π)
i (σ))

q(1− (1−e−β)/q)γ
− d

2

Λ(1− (1−e−β)
∑q
σ=1µ

(π)
1 (σ)µ(π)

2 (σ))

1− (1−e−β)/q

]
,

where γ= Po(d) and µ(π)
1 ,µ(π)

2 , . . . are drawn from π, all mutually independent. Then with

dcond(q) = inf

{
d > 0 : sup

π∈P 2∗ ([q])

Bq,∞,d (π) > ln q + d

2
ln(1−1/q)

}
the following two statements are true.

(i) If d < dcond(q), then 1
n ln Zq (G) converges to ln q + d

2 ln(1−1/q) in probability.
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(ii) If d > dcond(q), then limsupn→∞
1
n E[ln Zq (G)] < ln q + d

2 ln(1−1/q).

Theorem 1.2 opens the door to a detailed analysis of the graph colouring problem for d < dcond(q). For instance,
it is possible to derive a precise mathematical version of the ‘dynamic replica symmetry breaking’ picture and to
investigate the agreement between random q-colourings [18]. Furthermore, dcond(q) is the best current lower
bound on the q-colorability threshold for all q > 3. Remarkably though, for q = 3 a strictly better lower bound can
be obtained via the analysis of a colouring algorithm [5].

1.3. The stochastic block model. The following inference problem can be viewed as a “noisy” variation of the
random graph colouring problem [36]. Suppose that σ∗ : V = {x1, . . . , xn} → [q] is a random colouring assignment.
Let G∗ =G∗(n,β,σ∗) be the random graph obtained by connecting any two vertices xi , x j , i 6= j , with probability

pi j = d

n
· q

q −1+e−β
·exp(−β1{σ∗(xi ) =σ∗(x j )}) (1.6)

independently. Given G∗(n,β,σ∗), can we recover σ∗? If not perfectly, is it at least possible to infer a colouring
τG∗ such that E[α(σ∗,τG∗ )] =Ω(1)? Even more modestly, given a graph can we tell whether it was created via the
stochastic block model or whether it is a mere Erdős-Rényi graph?

What might we expect? In equation (1.6) we can think of exp(−β) as a noise parameter. Moreover, (1.6) ensures
that the expected degree of every vertex is asymptotically equal to d . As d gets larger, more information about the
‘ground truth’ σ∗ is revealed. Thus, we can think of d as the signal strength. The natural question therefore is:

for what signal-to-noise ratios is it possible to (approximately) recover the ground truth?

An intriguing conjecture asserts that this question is intimately related to the condensation phase transition [25].
More precisely, given a value ofβ> 0 it has been conjectured, once more on the basis of insightful but non-rigorous
physics deliberations, that the evolution of the inference problem on G∗ proceeds similarly as in the graph colour-
ing problem. Of course, in this case the structure of interest is not the set of all q-colourings but the posterior
distribution P[σ∗ =σ|G∗] of the ground truth σ∗ given G∗. Clearly, in the absence of a clean combinatorial struc-
ture such as the discrete set Sq (G) ⊂ Ωn the question arises how ‘clusters’ and ‘condensation’ might be defined
mathematically. We will come to that. But the bottom line is that the inference problem is soluble if and only if
d exceeds a certain critical value dcond(q,β) corresponding to the condensation threshold. Formally, we have the
following result, confirming the conjecture from [25].

Theorem 1.3 ([20]). Suppose that q ≥ 2, β> 0 and let

dcond(q,β) = inf

{
d > 0 : sup

π∈P 2∗ ([q])

Bq,β,d (π) > ln q + d

2
ln(1− (1−e−β)/q)

}
.

The following two statements are true.

(i) If d < dcond(q), then there for any random variable G∗ 7→ τG∗ we have E[α(σ∗,τG∗ )] = o(1).
(ii) If d > dcond(q), then there is a random variable G∗ 7→ τG∗ such that E[α(σ∗,τG∗ )] =Ω(1).

The value dcond(q,β) is called the information-theoretic threshold for the stochastic block model G∗ because it
marks the point from where at least approximative inference of the ground truth σ∗ is possible. Specifically, the
random variable from (ii) is to draw a sample τG∗ from the posterior distribution of σ∗ given G∗.

Apart from the information-theoretic threshold itself it might be interesting to find out how much information
about σ∗ is ‘stored’ in G∗. The following theorem provides the exact answer for all d > 0.

Theorem 1.4 ([20]). Suppose that q ≥ 2, β> 0. Then the mutual information

I (G∗,σ∗) = ∑
G ,σ

P
[
(G∗,σ∗) = (G ,σ)

]
ln

P[(G∗,σ∗) = (G ,σ)]

P[G∗ =G]P[σ∗ =σ]

satisfies

lim
n→∞

1

n
I (G∗,σ∗) = ln q − d

2
· βe−β

q −1+e−β
− sup
π∈P 2∗ ([q])

Bq,β,d (π) for all d > 0.
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FIGURE 4. A factor graph.

A subtle but not very difficult argument shows that Theorem 1.3 actually follows from Theorem 1.4. We shall
therefore concentrate on the proof of Theorem 1.4.

Of course, from a computer science viewpoint a further question arises. Namely, given G∗ can we actually
compute a colouring with a strictly positive agreement efficiently, i.e., in polynomial time? According to a further
conjecture from [25] there is a second threshold from where such a polynomial time algorithm exists, known as
the Kesten-Stigum bound [39]

dKS(q,β) =
(

q −1+e−β

1−e−β

)2

.

The positive part of this conjecture has been confirmed rigorously [3], but unsurprisingly the negative bit is wide
open. However, for q = 2, historically the case studied first, it is known that dKS(q,β) = dcond(q,β) [43, 48, 49]. For
q = 3 it is conjectured that dKS(q,β) = dcond(q,β) as well, but for q > 4 we know that dKS(q,β) > dcond(q,β). For an
overview of the enormous literature on the stochastic block model see [1, 47].

1.4. Factor graphs. The appropriate mathematical framework for much of the material in these lectures is a com-
prehensive class of graphical representations of probability distributions known as factor graph models [44]. They
can be seen as a generalisation of Markov random fields or Bayesian networks. Let Ω 6= ; be a finite set of ‘spins’
or ‘colours’. AnΩ-factor graph G = (V ,F, (∂a)a∈F , (ψa)a∈F ) consists of a set V of variable nodes, a set F of constraint
nodes, a subset ∂a ⊂ V and a weight function ψa :Ω∂a → [0,∞) for each a ∈ F . Factor graphs can be represented
as bipartite graphs such that the constraint node a is adjacent to the variable nodes ∂a. In particular, we will use
standard graph-theoretic concepts such as the distance between vertices (viz. number of edges on a shortest path).
But of course the weight functions provide additional information.

The graph colouring problem and the stochastic block model can be represented naturally as factor graph mod-
els. Indeed, given a graph g = (Vg ,Eg ) and a number q ≥ 2 of colours we can turn g into a factor graph G with
variable nodes Vg and constraint nodes Eg where each e = {v, w} ∈ Eg is connected with ∂e = {v, w}. The weight
function ψ∞(σ,τ) = 1{σ 6= τ} enforces the constraint that the two vertices must be coloured differently. A similar
representation is natural in the case of the stochastic block model, except that in this case the weight function

ψβ(σ,τ) = exp(−β1{σ 6= τ}) (1.7)

seems more natural.
For a factor graph G and an configuration σ : V →Ω it is natural to define the total weight as

ψG (σ) = ∏
a∈F

ψa(σ|∂a).

Additionally, we define the partition function

Z (G) = ∑
σ∈ΩV

ψG (σ).

Assuming that Z (G) > 0 we define a probability measure µG onΩV by letting

µG (σ) =ψG (σ)/Z (G). (1.8)

For instance, in the case of the graph colouring problem we haveψG (σ) = 1 iffσ is a proper q-colouring of G . Thus,
Z (G) is equal to the total number of q-colourings and µG is the uniform distribution on the set of q-colourings.

Random factor graph models naturally describe problems such as random graph colouring or the stochastic
block model. Suppose that we are given a prior distribution P on a finite set Ψ of k-ary weight functions Ωk →
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FIGURE 5. Graph colouring via factor graphs.

[0,∞). Moreover, assume that this prior distribution is invariant under permutations of the coordinates, i.e., for any
κ ∈Sk and any ψ ∈Ψ we have P (ψκ) = P (ψ). Then we define the random factor graph G(n,m) = G(n,m,P ) with
variable nodes V = {x1, . . . , xn} and constraint nodes F = {a1, . . . , am} by independently choosing for each variable
node a neighbourhood ∂ai consisting of k (distinct) variable nodes uniformly and a weight function ψ from P .
Further, given a number d > 0 we let m be a Poisson variable with mean d and we introduce G = G(n,m,P ). This
type of model clearly describes problems such as random graph colouring.

A variant of this construction can be used to describe inference problems. Indeed, given a colouring σ : V →Ω

we introduce the random factor graph G∗(n,m,P,σ) with variable nodes V and constraint nodes F with distribu-
tion

P
[
G∗(n,m,P,σ) =G

]= ψG (σ)P[G(n,m) =G]

E[ψG(n,m)(σ)]
. (1.9)

Thus, we reweigh the prior distribution G according to the weight assigned to σ. The stochastic block model is
then (essentially) equivalent to the random graph distribution obtained by choosing σ∗ : V → Ω uniformly and
then setting up G∗(n,m,P,σ∗).

The mutual information from Theorem 1.4 is closely related to the partition function ln Z (G∗). More precisely,
in the case of the stochastic block model a few simple manipulations reveal the following.

Lemma 1.5. In the case of the stochastic block model we have

1

n
I (G∗,σ∗) = ln q − d

2
· βe−β

q −1+e−β
− 1

n
E[ln Z (G∗)]+o(1).

Thus, the proof of Theorem 1.4 boils down to calculating E[ln Z (G∗)].

1.5. The Nishimori identity. While we are at it we may as well emphasise an important connection between the
distributions G∗ and G . Namely, in analogy to (1.9) we may also define a reweighed distribution on colourings by
letting

P
[
σ̂n,m =σ]= E[ψG(n,m)(σ)]

E[Z (G(n,m))]
.

Moreover, we define a further random factor graph model Ĝ(n,m) = Ĝ(n,m,P ) by letting

P
[
Ĝ(n,m) =G

]= P[G(n,m) =G] Z (G)

E[Z (G(n,m))]
. (1.10)

Thus, we reweigh the graphs according to their partition function. As before we let σ̂= σ̂n,m and Ĝ = Ĝ(n,m). With
this notation we obtain the following Nishimori identity.

Proposition 1.6 ([20]). Suppose that ψ(σ) > 0 for all ψ ∈Ψ, σ ∈Ωk . Then for all n,m we have

P
[
Ĝ(n,m) =G

]
µG (σ) = P

[
σ̂n,m =σ]

P
[
G∗(n,m,σ) =G

]
.
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Proof. By construction,

P
[
Ĝ(n,m) =G

]
µG (σ) = P[G(n,m) =G] Z (G)

E[Z (G(n,m))]
· ψG (σ)

Z (G)
= E[ψG(n,m)(σ)]

E[Z (G(n,m))]
· P[G(n,m) =G]ψG (σ)

E[ψG(n,m)(σ)]

= P
[
σ̂n,m =σ]

P
[
G∗(n,m,σ) =G

]
,

as desired. �

In the case of the stochastic block model a simple calculation reveals that σ̂n,m and the uniform distributionσ∗
are mutually contiguous, i.e., for any sequence of events (An)n≥1 we have

lim
n→∞P

[
σ∗ ∈An

]= 0 iff lim
n→∞P

[
σ̂n,m ∈An

]= 0.

Thus, for the purposes of the present lecture the stochastic block model is identical to the random factor graph
model G∗(σ̂).

What is the connection between the stochastic block model and the random graph colouring problem? Con-
sider the random factor graph model G with the weight function (1.7). For β = ∞ the corresponding partition
function Z (G) is equal to the number of k-colourings. For β<∞ the partition function Z (G) is greater, but clearly

lim
β→∞

ln Z (G) = ln Zq (G). (1.11)

Thus, we might attempt to prove Theorem 1.2 by way of studying Z (G) for β<∞. The following lemma shows that
this comes down to studying G∗.

Lemma 1.7. For any q ≥ 3, β> 0 the following is true. Assume that d < dcond(q,β). Then

lim
n→∞

1

n
E[ln Z (G)] = ln q + d

2
ln(1− (1−e−β)/q). (1.12)

Conversely, (1.12) holds only if d < dcond(q,β).

Proof. The proof is based on a second moment calculation. Specifically, fix a small ε> 0 and define

Z (G) = Z (G)1{n−1 ln Z (G) ≤ ln q +d ln(1− (1−e−β)/q)/2+ε}.

Then (1.10) implies that

E[Z (G(n,m))] = E[Z (G(n,m))] ·P
[

n−1 ln Z (Ĝ(n,m)) ≤ ln q +d ln(1− (1−e−β)/q)/2+ε
]

.

Furthermore, the proof of Theorem 1.2 will reveal that for 2
m /n ∼ d < dcond we have

P
[

n−1 ln Z (Ĝ(n,m)) ≤ ln q +d ln(1− (1−e−β)/q)/2+ε
]
∼ 1.

Since n−1 lnE[Z (G(n,m))] ∼ ln q +d ln(1− (1−e−β)/q)/2, we conclude that

E[Z (G(n,m))] = exp(o(n))qn(1− (1−e−β)/q)m , E[Z (G(n,m))2] = exp(εn +o(n))E[Z (G(n,m))]2

if d < dcond. The first assertion therefore follows from the Paley-Zygmund inequality. The second assertion requires
a subtle application of Azuma’s inequality (details omitted). �

Many of the ideas and techniques from these lectures generalise to other random factor graph models [11, 22,
20]. This leads to important applications. For instance, error correcting codes such as low-density parity check
codes or low-density generator matrix codes can be cast as random factor graph models [46].

2. THE BOLTZMANN DISTRIBUTION

2.1. A whiff of statistical physics. Following [40], in this section we give a very brief (and non-rigorous) intro-
duction to statistical mechanics. The aim of statistical physics is to understand how the macroscopic behaviour
of a system S arises out of the interactions of its microscopic particles. Key concepts of statistical physics are
temperature and entropy.

Suppose that we aim to study a large closed system with n elementary particles; for a physical system we would
realistically have n ≈ 1023. Each of these particles can be in one of a finite number of elementary quantum states.
At a given overall energy U there would thus be a (very large) number g of possible or accessible configurations
describing the quantum states of all the particles. Think of g ≈ exp(1023). The fundamental assumption that
underpins statistical mechanics is that at equilibrium, the system is equally likely to be in any of the g configurations.
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We refer to the quantity S = ln g as the entropy. Furthermore, we consider the uniform distribution µ = µS ,U on
the set Γ= Γ(n,U ) of all g configurations and we write σ=σµ for a random configuration. For a random variable
X we write

〈X (σ)〉 = 〈
X (σµ)

〉
µ
= ∑
σ∈Γ

X (σ)µ(σ).

Now suppose that we have systems S1,S2 of sizes n1,n2 with energies U1,U2. What happens if we bring these
two systems into ‘thermal contact’? That is, we enable the systems to exchange energy but not particles. Upon
contact the two systems form a larger one S = S1 ⊕S2. Since the total energy U =U1 +U2 of the two systems is
preserved, the overall number of possible configurations comes to

g (n,U ) = ∑
U1+U2=U

g1(n1,U1)g2(n2,U2). (2.1)

In a physical system the energy U will realistically be on the order of n = n1 +n2, while g (n,U ) will be exponential
in n. Therefore, the sum (2.1) is dominated by the values Û1,Û2 that render the largest contribution, i.e.,

g (n,U ) ≈ max
U1+U2=U

g1(n1,U1)g2(n2,U2). (2.2)

In fact, the energies U1(σ),U2(σ) of a random sample from µS ,U will typically be very tightly concentrated (say,
within O(

p
n)). Thus, if we pretend that U is a continuous quantity, then the product rule gives

dg = ∂g1

∂U1
g2dU1 + g1

∂g2

∂U2
dU2 = 0 and dU1 +dU2 = 0.

Hence, ∂ ln g1
∂U1

= ∂ ln g2
∂U2

, which we can rewrite in terms of the entropy as

∂S1

∂U1
= ∂S2

∂U2
. (2.3)

We therefore define the temperature T of a system by

1

T
= ∂S

∂U
(2.4)

Thus, while S is a pure number, the temperature comes in the units of energy. This is one variant of the first law
of thermodynamics. In the situation of the two systems S1,S2 in thermal contact, (2.3) and (2.4) show that at the
equilibrium we have T1 = T2, i.e., the temperatures of the two sub-systems equalise. Moreover, (2.2) expresses the
fact that the entropy of the combined system is at least as large as the sum of the entropies of the sub-systems
before they entered into thermal contact. This is a version of the second law of thermodynamics.

What if we bring a system S into contact with a much bigger system R, called the reservoir? Suppose thatσ1,σ2

are two configurations of S with energies E(σ1),E(σ2). Then by our fundamental assumption, within the system
R⊕S we find

µR⊕S ,U (σ1)

µR⊕S ,U (σ2)
= gR(U −E(σ1))

gR(U −E(σ2))
= exp(SR(U −E(σ1))−SR(U −E(σ2))) . (2.5)

Assuming that R is much bigger than S , we can reasonably write the approximation

SR(U −E(σ1))−SR(U −E(σ2)) ≈ SR(U )− ∂SR

∂U
(E(σ1)−E(σ2)) ≈ SR(U )− E(σ1)−E(σ2)

T
. (2.6)

Combining (2.5) and (2.6) , we find

µR⊕S ,U (σ1)

µR⊕S ,U (σ2)
= exp(−E(σ1)/T )

exp(−E(σ2)/T )
.

Any specifics of the reservoir cancelled out! Its only role is to maintain S at a given temperature T (“heat bath”).
Hence, writing µ=µR⊕S and introducing the partition function

Z = ZS (T ) =∑
σ

exp(−E(σ)/T ),

we find

µ(σ) = exp(−E(σ)/T )/Z . (2.7)
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Finally, we introduce the Helmholtz free energy

F =U −ST (2.8)

and for notational convenience we introduce β= 1/T , the inverse temperature.

2.2. Boltzmann distributions of factor graphs. If we compare equations (1.8) and (2.7), then we see that the dis-
tribution induced by the factor graph is nothing but the Boltzmann distribution with

−E(σ)/T = ∑
a∈F

lnψa(σ|∂a).

The temperature parameter T is obsolete, viz. can be incorporated into the definition of the ψa ; we therefore just
set T = 1. We hence call µG the Boltzmann distribution of G . The average with respect to µG is denoted by 〈 ·〉G .
Furthermore, we define by analogy with (2.8),

U (G) =− ∑
a∈F

〈
lnψa

〉
G , S(G) = H(µG ) =−〈

lnµG (σ)
〉

G , F (G) =U (G)−S(G).

Lemma 2.1. We have F (G) =− ln Z (G).

Proof. For any configuration σ ∈ΩV we have µG (σ) = 1
Z

∏
a∈F ψa(σ|∂a) and thus

ln Z =− lnµG (σ)+ ∑
a∈F

lnψa(σ|∂a).

Averaging this equation over σ chosen from µG yields the assertion. �

Let us now glimpse at a simple example. In the Curie-Weiss model we have n variable nodes V = {x1, . . . , xn} that
take values in the set Ω = {±1}. There is a constraint node ai j associated with any pair 1 ≤ i < j ≤ n of variable
nodes, and one factor node ai associated with each variable xi . Thus, there are n(n +1)/2 factor nodes in total.
The weight functions satisfy

lnψai j (σi ,σ j ) =σiσ j /(T n), lnψai (σi ) = Bσi /T,

where T > 0 and B ≥ 0 are real parameters. Let

h(z) =−z ln z − (1− z) ln(1− z).

Theorem 2.2. For λ ∈ [−1,1] let

φ(λ,T,B) =−1−λ2

2T
+ Bλ

T
+h

(
1+λ

2

)
.

Then

lim
n→∞

1

n
ln Z =φ (T,B) = max

λ∈[−1,1]
φ(λ,T,B).

Proof. For a configuration σ= (σ1, . . . ,σn) ∈ {±1}n we define the magnetisation

λ(σ) = 1

n

n∑
i=1

σi .

The key observation is that

T ·U (σ) = 1

2
n − 1

2
nλ(σ)2 −nBλ(σ).

Therefore, summing over the (finite number of) possible empirical magnetisations λ, we find

Z = exp(−n/(2T ))
∑
λ

(
n

n(1+λ)/2

)
exp

[
n/T

2
·λ2 +nBλ/T

]
. (2.9)

The binomial coefficient
( n

n(1+λ)/2

)
simply enumerates the number of σ with λ(σ) =λ. By Stirling’s formula,

1

n
ln

(
n

n(1+λ)/2

)
∼ h((1+λ)/2).

Hence,
Z = exp(o(n))

∑
λ

exp(nφ(λ,T,B)). (2.10)
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Since there are O(n) summands in (2.10) and because λ 7→φ(λ,T,B) is continuous, we see that

1

n
ln Z ∼ max

λ∈[−1,1]
φ(λ,T,B),

as claimed. �

Let

Mn(T,B) = 1

n

n∑
i=1

〈σ(xi )〉 ∼ T
∂

∂B
φ(T,B)

and

M+(T ) = lim
B↘0

lim
n→∞Mn(T,B) = lim

B↘0
T

∂

∂B
φ(T,B).

Corollary 2.3. For T > 1 we have M+(T ) = 0. By contrast, M+(T ) > 0 for T < 1. In particular, there is a phase
transition at T = 1.

Proof. Suppose first that B = 0. Then the function λ 7→φ(λ,T,B) is symmetric in λ, and thus its differential at λ= 0
vanishes. But where the function attains its global maximum depends on T . More precisely, for T > 1, the global
maximum is attained at λ= 0. Indeed, the differentials of φ(λ,β,B) are

∂

∂λ
φ(λ,T,0) = λ/T − ln(1+λ)− ln(1−λ)

2
,

∂2

∂λ2φ(λ,T,0) = 1− 1

1−λ2 .

Thus, for T > 1 the function is concave, with its maximum at λ = 0. However, for T < 1 the global maximum
is attained at another point λ+(T ) > 0 (and, by symmetry, at its mirror image λ−(T ) < 0), while there is a local
minimum at λ= 0.

In effect, for T > 1 we have M+(T ) = 0, because for sufficiently small B > 0, the maximum of φ(λ,T,B) is going
to remain at λ = 0. By contrast, for T > 1 we have that M+(T ) > 0 (because B > 0 rules out λ−(T ) as a global
maximum). �

Observe that the Curie-Weiss model with B = 0 is symmetric, i.e., E (σ) = E (−σ) for every configuration σ. Thus,
if T < 1 and we imagine many separate, isolated copies of the system, so-called replicas, then we should expect that
in about half the replicas the magnetisation is negative and in the others positive. In other words, the replicas are
not symmetric. This is reflected in the following observation. In each replica the average magnetisation satisfies
〈σ(xi )〉 = 0 for every variable node xi . Yet because M+(T ) > 0 we have

〈
σ(xi )σ(x j )

〉> 0 for all i , j , i.e., pairs of spins
are positively correlated. In particular, for any T < 1 there is ε(T ) > 0 such that for large enough n,

1

n2

n∑
i , j=1

∥∥∥µxi ,x j −µxi ⊗µx j

∥∥∥
TV

≥ ε(T ),

where µxi ,x j is the joint distribution of the spins of xi , x j and µxi ,µx j are the marginal distributions. On the other
hand, once we condition, say, on the average magnetisation λ(σ) being positive, asymptotic pairwise indepen-
dence is recovered:

1

n2

n∑
i , j=1

∥∥∥µxi ,x j [ · |λ(σ) > 0]−µxi [ · |λ(σ) > 0]⊗µx j [ · |λ(σ) > 0]
∥∥∥

TV
= o(1).

Similarly,

1

n2

n∑
i , j=1

∥∥∥µxi ,x j [ · |λ(σ) < 0]−µxi [ · |λ(σ) < 0]⊗µx j [ · |λ(σ) < 0]
∥∥∥

TV
= o(1).

We might thus call {λ(σ) > 0} and {λ(σ) < 0} two pure states of the system. By contrast, for T > 1 there is but one
single pure state, namely the paramagnetic one where λ(σ) = o(n).

Remark 2.4. There is a “spin glass” variant of the Curie-Weiss model. In the Sherrington-Kirkpatrick model we
introduce couplings J = (Ji j )1≤i< j≤N that are mutually independent standard Gaussians. This gives rise to the energy
function

E (σ) =− 1p
n

∑
1≤i< j≤n

Ji jσiσ j −B
n∑

i=1
σi .

This innocuous change makes the problem much more complicated. The free energy in this model was first calcu-
lated in a celebrated paper by Talagrand [57].
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3. PURE STATES

3.1. Discrete probability distributions. This section is based on [11]. The main result of this section shows that
any probability measure on a discrete cube Ωn can be partitioned into a bounded number of pure states. Let
us introduce some terminology. Throughout we assume that Ω 6= ; is a finite set. Let µ ∈ P (Ωn) be a probability
distribution on the discrete cubeΩn . For a finite set I ⊂ [n] we letµI denote the joint distribution of the coordinates
i ∈ I . Thus, µI ∈P (ΩI ) is defined by

µI (σ) = ∑
τ∈Ωn

1{∀i ∈ I : τi =σi }µ(τ).

An (ε,k)-pure state of µ is a set S ⊂Ωn such that µ(S) > 0 and

1

nk

∑
x1,...,xk∈[n]

∥∥µx1,...,xk [ · |S]−µx1 [ · |S]⊗·· ·⊗µxk [ · |S]
∥∥

TV < ε.

Furthermore, we call µ (ε,k)-symmetric if S =Ωn itself is an (ε,k)-state. When k is omitted it is understood that we
mean k = 2. The main result of this section is

Theorem 3.1 ([11]). For any ε > 0, k ≥ 2 there exists η = η(ε,k,Ω) > 0 such that for every n > 1/η any measure
µ ∈P (Ωn) has pairwise disjoint (ε,k)-pure states S1, . . . ,SN such that µ(Si ) ≥ η for all i ∈ [N ] and

∑N
i=1µ(Si ) ≥ 1−ε.

The following consequence of Theorem 3.1 shows that the parameter k is relatively unimportant.

Corollary 3.2 ([11]). For any ε> 0, k ≥ 3 there exists δ> 0 such that for all n > 1/δ and all µ ∈P (Ωn) the following
is true. If µ is (δ,2)-symmetric, then µ is (ε,k)-symmetric.

In the example of the Curie-Weiss model we saw that the balance between the two pure states for T < 1 is
extremely delicate. Indeed, Corollary 2.3 demonstrates that we can tip the balance by exposing an arbitrarily weak
external field. The following result, which is a generalisation of a result from [46], shows that this is a universal fact.

Theorem 3.3 ([20]). For any ε > 0 there is T = T (ε,Ω) > 0 such that for every n > T and every probability measure
µ ∈P (Ωn) the following is true. Obtain a random probability measure µ̌ ∈P (Ωn) as follows.

Draw a sample σ̌ ∈Ωn fromµ, independently choose a number θ ∈ (0,T ) uniformly at random, then
obtain a random set U ⊂ [n] by including each i ∈ [n] with probability θ/n independently and let

µ̌(σ) = µ(σ)1{∀i ∈U :σi = σ̌i }

µ({τ ∈Ωn : ∀i ∈U : τi = σ̌i })
(σ ∈Ωn).

Then µ̌ is ε-symmetric with probability at least 1−ε.

The rest of this section deals with the proof of Theorems 3.1. The proof of Corollary 3.2 can be found in [11] and
that of Theorem 3.3 in [20].

3.2. Homogeneity. This section introduces a key concept upon which the proof of Theorem 3.1 is based. If V =
(V1, . . . ,Vk ) is a partition of some set V , then we call #V = k the size of V . Furthermore, a partition W = (W1, . . . ,Wl )
refines another partition V = (V1, . . . ,Vk ) if for each i ∈ [l ] there is j ∈ [k] such that Wi ⊂V j . Moreover, for a config-
uration σ ∈Ωn and a subset U ⊂ [n] we define

σ[ω|U ] = |U |−1
∑
i∈U

1{σi =ω}.

Thus, σ[ · |U ] is the empirical distribution of the spins on U .
For ε> 0 we say that µ ∈P (Ωn) is ε-regular on a set U ⊂ [n] if for every subset W ⊂U of size |W | ≥ ε|U | we have

〈‖σ[ · |W ]−σ[ · |U ]‖TV〉µ < ε.

Further, µ is ε-regular with respect to a partition V if there is a set J ⊂ [#V ] such that
∑

i∈[#V ]\J |Vi | < εn and such
that µ is ε-regular on Vi for all i ∈ J . Additionally, if V is a partition of [n] and S is a partition ofΩn , then we say that
µ is ε-homogeneous with respect to (V ,S) if there is a subset I ⊂ [#S] such that the following is true.

HM1: We have µ(Si ) > 0 for all i ∈ I and
∑

i∈[#S]\I µ(Si ) < ε.
HM2: for all i ∈ [#S] and j ∈ [#V ] we have maxσ,σ′∈Si

∥∥σ[ · |V j ]−σ′[ · |V j ]
∥∥

TV < ε.
HM3: for all i ∈ I the measure µ[ · |Si ] is ε-regular with respect to V .
HM4: µ is ε-regular with respect to V .
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Theorem 3.4 ([11]). For any ε > 0 there exists N = N (ε,Ω) > 0 such that for every n > N , any measure µ ∈ P (Ωn)
and any partition V 0 of [n] of size #V 0 ≤ 1/ε the following is true. There exist a refinement V of V 0 and a partition S
ofΩn such that #V +#S ≤ N and such that µ is ε-homogeneous with respect to (V ,S).

Informally speaking, Theorem 3.4 shows that any probability measure µ ∈P (Ωn) admits a partition (V ,S) such
that the following is true. Almost the entire probability mass of µ belongs to parts Si such that the conditional
measure µ[ · |Si ] is ε-regular w.r.t. V . This means that almost every coordinate x ∈ [n] belongs to a class V j such
that for every “large” U ⊂ V j for σ chosen from µ[ · |Si ] very likely the empirical distribution σ[ · |U ] is close to the
marginal distribution

〈
σ[ · |V j ]

〉
µ[ · |Si ] of the entire class.

Theorem 3.4 and its proof are inspired by Szemerédi’s regularity lemma, a result about the decomposition of
graphs.

4. BELIEF PROPAGATION

4.1. Message passing on factor graphs. Suppose that G = (V ,F, (∂a)a∈F , (ψa)a∈F ) is an Ω-factor graph. Further,
define the message space M (G) as the set of all families ν= (νx→a ,νa→x )x∈V ,a∈F,x∈∂a such that νx→a ,νa→x ∈P (Ω).
The Belief Propagation operator BP = BPG : M (G) →M (G) maps ν ∈M (G) to the point ν̂ ∈M (G) defined by

ν̂a→x (σx ) =
∑
τ∈Ω∂a 1{τx =σx }ψa(τ)

∏
y∈∂a\x νy→a(σy )∑

τ∈Ω∂a ψa(τ)
∏

y∈∂a\x νy→a(σy )
, ν̂x→a(σx ) =

∏
b∈∂x\a ν̂b→x (σx )∑

τ∈Ω
∏

b∈∂x\a ν̂b→x (τ)
.

Furthermore, for a point ν ∈M (G) and a variable node x and σ ∈Ωwe define

νx (σ) =
∏

b∈∂x ν̂b→x (σx )∑
τ∈Ω

∏
b∈∂x ν̂b→x (τ)

.

Similarly, for a constraint node a we define νa ∈P (Ω∂a) by

νa(σ) = ψa(σ)
∏

y∈∂a νy→a(σy )∑
τ∈Ω∂a ψa(τ)

∏
y∈∂a νy→a(τy )

.

Additionally, we define a functional B : M (G) →R called the Bethe free entropy by letting

B(ν) = ∑
x∈V

H(νx )+ ∑
a∈F

[
DKL (νa‖⊗x∈∂aνx )+〈

lnψa
〉
νa

]
(4.1)

Of course, the formula can be applied to any family (νx ,νa)x,a of marginal distributions.

Proposition 4.1 ([58]). The stationary points (νx ,νa)x,a of B that satisfy the following consistency condition:

∀x ∈V , a ∈ ∂x,σ ∈Ω :
∑

τ∈Ω∂a

1{τ(x) =σ}νa(τ) = νx (σ) (4.2)

and the Belief Propagation fixed points are in one-to-one correspondence.

4.2. Acyclic graphs. Throughout this section we assume that the factor graph G is a acyclic. Let V = {x1, . . . , xn}.
The ultimate goal is to devise a formalism for computing the 1

n ln Z .
For starters, we devise an approach to compute the marginals µxi . Recall that the diameter of a graph is the

maximum distance between any two vertices, where “distance” refers to the number of edges on the shortest path.

Theorem 4.2. In a tree factor graph of diameter t∗ the following is true.

(1) There exists ν∗ ∈M (G) such that BP(ν∗) = ν∗.
(2) For any ν0 ∈M (G) and any t > t∗ we have BPt (ν0) = ν∗.
(3) For any x ∈V we have ν∗x =µx .

Theorem 4.2 shows that on an acyclic factor graph Belief Propagation has exactly one fixed point, which we can
determine from any starting point by iterating the BP operator more than t∗ times.

To prove Theorem 4.2, we introduce a bit of notation. For a variable x and a ∈ ∂x we denote by Gx→a the
subgraph of the factor graph obtained by removing a. Let Vx→a be the set of variable nodes and let Fx→a be the
set of constraint nodes in Gx→a . Furthermore, let µx→a(·) denote the marginal of x in Gx→a . Analogously, if a is a
factor node and x ∈ ∂a, then we denote by Ga→x the subgraph of G obtained by removing all b ∈ ∂x \ a. Let µa→x

signify the Boltzmann marginal of x in Ga→x .

Lemma 4.3. In a tree factor graph (µx→a ,µa→x )a∈∂x is a Belief Propagation fixed point.
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Proof. Consider a constraint node a and x ∈ ∂a. Then by the definition of µx→a ,

µx→a(σ)

µx→a(σ′)
=

∑
τ∈ΩV 1{τ(x) =σ}ψGx→a (τ)∑
τ∈ΩV 1{τ(x) =σ′}ψGx→a (τ)

.

Similarly, if b ∈ ∂x \ a, then

µb→x (σ)

µb→x (σ′)
=

∑
τ∈ΩV 1{τ(x) =σ}ψGb→x (τ)∑
τ∈ΩV 1{τ(x) =σ′}ψGb→x (τ)

.

The last expression can be simplified as follows. Let Hb→x be the component of b in Gb→x . Then we can write

µb→x (σ)

µb→x (σ′)
=

∑
τ∈ΩV (Hb→x ) 1{τ(x) =σ}ψHb→x (τ)∑
τ∈ΩV (Hb→x ) 1{τ(x) =σ′}ψHb→x (τ)

.

Furthermore, because G is a tree the components Hb→x only have the node x in common. Therefore,

µx→a(σ)

µx→a(σ′)
=

∏
b∈∂a\x

∑
τ∈ΩV (Hb→x ) 1{τ(x) =σ}ψHb→x (τ)∏

b∈∂a\x
∑
τ∈ΩV (Hb→x ) 1{τ(x) =σ′}ψHb→x (τ)

= ∏
b∈∂x\a

µb→x (σ)

µb→x (σ′)
.

We apply a similar argument to the constraint-to-variable messages. Thus, for y ∈ ∂a\x let Hy→a be the component
of y in Gy→a . Then by construction,

µa→x (σ)

µa→x (σ′)
=

∑
τ∈ΩV 1{τ(x) =σ}ψGa→x (τ)∑
τ∈ΩV 1{τ(x) =σ′}ψGa→x (τ)

=
∑
τ∈Ω∂a 1{τ(x) =σ}ψa(τ)

∏
y∈∂a\x µy→a(σy )Z (Hy→a)∑

τ∈Ω∂a 1{τ(x) =σ′}ψa(τ)
∏

y∈∂a\x µy→a(σy )Z (Hy→a)

=
∑
τ∈Ω∂a 1{τ(x) =σ}ψa(τ)

∏
y∈∂a\x µy→a(σy )∑

τ∈Ω∂a 1{τ(x) =σ′}ψa(τ)
∏

y∈∂a\x µy→a(σy )
,

as desired. �

Proof of Theorem 4.2. Let x be a variable node and let a ∈ ∂x. The depth tx→a is the maximum distance between
x and a leaf of the component of x in Gx→a . We may assume without loss that all leaves of the factor graph are
variable nodes. Let ν0 ∈ M (G) be any starting point and let νt = BPt (ν0). We claim that for any x ∈ V , a ∈ ∂x we
have

µx→a = ν(t )
x→a if t > ti→a . (4.3)

The proof is by induction on tx→a . If tx→a = 0, then x is a leaf of G . In particular, ∂x = {a}. Hence, by the con-
struction of the Belief Propagation operator νt

x→a is just the uniform distribution for any t ≥ 1. So is µx→a . Thus,
we have got (4.3) in the case tx→a = 0. The inductive step follows from Lemma 4.3 because both µx→a and νx→a

are defined by the same recurrence. Of course, (4.3) implies that (µx→a ,µa→x )a∈∂x is the unique fixed point of the
Belief propagation operator. This establishes the first and the second assertion.

To obtain the third assertion, pick a variable node x. We modify the factor by adding another factor node a∗
such that ∂a∗ = {x} and ψa∗ ≡ 1. Then µx→a∗ coincides with the Boltzmann distribution on the original factor
graph. Moreover, due to our choice of ψa∗ the addition of the factor node a∗ does not alter the Belief Propagation
fixed point. Therefore, the last assertion follows from (4.3) applied to µx→a∗ . �

In fact, we can express the entire distribution µ merely in terms of the marginal distributions µx , µ∂a . The proof of
the following fact is based on a simple induction, not unlike the proof of Theorem 4.2.

Corollary 4.4. If G is a tree, then

µ(σ) = ∏
a∈F

µ∂a(σ|∂a)
∏

x∈V
µx (σ(x))1−|∂x|.

Recall the Bethe functional from (4.1).

Corollary 4.5. If G is acyclic, then ln Z (G) =B((µx )x∈V , (µ∂a)a∈F ).

Proof. This is immediate from Corollaries 2.1 and 4.4. �

We make a note of the following alternative form of the Bethe formula.
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Corollary 4.6. Assume that G is a tree. Set

BG = ∑
a∈F

Ba +
∑

x∈V
Bx −

∑
x∈V ,a∈∂x

Ba,x , where

Ba = ln
∑

τ∈Ω∂a

ψa(τ)
∏

x∈∂a
µx→a(σ(x)), Bx = ln

∑
σ∈Ω

∏
b∈∂x

µb→x (σ), Ba,x = ln
∑
σ∈Ω

µx→a(σ)µa→x (σ).

Then ln Z =BG .

4.3. Belief Propagation and replica symmetry. We recall the random factor graph model G from Section 1.4. Let
us call this model replica symmetric if

lim
n→∞

1

n2

n∑
i , j=1

E
∥∥∥µGn ,xi ,x j −µGn ,xi ⊗µGn ,x j

∥∥∥
TV

= 0 (4.4)

An important conjecture holds that (4.4) is sufficient for the fact that Belief Propagation and the Bethe formula can
be used to calculate the free energy [42]. In this section we prove this conjecture. For a given factor graph G we call
the messages µG , ·→· = (µG ,x→a ,µG ,a→x )x∈V (G),a∈F (G),x∈∂a an ε-Belief Propagation fixed point on G if∑

x∈V (G)
a∈∂x
σ∈Ω

∣∣∣∣µG ,x→a(σ)−
∏

b∈∂x\a µG ,b→x (σ)∑
τ∈Ω

∏
b∈∂x\a µG ,b→x (τ)

∣∣∣∣+
∣∣∣∣∣µG ,a→x (σ)−

∑
τ∈Ω∂a 1{τx =σ}ψa(τ)

∏
y∈∂a\x µG ,y→a(τy )∑

τ∈Ω∂a ψa(τ)
∏

y∈∂a\x µG ,y→a(τy )

∣∣∣∣∣< εn.

Assume that all factor graphs have strictly positive weight functions from a fixed finite setΨ.

Theorem 4.7 ([22]). If (4.4) holds, then there is a sequence (εn)n → 0 such that µGn , ·→· is an εn-Belief Propagation
fixed point w.h.p.

We remember the formulas from Corollary 4.6.

Corollary 4.8 ([22]). If (4.4) holds and 1
n BGn converges to a real number B in probability, then

lim
n→∞

1

n
E[ln ZG ] = B.

The rest of this section follows [22]. To prove Theorem 4.7 we need a few preparations. The proof is based on
the following lemma, which follows from Theorem 3.1.

Lemma 4.9 ([22]). For any integer L > 0 and any α > 0 there exist ε = ε(α,L,Ψ) > 0, n0 = n0(ε,L) such that the
following is true. Suppose that G is a factor graph with n > n0 variable nodes. Moreover, assume that µG is (ε,2)-
symmetric. If G+ is obtained from G by adding L constraint nodes b1, . . . ,bL with weight functions ψb1 , . . . ,ψbL ∈Ψ
arbitrarily, then µG+ is (α,2)-symmetric and ∑

x∈V (G)

∥∥µG ,x −µG+,x
∥∥

TV <αn. (4.5)

Proof of Theorem 4.7. Fix ε > 0, choose L = L(ε) > 0 and γ = γ(ε,L,Ψ) > η = η(γ) > δ = δ(η) > 0 small enough and
assume that n > n0(δ) is sufficiently large. Because the distribution of the random factor graph Gn is symmetric
under permutations of the variable nodes, it suffices to prove that with probability at least 1−ε we have∑

a∈∂xn ,σ∈Ω

∣∣∣∣µGn ,xn→a(σ)−
∏

b∈∂xn \a µGn ,b→xn (σ)∑
τ∈Ω

∏
b∈∂xn \a µGn ,b→xn (τ)

∣∣∣∣< ε and (4.6)

∑
a∈∂xn ,σ∈Ω

∣∣∣∣∣µGn ,a→xn (σ)−
∑
τ∈Ω∂a 1{τ(xn) =σ}ψa(τ)

∏
y∈∂a\xn µGn ,y→a(τy )∑

τ∈Ω∂a ψa(τ)
∏

y∈∂a\xn µGn ,y→a(τy )

∣∣∣∣∣< ε. (4.7)

To prove (4.6)–(4.7) we use the following standard trick. Let G ′ be the random factor graph with variable nodes
x1, . . . , xn comprising of m′ = Po(dn(1−1/n)k /k) random constraint nodes a1, . . . , am′ that do not contain xn . More-
over, let∆= Po(dn(1−(1−1/n)k )/k) be independent of m′ and obtain G ′′ from G ′ by adding independent random
constraint nodes b1, . . . ,b∆ with xn ∈ ∂bi for all i ∈ [∆]. Then the random factor graph G ′′ has precisely the same
distribution as Gn . Therefore, it suffices to verify (4.6)–(4.7) with Gn replaced by G ′′.

Since dn(1− (1−1/n)k )/k = d +o(1), we can choose L = L(ε) so large that

P[∆> L] < ε/3. (4.8)
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Furthermore, G ′ is distributed precisely as the random factor graph Gn given that ∂xn =;. Therefore, Bayes’ rule
and our assumption (4.4) imply

P
[
G ′ fails to be (δ,2)-symmetric

]< δ, (4.9)

provided that n0 is chosen large enough. Combining (4.9) and Corollary 3.2, we see that

P
[
G ′ is (η,2+ (k −1)L)-symmetric|∆≤ L

]> 1−δ, (4.10)

provided δ is sufficiently small.
Due to (4.8) and (4.10) and the symmetry amongst b1, . . . ,b∆ we just need to prove the following: given that G ′

is (η,2+ (k −1)L)-symmetric and 0 <∆≤ L, with probability at least 1−ε/L we have

∑
σ∈Ω

∣∣∣∣∣µG ′′,xn→b1
(σ)−

∏∆
i=2µG ′′,bi→xn

(σ)∑
τ∈Ω

∏∆
i=2µG ′′,bi→xn

(τ)

∣∣∣∣∣< ε/L and (4.11)

∑
σ∈Ω

∣∣∣∣∣µG ′′,b1→xn
(σ)−

∑
τ∈Ω∂b1 1{τ(xn) =σ}ψb1 (τ)

∏
y∈∂b1\xn µGn ,y→b1 (τ(y))∑

τ∈Ω∂b1 ψa(τ)
∏

y∈∂b1\xn µGn ,y→b1 (τ(y))

∣∣∣∣∣< ε/L. (4.12)

To this end, let U = ⋃
j≥2∂b j be the set of all variable nodes that occur in the constraint nodes b2, . . . ,b∆. Because

µG ′′,xn→b1
is the marginal of xn in the factor graph G ′′−b1, the definition of the Boltzmann distribution entails that

for any σ ∈Ω,

µG ′′,xn→b1
(σ) ∝ ∑

τ∈ΩU

1{τ(xn) =σ}
〈

1{∀y ∈U \ {xn} :σ(y) = τ(y)
〉
µG′

∆∏
j=2

ψb j (τ|∂b j ). (4.13)

Similarly, because µG ′′,bi→xn
is the marginal of xn in G ′+bi , we have

µG ′′,bi→xn
(σ) ∝ ∑

τ∈Ω∂bi

1{τ(xn) =σ}
〈

1{∀y ∈ ∂bi \ {xn} :σ(y) = τ(y)
〉
µG′ ψbi (τ). (4.14)

To prove (4.11), recall that the variable nodes ∂b j \ xn are chosen uniformly and independently for each j ≥ 2.
Therefore, if G ′ is (η, (k −1)L)-symmetric and 0 <∆≤ L, then∑

τ∈ΩU

E
[∣∣∣〈1{∀y ∈U \ {xn} :σ(y) = τ(y)

〉
µG′ −

∏
y∈U µG ′,y (τ(y))

∣∣∣ ∣∣G ′
]
≤ 2η. (4.15)

Set

νi (σ) = ∑
τ∈Ω∂bi

1{τ(xn) =σ}ψbi (τ)
∏

y∈∂bi \xn

µG ′,y (τ(y)). (4.16)

W.h.p. for any 1 ≤ i < j ≤ ∆ we have ∂bi ∩∂b j = {xn}. Hence, assuming that η = η(γ) is chosen small enough, we
obtain from (4.13), (4.14), (4.15) and Markov’s inequality that with probability at least 1−γ,∣∣∣∣∣µG ′′,xn→b1

(σ)−
∏∆

i=2νi (σx )∑
τ∈Ω

∏∆
i=2νi (τ)

∣∣∣∣∣< γ and

∣∣∣∣µG ′′,bi→xn
(σ)− νi (σ)∑

τ∈Ωνi (τ)

∣∣∣∣< γ for all i ∈ [∆]. (4.17)

Hence, (4.11) follows from (4.17), provided that γ is chosen small enough. A similar argument yields (4.12). �

The proof of Corollary 4.8 is based on the so-called Aizenman-Sims-Starr scheme [7], i.e., the observation that

lim
n→∞E

[
ln

ZGn

ZGn−1

]
= lim

n→∞
1

n
E[ln Z (Gn)]. (4.18)

To calculate the quantity on the l.h.s. we set up a coupling of the factor graphs Gn−1 and Gn . Roughly speaking, the
latter is obtained from the former by adding one variable node along with a few adjacent constraint node. (Strictly
speaking, we also need to delete a few randomly chosen constraint nodes.) In order to control the effect of these
modifications we use similar arguments as in the proof of Theorem 4.7.
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5. THE INTERPOLATION METHOD

Recall the factor graph interpretation Ĝ of the stochastic block model. In this section we will prove the following.

Proposition 5.1. For any π ∈P ,

1

n
E[ln Z (Ĝ)] ≥B(d ,π)+o(1). (5.1)

The proof of (5.1) is based on the interpolation method, originally invented by Guerra [34] in order to study spin
glasses. The idea is that for a given π ∈ P 2∗(Ω) we set up a family of random factor graph models parametrised by
t ∈ [0,1] such that the free energy of the t = 0 model is easily seen to be −nB(d ,π)+o(n) and such that the t = 1
model is identical to Ĝ . Finally, we will show that the derivative of the free energy with respect to t is non-positive,
whence (5.1) follows.

5.1. The interpolation scheme. To construct the intermediate models let γ= (γv )v∈[n] be a sequence of integers.
Fix π ∈P 2∗(Ω). We define a random factor graph model G =G(n,m,γ,π) as follows.

G1: the variable nodes are V = {x1, . . . , xn}.
G2: there are binary constraint nodes a1, . . . , am ; for each i ∈ [m] independently choose ∂ai ∈ V k uniformly

and let ψai =ψ be the weight function from (1.7).
G3: for each x ∈ V there are unary constraint nodes bx,1, . . . ,bx,γx adjacent to x whose weight functions are

generated as follows: for each j ∈ [γx ] independently, pick µx, j from π and let

ψbx, j :σ ∈Ω 7→ ∑
τ∈Ω

ψ(σ,τ)µx, j (τ).

We recall these random factor graph models induce a few further distributions. First, the Boltzmann measure
of G is

µG (σ) = ψG (σ)

Z (G)
with ψG :σ ∈ΩV 7→

m∏
i=1

ψ(σ)
∏

x∈V

γv∏
j=1

ψbx, j (σ(v)), Z (G) = ∑
σ∈ΩV

ψG (σ).

We also obtain a reweighed version Ĝ(n,m,γ,π) by letting

P
[
Ĝ(n,m,γ,π) ∈A

]= E[Z (G(n,m,γ,π))1{G(n,m,γ,π) ∈A }]

E[Z (G(n,m,γ,π))]
for any event A .

Further, there is an induced distribution σ̂n,m,γ,π on assignments defined by

P
[
σ̂n,m,γ,π =σ

]= E[ψG(n,m,γ,π)(σ)]/E[Z (G(n,m,γ,π))]. (5.2)

Finally, each assignment σ induces a distribution G∗(n,m,γ,π,σ) on factor graphs by letting

P
[
G∗(n,m,γ,π,σ) ∈A

]= E
[
ψG(n,m,γ,π)(σ)1{G(n,m,γ,π) ∈A }

]
E[ψG(n,m,γ,π)(σ)]

for any event A .

We are ready to set up the interpolation scheme. Given d > 0, t ∈ [0,1] we let mt = Po(tdn/k). Moreover, for
each x ∈V independently we let γt ,x = Po((1− t )d). Let γt = (γt ,x )x∈V . Finally, let

Ĝ t = Ĝ(n,mt ,γt ,π).

Then Ĝ1 is identical to our original factor graph model. Moreover, all constraint nodes of Ĝ0 are unary; in other
words, each connected component of Ĝ0 contains just a single variable node. The construction of Ĝ t is an adap-
tation of the interpolation schemes from [29, 52].

Finally, we need a correction term. Letting c = 1−e−β, we also introduce

ξ= q−2
∑
τ∈Ω2

ψ(τ) = q−2(q2 − cq) = 1− c/q.

Let us observe that we can write
1−ψ(σ,τ) = c1{σ= τ}.

Further, let

Γt = td

2ξ
E

[
Λ

( ∑
τ∈Ω2

ψ(τ)
2∏

j=1
µ(π)

j (τ j )

)]
.

The following is the centrepiece of the interpolation argument.
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Proposition 5.2. For every ε> 0 for all large enough n the following is true. Let

φ : t ∈ [0,1] 7→ (E[ln Z (Ĝ t )]+Γt )/n.

Then φ′(t ) >−ε for all t ∈ [0,1].

We proceed to prove Proposition 5.2. We write 〈 ·〉t for the expectation with respect to the Boltzmann measure
of Ĝ t and denotes independent samples by σ1,σ2, . . ..

Proposition 5.3. With y 1, . . . , y 2 chosen uniformly from the set of variable nodes and µ1,µ2 chosen from π, all
mutually independent and independent of Ĝ t , let

Ξt ,l = E
[〈

1{σ(y 1) =σ(y 2)}
〉l

t

]
−2E

[〈
µ1(σ(y 1))

〉l
t

]
+E

[( ∑
τ∈Ω

2∏
j=1

µ j (τ)

)l ]
.

Then uniformly for all t ∈ (0,1),

∂

∂t
φ(t ) = o(1)+ d

2ξ

∑
l≥2

c lΞt ,l

l (l −1)
.

We proceed to prove Proposition 5.3. Let

∆t = E
[
ln Z (Ĝ t (mt +1,γt ))

]−E
[
ln Z (Ĝ t (mt ,γt ))

]
,

∆′
t =

1

n

∑
x∈V

E
[
ln Z (Ĝ t (mt ,γt +1x ))

]−E
[
ln Z (Ĝ t (mt ,γt ))

]
.

Lemma 5.4. We have 1
n
∂
∂t E[ln Z (Ĝ t )] = d

k∆t −d∆′
t .

Proof. We just need to compute the derivative of the generating function of the Poisson distribution. �

Lemma 5.5. We have ∆t = o(1)− 1−ξ
ξ

+ 1

n2ξ

∑
y1,y2∈V

∑
l≥2

c l

l (l −1)
E

〈
l∏

h=1
1{σh(y1),σh(y2)}

〉
T,t

.

Proof. A mildly delicate calculation shows that the two assignments σ̂′ = σ̂n,m,γt ,mt ,σ̂′′ = σ̂n,m,γt ,mt+1 can be cou-
pled so that

P
[
σ̂′ = σ̂′′]= 1−Õ(n−1), P

[|σ̂′4σ̂′′| >p
n lnn

]=O(n−2). (5.3)

Let us assume that indeed σ̂′ = σ̂′′; the other case merely contributed to the o(1) error term. Then we can couple
ĜT,t (n,mt ,γt ,π), ĜT,t (n,mt +1,γt ,π) as follows. Define G ′ as the outcome of INT1–INT4 with σ̌= σ̂′ = σ̂′′. Then
obtain G ′′ by adding one single binary constraint node a such that ∂a has distribution

P
[
∂a = (xi1 , xi2 )

]∝ψ(σ̂′(xi2 ),σ̂′(xi2 )). (5.4)

Hence,

E
[
ln Z (Ĝ t (n,mt +1,γt ,π))

]−E
[
ln Z (Ĝ t (n,mt ,γt ,π))

]= E

[
ln

Z (G ′′)
Z (G ′)

]
+o(1) = E

[
ln

〈
ψa (σG ′ )

〉
G ′

]+o(1). (5.5)

Writing σ,σ1,σ2, . . . for independent samples from µG ′ and plugging in the definition (5.4) of a, we find

E
[
ln

〈
ψa (σG ′ )

〉
G ′

]= ∑
y1,y2∈V E

[
ψ(σ̂′(y1),σ̂′(y2)) ln

〈
ψ(σ(y1),σ(y2))

〉
G ′

]∑
y1,...,yk∈V E

[
ψ(σ̂′(y1),σ̂′(y2))

] .

Since the empirical distribution of σ̂′ is asymptotically uniform with very high probability, the denominator in the
above expression equals n2(ξ+o(1)) with probability 1−O(n−2). Thus,

E
[
ln

〈
ψa (σG ′ )

〉
G ′

]= o(1)+ 1

n2ξ

∑
y1,y2∈V

E
[
ψ(σ̂′(y1),σ̂′(y2)) ln

〈
ψ(σ(y1),σ(y2))

〉
G ′

]
. (5.6)

Expanding the logarithm gives

ln
〈
ψ(σ(y1),σ(y2))

〉
G ′ =−∑

l≥1

1

l

〈
1−ψ(σ(y1),σ(y2))

〉l
G ′ =−∑

l≥1

1

l

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

;
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the second equality sign holds becauseσ1,σ2, . . . are mutually independent. Combining the last two equations, we
obtain

E
[
ln

〈
ψa (σG ′ )

〉
G ′

]= o(1)− ∑
l≥1

∑
y1,y2

E

[
ψ(σ̂′(y1),σ̂′(y2))

ln2ξ

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

]

= o(1)+ ∑
l≥1

1

l n2ξ

∑
y1,y2

E

[
(1−ψ(σ̂′(y1),σ̂′(y2)))

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

]

− ∑
l≥1

1

ln2ξ

∑
y1,y2

E

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

. (5.7)

Since Proposition 1.6 implies that given G ′ the assignment σ̂′ is distributed as a sample from the Gibbs measure
µG ′ , we obtain

E

[
1−ψ(σ̂′(y1),σ̂′(y2))

l n2ξ

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

]
= E

〈
l+1∏
h=1

1−ψ(σh(y1),σh(y2))

〉
G ′

for l ≥ 1. Moreover,

1

n2

∑
y1,y2

E
〈

1−ψ(σ(y1),σ(y2))
〉

G ′ = 1− ∑
y1,y2

E
[
ψ(σ′(y1),σ′(y2))

]
n2 = 1−ξ+o(1).

Plugging these two into (5.7) and simplifying, we finally obtain

E
[
ln

〈
ψa (σG ′ )

〉
G ′

]= o(1)− 1−ξ
ξ

+ ∑
l≥2

∑
y1,y2

1

l (l −1)n2ξ
E

〈
l∏

h=1
1−ψ(σh(y1),σh(y2))

〉
G ′

and the assertion follows from (5.5). �

The steps that we just followed from (5.6) onward to calculate Eln
〈
ψa (σG ′ )

〉
G ′ are similar to the manipulations

from the interpolation argument of Abbe and Montanari [2]. Similar manipulations yield the other two terms in
Proposition 5.3.

Proof of Proposition 5.2. The assertion follows from the fact that all the expressions Ξt ,l from Proposition 5.3 are
non-negative. �

5.2. Proof of Theorem 1.4. By Lemma 1.5 our task comes down to calculating E[ln Z (Ĝ)]. Proposition 1.6, Theo-
rem 3.3 and Corollary 4.8 show that the Bethe free energy provides an upper bound, i.e., that

limsup
n→∞

1

n
E[ln Z (Ĝ)] ≤ sup

π∈P 2∗ ([q])

Bq,β,d (π).

Proposition 5.1 yields the matching lower bound.

6. OUTLOOK

Although the physics ideas are quite universal and applicable to a wide variety of problems almost mechani-
cally [44, 45], from a rigorous point of view many important questions in this area of research remain open. For
instance, the precise location of the q-colorability threshold (and its existence, actually) remain open. In the case
of the k-SAT problem the corresponding problem has recently been solved under the assumption that k exceeds
a large constant k0 [26], but the proof is quite technical. Generally fairly the regime beyond the condensation
threshold is currently not very well understood (with the exception of [56]). More is known in the case of densely
connected models such as the Sherrington-Kirkpatrick model [51].

Also regarding inference problems many natural questions remain (rigorously) unsolved. For example, the as-
sortative version of the stochastic block model has edge probabilities

pi j = d

n
· exp(β1{σ∗(xi ) =σ∗(x j )})

q −1+eβ
,

i.e., monochromatic edges are preferred. In this case the interpolation argument that we saw in Section 5 breaks
down and, in effect, neither the information-theoretic threshold nor the mutual information is known at this time
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for q > 2. The case q = 2 is special and the information-theoretic threshold can be identified by other methods [43,
48, 49].
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