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Abstract

High scorealignmentsof DNA sequencegive evidenceof a commonan-
cestryor function. It is thereforenaturalto askwhetheran obsered high score
couldhave arisenby purechanceandto explore whatthe high scorealignments
look like underthe null hypothesif unrelatedsequencesiVe introduceandin-

vestigatea simple Poissormodelwhich reflectsimportantfeaturesof high score
gappedocal alignmentsof independensequences.
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1 Introduction

An importantproblemin moderngeneticss to detectsimilaritiesbetweentwo DNA
(or protein)sequencegy, . . ., ¢,) and(ry, ..., r,) of lengthn andm, say whichin-
dicateanevolutionaryrelationshipbetweerthetwo sequencesr partsof them.(Here,
the ¢; andr;, arefrom a finite alphabet.) Sucha similarity could consistin a gap-
lesslocal alignment=(s, k, k), relatingtwo equally long substrings(g;, . . ., gi+%),
(rp, ..., rpex) Of thetwo sequencewhich have mary matdes ¢;4; = r;4; andonly
few mismattiesq;+; # rn4. It will be corvenientto think of Z(z, h, k) asadiagonal
line ((z,h), i+ 1, A+ 1),...,(i+ k,h+ k)) inthegrid {1,...,n} x {1,...,m}.
The similarity of the two sequenceslongthe gaplesdocal alignmentis quantified
by thescoe s = 31, (Lgipi=rnpi} = #lgisi#rny))» With Somemismat penalty
p > 0. A highscorendicateghatthetwo fragmentd ¢, . . ., gi+x) and(rs, . . ., ra4x)
might stemfrom a commonancestrabequencewherea few positionswereaffected
by substitutionsin the courseof evolution. However, apartfrom substitutions also
othertypesof mutationsarerelevant: the fragmentscould have beensubjectto inser
tions and deletionsof shorterpieces. This canbe takeninto accountby considering
gappedlocal alignments A gappedlocal alignmentis a sequencef gaplesdocal
alignments=(io, ho, ko), - . -, E(4;, by, k;) with iy + kg < igqq, by + ky < hgqq, and
(ig+ kg, hy+ ky) # (ig41 — 1,hyq1 — 1) for eachg < j.

For two fragmentscapturedby a gappedocal alignment,thereis evidencefor a
closerelationshipif, again,therearemary matchesandonly afew mismatchesandif
thenumber;j of gapsis nottoo highandthegapsareshort. Thereforet makesensdo
penalizeeachgapwith a gapopenpenaltyA andagap extensionpenaltyd multiplied
with thelength[i,1 — (i, + k) — 1]+ [hg41 — (hy + k4) — 1] of thegap. Oneobtains
the scoreof a gappedalignmentby subtractinghe sumof the gappenaltiesfrom the
sumof the scoresof its gaplessuilding blocks. Thereareefficient algorithmsto find
the gappedocal alignmentwhich maximizesthe scorefor a given pair of sequences
andgivenscoringparametersgvenfor amoregeneraklassof scoringschemegSmith
andWaterman;1981,Altschul etal., 1990). Oneof the crucial questionss to find out
whetheran obsered high scorecould have comeup alsoby merechance,in other
words, one hasto studythe distribution of high scoresunderthe null hypothesisof
independensequences.

Dembo,Karlin and Zeitouni (1994) computedthe tail of the distribution of the
maximalscoreof gaplessocalalignmentof twoi.i.d. sequencesverafinite alphabet.
They consideredyaplesdocal alignmentswhich cannotbe improved by extendingor
shorteningin forward or backwarddirection, and shaved that the probability that a
fixed pair of positionsis the startingpoint of a sgmentwhich s in this sensdocally
optimal andwhosescoreexceedsh is asymptoticallybetweenk,e=** andk,e~** as
b — oo. Therebyu is regiredto be solargethatthe expectedscoreof analignmentof
unrelatedsequencess negative. In whatfollows, this will alwaysbe assumedAlso,
in Demboet al. (1994)therate A aswell asthe boundsk; and &, arecomputedin
termsof the parametersf thescoringschemeThe constants:; andk, arein general
differentfrom eachotherif the possiblescoredie on a lattice. We will ignorethese
latticeeffectsandassumes; = ko =: k.

Recently SiggmundandYakir (2000)obtainedatail asymptoticgor thescoredis-
tribution of gappedocal alignments.Oneof our aimsis to geta betterunderstanding



of the structureof their resultby consideringa simplermodelwhich concentratesn
the essentiafeatures.Intuitively, for long sequencethe “good” gaplessalignments
shouldbe scatteredn a Poissoniarway asdiagonalpiecesinto the rectangulagrid
spannedby thetwo sequencesndthehigh scoregappedalignmentshouldcorrespond
to certainfinite configurationof suchdiagonalines(seealsoWatermarandVingron,
1994)usingessentiapartsof thelocally optimal gaplesdocal alignmentgseeFigure
1.) To avoid effectsof discretenessve replacethegrid {1,...,n} x {1,...,m} by
thecontinousrectangl€g0, n] x [0, m].

2 A Poisson point model for local alignment

Let ® beahomogeneouBoissorproces®nR ; x R, with intensityk, andattachin-
dependentarksto thepointsof ® which areexponentiallydistributedwith parameter
A. (Themeaningof £ and is decribedn theintroduction.)

We write ¥ for the markedpoint processarisingin this way. In the following we
will referto the pointstogethermwith their marksas“good pieces”,sincethey mimic
thegaplesdocal alignmentghatreachacertainscore.

We saythatx = (zo, ..., z;) isapathin ® with j stepgor a j-steppathfor short)
if z; € ®andz;,_y < z;fori =1,...,7, where< denotecomponent-wiserdering
in R?. Also, wecalla = ((zo, 9), - .., (zj,r;)) a(marked)pathin U if (zo, ..., z;)
is apathin ® andr; is themarkattachedo z;.

Now we have to translatethe alignmentscoringschemento our Poissonmodel.
The mismatchpenalty i is implicit in £ and A. The gap openpenalty entersdi-
rectly into the Poissormodel: eachstephasa basiccostA. We proposeto describe
the additional costfor a stepfrom z,;_; to z; by the nonngative randomvariable
Ry, ,(z; — zi—1), where,given®, {R, : « € ®} is afamily of i.i.d. copiesof a
randomfunction ? : R; x R4 — R4 which hasthefollowing scalingproperty: For
someconstanty > 0, andall / > 0,

theexpectedareaof {y : R(y) < [} equalswvi?/2 1)

The intuition behindthis scalingpropertyis asfollows: From (the end point of)
ary ungappedocal alignmentone canreacha 2-dimensionatangeof pointsfor net
costsof atmost1. Therangewhich canbereachedor costsof at most/ shouldhave
a similar shape scaledwith /, andthereforeit shouldhave approximatelythe /2-fold
area. The parameter, ocurringin (1) playsa crucial role in the whole picture; we
will comebackto this later. For the momentlet usonly mentionthata simple (non-
random)examplefor R would consistin the Euclideannorm R(y) := ||y||, which
leadstow = /2.

Thescoreof amarkedpatha = (x, r) in ¥ is now definedas

J

S(a) ::er—Zin_l(m—m—ﬁ—j'A (2

=0 =1

We call the threesummandsppearingn (2) the point quality, distancepenalty
andsteppenaltyof the markedpatha, andnotethatw [ dl - k? dz, is the expected
numberof one-steathsstartingin dz, andwith distancepenaltyin dl.
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The point qualitiesin the Poissonmodelmimic the scoresof locally optimal un-
gappedocal alignmentgLOULAS). Note that,asdepictedin Figurel, thediagonal
piecesin the optimalgappedocal alignmentin generaldo not perfectlycoincidewith
the LOULASs they intersectwith. Nearits gapsthe optimal alignmentmight extend
alonga diagonalbeyonda LOULA or missa partof a LOULA. Thedistancepenalty
R in the Poissormodelis thoughtto capturealsotheseextra costs.

Forj =0,1,...andB C R, wewrite M (B, j) for theexpectechumberof j-step
pathsstartingperunit volumeandwith scorein B, andM (B) := >°2, M(B, j). The
following propositiongivesthe expectednumberof pathsof a certainscore.

Proposition Forj > 1,

kX —As k —AA
M (ds, j) = ds——v (“ ‘

J  roo
2j—1 io=lq].
T )/01 (s +jA +1/Neldl. (3)

Proof The expectednumberof j-steppathsstartingper unit volume and having a
distancepenalty) | [; in dl is

I pl=l I—ly—emly s S J+1,,5725—1
Qk.// / (k.w)J-Hlidl]----dh-dl:udl
ol 0o Jo 0 iy (27 - 1!

Sincethepointquality of a of j-steppathis Gammaf + 1,))-distributed,the expected
numberof j-steppathsstartingperunit volume,having apointqualityin ds + jA + [
anda distancepenaltyin dl is

NHT N o i ip2i-1

T~ Astiat) iA+ ) ds—————— dl 4
Integrating(4) over [ we arrive at(3). O

Expandingheterm(s+45A-+//))7 onther.h.s.of (3), weseethattheleadingterm
in theintegral contributess’ (25 — 1)!, whereasll theothersummandsareO (si=' A7),
which by assumptioris uniformly o(s’) ass — oc. Thisyieldsthefollowing

Corollary For fixeds € {0,1,...},
M (ds,j) ~ kX e *ds (wkse™2/X)7 /5! ass — oo (5)

uniformlyin s > ne*2, whee 5 is an arbitrary (but fixed)positivenumber ]

3 High scoreasymptoticsin the Poisson model

The next resultrendersthe asymptoticof the expectednumberof pathsstartingper
unitvolumeandwith scoreexceedingy. TheTheorencoversthecaseshatthenumber
of stepsin the pathis keptsmall. More preciselythis meanghatthe gapopenpenalty
A is assumedo grow with &, in away suchthatthe proportionof pathswith a high



number; of stepsis smallamongall pathswith a scorehigherthanb. Similar asin
SiegmundandYakir (2000)we requirethat

f:= lim bYe~*2 existsandis strictly positive. (6)
— 00

The implication of (6) for j will becomeclearerin section4. Note that A remains
constanin thecasey = 0.

Theorem Assumes.
a) For fixedj € {0,1,...} andy > 0,

M((b,00), §) ~ ke (wkBb=7/\)" /i1 ash — oo 7)
b) For v = 1 there holds

M((b,00)) ~ ke *exp (wkB/N) asb — oo. (8)

Pr oof
a) Becausef the Corollaryit sufficesto show that

lim Met? (b”“l)j/ e (sem M) ds = 3, 9)
b

b—o0

Indeedbecaus®f (6) we have

blim Aet (b”“l/ﬂ)j/ e M(se™2)ds = lim )\/ e M=) (5 /) ds
—00 b b

b—yoo

= lim /\/ e M+ /b)Y du = 1.
0

b—o0

b) Becauseof a) and dominatedcorvemenceit suficesto show the existenceof a
summablesequenceéc;) suchthatfor suitablylarge Ay andjy,

e/\b*M((bv OO),J) S € A 2 Ao, .] Z jO- (10)

Combiningthe Propositionwith the Lemmabelov we havefor all j > jg

. 2whk\ 11 [ _ o A
e M((b,o0),5) < 2k (T) {F/b e MNP (567 B)ids

+ (el_M(A—I— 3/>\)>]/ e =) s|
b
Writing C' := 2wk/ X, we notethat, for all sufficiently large A,
e TR (A+3/0) <1/(20) (12)

and
b(A)e 2 < 28. (12)
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Thuswe havefor all j > jo, all sufficiently large A andb = b(A) satisfying(6)
M ((b,00), ) < 2k (zﬁ(})f%/ Ae =) (5/b)ids + 2kA27IN7. (13)
I b

Theintegralin (13)equalsf;” e=*(1 + u/(Ab))’du andhenceis boundedby 27 (1 +
(Ab)~741). Thusit sufiicesto chooseA solargethatbesideg11)and(12)alsob(A) >
56C'/ X is valid. O

To completethe proof of the Theoremwe needthe following Lemma.
Lemma For suficientlylargej, andall j > jo,
! I / =Y s+ A+ 1/N)e”ldl < 2(s+ (A +3/N)
*J0

(2j -1
< 2j+1(3j + 7! ej(A—}— 3//\)j).

Proof Weseta := s + jA andsplit therangeof integrationat3;. Firstwe obsene
that

3. : 0o : :
/ =Y a4 1/))e!dl < / =Y a4+ 35 /) etdl = (a+35/0) - (25 — 1)!
0 0 (14)
Now weturnto! > 35 =: l. Usingthe corvexity of log we obtain:

2j — 1

=Y (a4 /A=t < exp<(2j—1)1og10+(1—10) + jlog(a + lo/N)

0
J
= o) T l)

Thisimplies:

/ =Y a + 1/\) e ldl
3

J
eyt oo (s gy 1))
(35) (s + A+ 3j/N)7e%
1= - D/GJ) — /(b +jOA+3))
The denominatois boundedaway from zerouniformly in j. From Stirling’s formula
it followsthatfor sufficiently large 7 the numeratotis smallerthan

IA

(2 = D1 (s 4 3D+ 33/0) 5 (4?) )

Combiningthis with (14) we immediatelyarrive at thefirst inequality of the Lemma
for j large enough. The secondinequality follows from Stirling’s formula andthe
simpleinequality(n +m)? < (2n)? + (2m)’. m

6



4 What does a high score path look like?

Whatis the distribution of the numberof steps,the distancepenaltiesandthe point
qualitiesin high scorepaths?

The number of steps: A first obsenationis thatin the caseof v = 1 considered
in part(c) of the above theoremiit follows from part (b) and(c) of the theoremthat
the numberof stepsin a pathof score> b is asymptoticallyPoisson-distrititedwith

parametewk 3/ asbh tendsto co. In thecasey < 1 thenumberof stepsin a pathof

score> b growsto co for b — oo, andin thecasey > 1 thedistribution of j will be

asymptoticallyconcentrate@n 0 asb — co.

The distance penalties. For fixed j, the densityof the joint distribution of the dis-
tancepenaltieg/y, - - -, [;) in the j-steppathsof scores is

kAJ+]e—A(S+]A+Z lz)(s _}_]A + Elz)](wk)Jll e 'l,] dll v -dl‘7 ds
M (ds, 5)
L NP TE (4 GA+ ) [5) byl dy - d (15)
Loy Jo” 1B (U A +1/A) /) el

(2j—1

If welet s tendto infinity, thefraction (15) corvergesto
o
N9 T e s di
i=1

uniformly on s > e, wherey is a fixed positive number In otherwords, the
distancepenaltieghe high-scorej-steppathsareasymptoticallydistributedlike inde-
pendenGammag?, A)-randomvariables.

The point qualities: Thejoint distribution of the point qualitiesin the j-steppaths
of scores andwith distancepenaltied,, . . ., /; obviously equalsthejoint distribution
of thefragmentiengthsthatoneobtainsby breakingtheintervall [0, s+ jA + >~ /;] in

j independentluniformly choserpoints.

5 Simulation studies and comparison with known
asymptotics

We will compareour resultsfrom section3 (in particularformula (8) ) with the as-
ymptoticsrecentlyobtainedby SiegmundandYakir (2000)for the distribution of high
scoresin the local alignmentof long independensequencesThis comparisorwill,
for given scoringparametersfix the numericalvalue of the parameteto which ap-
pearsin our Section3. We will thencheckby simulationwhetherthis valuemeetshe
interpretatiorof w from which we startedin (1).

Siegmundand Yakir considera gappenaltyof theform du + A7, whereu is the
numberof unalignedpositionsand j is the numberof gapsin the alignment. For



transparencwe will restrictto the caseof a match/mismatciscoretakingtwo values
only. Theorem3 in Siggmundand Yakir (2000)thenimplies that the probability of
themaximalscoreexceedingalevel b corverges,in thelimit of long sequencéengths
m, n,t01 — e~%, where

Q = kaexp(cAf), (16)

providedthat

and
be 2 B.

Here,theconstant) is the sameasthe oneobtainedfor the ungappedaseby Dembo
et al. (1994),andc is a function of the scoringparameterg: ands. (The proof of
Theorem3 of Siggmundand Yakir (2000),which is slightly incomplete hasrecently
beenamendedy theauthordn acorrectionnote.) SiggmundandYakir concentrat®n
nonlatticematch/mismatcBcoringschemesfor whichtheboundsk,, £, mentionedn
Sectionl coincide(andequalk in (16)). A comparisorof (16) and(8) thensuggestso
setw = A2c¢/k in orderto makeour Poissormodelfit to the gappedalignmentpicture.
In thelattice casewe assumehat Siegmundand Yakir's asymptoticsstill work if the
lattice width is not too large, and thus obtaintwo pairs (kq,w1) and (kg,w2). We
conjecturethat clumping effects of high scoredpathsare small enoughto allow a
Poissorapproximatiorfor theirnumber Then,we obtainfrom (8) thatthe probability
for a scoreexceedingh approximatelyequals

Pr(maximalscore> b) ~ 1 — exp(—mnke™" exp(wkbe™2/X)). a7)

We have performedan empiricaltestconcerninghis fit. We generatedwo indepen-
dentsequencesf length 1000, both uniform over a four-letter alphabet,anduseda
scoringschemewith matchreward equalto 1, mismatchpenaltyy = 1.1, gapopen
penaltyA = 3.07 andgapextensionpenaltys = 0.52. In this casewe get (k;,w;) =
(0.218,11.37), (ko,w2) = (0.245,10.13), and X = 1.15. Figure2 shaws that(17)
fits quite well in the caseof thesescoringparametersgvenfor therelatively small A
of 3.07. For the dashedine we usedthe parametewalues(ks, ws) = (0.23,8.6). k3
is theroundedmeanof &; andk,, andws will be explainedbelow in the context of
Figure3.

As promisedlet us now turn to our interpretation(1) of w. We simulateda pair
of i.i.d. sequencesf length 1000 and consideredll thosegapsbetweentwo “good
diagonalpieces”where the bestalignmentbridging this gap did not touch another
“good diagonalpiece”. Out of thesegapswe countedall thosewhosetotal gapcosts
wereA + I, with I € [I,1+ k] for [, h > 0, denotingtheir numberas f (/) - h. (We
madethe specialchoiceof » = 1/6 and! = /6,7 = 1,2,....) As “good diagonal
pieces"we took all LOULAs whosescoreexceedsthevalue3. Let & bethe obsered
meannumberper unit areaof thesediagonalpiecesin our simulationrun. Note that
f(1)dl/k correspondso the expectedareaof {y : R(y) € dl} in the Poissormodel.
An equialentassumptiorto (1) is that the expectedvalue of this areaequalswidl.
In Figure3 we comparethe linearfunctions! — w;/ for ¢ € {1, 2, 3} to a histogram
displaying/ — f(/)/k. A substantiapartof the variationseenin the bar chartstems
from lattice effectsinherentin the scoringscheme.The dashedine is a linearfit to
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the histogram,weightedwith the asymptoticintensities(dottedline) of the distance
penalty/ in high scoredpaths(seeSection4). We definews; asthe slopeof thisline —
remarkablythefit in Figure2 becomegven betterwith this choiceof w.

It will beinterestingto further explore the role of the parameter,. Also, other
questiongemainto beclarified,the mostchallengingoeinghow moreslowly growing
(orevenconstantgapopenpenaltiesA changeheasymptoticsThiswill beexplored
in forthcomingwork.
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Figure 1: The best gappedlocal alignment (line) of the sequencedq, ..., ¢,)
and (r,...,r,) usesessentialparts of locally optimal ungappedocal alignments
(LOULAS) (boxes).
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Figure2: Comparisorof theempiricaldensityfunctionof theoptimalalignmentcores
from 1000 simulatedpairs of unrelatedsequencesf length 1000to the asymptotic
result(17). The parametewvaluesarey = 1.1, A = 3.07, § = 0.52. The solid

linescorrespondo (k;,w)=(0.218,11.37and (k5 ,w2)=(0.245,10.13)the dashedine

correspondso (k3,w3)=(0.23,8.6).
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Figure3: The histogramdisplaystheintensityof LOULAs thatcouldbereachedrom

agivenLOULA for total gapcostsof A + [, estimatedrom a simulatedpair of unre-
lated sequencesf length1000. We only countedLOULAs with scorehigherthan3

anddividedthe meannumberof suchLOULAs reachabldrom a givenonewith total

gapcostsaroundA + [ by the obsered frequeng of LOULAS with score> 3 per

unitvolume.Thedottedcune is (afactortimes)the densityof theasymptoticGamma
distribution of the gaplengthdistributionin high scorealignmentdoundin section4.

The dashedine [ — w3l waslinearly fitted to the histogram(with weightsgiven by

thedottedline) andthesolid linesshawv the predictionsfrom w; andws.

12



