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1 Introduction

An importantproblemin moderngeneticsis to detectsimilaritiesbetweentwo DNA
(or protein)sequences

�������������	�
�
�
�
and

�������������	�
�����
of length � and � , say, whichin-

dicateanevolutionaryrelationshipbetweenthetwo sequencesor partsof them.(Here,
the

�
�
and

���
arefrom a finite alphabet.) Sucha similarity could consistin a gap-

less local alignment � ���	��������� , relating two equally long substrings
��� � �������	��� ��� � �

,����!
�������"�
��!�� ���
of thetwo sequenceswhichhavemany matches

�
���$# %&��!�� #
andonly

few mismatches
�
���$#('%)��!��$#

. It will beconvenientto think of � ���	��������� asa diagonal
line

�	���*���+�,�-����.0/1�
�2.3/����������4�-���+.&� �
�2.5���	�
in the grid 6 /1�������4� ��798:6 /1�������"� �;7 .

The similarity of the two sequencesalong the gaplesslocal alignmentis quantified
by thescore < %>= �#@?BADCFEHG	IKJ@L1M ?BN"O L1M�PRQTSUEHG	IKJ@L1M�V?BN"O L1M�P�W

, with somemismatch penaltySTXZY
. A highscoreindicatesthatthetwo fragments

���
�4�������	�
�
�[� ���
and

����!\�������	�
��!�� ���
might stemfrom a commonancestralsequence,wherea few positionswereaffected
by substitutionsin the courseof evolution. However, apart from substitutions also
othertypesof mutationsarerelevant: thefragmentscouldhave beensubjectto inser-
tions anddeletionsof shorterpieces.This canbe takeninto accountby considering
gappedlocal alignments. A gappedlocal alignmentis a sequenceof gaplesslocal
alignments� ����A�����A����]A����������	� � ���_^����H^����`^*� with

�bac.:��a2de�_af� �
,
�Ha(.:�`a2dZ�\a�� �

, and���bag.e��a
�
�\ah.Z�`a,�i'%j���_a�� � Q /]���\a�� � Q /��
for eachkmlTn .

For two fragmentscapturedby a gappedlocal alignment,thereis evidencefor a
closerelationshipif, again,therearemany matchesandonly a few mismatches,andif
thenumbern of gapsis not toohighandthegapsareshort.Thereforeit makessenseto
penalizeeachgapwith a gapopenpenalty o andagapextensionpenaltyp multiplied
with thelength q �_af� � Q ���_ar.;��a-� Q /
s�. q �\af� � Q ���\at.;��a-� Q /fs

of thegap.Oneobtains
thescoreof a gappedalignmentby subtractingthesumof thegappenaltiesfrom the
sumof thescoresof its gaplessbuilding blocks.Thereareefficientalgorithmsto find
thegappedlocal alignmentwhich maximizesthe scorefor a givenpair of sequences
andgivenscoringparameters,evenfor amoregeneralclassof scoringschemes(Smith
andWaterman,1981,Altschulet al., 1990).Oneof thecrucialquestionsis to find out
whetheran observed high scorecould have comeup alsoby merechance,in other
words,onehasto study the distribution of high scoresunderthe null hypothesisof
independentsequences.

Dembo,Karlin andZeitouni (1994)computedthe tail of the distribution of the
maximalscoreof gaplesslocalalignmentsof two i.i.d. sequencesoverafinitealphabet.
They consideredgaplesslocal alignmentswhich cannotbeimprovedby extendingor
shorteningin forward or backwarddirection,andshowed that the probability that a
fixedpair of positionsis thestartingpoint of a segmentwhich is in this senselocally
optimal andwhosescoreexceedsu is asymptoticallybetween

� �Fv`wyx�z
and

�\{ v�w+x�z
asu}|�~ . Thereby,

S
is reqiredto besolargethattheexpectedscoreof analignmentof

unrelatedsequencesis negative. In what follows, this will alwaysbeassumed.Also,
in Demboet al. (1994) the rate � aswell asthe bounds

�y�
and

� {
arecomputedin

termsof theparametersof thescoringscheme.Theconstants
� �

and
�\{

arein general
differentfrom eachotherif the possiblescoreslie on a lattice. We will ignorethese
latticeeffectsandassume

�y�h%&� { %9�\�
.

Recently, SiegmundandYakir (2000)obtaineda tail asymptoticsfor thescoredis-
tribution of gappedlocal alignments.Oneof our aimsis to geta betterunderstanding
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of thestructureof their resultby consideringa simplermodelwhich concentrateson
the essentialfeatures.Intuitively, for long sequencesthe “good” gaplessalignments
shouldbe scatteredin a Poissonianway asdiagonalpiecesinto the rectangulargrid
spannedby thetwosequences,andthehighscoregappedalignmentshouldcorrespond
to certainfinite configurationsof suchdiagonallines(seealsoWatermanandVingron,
1994)usingessentialpartsof thelocally optimalgaplesslocal alignments(seeFigure
1.) To avoid effectsof discretenesswe replacethe grid 6 /1�������"� ��7�8�6 /1�������	� �;7 by
thecontinousrectangleq Y � � s 8Tq Y � � s .
2 A Poisson point model for local alignment

Let � beahomogeneousPoissonprocesson � � 8�� � with intensity
�
, andattachin-

dependentmarksto thepointsof � whichareexponentiallydistributedwith parameter� . (Themeaningof
�

and � is decribedin theintroduction.)
We write � for themarkedpoint processarisingin this way. In the following we

will refer to thepointstogetherwith their marksas“good pieces”,sincethey mimic
thegaplesslocal alignmentsthatreachacertainscore.

Wesaythat � %j���yA1�������4���H^f�
is apathin � with n steps(or a n -steppathfor short)

if
� �R� � and

� � w � l � �
for

��%>/1�������4� n , where l denotescomponent-wiseordering
in � { . Also, we call � %��	����A�����A
���������	�����\^����f^��	�

a (marked)path in � if
����A��������	�
�\^��

is apathin � and
�,�

is themarkattachedto
���

.
Now we have to translatethe alignmentscoringschemeinto our Poissonmodel.

The mismatchpenalty
S

is implicit in
�

and � . The gap openpenaltyentersdi-
rectly into thePoissonmodel: eachstephasa basiccost o . We proposeto describe
the additionalcost for a stepfrom

��� w � to
�y�

by the nonnegative randomvariable��� J��\� ��� � Q � � w ��� , where,given � , 6 ��� �h� � ��7 is a family of i.i.d. copiesof a
randomfunction

� � � � 8�� � |�� � which hasthefollowing scalingproperty:For
someconstant� XZY

, andall � XZY
,

theexpectedareaof 6�� � � � � � lZ�K7 equals�c� {
�1� (1)

The intuition behindthis scalingpropertyis asfollows: From (the endpoint of)
any ungappedlocal alignmentonecanreacha 2-dimensionalrangeof pointsfor net
costsof at most1. Therangewhich canbereachedfor costsof at most � shouldhave
a similar shape,scaledwith � , andthereforeit shouldhave approximatelythe � { -fold
area. The parameter� ocurringin (1) playsa crucial role in the whole picture; we
will comebackto this later. For themomentlet usonly mentionthata simple(non-
random)examplefor

�
would consistin the Euclideannorm

� � � �m�@%���� � ��� , which
leadsto � %&� �1�

.
Thescoreof a markedpath � %>� � ����� in � is now definedas  � � �}�@% ^¡ ��?BA �
^ Q ^¡ ��? � � � J[�
� ���y� Q �y� w � � Q n£¢�o (2)

We call the threesummandsappearingin (2) the point quality, distancepenalty
andsteppenaltyof the markedpatha, andnotethat �¤�U¥
�U¢ � { ¥ ��A is the expected
numberof one-steppathsstartingin ¥ �yA andwith distancepenaltyin ¥
� .
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Thepoint qualitiesin thePoissonmodelmimic thescoresof locally optimalun-
gappedlocal alignments(LOULAs). Note that,asdepictedin Figure1, thediagonal
piecesin theoptimalgappedlocalalignmentin generaldo notperfectlycoincidewith
the LOULAs they intersectwith. Nearits gapsthe optimal alignmentmight extend
alonga diagonalbeyonda LOULA or missa partof a LOULA. Thedistancepenalty�

in thePoissonmodelis thoughtto capturealsotheseextracosts.
For n % Y ��/1�������

and ¦¨§:� � wewrite © � ¦ � n � for theexpectednumberof n -step
pathsstartingperunit volumeandwith scorein ¦ , and © � ¦ �}�@% =&ª^	?BA © � ¦ � n � . The
following propositiongivestheexpectednumberof pathsof a certainscore.

Proposition For n¬« /
,

© � ¥\< � n �r% ¥\< � � v`wyx�­n ® � � n Q /�� ® ¯ � � v`w+x�°� ±
^³² ªA � {"^ w � � < . n�o . � � � � ^ v w # ¥
� � (3)

Proof The expectednumberof n -steppathsstartingper unit volumeandhaving a
distancepenalty

= � � in ¥
� is´´ � � ¢
² #A ² # w # �A ¢�¢�¢ ² # w # � w µ¶µ¶µ¶w # · �\�A ��� ¢*� � ^ ¢ ^¸��? � � � ¥
� ^ ¢�¢�¢¹¥
� � ¢�¥
� % � ^	� � � ^ � {K^ w �� � n Q /�� ® ¥
�

Sincethepointqualityof aof n -steppathis Gamma(n .�/
, � )-distributed,theexpected

numberof n -steppathsstartingperunit volume,having apoint quality in ¥\< . n�o . �
anda distancepenaltyin ¥\� is� ^	� �n ® v w+x�º�­ �y^ ° � #@» � < . n�o . � � ^ ¥\< � ^F� � � ^ � {"^ w �� � n Q /�� ® ¥\� (4)

Integrating(4) over � wearrive at (3). ¼
Expandingtheterm

� < . n�o . � � � � ^ onther.h.s.of (3),weseethattheleadingterm
in theintegralcontributes< ^ � � n Q /�� ® , whereasall theothersummandsare ½ � < ^ w � o ^ � ,
whichby assumptionis uniformly ¾ � < ^ � as <�|�~ . Thisyieldsthefollowing

Corollary For fixedn � 6 Y ��/1������� 7 ,© � ¥\< � n �U¿&� � v w+x�­ ¥
< � � � < v w+x�° � � � ^�� n ® as <D|�~ (5)

uniformlyin <À«ZÁ v�x�° , where Á is an arbitrary (but fixed)positivenumber. ¼
3 High score asymptotics in the Poisson model

The next resultrendersthe asymptoticsof the expectednumberof pathsstartingper
unit volumeandwith scoreexceedingu . TheTheoremcoversthecasesthatthenumber
of stepsin thepathis keptsmall.More preciselythis meansthatthegapopenpenaltyo is assumedto grow with u , in a way suchthat theproportionof pathswith a high
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numbern of stepsis smallamongall pathswith a scorehigherthan u . Similar asin
SiegmundandYakir (2000)werequirethatÂ �@%ÄÃ�Å�Æz�Ç ª u*È v w+x�° existsandis strictly positive. (6)

The implication of (6) for n will becomeclearerin section4. Note that o remains
constantin thecaseÉ % Y

.

Theorem Assume6.
a) For fixedn � 6 Y ��/1������� 7 and ÉÊ« Y

,© �	� u � ~ ��� n � ¿&� v w+x�z C � � Â u � w È � � W ^ � n ® as u�|�~ (7)

b) For É %Ë/
thereholds© �	� u � ~ �*�r¿&� v wyx�z\Ì�ÍHÎ � � � Â � � � as u}|�~ �

(8)

Proof
a) Becauseof theCorollaryit sufficesto show thatÃ�Å�Æz�Ç ª � v x�z C u È w � W ^ ² ªz v wyx�­ � < v w+x�° � ^ ¥
< % Â ^ �

(9)

Indeedbecauseof (6) wehaveÃ�Å�Æz�Ç ª � v x�z C u È w � � Â W ^ ² ªz v w+x�­ � < v w+x�° � ^ ¥\< % Ã�Å[Æz�Ç ª � ² ªz v w+x�º�­4w+z » � < � u � ^ ¥\<% Ã�Å[Æz�Ç ª � ² ªA v w+x�Ï �4/h.:Ð � u � ^ ¥ ÐÑ%Ë/]�
b) Becauseof a) and dominatedconvergenceit suffices to show the existenceof a
summablesequence

��Ò*^f�
suchthatfor suitablylarge o A andn A ,v x�z © �	� u � ~ ��� n � l Ò ^ � oÓ«Zo A � n�«Tn A � (10)

CombiningthePropositionwith theLemmabelow we have for all n�«Tn Av x�z © �*� u � ~ ��� n � l � � � ¯ � � ��Ô±
^iÕ /n ®

² ªz v wyx`º[­Fw+z » � < v wyx�° � ^ ¥
<.0Ö v � wyx�° � o .Z× � � �4Ø ^ ² ªz v wyx`º[­Fw+z » ¥\<�Ù �
Writing Ú �Û% � � � � � , we notethat,for all sufficiently large o ,v � w+x�° � o .Z× � � � l / � � � Ú � (11)

and u � o � v w+x�° l � Â �
(12)
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Thuswe have for all n�«Tn A , all sufficiently large o and u % u � o � satisfying(6)v x�z © �	� u � ~ ��� n � l � �Ü� � Â Ú � ^ /n ®
² ªz � v w+x`º[­Fwyz » � < � u � ^ ¥\< . � � � � w ^ � w � � (13)

Theintegral in (13)equalsÝ ªA v w�Ï �4/R.ZÐ � � �+u �	� ^ ¥ Ð andhenceis boundedby
� ^ �4/h.� �+u �
w ^ n ® � . Thusit sufficesto chooseo solargethatbesides(11)and(12)also u � o � XÞ Â Ú � � is valid. ¼

To completetheproof of theTheoremweneedthefollowing Lemma.

Lemma For sufficientlylarge n A andall nÑ«ßn A ,/� � n Q /�� ®
² ªA � {"^ w � � < . n�o . � � � � ^ v w # ¥
�àl � � < . n � o .e× � � �	� ^l ��^F� � � < ^ . n ® v ^ � o .e× � � � ^ ���

Proof We set á �@% < . n�o andsplit therangeof integrationat
× n . First we observe

that²ãâ ^A � {K^ w � � á . � � � � ^ v w #[ä ��l ² ªA � {K^ w � � á .Z× n � � � ^ v w #�ä � %>� á .:× n � � � ^ ¢ � � n Q /�� ®
(14)

Now weturn to � X × n %9� � A . Usingtheconvexity of log we obtain:� {"^ w � � á . � � � � ^ v w # l Ì�Í�Î Ö
� � n Q /��yÃæå]ç � A�.)� � Q � A�� � n Q /� A . n Ã�å1çè� á . � A � � �.�� � Q � A�� náy� . � A Q � Ø
This implies:² ªâ ^ � {K^ w � � á . � � � � ^ v w # ¥\�

l � {K^ w �A � á . � A � � �	� ^ v w #¶é ² ªA Ì�ÍHÎ ¯ � ¯ � n Q /� A . náy� . � A Q / ±�± ä �% ��× n � {K^ w � � < . n�o .e× n � � � ^ v`w â ^/ Q � � n Q /�� � ��× n � Q n � � �+u . n � �yo .Z×1�*� �
Thedenominatoris boundedaway from zerouniformly in n . FromStirling’s formula
it followsthatfor sufficiently large n thenumeratoris smallerthan� � n Q /�� ®�¢ � < . n�o .e× n � � � ^ ¢ �× ¯hê vë ± w

^
Combiningthis with (14) we immediatelyarrive at thefirst inequalityof theLemma
for n large enough. The secondinequality follows from Stirling’s formula and the
simpleinequality

� � . � � ^ d)� � � � ^ .0� � � � ^ . ¼
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4 What does a high score path look like?

What is the distribution of the numberof steps,the distancepenaltiesandthe point
qualitiesin highscorepaths?

The number of steps: A first observation is that in the caseof É %Ä/
considered

in part (c) of the above theorem,it follows from part (b) and(c) of the theoremthat
thenumberof stepsin a pathof score

X u is asymptoticallyPoisson-distributedwith
parameter� � Â � � as u tendsto ~ . In thecaseÉ dË/

thenumberof stepsin a pathof
score

X u grows to ~ for u�|ì~ , andin thecaseÉ X /
thedistribution of n will be

asymptoticallyconcentratedon
Y

as u}|�~ .

The distance penalties: For fixed n , thedensityof the joint distribution of thedis-
tancepenalties

� � �f� ¢�¢�¢ � � ^ � in the n -steppathsof score< is� � ^	� � v�w+x�º�­ �y^ ° � í:# J » � < . n�o .Z= � ��� ^ � � ��� ^ � � ¢�¢�¢4� ^ ¥\� � ¢�¢�¢¹¥\� ^ ¥\<© � ¥
< � n �% � {K^ v�w+x íT# J �F/h.&� n�o .Z= � �b� � < � ^ � � ¢�¢�¢¹� ^ ¥\� � ¢�¢�¢"¥\� ^�º {K^ w � »�î Ý ªA � {K^ w � �4/�.0� n�o . � � � � � < � ^ v w # ¥
� (15)

If we let < tendto infinity, thefraction(15)convergesto

� {K^ ¢ ^¸��? � v wyx # J � � ¥
� �
uniformly on <5«�Á v x�° , where Á is a fixed positive number. In other words, the
distancepenaltiesthehigh-scoren -steppathsareasymptoticallydistributedlike inde-
pendentGamma(

� � � )-randomvariables.

The point qualities: The joint distribution of thepoint qualitiesin the n -steppaths
of score< andwith distancepenalties� � �������4� � ^ obviouslyequalsthejoint distribution
of thefragmentlengthsthatoneobtainsby breakingtheintervall q Y � < . nHo .Ê= � ��s inn independentlyuniformly chosenpoints.

5 Simulation studies and comparison with known
asymptotics

We will compareour resultsfrom section3 (in particularformula (8) ) with the as-
ymptoticsrecentlyobtainedby SiegmundandYakir (2000)for thedistributionof high
scoresin the local alignmentof long independentsequences.This comparisonwill,
for given scoringparameters,fix the numericalvalueof the parameter� which ap-
pearsin ourSection3. Wewill thencheckby simulationwhetherthisvaluemeetsthe
interpretationof � from whichwestartedin (1).

SiegmundandYakir considera gappenaltyof the form p Ð2. oïn , where
Ð

is the
numberof unalignedpositionsand n is the numberof gapsin the alignment. For
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transparency we will restrictto thecaseof a match/mismatchscoretakingtwo values
only. Theorem3 in SiegmundandYakir (2000)then implies that the probability of
themaximalscoreexceedinga level u converges,in thelimit of longsequencelengths� � � � to / Q v w�ð

, where ñ %&��ò Ì�Í�Î ��Ò � Â �,� (16)

providedthat �ó� v w+x�z | ò
and u v wyx�° | Â �
Here,theconstant� is thesameastheoneobtainedfor theungappedcaseby Dembo
et al. (1994),and

Ò
is a function of the scoringparameters

S
and p . (The proof of

Theorem3 of SiegmundandYakir (2000),which is slightly incomplete,hasrecently
beenamendedby theauthorsin acorrectionnote.)SiegmundandYakir concentrateon
nonlatticematch/mismatchscoringschemes,for whichthebounds

� �
,
�\{

mentionedin
Section1 coincide(andequal

�
in (16)). A comparisonof (16)and(8) thensuggeststo

set � % � { Ò � � in orderto makeourPoissonmodelfit to thegappedalignmentpicture.
In thelatticecasewe assumethatSiegmundandYakir’s asymptoticsstill work if the
lattice width is not too large, and thus obtain two pairs

������� � �F� and
��� { � � { � . We

conjecturethat clumping effects of high scoredpathsare small enoughto allow a
Poissonapproximationfor theirnumber. Then,weobtainfrom (8) thattheprobability
for a scoreexceedingu approximatelyequalsôRõ �

maximalscore «Zu �UöË/ Q Ì�Í�Î � Q �m� � v w+x�z Ì�ÍHÎ � � � u v w+x�° � � �	��� (17)

We have performedanempiricaltestconcerningthis fit. We generatedtwo indepen-
dentsequencesof length1000,both uniform over a four-letter alphabet,anduseda
scoringschemewith matchreward equalto 1, mismatchpenalty

S %÷/1��/
, gapopen

penalty o %)×y� Y1ø
andgapextensionpenalty p % Y � Þ �

. In this casewe get
��� � � � � �h%� Y � � /�ù���/1/1�¶× ø �

,
���\{�� � {
��%�� Y � � ê Þ ��/ Y ��/�×1�

, and � %Ä/1��/ Þ
. Figure2 shows that (17)

fits quitewell in thecaseof thesescoringparameters,evenfor therelatively small o
of 3.07. For thedashedline we usedtheparametervalues

��� â � � â ��%ú� Y � � ×���ù��Ûû1�
.
� â

is the roundedmeanof
� �

and
�\{

, and � â will be explainedbelow in the context of
Figure3.

As promisedlet us now turn to our interpretation(1) of � . We simulateda pair
of i.i.d. sequencesof length1000andconsideredall thosegapsbetweentwo “good
diagonalpieces”wherethe bestalignmentbridging this gap did not touch another
“good diagonalpiece”. Out of thesegapswe countedall thosewhosetotal gapcosts
were o . �_ü , with �_ü � qÛ� � � .¤�Hs

for � ��� XËY
, denotingtheir numberas ý � � � ¢ � . (We

madethespecialchoiceof
��%þ/ � û

and � %ÿ� � û
,
�D%÷/]� � �������

.) As “good diagonal
pieces”we took all LOULAs whosescoreexceedsthevalue3. Let �

�
betheobserved

meannumberperunit areaof thesediagonalpiecesin our simulationrun. Note thatý � � � ¥\� � �
�

correspondsto theexpectedareaof 6-� � � � � � � ¥
�K7 in thePoissonmodel.
An equivalentassumptionto (1) is that the expectedvalueof this areaequals�c��¥\� .
In Figure3 we comparethe linear functions � �| � � � for

� � 6 /1� � ��× 7 to a histogram
displaying � �| ý � � � � �

�
. A substantialpartof thevariationseenin thebarchartstems

from latticeeffects inherentin the scoringscheme.The dashedline is a linear fit to
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the histogram,weightedwith the asymptoticintensities(dottedline) of the distance
penalty � in highscoredpaths(seeSection4). We define� â astheslopeof this line –
remarkably, thefit in Figure2 becomesevenbetterwith thischoiceof � .

It will be interestingto further explore the role of the parameter� . Also, other
questionsremainto beclarified,themostchallengingbeinghow moreslowly growing
(or evenconstant)gapopenpenaltieso changetheasymptotics.Thiswill beexplored
in forthcomingwork.
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Figure 1: The best gappedlocal alignment (line) of the sequences
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usesessentialpartsof locally optimal ungappedlocal alignments
(LOULAs) (boxes).
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Figure2: Comparisonof theempiricaldensityfunctionof theoptimalalignmentscores
from 1000simulatedpairsof unrelatedsequencesof length1000 to the asymptotic
result (17). The parametervaluesare
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, p % Y � Þ �
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linescorrespondto (
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,� � )=(0.218,11.37)and(
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correspondsto (

� â
,� â )=(0.23,8.6).
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Figure3: Thehistogramdisplaystheintensityof LOULAs thatcouldbereachedfrom
a givenLOULA for totalgapcostsof o . � , estimatedfrom a simulatedpair of unre-
latedsequencesof length1000. We only countedLOULAs with scorehigherthan3
anddividedthemeannumberof suchLOULAs reachablefrom a givenonewith total
gapcostsaround o . � by the observed frequency of LOULAs with score

X ×
per

unit volume.Thedottedcurve is (a factortimes)thedensityof theasymptoticGamma
distributionof thegaplengthdistribution in high scorealignmentsfoundin section4.
The dashedline � �|ì� â � waslinearly fitted to the histogram(with weightsgiven by
thedottedline) andthesolid linesshow thepredictionsfrom � � and � { .
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